On Fourier Analysis of Sparse Boolean Functions
over Certain Abelian Groups

Sourav Chakraborty =&
Indian Statistical Institute Kolkata, India

Swarnalipa Datta =
Indian Statistical Institute Kolkata, India

Pranjal Dutta @4

National University of Singapore, Singapore

Arijit Ghosh @&
Indian Statistical Institute Kolkata, India

Swagato Sanyal =24
Indian Institute of Technology Kharagpur, India

—— Abstract

Given an Abelian group G, a Boolean-valued function f: G — {—1,+1}, is said to be s-sparse, if it
has at most s-many non-zero Fourier coefficients over the domain G. In a seminal paper, Gopalan
et al. [15] proved “Granularity” for Fourier coefficients of Boolean valued functions over Z3, that
have found many diverse applications in theoretical computer science and combinatorics. They also
studied structural results for Boolean functions over Z5 which are approximately Fourier-sparse. In
this work, we obtain structural results for approximately Fourier-sparse Boolean valued functions
over Abelian groups G of the form, G := Zp! x --- x Z,*, for distinct primes p;. We also obtain a
lower bound of the form 1/(m?2s)[*(™)/21 on the absolute value of the smallest non-zero Fourier
coefficient of an s-sparse function, where m = p1 -+ - p¢, and o(m) = (p1 —1) - - - (pr — 1). We carefully
apply probabilistic techniques from [15], to obtain our structural results, and use some non-trivial
results from algebraic number theory to get the lower bound.

We construct a family of at most s-sparse Boolean functions over Zj, where p > 2, for arbitrarily
large enough s, where the minimum non-zero Fourier coefficient is 0(1/s). The “Granularity” result
of Gopalan et al. implies that the absolute values of non-zero Fourier coefficients of any s-sparse
Boolean valued function over Z3 are €2 (1/s). So, our result shows that one cannot expect such a
lower bound for general Abelian groups.

Using our new structural results on the Fourier coefficients of sparse functions, we design an
efficient sparsity testing algorithm for Boolean function, which tests whether the given function is
s-sparse, or e-far from any sparse Boolean function, and it requires poly((ms)“"(m), 1/e)-many queries.
Further, we generalize the notion of degree of a Boolean function over an Abelian group G. We use it
to prove an £(y/s) lower bound on the query complexity of any adaptive sparsity testing algorithm.
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On Fourier Analysis of Sparse Boolean Functions over Certain Abelian Groups

1 Introduction

Boolean functions are fundamental objects of study in computer science. For a discrete
domain D, a Boolean function f: D — {41, —1} models a decision task where each member
of D is classified into one of two classes. Boolean functions play a vital role in the study of
digital circuits and computer hardware. They are also significant in the study of algorithms
and complexity, particularly in problems where the set D of instances is endowed with an
algebraic structure. Examples of such problems include matrix multiplication and polynomial
evaluation.

The case of Boolean function complexity with D = Z% has been widely studied. These
functions are often analyzed in connection with their Fourier transform (see Section 2)
and a significant amount of research has focused on the structural properties of Fourier
spectra of important classes of these functions. One such class that this work focuses on
is that of Fourier-sparse functions. These are functions with only a few non-zero Fourier
coeflicients, formally defined in Definition 18. We will denote by sy the Fourier sparsity of a
Boolean function f. Fourier sparsity and Fourier-sparse functions have known connections
with a variety of areas of Boolean function analysis and computational complexity like
property testing [15], learning theory [20, 3], distance estimation [35] and communication
complexity [23, 31, 19, 27, 22]. These connections provide enough motivation to comprehend
the structure of Fourier coefficients for Fourier-sparse Boolean functions.

In this work, we extend the study of Fourier-sparse Boolean functions to the domains
D, which are Abelian groups of the form Zj! x --- x Zpt, where py,...,p; are distinct
prime numbers. Boolean functions over general Abelian groups have been studied in both
mathematics and computer science. A celebrated result regarding such functions is Chang’s
Lemma [10]. Chang’s lemma over ZJ has found numerous applications in complexity theory
and algorithms [5, 9], analysis of Boolean functions [16, 31], communication complexity
[31, 21], extremal combinatorics [13], and many more. Recently, [8] improved Chang’s lemma
over Zy for some special settings of parameters, where Fourier sparsity played a crucial
role. One motivation to study Fourier sparsity over a broader class of Abelian groups is to
investigate possible generalizations of their bounds to those groups.

Fourier analysis over finite Abelian groups in cryptography. For the past three decades,
the field of cryptography has been utilizing concepts derived from Fourier analysis, specifically
over finite Abelian groups. Akavia, Goldwasser, and Safra [2] have combined some of these
concepts to develop a comprehensive algorithm that can detect “large” Fourier coefficients of
any concentrated function on finite Abelian groups, and compute a sparse approximation for
the same. This algorithm has gained significant attention within the cryptography community,
especially regarding the notion of “bit security” of the discrete logarithm problem (DLP),
RSA, and learning with errors (LWE) problems; see [25, 14, 1]. In particular, the “nice”
structural results on the Fourier coefficients of a Boolean-valued function over the general
Abelian group are of utmost importance and interest from a crypto-theoretic point of view.

Interestingly, there are strong relationships between learning, sparsity, and sampling,
in the context of Fourier-sparse Boolean functions. They have been rigorously studied
in [28, 29, 30]. In [28], the authors asked the following:

» Question 1.1. What can be said about the structure of the Fourier coefficients of a Boolean

function f over an Abelian group G = 7', where the support is significantly smaller compared
to G?

n
p’
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Gopalan et al. [15] proved that any non-zero Fourier coefficient of a Boolean function
over Ziy with Fourier sparsity at most sy, is at least Si in its absolute value. This gave a
satisfactory answer of Question 1.1 over Z3. Furthermore, they proved robust versions of their
result for functions which are approzimately Fourier-sparse. Finally, their structural results
were used to design a sample-efficient algorithm to test whether a function is Fourier-sparse.

In our work, we undertake the same task for Boolean functions over Abelian groups of the
form Zjy, for a prime p > 3. We prove lower bounds on the absolute value of any non-zero
coefficient in terms of sy and p. We also prove a tightness result that complements our
lower bounds. In particular, our bound implies that a lower bound of ﬁsf) that [15] showed
does not hold anymore for Zj. Finally, we use our bounds to design a testing algorithm for
Fourier-sparse Boolean functions over Zj! x --- x Zpt. This is probably the first time, we
have advanced on understanding some structure on the Fourier-sparse coefficients over a
general Abelian group, and shed some light on Question 1.1.

It is well-known that any Abelian group is isomorphic to a group of the form Zp;n X oo X
Zp:zt where p1,...,p; are prime numbers and nq, ..., n; are positive integers. Unfortunately,
our techniques fall short of handling even a simpler case of Z2, fundamentally because of the
absence of a linear structure on the solution space of systems of equations over Z,2. Therefore,
we are leaving the task of investigating the existence of similar bounds and algorithmic
results when the domain of the function is a general Abelian group to future research.

Why care about Fourier-sparse Boolean functions over Abelian groups?

There has been a considerable amount of interest in studying the complexity of reconstructing
or learning functions of the form f : D — C, where D is a known domain (more general than
a hypercube, such as a general finite Abelian group), and f is Fourier-sparse; see [30, 26,
24, 11, 34]. Fourier-sparse functions over various finite Abelian groups have gained much
interest with the advancement in sparse Fourier transform algorithms [17, 18, 4]. These
algorithms improve the efficiency of the standard Fast Fourier Transform algorithms by
taking advantage of the sparsity itself. To reliably use sparse Fourier transform algorithms, it
is beneficial to have a way to test if a function is s-sparse or, more generally, to estimate the
distance of a function to the closest s-sparse function. In this work, we consider the problem
of non-tolerant sparsity-testing of Boolean functions over finite Abelian groups.

Finally, apart from mathematical curiosity and potential cryptographic applications (as
mentioned previously), structural results on Fourier-sparse functions f : Zy — C, for some

N € N, have also found algorithmic applications in SOS-optimization and control theory.

These applications have further implications in certifying maximum satisfiability (MAX-SAT)
and maximum k-colorable subgraph (MkCS) problems; see [12, 33, 32].

1.1 Our results

Throughout the article, we will be working with the Abelian group G := ZJ! x --- x Z*

~

where p; are primes. Let f: G — {-1,4+1}, and f(z) = > ¢ f(x)x(2) be the Fourier

transform of f, where G is the set of characters of the Abelian group G.

We say a Boolean function is s-sparse, if it has at most s non-zero Fourier coefficients.

[15] proved that for any s-sparse Boolean functions over Z%, the magnitude of the Fourier
coefficients are k-granular where k = [log, s] + 1. A real number is k-granular if it is an
integer multiple of 1/2*. One wonders whether such a phenomenon still holds over a more
general group G.
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This notion of granularity made sense over Z4, since in this case, all the Fourier coefficients
are rational (and hence real) numbers. But when the domain of the function is a general
group G, the Fourier coefficients are necessarily complex numbers. So, we would like to
suitably define granularity, and show that such a property still holds for s-sparse Boolean-
valued functions over G. Our first conceptual contribution in this paper is to generalize the
notion of granularity appropriately.

» Definition 1 (Granularity). A complex number is said to be k-granular or has granularity k

with respect to Z,, if it is of the form g(I)Ufcp), where g(X) € Z[X] and w, is a primitive p"
root of unity.

More generally, a complex number is said to be (my, ..., my)-granular with respect to
(Zp,, ..., Zyp,) if it is of the form W, where g(X1,...,Xy) € Z[X1,..., Xy] and wy,

18 a primitive pfh root of unity, i € [k].

Note that, this goes well with the definition of granularity in [15] for the case of Zs as wo
is either +1 or —1 and hence g(ws) is an integer for any g(X) € Z[X].

A function f : G — {—1,+1} is said to be (my,...,m;)-granular with respect to
(Zp,, ... ,Zp,) if each Fourier coefficient of f is (mq,...,m;)-granular.

We will also need a robust version of the definition of granularity of a complex number.

» Definition 2 (u-close to k-granular). A complex number v is said to be u-close to
k-granular with respect to Z,, if |v — %| < u, for some non-zero polynomial g(X) € Z[X].

Note that a similar notion can be defined for the case of u-close to (myq, ..., m)-granular
with respect to (Zy,, ..., ZLp,).

Now, we are ready to formally state our two main structural results. All our results hold
for Boolean-valued functions over the more general Abelian group G. But for simplicity
of presentation and ease of understanding, we first present the result for Boolean-valued
functions over Z;. Later, we present more general versions of our results, see the archived
version of the paper [7] for more details.

Our first theorem says that for any Boolean-valued function over Zj that is close to being
sparse, all its large Fourier coefficients are close to being granular. This is a generalization of
the structural theorem of [15, Theorem 3.3], which was proved over Z%.

» Theorem 3 (Structure theorem 1). Let f : Zy — {—1,+1} be a Boolean-valued function
and let B be the set of characters corresponding to the set of s-largest Fourier coefficients of

f (in terms of magnitude). If ° . p 10> > (1 — p) then for all x € B, f(x) is %—close
to [log, s] + 1-granular.

For a function f : Zj — {-1,+1}, >° p IF()|2 > (1 — p) (where B is the set of
characters corresponding to the set of s largest coefficients of f) can also be stated as “there
is an s-sparse function g : Z; — C with the /-distance between f and g is at most \/u”.
But note that this does not guarantee that there is an s-sparse Boolean-valued function
gLy — {—1,41} with fy-distance between f and g being at most ,/i. However, our
second theorem proves that one can indeed find an s-sparse Boolean-valued function in a
close enough vicinity, thus generalizing [15, Theorem 3.4].

» Theorem 4 (Structure theorem 2). Let f: Zy — {—1,+1} be a Boolean-valued function
and let B be the set of characters corresponding to the set of s-largest Fourier coefficients of
f (in terms of magnitude). If 3 . p \f(x)|2 >(1—p), with u < W then there exists
an s-sparse Boolean-valued function F : Zy — {—1,+1} with {y distance between f and F is
at most \/iu.
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Theorem 3 and Theorem 4 can be suitably generalized to functions from G to {—1,+1}.

But for the clarity of presentation, we state the generalized theorems and present their proofs
in the archived version of the paper [7].

One important corollary of Theorem 3 is that for any s-sparse Boolean function f :
73 — {—1,+1} the non-zero Fourier coefficients has magnitude at least 1/2%, where k =
[log, s] + 1. Unfortunately, such a simple corollary cannot be claimed for s-sparse functions
[ Zy — {—1,+1} if p # 2. The main reason is that the definition of granularity is for
complex numbers, rather than real numbers and hence such a lower bound cannot be directly
deduced. However, borrowing results from algebraic number theory, we can obtain a lower
bound on the Fourier coefficients of Boolean-valued functions from Zj to {—1,+1} for any
arbitrary prime p.

» Theorem 5 (Fourier coefficient lower bound). Let f : Z; — {—1,+1}, with Fourier sparsity
sy. Then, for any x € supp(f), we have |f(x)| > W .

» Remark. One can also prove a weaker lower bound of the form 1/((sy + 1),/57)°f, which
is p-independent; for details, see the archived version of the paper [7].

Observe that the lower bound in Theorem 5 is much lower than 1/s;. One may wonder
how tight our result is. It is known that 1/s is tight for the case when p = 2. For example,
consider the function AND : Z} — {—1,+1}. Its non-empty Fourier coefficients are either
77T OF — 521, while the empty (constant) coefficient being 1 — 7.

To our pleasant surprise, we construct s-sparse Boolean-valued functions over Zj, for
p > 5, such that they have nonzero Fourier coefficients with absolute value being o(1/s).

» Theorem 6 (Small Fourier coefficients). For every prime p > 5, and large enough n, there
exist a positive constant o, that depends only on p and a function f : Z; — {=1,+1} with
Fourier sparsity s¢ satisfying the following property:

. Iy 1+a,
i ‘f(x)’ <1/spr.
We prove a generalized version of the lower bound result (Theorem 5) for Boolean-valued
functions over G. The above example (from Theorem 6) can also be easily extended to obtain
Boolean-value functions over G demonstrating similar bounds on the absolute value of the
non-trivial Fourier coefficients.

Finally, we design efficient algorithms for testing whether a function f : Z; — {-1,+1}
is s-sparse or “far” from s-sparse-Boolean. To state our results we need to define what we
mean by a function f : Z; — {—1,+1} is e-far from s-sparse.

» Definition 7. A function f : Z; — {—1,+1} is e-far from s-sparse-Boolean if for every
s-sparse function g : Zy — {—1,+1} the y-distance of f and g is at least Vel

We say that an algorithm (property tester) A e-tests C, for a class of functions f : Z; —
{—1,+1}, if given access to the truth table of a function f, whether f € C, or f, is “e-far
from C” can be tested using A with success probability (called the confidence) > 2/3. The
number of queries to the truth-table of f made by A is called the query complexity of A.

! In property testing usually the distance measure used is Hamming distance between two Boolean
functions. But since we are using {2 distance in our other theorem, so for ease of presentation, we
have defined the farness in terms of ¢2 instead of Hamming distance. Also, note that for a pair of
Boolean-valued functions the square of the /2 distance and Hamming distance are the same up to a
multiplicative factor of 4, see the archived version of the paper [7]
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Using the structure theorems (Theorem 3 and Theorem 4), we prove the following theorem
which tests sparsity of a Boolean-valued function f : Zy — {—1,+1}.

» Theorem 8 (Testing s-sparsity). For a fized prime p, there is a non-adaptive poly(s,1/€)
query algorithm with confidence 2/3, which tests whether a given function f : Zy — {—1,+1},
is s-sparse or e-far from s-sparse-Boolean.

We can also obtain a similar testing algorithm for sparsity, for a Boolean-valued function
over G. The generalized algorithm is discussed in the archived version of the paper [7].

We complement our result by showing a query-complexity lower bound for sparsity-testing
algorithms. Gopalan et al. [15] gave a Q(4/s) lower bound for s-sparsity testing algorithms
over Zy. An important component of their proof was to cleverly use an alternative notion
of degree (borrowed from [6]) of a Boolean function over Z;. We also give a similar lower
bound over Zy, by appropriately generalizing the useful notion of degree. For details on the
definition of degree, see proof idea of Theorem 9 in Section 1.2 and in the archived version of
the paper [7].

» Theorem 9. For Boolean valued functions on Z;, to adaptively test s-sparsity, the query
lower bound of any algorithm is Q(+/s).

Theorem 9 can be generalized for Boolean valued functions on G, which will give us the same
lower bound.

1.2 Proof ideas

In this section, we briefly outline the proof ideas of our main theorems. Although some of
the proofs are indeed inspired by [15] (which worked over Z,), the proof techniques does not
directly generalize over Z,. So, we will first discuss the proof ideas, and then clarify the
differences between [15] and our techniques (see Section 1.2.1). While doing so, we will try
to convey the hurdles for generalizing over Z,. Let us first sketch the proof of Theorem 3.

Proof idea of Theorem 3. Our goal is to show that if f is u-close to some s-sparse complex-
valued function in ¢3, then there exists a non-zero polynomial g(X) € Z[X] such that the
following properties hold.

1. The sum of the absolute values of its coefficients is at most p*, where k := [log, s| + 1.

2. The distance between the absolute value of each non-zero Fourier coefficient of f and
|g(wp)|/p* is at most p/+/s.

To show the above, we first utilize a probabilistic method to prove that for each character
Xi € B in the Fourier support of f, there exists a matrix A € Z’;X”, and a column vector
b e Z*', such that — (1) x; is a solution of the linear system Ay = b, and (2) no other
character in the Fourier support of f is a solution of Ax = b, where B be the set of s-largest
Fourier coefficients of f. After establishing the existence of such A and b, we consider the
Fourier transform of the projection operator for the solution space of Ax = b (see the archived
version of the paper [7]). The projection operator, as the name suggests, is an operator that
projects Z; onto a linear subspace which yields a partition of the Fourier spectrum of f.
Then we show that the ¢ Fourier weight of SN H, i.e., ZxESﬁH |f(X)\2 is upper bounded
by 1/+/s, where S = B, and H is a coset of A that are solutions to the system of linear
equations Ax = b. For details, see the archived version of the paper [7].
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Proof idea of Theorem 5. If we put x = 0 in Theorem 3, we get that there exists a
g € Z[X], with the sum of the absolute values of its coefficients is at most p*, such that
17| > lg(wp)/p¥|, where k = [log, s¢] + 1, s¢ being the sparsity of the Boolean valued
function f. The remaining part of the proof is to show that for any polynomial g with the
aforementioned properties, |g(w,)|/p* > 1/(p?ss)[P=D/21,

As stated earlier, we use a non-trivial result from algebraic number theory (Theorem 25),
which states that if f € Z[z], such that f(w,) # 0, where w,, be a primitive root of unity,
then, |HiEZ;‘L f(wi)| > 1. We also use the fact that the sum of the absolute values of the
coefficients of ¢ is at most p¥, to get an upper bound on the quantities |g(w;)|, for any
1 € [p—1]. Combining these two facts, we obtain our lower bound; for details see the archived
version of the paper [7].

Proof idea of Theorem 4. We first show that the given function f : Z} — {—1,+1}, that
is p-close to some s-sparse complex-valued function in ¢35, can be written as the sum of two
functions F' and G, where the Fourier coefficients of I are [log, s| + 1-granular and the
absolute value of the Fourier coefficients of G are upper bounded by p/+/s, where p is an
odd prime. This follows from Theorem 3. Then we show that the range of F'is {—1,+1},
which uses the following facts:

1. (F+G)?=f*=1and

2. F?is 2[log, s] 4 1-granular.

We compute E[G(x)?] in order to find an upper bound on the Fourier coefficients of H :=
G(2f — G), which helps us to conclude that I/ﬁ(x) = 0 for all x # xo, and P/’\Q(XO) =1, where
Xo is the character which takes the value 1 at all points in Zj;. Then we complete the proof
by showing that the Pr.[z € Z| f(x) # g(x)] is < p?/2, which implies that F is v/2u close
to f in ¢ (see Lemma 22). This idea has also been employed in [15]. We have also extended
this proof to a more general Abelian group G, (see the archived version of the paper [7]).

Proof idea of Theorem 6. The example that we construct to prove Theorem 6 is a simple
one. The crucial observation in this regard is that there are functions from Z, to {—1,+1},
whose Fourier coefficients are smaller than 1/p. In this work, we work with one such
function HZ”T“ :Zp, — {—1,+1}. We claim that the composition function AND,, o HZpT-l—l is
one such desired function from Z to {—1,+1}, such that its minimum Fourier coefficient is
less than 1/p™. Here, we assume a trivial bound of p™ on the Fourier sparsity of the function
AND; ol il

Proof idea of Theorem 8. We sketch the algorithmic idea over Z;, where p is an odd prime;
this idea can be canonically extended to more general Abelian groups G. The main idea of
the algorithm is to partition the set of characters into buckets and estimate the weights of
the individual buckets (that is the sum of the squares of the absolute values of the Fourier
coefficients corresponding to the characters in the buckets). We know from Theorem 5 that
all the coefficients of an s-sparse function are at least as large as 1/(p%s)!P=1/21. So, we
are certain that if the weights of the buckets can be approximated within an additive error
or 7/3, where 7 > 1/(p%s)P~1, then in the case the function is s-sparse, not more than s of
the buckets can have weight more than 7/2. On the other hand, we will show that if the
function f is e-far from any s-sparse Boolean function then with a high probability at least
(s 4+ 1) buckets will have weight more than 7, making the estimated weight at least 27/3; see
the archived version of the paper for more details [7].
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The challenge is that estimating the weights of the buckets is not easy if the characters
the randomly partitioned into buckets. Here we use the ideas from Gopalan et al [15] and
appropriately modify them to handle the technicalities of working with Z;. We choose the
buckets carefully. The buckets corresponds to the cosets of H' in Z,, where H is a random
subspace of Z7! of dimension, t = ©(s?). For such kinds of buckets, we show that estimation
of the weight can be done using a small number of samples. We also need to use the concept
of “random shift”, see the archived version of the paper [7], to avoid the corner case of
characters being put into the trivial bucket.

Unlike [15], it becomes a bit more challenging to prove that if f is e-far from any s-sparse
Boolean function over Zj, then with high probability at least (s + 1) buckets will have
weight more than 7. Since we partition the set of characters by cosets, the events whether
two characters land in the same bucket (that is same coset) are not independent — since
two characters (in the case p # 2) can be scalar multiple of each other; this is where some
additional care is required (which was not the case in [15]). Under random shifts and
case-by-case analysis, we can show that the two events are not correlated, i.e., the covariance
of the corresponding indicator variables of the two events is 0; see the archived version of the
paper [7]. Thus, we can use Chebyshev’s inequality and then Markov’s inequality to bound
the number of buckets that can be of low weight, or in other words prove that the number of
“heavy” weight buckets is more than s 4+ 1. The proof of Theorem 8 is given in the archived
version of the paper [7].

Proof idea of Theorem 9. In [15], Gopalan et al. proved a query lower bound over Z%, by
using a natural notion of degree of a Booelan function, denoted deg,. They crucially used
the fact that for a Boolean function f over Zy, 24m(f) > sf > 2deg2(f): this was originally
proved in [6]. To define the degree, let us consider all possible restrictions f|y,, . of f,
is a coset of V., .. r, in Zg as defined as

where Vi rp ... r

t t

Vory,ome = {T € Zy:rj-x =b; (modp)Vje [t]} .
Then the degree over Z, of f, denoted by deg,, is defined in the following way.
degp(f) = m?)({é = dim(vb,h,mﬂ"t) DSty — pdim(Vb,rl ..... rt)}’
sT1s

[15] defined the degree

over 73 via similar restrictions. However, [15] argued that this is a natural definition of the
degree over Zjy. To argue, observe that f = %Hn f, where H, is the 2" x 2" Hadamard
matrix, when x; € Z7 are seen in lexicographic order. Consider the restrictions f|y; .

is the Fourier sparsity of the function fv;

seen Tt

where s v,
3Tl

that takes the value 1 at those points such that each entry of ﬂVb,m 11111 ., 1s nonzero. Then
deg, can be defined as the dimension of the coset V., . r,
In that case, all the Fourier coefficients of fly, , . are nonzero.

Interestingly, we can also show that the above definition of deg, is natural, mainly

which is largest amongst them!

because f = p%an, where V; is a p X p Vandermonde matrix Vi, whose (i, 7)-th entry
is (Vi)i; == w,(,ifl)(jfl), and V,, is defined by taking n many Kronecker products of Vi,
ie, V, =V®" =V, ®---®V;. Note that H,, = V,,, over Z%. Similar to [6], one can also
show that pdim(H) > g > pegs(f) (see the archived version of the paper [7]). This plays a
crucial role in the proof.

We first define two distributions Dy.s and Dy, on the set of Boolean valued functions
from Z7 to {—1,+1}. Let us choose a random t-dimensional subspace H of ZS*, for some
parameter C' (to be fixed later). Let C be the set of all cosets of H. There are 2 main steps
as follows.
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1. We construct random functions f by making f a constant on each coset of C. The constant
is chosen randomly from {—1,+1}. We call this probability distribution Dyes.
2. We choose a random function f randomly from th, conditioned on the fact that f is

2 — 7 far in {3 from any function which has deg, = ¢, where 7 is as defined in Theorem 8.

Let us call this distribution Dy,.

We show that if an adaptive query algorithm makes less than g < Q(p'/?) queries, then
the total variation distance ||Dyes — Dno||Tv between the two distributions Dy s and Dy, is
< % This proves that any adaptive query algorithm which distinguishes between Dy and

L must make at least Q(p*/?) queries. This essentially

Do, i.e., where || Dycs — DnollTv > 3,

proves Theorem 9.

1.2.1 Comparison with Gopalan et al. [15]

In this section, we discuss the main differences and points between our proof and the one by
Gopalan et al. [15]. Our proofs (and the analysis of the testing algorithm) are more elaborate,
subtle, case-dependent, and complicated than [15].

Linear dependence is bad. [15] used the similar idea as in Theorem 3, see the archived
version of the paper for more details [7]. However, their proof took advantage of the fact
that any two distinct non-zero vectors in Z4 are linearly independent. This is not true for
Zy, as distinct vectors can be scalar multiples of each other; e.g., (1,---,1) and (2,---,2) in
Zy, for any p > 3. Thus, our proof technique is capable of handling and overcoming these
difficulties effectively. This is also why our analysis of the structure theorems and algorithms
are very much case-dependent.

Different granularity. In case of Z, [15] defined a function f : Z5 — {—1,+1} to be

k-granular, where k is a positive integer, if all of its nonzero Fourier coefficients are an integer

multiple of 2% In the case of Zj, since the Fourier coefficients are truly complex numbers, we

define a function f : Zy — {—1,+1} to be k-granular if all of its nonzero Fourier coefficients

sl
P

are of the form see Definition 1), where g € Z[X] and w, is a primitive p* root of

unity.

Algebraic integer lower bounds are harder. While proving a lower bound on the absolute
value of the Fourier coefficients, in the case of Z%, proving a lower bound on the magnitude of

a Fourier coefficient [15] translates to proving a lower bound on |g(—1)|/2% (since wy = —1).

Note that |g(—1)| > 1, because g(—1) € Z \ {0}; hence the lower bound follows. However,
for a general prime p, w), is truly a complex number, and hence, g(wp) is no longer an integer
(and therefore, there is no way to conclude that |g(wp)| > 1). We use a non-trivial result from

algebraic number theory (Theorem 25) to tackle this problem, in the proof of Theorem 5.

We also crucially use the fact that the sum of the absolute values of the coefficients of g is at
most p¥, to get an upper bound on the quantities \g(w;)|, for any ¢ € [p — 1]. Clearly, this
part requires much more non-triviality than [15].

Do not expect a tight linear lower bound. For p = 2, it follows from [15] that the
lower bound on the absolute value of the Fourier coefficients is equal to i We show in
Theorem 6 that there exists a family of Boolean valued functions on Zj, p > 3 such that

miny cqupp(f) ‘f(x)’ <1/ S}JF%, hence proving that the lower bound on the absolute value of

the Fourier coefficients is not linear in i in case of p > 3.
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Generalizing the notion of degree. For functions from Z% to {—1,+1}, it is known that
f= pian f, where H,, denotes the Hadamard matrices (see [6]). Then, the degree deg, is
defined naturally in the case of Z3. The definition of deg, becomes slightly challenging, since
the relation f: ﬁHn J is simply false over Z;. To define deg,, for Boolean valued functions
on Zy, (see the archived version of the paper [7]), where p is an odd prime, we have defined
the matrix V7 using Vandermonde matrix, and have inductively defined the matrices V,,,
where n is a positive integer, via Kronecker product. Then we have shown that ]?Z #Vn f,
which helps us to define degp( f). We claim that this is an appropriate generalization of
degree, since H,, =V, over Zj.

Finally, we remark that because of the absence of a linear structure on the solution space
of systems of equations over arbitrary Abelian groups (e.g. Z,2), we could not generalize this
to arbitrary Abelian groups.

2 Preliminaries

2.1 Fourier Analysis over Lt X« o X Lyt

Zpt X% =+ X Zyt forms a finite Abelian group under addition whose order is prteplt,
where p1,...,p; are distinct primes. Its individual components form a vector space, that
is, Zy is a vector space over the field Z, for all i € {1,2,...t} whenever p;’s are primes.
Throughout this paper we will denote Zy! x --- x Zy* by G. So G is a finite Abelian group
with |G| = p]* - - - pi"*, where |.| denotes the order of G.

We will denote this root of unity by w, a pt" primitive root of unity, that is e27/?.

Let us begine by defining the characters of G.

» Definition 10 (Character). A character of G is a homomorphism x : G — C* of G, that is,
X satisfies the following:

x(x +y) = x(@)x(), v,y €g.
Equivalently, a character x of G can be defined by

X1 120) = X (@1) X 1) = w1

where X, s a character of Zy! for each i and is defined by xr,(z;) = wyi™®, @i, v € Zy? for
all i, r;-x; = Z?;l Ti(HTi(5)s Ti(j) and Ty being the Gt component of r; and x; respectively
(1t follows from the fact that any character x of G can be written as the product of characters

of Zgll, ... 7ng). Let us denote this character by Xr,,....r,-

Now let us look at some properties of characters.

» Lemma 11. Let x be a character of G. Then,

1. xolz) =1 forallz €g.

2. x(—z) = x(z)"' = x() for all z € G.

3. For any character x of G, where X # Xo, D _,cg X(z) = 0.
4. |xo(z)| =1 forallz €g.

Now let us define the dual group of G.

» Definition 12 (Dual group). The set of characters of G forms a group under the operation
(x¥)(z) = x(x)¥(x) and is denoted by G, where x and v are characters of G. G is called the
dual group of G.
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The following theorem states that G is isomorphic to its dual group.
» Theorem 13. G = G.
Let us look at the definition of Fourier transform for functions on G.
» Definition 14 (Fourier transform). For any function f : G — C, the Fourier transform

f: G—Cis defined by

—~ 1 - o
f(Xn,...,r,,) = = Z f(a:)wplrl 1, .wpt?”t Zf,7

where x;,1; € Ly! foralli, andr;-x; = 2?21 T Ti(5)s Ti() and Ti;) being the jth component
of r; and x; respectively.

» Remark 15. The Fourier transform of a function f : G — C is defined by

where x(x) is the conjugate of x(z). The Definition 14 follows from this, as x = xr,....r, for
some r; € Z, i € {1,...,t}.

pi?
The following theorem states that any function from G to C can be written as a linear
combination of characters of G.

» Theorem 16 (Fourier inversion formula). Any function f: G — C can be uniquely written
as a linear combination of characters of G, that is,

F@) = D FXrr )i,

where x;,; € Lyt for all i, ri - x; = 271:1 Ti(j)Ti(j)s Ti(j) ond T being the jth component
of r; and x; respectively.

» Theorem 17 (Parseval). For any two functions f,g: G — C,

Bcol )] = 30 F0T00
X€G

More specifically, if f:G — {—1,41} is a Boolean-valued function then

Yo Ifoor=1.

xea
Now let us define the Fourier sparsity of a function f on G.

» Definition 18 (Sparsity and Fourier Support).
The Fourier sparsity sy of a function f: G — C is defined to be the number of non-zero
Fourier coefficients in the Fourier expansion of f (Theorem 16). In this paper, by sparsity
of a function, we will mean the Fourier sparsity of the function.

Fourier support supp(f) of a function f:G — C denotes the set {X | f(x) #* O}.

The following lemma states an important property of characters of a subgroup H =
H; x---x Hy of G.

40:11

MFCS 2024



40:12

On Fourier Analysis of Sparse Boolean Functions over Certain Abelian Groups

» Lemma 19. 3, ,, x» = |H| -1y, where H = Hy x --- x Hy is a subgroup of G, and
h=(hi,...,h), hi € H; Vi. That is,

Z Xhlxht:‘H1||Ht|1HlL1Hti
h1€Hy,....,hy €Hy

yzs

Here, for each i, H; is a subgroup of Z; and hence a subspace Zy",

as Lyt is a vector space.

The proof of Lemma 19 is given in the archived version of the paper [7] due to lack of
space.

» Lemma 20. Let f,g be two Boolean valued functions from G to {—1,+1}. Then,

1F900)1 < [1£1121lgl2,

for any character x € G.

The proof of Lemma 20 is given in the archived version of the paper [7] due to lack of
space.
Now let us formally define the notion of e-close and e-far in £5 below.

» Definition 21 (u-close to s-sparse). Let f and g be two functions with domain Ly, and range
C. Then the square of the {y distance between f and g is defined as E,cg||f(x) — g(x)]?].
By Parseﬂl’\sidentity the square of the {5-distance between f and g can also be written as
2eq =901

We say that f is e-close to g in £y if the square of the {y distance between f and g is less
than €. Similarly, f is e-far from g in ly if the square of the ¢y distance between f and g is
at least e.

The following lemma gives us a relation between the /5 distance between two Boolean
valued functions f and g defined in Definition 21 and Pr,[x € G|f(z) # g(z)].

» Lemma 22. The square of the {5 distance between two Boolean valued functions f and g
defined in Definition 21 is equal to 4Pr [z € G|f(z) # g(z)]. ?

The proof of Lemma 22 is given in the archived version of the paper [7] due to lack of
space.
Now let us define the total variation distance between two probability distributions.

» Definition 23. Let (Q, F) be a probability space, and P and Q be probability distributions
defined on (Q, F). The total variation distance between P and Q is defined in the following
way.

IP = Qllrv = sup [P(A) — Q(A)].
AeF

» Lemma 24. Given two probability distributions P and Q on a probability space (2, F), the
total variation distance between P and @ is half of the L1 distance between them. That is,

1P~ Qllrv = 5 3 1P@) — Q).

2 If f and g are two Booelan-valued functions then Pry[z € G|f(x) # g(x)] is also called the Hamming
distance between the two functions. So the ¢2 norm between two Boolean-valued functions is 4 times
the Hamming distance between two Boolean-valued functions.
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3 Lower bound on the Fourier coefficients

In this section, we will prove Theorem 5 assuming Theorem 3, which gives us a lower bound

on the Fourier coefficients of functions from Zj to {—1,+1}, where p is a prime number.

This is a generalization on the granularity of a function f : Z% — R when the domain of the
function is Zjy. We will use the following theorem; for more details see the archived version
of the paper [7].

» Theorem 25. For n € Z, let w, be a primitive root of unity. Let f € Z[z], such that
flwp) #0. Then,

II 7@

=

> 1.

Proof of Theorem 5. If we put p = 0 in Theorem 3, we get that there exists a g € Z[X],
such that [f(x)| > [g(wp)/p"|, where k = [log, s¢] + 1, sy being the sparsity of the Boolean
valued function f. We know by Theorem 25 that | [[?—} g(w})| > 1. Therefore,

1\ ‘g(w )
> (= = P
- (p") pk

For p = 2, g(w}) is an integer, so

1 S 1
- pk(pfl) - (pZSf)p—l'

g(wh)
pk

H gwh)

p—1
>1=]]
i=1

For p # 2, the conjugate of g(w)), namely g(wi), is nothing but = g(w?~*). Since
lgl1 < p*, it follows that for any i € [p — 1], |g(w})/p*| < 1. Therefore,

p—1 ‘ (p—1)/2
[Towp| = 1= T lowpP =1
i=1 i=1
(r-1)/2 iy (2
H (wp) (i)pfl
i=1 Pt Pt
2
. 9(wp) 1
pk pk(Pfl)
9(wp) 1 1
= ’ | Z DR T Ry D (32)
So, from Equation (3.1) and Equation (3.2), we have
9(wp) 1 <
o (2 )[G-D72] -

» Remark 26. Let p be a prime. The proof-technique of Theorem 5 gives the following. If
the Fourier coefficients of a Boolean function f are k granular, where & = [log, s| + 1, then
the Fourier coefficients of f? are 2k-granular, and their absolute values are > W.
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4 Sparse Boolean-valued function with small Fourier coefficients

In this section, for a fixed prime p > 5, and arbitrarily large s, we give an example of a
function f : Z; — {—1,+1}, such that the minimum of the absolute value of its Fourier
coefficients is at most o(1/s). In this section, we give the details of the construction of
Theorem 6; see the archived version of the paper [7].

To prove Theorem 6 we define a function, which is basically composition of AND,, and
univariate Threshold functions; we call AT.

» Definition 27. Let us define function AT : Zy — {—1,+1} by
AT(z1,x2,...,2,) = AND, (HZPT“@Cl)’HZ”T“(xz)’ .. ,HZ%(;U”)) ,

where the univariate Threshold function HZPTH 1 Zy — {—1,+1}, is defined as:

1 or x> Bt
H>L+1(x) = 4 -2
=2 —1  otherwise.

» Lemma 28. There is a Fourier coefficient of AT, whose absolute value is ]ﬁ, where ¢ is a
constant > 1.

The proof of Lemma 28 is given in the archived version of the paper [7]. Now we are
ready to prove Theorem 6.

Proof of Theorem 6. This directly follows, as we can claim from Lemma 28 that there exists
a family of functions in Z whose absolute value of the minimum coefficient is not linear in

L but actually = Q( ). where €, > 0, is a p-dependent constant. |

1
sparsity ’ sparsity 1 Tep

» Lemma 29. There exists a function whose one of the Fourier coefficients is less than that
of AT.

The proof of Lemma 29 is given in the archived version of the paper [7].

5 Testing Algorithm for Sparsity

Here we present the whole algorithm (Algorithm 1) for sparsity testing over Loy (see next
page). However, we describe the various steps of the algorithm in the archived version of the
paper [7], including the correctness and the analysis of the algorithm in the archived version
of the paper [7].

6 Conclusion

Gopalan et al. [15] was the first to study the problem of testing Fourier sparsity of Boolean
function over Z3. Along the way, they were able to drive fundamental properties of Boolean
functions over Z7, like Granularity of the Fourier spectrum, that have found many other
applications [3]. In this work, we have extended their results for groups that can be written
as Lyt X -+ X Lpt.

The most natural question that arises from our work will be to study this problem for
(finite) general Abelian groups. Unfortunately, our work does not extend to finite Abelian
groups, because of the absence of the component-wise vector space structure. In particular,
it would be nice to get a lower bound on the absolute value of non-zero Fourier coefficients
of a sparse Boolean-valued function over Ly, . In any way, our results in this paper should be
seen as a first step toward solving the lower bound problem over finite Abelian group.

Finally, we ask whether it is possible to show a better (p-dependent) lower bound over Zj
on the query-complexity of any adaptive sparsity testing algorithm.
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Algorithm 1 Test Sparsity.

1: Input: s, ¢, and query access to f : Zy — {—1,+1}.

2: Output: YES, if f is s-sparse, and NO, if it is e-far from any Boolean valued function.
3: Parameter setting: Set ¢t := [2log, s + log, 20] + 1,7 := min(ﬁ;, W) M =
Ollog(p") - )

4: Choose vy, ..., v; linearly independent vectors uniformly at random from Zj.

5. Let H = Span{vy,..., v}

6: Pick (21,21),...,(2nm, 7 ) uniformly and independently from H x Zj

T Query f(xl)avf(xM) and f(xl - Zl)v"'?f(xM - ZM)

8: for For every r € Z;, do

9:  Let 47 Zf\il xr(2:) f(z:) f(z; — 2;) be the estimate of wt(r + H™)

10: end for

11: if number of 7 for which the estimate of wt(r + H+) is > %T is < s then
12:  Output YES

13: else

14:  Output NO

15: end if
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