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—— Abstract

A temporal graph is a graph whose edges only appear at certain points in time. Reachability in
these graphs is defined in terms of paths that traverse the edges in chronological order (temporal
paths). This form of reachability is neither symmetric nor transitive, the latter having important
consequences on the computational complexity of even basic questions, such as computing temporal
connected components. In this paper, we introduce several parameters that capture how far a
temporal graph G is from being transitive, namely, vertez-deletion distance to transitivity and arc-
modification distance to transitivity, both being applied to the reachability graph of G. We illustrate
the impact of these parameters on the temporal connected component problem, obtaining several
tractability results in terms of fixed-parameter tractability and polynomial kernels. Significantly,
these results are obtained without restrictions of the underlying graph, the snapshots, or the lifetime
of the input graph. As such, our results isolate the impact of non-transitivity and confirm the key
role that it plays in the hardness of temporal graph problems.
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1 Introduction

Temporal graphs have gained attention lately as appropriate tools to capture time-dependent
phenomena in fields as various as transportation, social networks analysis, biology, robotics,
scheduling, and distributed computing. On the theoretical side, these graphs generate interest
mostly for their intriguing features. Indeed, many basic questions are still open, with a
general feeling that existing techniques from graph theory typically fail on temporal graphs.
In fact, most of the natural questions considered in static graphs turn out to be intractable
when formulated in a temporal version, and likewise, most of the temporal analogs of classical
structural properties are false.

One of the earliest examples is that the natural analog of Menger’s theorem does not
hold in temporal graphs [21]. Another early result is that deciding if a temporal connected
component (set of vertices that can reach each other through temporal paths) of a certain
size exists is NP-complete [6]. A more recent and striking result is that there exist temporally
connected graphs on ©(n?) edges in which every edge is critical for connectivity; in other
words, no temporal analog of sparse spanners exist unconditionally [5] (though they do,
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probabilistically [11]). Moreover, minimizing the size of such spanners is APX-hard [2, 5].
Further hardness results for problems whose static versions are generally tractable include
separators [19], connectivity mitigation [16], exploration [4, 17], flows [1], Eulerian paths [7],
and even spanning trees [9].

Faced by these difficulties, the algorithmic community has focused on special cases, and
tools from parameterized complexity were employed with moderate success. A natural
approach here is to apply the range of classical graph parameters to restrict either the
underlying graph of the temporal graph (i.e. which edges can exist at all) or its snapshots
(i.e. which edges may exist simultaneously). For example, finding temporal paths with
bounded waiting time at each node (which is NP-hard in general) turns out to be FPT
when parameterized by treedepth or vertex cover number of the underlying graph. But the
problem is already W[1]-hard for pathwidth (let alone treewidth) [10]. In fact, as observed
in [18], most temporal graphs problems remain hard even when the underlying graph has
bounded treewidth (sometimes, even a tree or a star [3, 4, 16]).

A possible explanation for these results is that temporal graph problems are very hard.
Another one is that parameters based on static graph properties are not adequate. Some
parameters whose definition is based on that of a temporal graph include timed feedback
vertex sets (counting the cumulative distance to trees over all snapshots) [10] and the p(G)
parameter from [4], that measures in a certain way how dynamic the temporal graph is and
enables polynomial kernels for the exploration problem. While these parameters represent
some progress towards finer-grained restrictions, they remain somewhat structural in the
sense that their definition is stable under re-shuffling of the snapshots.

A key aspect of temporal graphs is that the ordering of events matters. Arguably, a
truly temporal parameter should be sensitive to that. An interesting step in this direction
was recently made by Bumpus and Meeks [7], introducing interval-membership-width, a
parameter that quantifies the extent to which the set of intervals defined by the first and last
appearance of an edge at each vertex can overlap (with application to Eulerian paths). In a
sense, this parameter measures how complex the interleaving of events could be. Another,
perhaps even more fundamental feature of temporal graphs is that the reachability relation
based on temporal paths is not guaranteed to be symmetric or transitive. While the former is
a well-known limitation of directed graphs, the latter is specific to temporal graphs (directed
or not), and it has been suspected to be one of the main sources of intractability since the
onset of the theory. (Note that a temporal graph of bounded interval-membership-width
may still be arbitrarily non-transitive.) In the present work, we explore new parameters that
control how transitive a temporal graph is, thereby isolating, and confirming, the role that
this aspect plays in the tractability of temporal reachability problems.

Our Contributions. We introduce and investigate two parameters that measure how far a
temporal graph is from having transitive reachability. For a temporal graph G, our parameters
directly address the reachability features of G, and as such, they are formulated in terms
of its reachability graph Gr = (V, {(u,v) : u ~» v}), a directed graph whose arcs represent
the existence of temporal paths in G, whether G itself is directed or undirected. Indeed, the
reachability of G is transitive if and only if the arc relation of G is transitive. Two natural
ways of measuring this distance are in terms of vertex deletion and arc modification, namely:
Vertex-deletion distance to transitivity (dyq) is the minimum number of vertices whose
deletion from G'r makes the resulting graph transitive.
Arc-modification distance to transitivity (dam) is the minimum number of arcs whose
addition or deletion from Gr makes the resulting graph transitive.
As for the arc-modification distance, we may occasionally consider its restriction to arc-
addition only (0,a)-
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Among the many problems that were shown intractable in temporal graphs, one of the
first, and perhaps most iconic one, is the computation of temporal connected components [6]
(see also [13, 23]). In order to benchmark our new parameters, we investigate their impact on
the computational complexity of this problem. Informally, given a temporal graph G (defined
later) on a set of vertices V, a temporal connected component is a subset V/ C V' such that for
all w and v in V'’ u can reach v by a temporal path. Interestingly, the non-transitive nature
of reachability here makes it possible for such vertices to reach each other through temporal
paths that travel outside the component, without absorbing the intermediate vertices into the
component. This gives rise to two distinct notions of components: open temporal connected
components (OPEN-TCC) and closed temporal connected components (CLOSED-TCC), the
latter requiring that only internal vertices are used in the temporal paths, and both being
NP-hard to compute.

The statement of our results requires a few more facts. Both algorithmic and structural
results in temporal graphs are highly sensitive to subtle definitional variations, called settings.
In the non-strict setting, the labels along a temporal path are only required to be non-
decreasing, whereas in the strict setting, they must be increasing. It turns out that both
settings are sometimes incomparable in difficulty, and the techniques developed for each may
be different. Some temporal graphs, called proper, have the property that no two adjacent
edges share a common time label, making it possible to ignore the distinction between strict
and non-strict temporal paths. Whenever possible, hardness results should preferably be
obtained for proper temporal graphs, so that they apply in both settings at once. Finally,
with a few exceptions, our results hold for both directed and undirected temporal graphs.

Bearing these notions in mind, our results are the following. For OPEN-TCC, we obtain
an FPT algorithm with parameter d,q, running in time 3% . p©®) (in all the settings).
Unfortunately, d,q turns out to be too small for obtaining a kernel of polynomial size. In
fact, we show that under reasonable computational complexity assumptions, no polynomial
kernel in d,q + vec + k exists (except possibly for the non-strict undirected setting), where k
denotes the size of the sought tcc and where ve denotes the vertex cover number of the
underlying graph. Next, we obtain an FPT algorithm running in time 4%= - n°®) for the
mostly larger parameter d,y,, and show that OPEN-TCC admits a polynomial kernel of size
|M|3, where M is a given arc set for which (V, A(GR)AM) is transitive. It also admits a
polynomial kernel of size §2, when restricting modification to addition-only (again, all these
results hold in all the settings). CLOSED-TCC, in comparison, seems to be a harder problem,
at least with respect to our parameters. In particular, we show that it remains NP-hard
even if 0ny = dyg = 1 in all the settings (through proper graphs). It is also W[1]-hard when
parameterized by dyq + 0am + k in all the settings, except possibly in the non-strict undirected
setting. In fact, these two results hold even for temporal graphs whose reachability graph
misses a single arc towards being a bidirectional clique.

Put together, these results establish clearly that non-transitivity is a genuine source of
hardness for OPEN-TCC. The case of CLOSED-TCC is less clear. On the one hand, the
parameters do not suffice to make this particular version of the problem tractable. This is
not so surprising, as the reachability graph itself does not encode which paths are responsible
for reachability, in particular, whether these paths are internal or external in a component.
On the other hand, this gives us a separation between both versions of the problem and
provides some support for the fact that CLOSED-TCC may be harder than OPEN-TCC,
which was not known before. Finally, the negative results for CLOSED-TCC can serve as
a landmark result for guiding future efforts in defining transitivity parameters that exploit
more sophisticated structures than the reachability graph.
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Organization of the Work. The main definitions are given in Section 2. Then, we investigate
each parameter in a dedicated section (d,q in Section 3 and 0, in Section 4). The limitations
of these parameters in the case of CLOSED-TCC are presented in Section 5. Finally, Section 6
concludes the paper with some remarks and open questions. Due to space limitations, the
proofs of statements marked with (x) are deferred to a full version.

2 Preliminaries

For concepts of parameterized complexity, like FPT, W[1]-hardness, and polynomial kernels,
we refer to the standard monographs [14, 15]. A reduction g between two parameterized
problems is called a polynomial parameter transformation, if the reduction can be computed
in polynomial time and, if for every input instance (I, k), we have that (I’ k") = g(I,k)
with ¥ € k®M. We call a polynomial time reduction from a problem L to L itself a
self-reduction.

Notation. Let j be a positive integer, we denote with [j] the set {1,2,...,75}. Moreover,
for 1 < i < j, we define [¢,j] := [j] \ [{ — 1]. For a decision problem L, we say that two
instances Iy, Is of L are equivalent if I7 is a yes-instance of L if and only if I, is a yes-instance
of L. For two sets A and B, we denote with AAB the symmetric difference of A and B.

Graphs. We consider a graph G = (V, E) to be a static graph. If not indicated otherwise, we
assume G to be undirected. Given a (directed) graph G, we denote by V(G) the set of vertices
of G, by E(G) (respectively, A(G)) the set of edges (arcs) of G. Let G = (V, E) be a graph
and let X C V(G) be a set of vertices. We denote by Eg(X) = {{u,v} € E|ue X,v e X}
the edges in G between the vertices of S. Moreover, we define the following operations
on G: G[X] = (X,Eg[X]), G- X = G[V\ X]. We call a sequence p = vg,v1,...,0, of
vertices a path in graph G if vy, ..., v, € V(G) and for each i € [r], {v;_1,v;} € E(G). We
denote with Ng[v] the closed neighborhood of the vertex v € V(G). A vertex set S C V is
a clique in an undirected graph, if each pair of vertices in S is adjacent in GG. For a directed
graph G = (V, A), we call a set S C V a bidirectional clique, if for every pair of distinct
vertices u,v in S, we have (u,v) € A and (v,u) € A. Let G = (V, A) be a directed graph.
A strongly connected component (scc) in G is an inclusion maximal vertex set S C V under
the property that there is a directed path in G between any two vertices of S. For each
directed graph G, there is a unique partition of the vertex set of G into sccs. Moreover, this
partition can be computed in linear time [24].

Temporal graphs. A temporal graph G over a set of vertices V is a sequence G =
(G1,Ga,...,GL) of graphs such that for all t € [L],V(G;) = V. We call L the lifetime
of G and for t € [L], we call G = (V, E;) the snapshot graph of G at time step t. We call
G = (V,E) with E = U;¢(r) Er the underlying graph of G. We denote by V(G) the set of
vertices of G. We write V if the temporal graph is clear from context. We call an undirected
temporal graph G = (G1, Ga,...,GL) proper, if for each vertex v € V(G) the degree of v in
G} is one, for each ¢t < L. We call a directed temporal graph G = (G1,Ga,...,GL) proper, if
for each vertex v € V(G) the out-degree or the in-degree of v in G; is zero, for each t < L.
We further call a (directed) temporal graph G simple, if each edge (arc) exists in exactly one
snapshot. We call a sequence vy, vy, ..., v, of vertices that form a path in the underlying
graph G of G a strict (non-strict) temporal path in G if for each ¢ € [r], there exists an j; € [L]
such that {v;_1,v;} € E(G},) and the sequence of indices j; is increasing (non-decreasing).
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For a temporal graph G, we say that a vertex u € V strictly (non-strictly) reaches a
vertex v € V if there is a strict (non-strict) temporal path from u to v, i.e., with vg = u and
v, = v. We define the strict (non-strict) reachability relation R CV x V as: for all u,v € V,
(u,v) € R if and only if u strictly (non-strictly) reaches v. We call the directed graph
Gr = (V, R) the strict (non-strict) reachability graph of G. We say that G is transitive, if
and only if R is transitive. More generally, we say that a directed graph G is transitive, if
its set of arcs forms a transitive relation. For a directed graph G = (V, A) we call a set of
vertices S C V a transitivity modulator if G — S is transitive.

» Observation 1. Let G be a transitive directed graph. Then, for each vertex v € V(G),
G[V \ {v}] is also transitive.

Next we define our main problems of interest in this work: Finding open and closed
temporal connected components.

OPEN TEMPORAL CONNECTED COMPONENT (OPEN-TCC)

Input: Temporal graph G = (G1,Ga,...,G1) and integer k.

Question: Does there exists an open temporal connected component of size at least
k, i.e., a subset C' C V(G) with |C| > k, such that for each u,v € C, u reaches v, and
vice versa.

We differentiate between the strict vs. non-strict and directed vs. undirected version of
OPEN-TCC depending on whether we consider strict vs. non-strict reachability and directed
vs. undirected temporal graphs. We define the problem CLOSED TEMPORAL CONNECTED
COMPONENT (CLOSED-TCC) similarly with the additional restriction that at least one
temporal path over which u reaches v is fully contained in C. We abbreviate a temporal
connected component as tcc.

Distance to transitivity. We introduce two parameters that measure how far the reachability
graph Gg = (V, A) of a temporal graph is from being transitive. The first parameter, vertez-
deletion distance to transitivity, dyq, counts how many vertices need to be deleted from G
in order to obtain a transitive reachability graph, i.e., the size of a minimum transitivity
modulator. This parameter is especially suited for temporal graphs for which the reachability
graph consists of cliques with small overlaps. The second parameter, arc-modification distance
to transitivity, dam, counts how many arcs need to be added to or removed from Gg in order
to obtain a transitive reachability graph and is especially suited for directed temporal graphs
or temporal graphs for which the reachability graph consists of cliques with large overlaps.
Formally, we define the parameters as follows.

dva = gnclg(\SD for which Gz = Gg — S is transitive.

dam = min (|M]) for which G%; = (V, AAM) is transitive.
MCV XV

For dam, we call the set M an arc-modification set. Note that dyq < 2-0,m, since the endpoints
of an arc-modification set form a transitivity modulator.

2.1 Basic Observations

Next, we present basic observations that motivate the study of the considered parameters.

» Lemma 2 ([6]). Let G be a temporal graph with reachability graph Gr. Then a set S C V(G)
is a tec in G if and only if S is a bidirectional clique in Gg.

36:5

MFCS 2024



36:6

Distance to Transitivity: Parameters for Taming Reachability in Temporal Graphs

» Lemma 3 (x). Let G be a transitive directed graph. Then every vertex set S C V(QG) is a
bidirectional clique in G if and only if each pair of vertices of S can reach each other.

Note that this implies the following.

» Corollary 4. Let G be a transitive directed graph. Then every scc in G is also a mazimal
bidirectional clique and vice versa.

The previous observations thereby imply that both OPEN-TCC and CLOSED-TCC can
be solved in polynomial time on temporal graphs with transitive reachability graphs.

3 Vertex-Deletion Distance to Transitivity

We first focus on the parameter d,q. Note that computing this parameter is NP-hard: In a
strict temporal graph G with lifetime 1, the reachability graph G of G is exactly the directed
graph obtained from orienting each edge of the underlying graph in both directions. Hence,
on such a temporal graph, computing d,q is exactly the cluster vertex deletion number of
the underlying graph, that is, the minimum size of any vertex set to remove, such that no
induced path of length 2 remains. Since computing the latter parameter is NP-hard [22], this
hardness also translates to computing the parameter d.q.

Moreover, note that computing this parameter can be done similarly to computing the
cluster vertex deletion number of a graph: If a directed graph G = (V, A) is not transitive,
then there are vertices u, v, and w in V, such that (u,v) and (v, w) are arcs of A and (u, w)
is not an arc of A. Hence, each transitivity modulator for G has to contain at least one of
the vertices w,v, or w. This implies, that a standard branching algorithm that considers
each of these three vertices to be removed from the graph to obtain a transitive graph, finds
a minimum size transitivity modulator in 3% . n©™) time.

» Proposition 5. Let G be a temporal graph with reachability graph Gr. Then, we can
compute in time 3%4 - n®W) o minimal-size transitivity modulator of Gg.

Based on this result, we now present an FPT-algorithm for OPEN-TCC when parameter-
ized by dyq.

» Lemma 6. Let I := (G, k) be an instance of OPEN-TCC with reachability graph Ggr. Let
S be a given transitivity modulator of Gr. Then, we can solve I in time 2!5! . n©1),

Proof. By Lemma 4, every scc in Ggr[V \ S] is a bidirectional clique, since S is a transitivity
modulator for Gg. Lemma 2 then implies that each tcc C in G with C NS = 0 is an scc
in Gg[V'\ S] and vice versa.

The FPT-algorithm then works as follows: We iterate over all subsets S’ of S with the
idea to find a tcc that extends S’. If S’ is not a bidirectional clique in G g, we discard the
current set and continue with the next subset of S, as no superset of S’ is a bidirectional
clique and thus also not a tcc. Hence, assume that S’ is a bidirectional clique. If S’ has
size at least k, I is a trivial yes-instance of OPEN-TCC. Otherwise, we do the following:
Let V' be the vertices of V' \ S that are bidirectional connected to every vertex in S’. As
Ggr[V \ S] is transitive, Observation 1 implies that Gg[V'] is also transitive. Hence, the
sces in Gg[V'] correspond to tees in G by Corollary 4 and Lemma 2. Since every vertex in
S’ is bidirectional connected to every other vertex in S’ UV’ in Gg, for each bidirectional
clique C C V' in Gg[V'], CUS" is a tcc in G. Hence, it remains to check, whether any scc
in Gg[V'] has size at least k — |S’|. Figure 1 illustrates the sets S, S’, and V".
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Figure 1 Illustration of the algorithm in Lemma 6. On the left: reachability graph Gr with
transitivity modulator S in gray and the chosen subset S’ C S to extend in blue. On the right: The
subset S’ together with the vertices V' that are bidirectionally connected to all vertices in S”.

Finding the strongly connected components of a graph and identifying whether a set of
vertices forms a bidirectional clique can be done in polynomial time. Hence, our algorithm
runs in time 2% . @) since we iterate over each subset S’ of S. <

Based on Proposition 5 and Lemma 6, we thus derive our FPT-algorithm for OPEN-TCC
when parameterized by §yq.

» Theorem 7. OPEN-TCC can be solved in 3% - n®W) time.

Kernelization Lower Bounds

In this section, we show that a polynomial kernel for OPEN-TCC when parameterized
by dva + vc+ k is unlikely, where vc is the vertex cover number of the underlying graph. Note
that d,q and vc are incomparable: On the one hand, consider a temporal graph G where the
underlying graph G is a star with leaf set X UY and center ¢, such that the edges from X
to ¢ exist in snapshots GG; and G3 and the edges from Y to ¢ exist in snapshot G5. Then,
each vertex of X can reach each other vertex, but in the strict setting, no vertex of Y can
reach any other vertex of Y. Hence, each minimum transitivity modulator has to contain all
vertices of X or all but one vertex of Y, which implies that for | X| = |Y|, dva € O(|V(9))),
whereas the vertex cover number of G is only 1. On the other hand, consider a temporal
graph G with only one snapshot G1, such that G is a clique. Then, the underlying graph
of G is exactly Gy and has a vertex cover number of |V (G)| — 1, but the strict reachability
graph of G is a bidirectional clique, which is a transitive graph. Hence, d,4(G) = 0.

We now present our kernelization lower bound for the strict undirected version of OPEN-

TCC.

» Theorem 8. The strict undirected version of OPEN-TCC does not admit a polynomial
kernel when parameterized by vc + dvq + k, unless NP C coNP/poly, where vc denotes the
vertex cover number of the underlying graph.

Proof. This result immediately follows from the known [21] reduction from CLIQUE which,
in fact, is as a polynomial parameter transformation.

CLIQUE
Input: An undirected graph G = (V, E) and integer k.
Question: Is there a clique of size k in G?

For the sake of completeness, we recall the reduction. Let I := (G = (V, E), k) be an
instance of CLIQUE and let G be the temporal graph with lifetime 1, where G is the unique
snapshot of G.
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U@— @V E:> U v

Figure 2 For two adjacent vertices u and v of S the vertices and arcs added to the temporal
graph G in the proof of Theorem 9.

Then, for each vertex set X C V, X is a clique in G if and only if X is a strict
tce in G. Hence, I is a yes-instance of CLIQUE if and only if (G, k) is a yes-instance of
the strict undirected version of OPEN-TCC. It is known that CLIQUE does not admit a
polynomial kernel when parameterized by k plus the vertex cover number of G, unless NP C
coNP/poly [12]. Let S be a minimum size vertex cover of G and let Gg be the strict
reachability graph of G. Note that Gg contains an arc (u,v) with u # v if and only if {u,v}
is an edge of G. Hence, V \ S is an independent set in Gg, which implies that S is a
transitivity modulator of Gr. Consequently, d,q < |S|. Recall that CLIQUE does not admit a
polynomial kernel when parameterized by k + |S|, unless NP C coNP/poly [12]. This implies
that the strict undirected version of OPEN-TCC does not admit a polynomial kernels when
parameterized by vc 4 dyq + k, unless NP C coNP/poly. <

Next, we present the same lower bound for both directed versions of OPEN-TCC.

» Theorem 9. The directed version of OPEN-TCC does not admit a polynomial kernel when
parameterized by vc + 0vq + k, unless NP C coNP/poly, where vc denotes the vertex cover
number of the underlying graph. This holds both for the strict and the non-strict version of
the problem.

Proof. Again, we present a polynomial parameter transformation from CLIQUE.

Recall that CLIQUE does not admit a polynomial kernel when parameterized by the size
of a give minimum size vertex cover S of G plus k, unless NP C coNP/poly [12]. This holds
even if G[S] is (k — 1)-partite [20], which implies that each clique of size k in G contains
exactly k — 1 vertices of S and exactly one vertex of V'\ S, since V'\ S is an independent set.

Construction. Let I := (G := (V, E), k) be an instance of CLIQUE and let S be a given
minimum size vertex cover S of G, such that G[S] is (k — 1)-partite. Assume that k& > 6.

We obtain an equivalent instance of OPEN-TCC in two steps: First, we perform an
adaptation of a known reduction [6] from the instance (G[S],k — 1) of CLIQUE to an
instance (Qv, k — 1) of the directed version of OPEN-TCC where each sufficiently large (of
size at least 5) vertex set X of G is a tec in G if and only if X is a clique in G]S]. Second, we
extend G by the vertices of V'\ S and some additional connectivity-gadgets, to ensure that
the resulting temporal graph has a tcc of size k if and only if there is a vertex from V' \ S for
which the neighborhood in G contains a clique of size k — 1.

Let (G, k — 1) be the instance of OPEN-TCC constructed as follows: We initialize G as an
edgeless temporal graph of lifetime 5 with vertex set S U {eyq, €y | {u,v} € Eg(S)}. Next,
for each edge {u,v} € E, we add the arcs (u, e,,) and (v, €,,,) to time step 4 and add the
arcs (eyy,v) and (eyy,u) to time step 5. This completes the construction of G. An example of
the arcs added to G is shown in Figure 2. Note that the first three snapshots of G are edgeless.
This construction is an adaptation of the reduction presented by Bhadra and Ferreira [6]
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Table 1 For each vertex v € V(G') a lower bound for out™™ and an upper bound for in"**.

| ot ingex

veES 2 5
veV(G)\S 4 5
veV\s 1 2
v € {um | u € S} 3 1

to the case of directed temporal graphs. Note that the temporal graph G has the following
properties that we make use of in our reduction:

1) Gisa proper and simple directed temporal graph,

2) the vertex set V of G has size O(|S|?) and contains all vertices of S,

3) each tcc of size at least £k — 1 in G contains only vertices of S, and

4) each vertex set X C S of size at least k — 1 is a tcc in g~ if and only if X is a clique

in G[S].

Note that the two last properties imply that the largest tcc of G has size at most k — 1,
since G[S] is (k — 1)-partite.

Next, we describe how to extend the temporal graph G to obtain a temporal graph G’
which has a tcc of size k if and only if I is a yes-instance of CLIQUE. Let n := |V|. Moreover,
let G’ be a copy of G. We extend the vertex set of G’ by all vertices of V'\ S, and a vertex vjy,
for each vertex v € S.

For each vertex v € S, we add the arc (vin,v) to time step 3. For each vertex v € S and
each neighbor w € V'\ S of v in G, we add the arc (v, w) to time step 2 and the arc (w, vin) to
time step 1. This completes the construction of G’. Let V' denote the newly added vertices,
that is, V' := (V\ S) U {vin | v € S}.

Next, we show that there is a clique of size k in G if and only if there is a tcc of size k
in G'.

(=) Let K CV be a clique of size k in G. We show that K is a tcc in G'. As discussed
above, K contains exactly k — 1 vertices of S and exactly one vertex w* of V'\ S. By
construction of G, K \ {w*} is a tcc in G and thus also a tcc in G'. It thus remains to show
that each vertex K \ {w*} can reach vertex w* in G’ and vice versa. Since each vertex
of K\ {w*} is adjacent to w* in G, by construction, w* is an out-neighbor of each vertex
of K\ {w*} in G’. Hence, it remains to show that w* can reach each vertex of K \ {w*}
in G'. Let v be a vertex of K \ {w*}. Since v is adjacent to w* in G, there is an arc (w*, viy)
in G’ that exists at time step 1. Hence, there is a temporal path from w* to v in G’, since
the arc (vi,, v) exists at time step 3. Concluding, K is a tce in G'.

(<) Let X be a tcc of size k in G'. We show that X is a clique of size k in G. To this end,
we first show that X contains only vertices of V. Afterwards, we show that X is a clique
in G.

To show that X contains only vertices of V', we first analyze the reachability of vertices
of V(G'). For a vertex v € V(G'), we denote

by out™" the smallest time label of any arc exiting v and

by in}'®* the largest time label of any arc entering v.

Note that a vertex v cannot reach a distinct vertex w in G’ if in®* < out™™. Table 1 shows
for each vertex v € V(G') a lower bound for out™™ and an upper bound for in

max
max,

Based on Table 1, we can derive the following properties about reachability in G'.
> Claim 10.

a) No vertex of V(G) \ S can reach any vertex of V' in G'.
b) No vertex of {vi, | v € S} can reach any other vertex of {vj, |v € S} in G'.
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c) No vertex of {vi, | v € S} can reach any vertex of V'\ S in G'.
d) No vertex of S can reach any vertex of {vy, | v € S} in G'.
e) No vertex of V'\ S can reach any other vertex of V'\ S in G’.

Proof. Based on Table 1, we derive ITtems a) to d). It remains to show Item e). To this end,
observe that each arc with a vertex of V'\ S as source has a vertex of {vi, | v € S} as sink.
Due to Item c), no vertex of {vi, | v € S} can reach any vertex of V'\ S in G’. Hence, no
vertex V' \ S can reach any other vertex of V'\ S in G’. This implies that Item e) holds. <

Since X is a tec in G’; Claim 10 implies that X contains at most one vertex of V' \ S
(due to Item e)) and at most one vertex of {vi, | v € S} (due to Item b)). In other words, X
contains at most two vertices of V’. Since k > 6, this then implies that X contains at least

one vertex of V(G). Claim 10 thus further implies that X contains no vertex of {vi, | v € S}
(due to Ttems a) and d)). This then implies that X contains at least k — 1 vertices of V(G).
To show that X contains only vertices of V' and is a clique in G we now show that the

reachability between any two vertices of V(G) in G’ is the same as in G. Let P be a temporal
path between two distinct vertices of V(C;) in G’. We show that P is also a temporal path
in 5 . Assume towards a contradiction that this is not the case. Hence, P visits at least one
vertex of V', Since no vertex of V(G) can reach any vertex of {vi, | v € S} (due to Items a)
and d)), P visits no vertex of {vi, | v € S}. Moreover, since each vertex of V'\ S has only
out-neighbors in {vi, | v € S}, P visits no vertex of V'\ S either. Consequently, P contains
no vertex of V'; a contradiction.

Hence, P is a temporal path in é, which implies that for each vertex set Y C V(g), Y
is a tcc in G if and only if Y is a tcc in G’. Recall that X contains at least k — 1 vertices
of V(G). Since the largest tcc in G has size at most k — 1 and each tce of size k — 1 in G is a
clique in G, this implies that X N V(G) is a clique of size k — 1 in G[S]. Since X contains no
vertex of {vi, | v € S}, this implies that X contains exactly one vertex w* of V' \ S. Hence,
it remains to show that each vertex v € X \ {w*} is adjacent to w* in G. Since X is a tcc
in G’, v can reach w* in G’. By construction and illustrated in Table 1, out™”® > 2 > inma*,
Since v reaches w* and G’ is a proper temporal graph, the arc (v, w*) is contained in G’'. By
construction, this implies that v and w* are adjacent in GG. Consequently, X is a clique in G.

This completes the correctness proof of the reduction.

Parameter bounds. It thus remains to show that §,q(G’) and the vertex cover of the
underlying graph of G’ are at most |S|() each. Let V* := V(G')\ (V' \ S). Note that V* has
size |V(G)| + || € O(]S)?) and is a vertex cover of the underlying graph of G’. Hence, the
vertex cover number of the underlying graph of G’ is O(|S|?). To show the parameter bounds,
it thus suffices to show that V* is a transitivity modulator of the reachability graph Ggr
of G’. Due to Claim 10, Gg — V* = Gg[V \ 5] is an independent set. Consequently, V* is
a transitivity modulator of G. Hence, 6,4(G") € O(|S|?). By the fact that CLIQUE does
not admit a polynomial kernel when parameterized by |S| + k, unless NP C coNP/poly,
OPEN-TCC does not admit a polynomial kernel when parameterized by dyq(G’) plus the
vertex cover number of the underlying graph of G’ plus k, unless NP C coNP/poly. <

Note that our kernelization lower bounds do not include the non-strict undirected version
of OPEN-TCC. An modification of Theorem 9 seems difficult, unfortunately. This is due
to the fact that undirected edges can be traversed in both direction, which makes it very
difficult to limit the possible reachable vertices in the temporal graph, while preserving a
small transitivity modulator.
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Figure 3 Left: the original instance of CLIQUE from Theorem 12 constructed from the reachability
graph of the considered temporal graph. Right: the obtained compressed instance of CLIQUE after
exhaustive application of all reduction rules. In both parts, the blue vertices are the vertices from
the inherent transitivity modulator B and the cycles at the bottom indicate the white clusters. Note

that in both graphs, each blue vertex has neighbors in at most one white cluster (see Claim 14).

Intuitively, RR 1 ensures that small clusters are removed, RR 1 and RR 2 ensure that there are no
isolated white clusters, and RR 3 reduces the size of each white cluster to at most |B| + 1.

4 Arc-Modification Distance to Transitivity - A Polynomial Kernel

Next, we focus on the parameterized complexity of OPEN-TCC when parameterized by the
size of a given arc-modification set towards a transitive reachability graph. As discussed
earlier, for each arc-modification set M towards a transitive reachability graph, d,q does
not exceed 2 - |M]|, since removing the endpoints of all edges of M results in a transitivity
modulator. This implies the following due to Theorem 7 and the fact that a minimum size
arc-modification set towards a transitive graph can be computed in 2.57%m - n®™) time [25].

» Corollary 11. OPEN-TCC can be solved in 4% - n®W time.

In the remainder of this section, we thus consider this parameter with respect to kernelization
algorithms. In contrast to parameterizations by dyq, we now show that a polynomial
kernelization algorithm can be obtained for OPEN-TCC when parameterized by the size of a
given arc-modification set towards a transitive reachability graph.

In fact, we show an even stronger result, since our kernelization algorithm does not need
to know the actual arc-modification set but only its endpoints. To formulate this more
general result, we need the following definition: Let G = (V, A) be a directed graph. A
transitivity modulator S C V of G is called inherent, if there is an arc-modification set M
with M C S x S for which (V, AAM) is a transitive graph. Note that the set of endpoint
of an arc-modification set towards a transitive graph always forms an inherent transitivity
modulator.

» Theorem 12. Let I = (G, k) be an instance of OPEN-TCC and let Gr = (V, A) be the
reachability graph of G. Moreover, let B C'V be an inherent transitivity modulator of Gg.
Then, for each version of OPEN-TCC, one can compute in polynomial time an equivalent
instance of total size O(|B|?).

Proof. We first present a compression to CLIQUE. Let G= (V, E) be an undirected graph that
contains an edge {u, v} if and only if (u,v) and (v,u) are arcs of Gg. Due to Lemma 2, [ is a

yes-instance of OPEN-TCC if and only if (G, k) is a yes-instance of CLIQUE. Let W := V'\ B.

We call the vertices of B blue and the vertices of W white. Note that Gr[W] is a transitive
graph, since B is a transitivity modulator of Gr. Moreover, there exists an arc set M C Bx B

such that G, = (V, AAM) is transitive, since B is an inherent transitivity modulator of Gg.
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In the following, we present reduction rules to remove vertices from G to obtain an equivalent
instance (G', k') of CLIQUE with O(|B|2) vertices and where G’ is an induced subgraph of G.
The graphs G and G’ are conceptually depicted in Figure 3.
To obtain this smaller instance of CLIQUE, we initialize G’ as a copy of G and k' as k and
exhaustively applying three reduction rules. Our first two reduction rules are the following;:
RR 1: Remove a vertex v from G, if v has degree less than k' — 1 in G'.
RR 2: If a white vertex has at least ¥/ — 1 white neighbors in G’, output a constant size
yes-instance.
Note that the first reduction rule is safe, since no vertex of degree less than k' — 1 can be
part of a clique of size at least k. Moreover, each connected component in G’ has size at
least k' after this reduction rule is exhaustively applied. The safeness of the second reduction
rule relies on the following observation.

> Claim 13. If two white vertices u and v are adjacent in G’, then they are real twins in G'.
That is, Ng/[u] = Ng[v].

Proof. Assume that u and v are adjacent in G’ and assume towards a contradiction that
there is a vertex w in G’ which is adjacent to u in G’ but not adjacent to v in G’. Since w
and v are not adjacent in G', G contains at most one of the arcs (w,v) or (v, w). Assume
without loss of generality that (w,v) is not an arc of Ggr. Since u is adjacent to both v
and w in G', Gg contains the arcs (v,u) and (u,w). Recall that both u and v are white
vertices. This implies that the arc-modification set M contains no arc incident with any
of these two vertices. Hence, M contains none of the arcs of {(v,u), (u,w), (v,w)}, which
implies that G; = (V, AAM) is not a transitive graph; a contradiction. <

Note that this implies that each connected component in G'[W] is a clique of real twins
in G’. We call each such connected component in G'[W] a white cluster.

Note that after exhaustive applications of the first two reduction rules, each white cluster
has size at most ¥’ — 1 and each connected component in G’ has size at least k’. This implies
that each connected component in G’ contains at least one blue vertex. Since G’ contains at
most |B| blue vertices, this implies that G’ has at most |B| connected components.

In the following, we show that no blue vertex has neighbors in more than one white
cluster. This then implies that G contains at most |B| - k" vertices. In a final step, we then
show how to reduce the value of k'.

> Claim 14. No blue vertex has neighbors in more than one white cluster.

Proof. Assume towards a contradiction that there is a blue vertex w which is adjacent to
two white vertices u and v in G’, such that u and v are not part of the same white cluster.
Since u and v are not part of the same white cluster, 4 and v are not adjacent in G’ due
to Claim 13. This implies that G contains at most one of the arcs (u,v) or (v, u). Assume
without loss of generality that (u,v) is not an arc of Gg. Since w is adjacent to both u
and v in G', G contains the arcs (u,w) and (w,v). By the fact that both u and v are white
vertices, M contains no arc of {(u,w), (w,v), (u,v)}, which implies that G’z = (V, AAM) is
not a transitive graph; a contradiction. <

As mentioned above, this implies that G’ contains at most |B| - k' vertices. Next, we
show how to reduce the size of the white clusters if ¥’ > |B|. To this end, we introduce our
last reduction rule:

RR 3: If ¥’ > |B| + 1, remove an arbitrary white vertex from each white cluster and
reduce k' by 1.
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Note that RR 3 is safe: If &’ > |B| + 1, a clique of size k' in G’ has to contain at least
two white vertices, since G’ contains at most |B| blue vertices. Since no clique in G’ can
contain vertices of different white clusters, we reduce the size of a maximal clique of size at
least £’ in G’ by exactly one, when removing one vertex of each white cluster.

Hence, after all reduction rules are applied exhaustively, the resulting instance (G’, k')
of CLIQUE contains at most |B| blue vertices and at most |B| white clusters. Each such
white cluster hast size at most |B| + 1. This implies that the resulting graph G’ contains
O(|B|?) vertices and O(|B|?) edges, since each vertex has degree O(|B).

Based on a known polynomial-time reduction [6], we can compute for an instance (G*, k*)
of CLIQUE, an equivalent instance (G*, k*) of OPEN-TCC, where G* is a proper temporal
graph and has O(n + m) vertices and edges, where n and m denote the number of vertices
and the number of edges of G*, respectively. Since G’ has O(|B|?) vertices and O(|B|?) edges,
this implies that we can obtain an equivalent instance of OPEN-TCC of total size O(|B|?) in
polynomial time. By the fact that G* is a proper temporal graph, this works for all problem
versions of OPEN-TCC. |

Based on the fact that the set B of endpoints of any arc-modification set M towards a
transitive graph is an inherent transitivity modulator of size at most 2 - |M]|, this implies
the following for kernelization algorithms with respect to arc-modification sets towards a
transitive graph.

» Theorem 15. Let I = (G, k) be an instance of OPEN-TCC and let Gr = (V, A) be the
reachability graph of G. Moreover, let M CV xV be a set of arcs such that G’ = (V, AAM)
is transitive. Then, for each version of OPEN-TCC, one can compute in polynomial time an
equivalent instance of total size O(|M|3).

Moreover, if the arc-modification set M only adds arcs to the reachability graph, we can
obtain the further even better kernelization result.

» Lemma 16 (x). Let I = (G, k) be an instance of OPEN-TCC and let Ggr = (V, A) be the
reachability graph of G. Moreover, let M CV XV be a set with ANM = 0 of arcs such
that G’y = (V, AAM) is transitive. Then, for each version of OPEN-TCC, one can compute
in polynomial time an equivalent instance of total size O(|M|?).

Hence, if we are given an arc-modification set M of size d,,, we can compute a polynomial
kernel. Unfortunately, finding a minimum-size arc-modification set of a given directed graph
is NP-hard [25] and no polynomial-factor approximations are known that run in polynomial
time. Hence, we cannot derive a polynomial kernel for the parameter §,,,. Positively, if
we only consider arc-additions, we can compute the transitive closure of a given directed
graph in polynomial time. This implies that we can find a minimum-size arc-modification
set towards a transitive reachability graph in polynomial time among all such sets that only
add arcs to to reachability graph. Consequently, we derive the following.

» Corollary 17. OPEN-TCC admits a kernel of size O(52,), where 8., denotes the minimum

number of necessary arc-additions to make the respective reachability graph transitive.

5 Limits of these Parametrizations for Closed TCCs

So far, the temporal paths that realize the reachability between two vertices in a tcc could
lie outside of the temporal connected component. If we impose the restriction that those
temporal paths must be contained in the tcc, the problem of finding a large tcc becomes
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L+1,L+2n+4 L+1,L+2n+4 L+1,L+2n+4

: D 5

Figure 4 An illustration of the additional vertices and edges that are added to G in the reduction
of Theorem 18. Here, L denotes the lifetime of G and the labels on the edges indicate in which
snapshots the respective edges exist in the constructed temporal graph.

NP-hard even when the reachability graph is missing only a single arc to become a complete
bidirectional clique: In other words, the problem becomes NP-hard even if §,q = dam = 1.
On general temporal graphs, all versions of CLOSED-TCC are known to be NP-hard [8, 13].

» Theorem 18. For each version of CLOSED-TCC, there is a polynomial time self-reduction
that transforms an instance (G, k) with k > 4 of that version of CLOSED-TCC into an
equivalent instance (G', k), such that the reachability graph of G' is missing only a single arc
to be a complete bidirectional clique.

Proof. Let I := (G, k) be an instance of CLOSED-TCC with underlying graph G = (V, E) and
let L be the lifetime of G. Moreover, assume for simplicity that the vertices of V' are exactly
the natural numbers from [1,n] with n := |V]. To obtain an equivalent instance I’ := (G', k)
of CLOSED-TCC, we extends G as follows: We initialize G’ as a copy of G and for each
vertex v € V, we add a new vertex v’ to G’. Additionally, we add three vertices z1, z2,
and x3 to G'. Furthermore, we append 2n + 4 empty snapshots to the end of G’ and add the
following edges to G’: For each vertex v € V, we add the edge {v, v’} to time steps L + 1
and L + 2n + 4, the edge {v',21} to time step L + 1 4+ v, and the edge {v’,z3} to time
step L + n + 3 + v. Finally, we add the edge {z1,22} to time step L + n + 2 and the
edge {22, 23} to time step L + n + 3. This completes the construction of G’. An illustration
of the additional vertices and edges is given in Figure 4.

Before we show the equivalence between the two instances of CLOSED-TCC, we first show
that the reachability graph G of G’ only misses a single arc to be a bidirectional clique.

> Claim 19. The arc (z3,z1) is the only arc that is missing in G’;.

Proof. First, we show that (x3,z1) is not an arc of G’. By construction of G’, (i) no edge
of G’ that is incident with 2 exists in any time step larger than L 4+ n + 2, and (ii) no edge
of G’ that is incident with z3 exists in any time step smaller than L + n + 3. This implies
that no temporal path in G’ that starts in 3 can reach x;. Hence, (z3,21) is not an arc
of G%.

Next, we show that G'; contains all other possible arcs. To this end, we present strict
temporal paths in G’ that guarantee the existence of these arcs in G%;. Let w and v be vertices
of V. Consider the temporal path P that starts in vertex u and traverses

the edge {u, v’} in time step L + 1,

the edge {v/,z1} in time step L + 1 + u,

the edge {x1,x2} in time step L +n + 2,

the edge {x2,x3} in time step L +n + 3,
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the edge {x3,v’} in time step L +n + 3 + v, and

the edge {v',v} in time step L + 2n + 4.
Since each vertex of V' is a natural number of [1, n], the times steps in which these edges are tra-
versed by P are strictly increasing, which implies that P is a strict temporal path of G’. Note
that each suffix and each prefix of P is also a strict temporal path in G’. Hence, this implies
that G contains all the arcs {(u,v’), (u,v), (v, "), (¢, 0) }U{ (v, z1), (v, 1), (z1,0"), (z1,v) |
i €4{1,2,3}} U{(x1,23)}. Moreover, since {x1,z2} and {zs,z3} are edges in G', G also
contains the arcs {(x1, x2), (x2, z1), (x2, x3), (r3, z2)}. This implies that (x3, 1) is the unique
arc that is missing in G'. N

Next, we show that I is a yes-instance of CLOSED-TCC if and only if I’ is a yes-instance
of CLOSED-TCC.

(=) This direction follows directly by the fact that G’ is obtained by extending G. Hence,
a closed tce S of size k in G is also a closed tcc in G'.

(<) Let S be a closed tcc of size k in G'. Recall that k& > 4. We show that S only
contains vertices of V. To this end, we first show that S does not contain 5.

> Claim 20 (x). The set S does not contain .

Next, we show that the vertex x5 is required to have pairwise temporal paths between
distinct vertices of {w’ | w € V} in G'.

> Claim 21 (). Let u and v be distinct vertices of V' with 4 < v. Then, each temporal path
from v’ to v’ in G’ visits zs.

As a consequence, S contains at most one vertex of {w’ | w € V}, since S is a closed
tce that does not contain vertex xo. Based on the above two claims, we now show that S
contains only vertices of V.

> Claim 22 (x). Only vertices of V are contained in S.

Since no edge between any two vertices of V' was added while constructing G’ from G,
each temporal path in G’ that visits only vertices of V is also a temporal path in G. Together
with Claim 22, this implies that S is a closed tcc in G, which implies that [ is a yes-instance
of CLOSED-TCC. <

Recall that all versions of CLOSED-TCC are NP-hard [8, 13]. Moreover the strict
undirected version of CLOSED-TCC is W[1]-hard when parameterized by k [8] and both
directed versions of CLOSED-TCC are W[1]-hard when parameterized by k [13]. Together
with Theorem 18, this implies the following intractability results for CLOSED-TCC.

» Theorem 23. All versions of CLOSED-TCC are NP-hard even if 6yq = damy = 1. More
precisely, this hardness holds on instances where the reachability graph is missing only a
single arc to be a complete bidirectional clique. Excluding the undirected non-strict version
of CLOSED-TCC, all versions of CLOSED-TCC are W[1]-hard when parameterized by k
under these restrictions

6 Conclusion

We introduced two new parameters d,q and d,,, that capture how far the reachability graph of
a given temporal graph is from being transitive. We demonstrated their applicability when the
goal is to find open tccs in a temporal graph, presenting FPT-algorithms for each parameter
individually, and a polynomial kernel with respect to d,,, assuming that the corresponding
arc-modification set of size 0,y is given. Computing such a set is NP-hard in general directed
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graphs [25]. An interesting question, also formulated in that paper, is whether this parameter
is at least approximable to within a polynomial factor of d,n. If so, our result implies a
polynomial kernel for OPEN-TCC when parameterized by d.,. Alternatively, the existence
of a proper polynomial kernel for OPEN-TCC when parameterized by d,,, could also be
shown by finding an approximation for a minimum-size inherent transitivity modulator due
to Theorem 12 and the fact that the size of a minimum-size inherent transitivity modulator
never exceeds 2 - dgqm-

Another natural question is to identify what are other (temporal) reachability problems
for which our transitivity parameters could be useful. For instance, consider a variant of the
OPEN-TCC problem where we search for d-tccs, that is, tccs such that the fastest temporal
path between the vertices has duration at most d. It is plausible that our positive results
carry over to this version when applied to the d-reachability graph, i.e., the graph whose arcs
represent temporal paths of duration at most d.

Regarding CLOSED-TCC, our intractability results show that neither d,q nor 6, suffice
to make this problem tractable. However, our results do not preclude the existence of an
FPT-algorithm in the case that the arc modification operations are restricted to deletion
only, which remains to be investigated. Nonetheless, we still believe that transitivity is a key
aspect of the problem. The problem with CLOSED-TCC is that the reachability graph itself
does not encode whether the paths responsible for reachability travel through internal or
external vertices.

We would like to initiate the idea of considering further transitivity parameters based on
modifications of the temporal graph itself, not only of the reachability graph. In particular,
could FPT-algorithms for such parameters be achieved for reachability problems such as
OPEN-TCC with similar performance as our FPT-algorithms for dyq and d.,, and could
these parameters make CLOSED-TCC tractable as well? And if so, how difficult is the
computation of such parameters?
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