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—— Abstract

Greenberger-Horne—Zeilinger (GHZ) states are quantum states involving at least three entangled
particles. They are of fundamental interest in quantum information theory, and the construction of
such states of high dimension has various applications in quantum communication and cryptography.
Krenn, Gu and Zeilinger discovered a correspondence between a large class of quantum optical
experiments which produce GHZ states and edge-weighted edge-coloured multi-graphs with some
special properties called the GHZ graphs. On such GHZ graphs, a graph parameter called dimension
can be defined, which is the same as the dimension of the GHZ state produced by the corresponding
experiment. Krenn and Gu conjectured that the dimension of any GHZ graph with more than 4
vertices is at most 2. An affirmative resolution of the Krenn-Gu conjecture has implications for
quantum resource theory. Moreover, this would save huge computational resources used for finding
experiments which lead to higher dimensional GHZ states. On the other hand, the construction of a
GHZ graph on a large number of vertices with a high dimension would lead to breakthrough results.
In this paper, we study the existence of GHZ graphs from the perspective of the Krenn-Gu
conjecture and show that the conjecture is true for graphs of vertex connectivity at most 2 and
for cubic graphs. We also show that the minimal counterexample to the conjecture should be
4-connected. Such information could be of great help in the search for GHZ graphs using existing
tools like PyTheus. While the impact of the work is in quantum physics, the techniques in this paper
are purely combinatorial, and no background in quantum physics is required to understand them.
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1 Introduction

Quantum entanglement theory implies that two particles can influence each other, even though
they are separated over large distances. In 1964, Bell demonstrated that quantum mechanics
conflicts with our classical understanding of the world, which is local (i.e. information can be
transmitted maximally with the speed of light) and realistic (i.e. properties exist prior to and
independent of their measurement) [2]. Later, in 1989, Greenberger, Horne, and Zeilinger
(abbreviated as GHZ) studied what would happen if more than two particles are entangled [8].
Such states in which three particles are entangled (|GHZ32) = % (]000) 4 |111))) were
observed rejecting local-realistic theories [4, 21]. While the study of such states started purely
out of fundamental curiosity [24, 16, 17], they are now used in many applications in quantum
information theory, such as quantum computing [11]. They are also essential for early tests
of quantum computing tasks [28], and quantum cryptography in quantum networks[22].
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Zeilinger became a co-recipient of the Nobel Prize for Physics in 2022, for experiments
with entangled photons, establishing the violation of Bell inequalities and pioneering quantum
information science. We note that the work on experimentally constructing GHZ states is
at the heart of Zeilinger’s Nobel prize-winning work [1]. Increasing the number of particles
involved and the dimension of the GHZ state is essential both for foundational studies and
practical applications. Motivated by this, a huge effort is being made by several experimental
groups around the world to push the size of GHZ states. Photonic technology is one of the
key technologies used to achieve this goal [28, 27]. The Nobel Laureate himself, with some
co-authors, proposed a scheme of optical experiments in order to achieve this, which gives an
opportunity for graph theorists to get involved in this fundamental research: In 2017, Krenn,
Gu and Zeilinger [14] discovered (and later extended [10, 9]) a bridge between experimental
quantum optics and graph theory. They observed that large classes of quantum optics
experiments (including those containing probabilistic photon pair sources, deterministic
photon sources and linear optics elements) can be represented as an edge-coloured edge-
weighted graph, though the edge-colouring goes a little beyond what graph theorists are used
to. Conversely, every edge-coloured edge-weighted graph (also referred to as an experiment
graph) can be translated into a concrete experimental setup. This technique has led to the
discovery of new quantum interference effects and connections to quantum computing [10].
Furthermore, it has been used as the representation of efficient Al-based design methods for
new quantum experiments [15, 23].

However, despite several efforts, a way to generate a GHZ state of dimension d > 2 with
more than n = 4 photons with perfect quality and finite count rates without additional
resources [13] could not be found. This led Krenn and Gu to conjecture that it is not possible
to achieve this physically (stated in graph theoretic terms in Conjecture 6). They have also
formulated this question purely in graph theoretic terms and publicised it widely among
graph theorists for a resolution [19]. We now formally state this problem in graph-theoretic
terms and explain its equivalence in quantum photonic terms. For a high-level overview
of how the experiments are converted to edge-coloured edge-weighted graphs, we refer the
reader to the appendix of [6]. For the exact details, the reader can refer to [14, 10, 9, 13].

1.1 Graph theoretic preliminaries and notations

We first define some commonly used graph-theoretic terms. For a graph G, let V(G), E(G)
denote the set of vertices and edges, respectively. We use k(G) to denote the vertex
connectivity of G. For S C V(G), G[S] denotes the induced subgraph of G on S. N,;Ny, C
denote the set of natural numbers, non-negative numbers and complex numbers, respectively.
The cardinality of a set S is denoted by |S|. For a positive integer r, [r] denotes the set
{1,2...,r}. Given a multi-graph, its skeleton is its underlying simple graph. We do not
consider self-loops in multi-graphs.

Usually, in an edge colouring, each edge is associated with a natural number. However,
in such edge colourings, the edges are assumed to be monochromatic. But in the graphs
corresponding to experiments, we are allowed to have bichromatic edges, i.e. one half coloured
by a certain colour and the other half coloured by a different colour. For example, in the
graph shown in Figure 1a, the simple edge between vertices 4 and 6 is a bichromatic edge.
We develop some new notation to describe bichromatic edges.

FEach edge of a multi-graph can be thought to be formed by two half-edges, i.e., an edge
e between vertices v and v, consists of the half-edge starting from the vertex u to the middle
of the edge e (hereafter referred to as the u-half-edge of €) and the half-edge starting from
the vertex v to the middle of the edge e (hereafter referred to as the v-half-edge ¢). Thus,
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the edge set E of the multi-graph gives rise to the set of half-edges H, with |H| = 2|E|. For
an edge e between vertices u and v, we may denote the v-half-edge of e by e, and u-half
edge of e by e,. Consider the edge e between vertices 4 and 6 in Figure la. The 4-half edge
of e (e4) is of colour red, and the 6-half edge (eg) is of colour green.

The type of edge colouring that we consider in this paper is more aptly called a half-edge
colouring. Tt is a function from H to Ny, say ¢ : H — Ny. (Note that we use non-negative
numbers to name the colours.) In other words, each half-edge gets a colour. An edge is called
monochromatic if both its half-edges get the same colour (in which case we may use c(e)
to denote this colour); otherwise, it is called a bi-chromatic edge. In Figure la, the colour
0 is shown in red, and the colour 1 is shown in green. It is easy to see that c¢(es) = 0 and
c(eg) = 1 (recall that e is the simple edge between vertices 4 and 6). Consider the edge €’

between vertices 1 and 6. As c(e}) = c(ef) = 0, €’ is monochromatic and moreover, c¢(e’) = 0.

We then assign a weight w(e) € C to each such coloured edge e. We denote the multi-graph
G with the edge colouring ¢ and edge weights w(e) as G¥.

We call a subset P of edges in this edge-weighted edge-coloured graph a perfect matching
if each vertex in the graph has exactly one edge in P incident on it.

» Definition 1. The weight of a perfect matching P, w(P) is the product of the weights of
all its edges ] w(e)

ecP
» Definition 2. The weight of an edge-coloured edge-weighted multi-graph G is the sum of
the weights of all perfect matchings in G¥.

A vertex colouring vc associates a colour i to each vertex in the graph for some i € N.

We use ve(v) to denote the colour of vertex v in the vertex colouring ve. A vertex colouring
ve filters out a sub-graph F(G.,vc) of G, on V(G,.) where for an edge e € E(G..) between
vertices u and v, e € E(F(G,,ve)) if and only if ¢(e,) = ve(u) and ¢(e,) = ve(v). Filtering
also extends to weighted graphs where the weight of each edge in F(GY,vc) is the same
as its weight in G¥. Let vc be a vertex colouring in which 1,2, 3,6 are associated with the
colour green and 4,5 are associated with the colour red. The filtering operation of vc on
the edge-coloured graph G¥ shown in Figure la is given in Figure 1b. A vertex colouring
ve is defined to be feasible in G¥ if F(GY¥,vc) has at least one perfect matching. It is easy
to see that each perfect matching P is part of F(GY,vc) for a unique vertex colouring ve.
Such a P is said to induce ve. It is interesting to notice that there is a partition of perfect
matchings (not edges) based on the vertex colourings.

» Definition 3. The weight of a vertex colouring vc in the multi-graph G is denoted by
w(GY,ve) and is equal to the weight of the graph F(GY¥,vc).

The weight of a vertex colouring, which is not feasible, is zero by default.

» Definition 4. An edge-coloured edge-weighted graph is said to be GHZ, if:
1. All feasible monochromatic vertex colourings have a weight of 1.
2. All non-monochromatic vertex colourings have a weight of 0.

An example of a GHZ graph is shown in Figure la.

» Definition 5. The dimension of a GHZ graph G¥, u(G,c,w) is the number of feasible
monochromatic vertex colourings (having a weight of 1).

For a given multi-graph G (experimental set up), many possible edge-colourings (mode
numbers of photons) and edge-weight (amplitude of photon pairs) assignments may lead it
a GHZ graph (GHZ state). Finding a GHZ graph with n vertices and dimension d would
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(a) An edge coloured edge-weighted graph G¢ . (b) F(G¥,vc), where ve(i) is green for ¢ € [1,2,3, 6]
and red for i € [4, 5].

Figure 1 vc-Filtering of a graph.

41

tlines of different colours

4

(a) K4 with 3 dimensions. (b) K> with ¢ dimensions.

Figure 2 GHZ graphs.

immediately lead to an experiment which result in a d-dimensional GHZ state with n particles.
For each such GHZ graph, a dimension is achieved. The maximum dimension achieved over
all possible GHZ graphs with the unweighted uncoloured simple graph G as their skeleton is
known as the matching index of G, denoted by p(G). In Figure 2b, we have an edge-coloured
edge-weighted GHZ K> of dimension ¢t. Note that ¢ can be arbitrarily large. Therefore,
u(Ks) = co. However, only two particles are involved; for a GHZ state to form, we need
more than two particles. Therefore, such a construction will not give a GHZ state. We note
that the matching index is defined for a simple graph G by taking the maximum over all
possible multi-graphs with a skeleton G. For instance, the simple graph K5 has only one
edge. However, we considered all possible multi-graphs having a skeleton K5 to define u(K5).

It is easy to see that if a graph has a perfect matching, it must contain an even number
of vertices. So, we consider matching indices of graphs with even and at least 4 vertices for
the rest of the manuscript. From Figure 2a, we know that u(K4) > 3 and, despite the use of
huge computational resources [15, 23, 20], this is the only (up to an isomorphism) known
graph of the matching index at least 3. Any graph with a matching index of at least 3 and
n > 4 vertices would lead to a new GHZ state of dimension at least 3 with n > 4 entangled
particles. Motivated by this, this problem has been extensively promoted[19, 12]. Krenn and
Gu conjectured that

» Conjecture 6. If |V(G)| > 4, then p(G) <2

Several cash rewards were also announced for a resolution of this conjecture [12]. We note

the following implications of resolving this conjecture

1. Finding a counterexample for this conjecture would uncover new peculiar quantum
interference effects of a multi-photonic quantum system using which we can create new
GHZ states
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2. a. Proving this conjecture would immediately lead to new insights into resource theory
in quantum optics

b. Proving this conjecture for different graph classes would help us understand the

properties of a counterexample and guide experimentalists in finding it. This is

particularly important since huge computational efforts are going into finding such
graphs [15, 23, 20].

A graph is matching covered if every edge of it is part of at least one perfect matching. If
an edge e is not part of any perfect matching M, then we call the edge e to be redundant. By
removing all redundant edges from the given graph G, we get its unique maximum matching
covered sub-graph mcg(G). Note that a colouring ¢ and a weight assignment w of G induces
a colouring and a weight assignment for every subgraph of G, respectively. When there is no
scope for confusion, we use ¢, w itself to denote this induced colouring and weight assignment,
respectively. It is easy to see that if ¢ and w make G a GHZ graph, they also make mcg(Q)
a GHZ graph and u(G, ¢, w) = p(meg(G), ¢,w). Therefore, u(G) = p(meg(G)).

One can also notice that, if there are two edges, say e, ¢’ between vertices u and v such
that c(e,) = c(el,) and c(e,) = c¢(e),)), then they can be replaced with an edge ¢’ such that
w(e”) =w(e) + w(e),c(el) = c(e,) and ¢(el)) = ¢(e,). Such a reduction will retain the GHZ
property and dimension of the graph. Therefore, in the rest of the manuscript, we only
deal with such reduced graphs, i.e, between two vertices between vertices © and v and given
i,j € [(@)] there exists at most one edge e such that ¢(e,) =i and ¢(e,) = j. We also note
that, if an edge e has weight 0, it can be treated as if the edge were absent.

1.2 Related work

No destructive interference. The special case of all edges having a real positive weight
corresponds to the case when there is no destructive interference. With this restriction,
Krenn-Gu conjecture was resolved due to the following observation by Bogdanov [3].

» Theorem 7. In a coloured multi-graph G, with |V (G)| > 4, if there exist three monochro-
matic perfect matchings of different colours, then there must be a non-monochromatic perfect
matching.

Due to this result, when there is no destructive interference, every matching covered graph
non-isomorphic to K4 can achieve a maximum dimension of 1 or 2 and thus can be classified
into Type 1 and Type 2 graphs(See [6] for detailed discussion). Chandran and Gajjala [6]
gave a structural classification for Type 2 graphs. They further proved that for any half-edge
colouring and edge weight assignment on a simple Type 2 unweighted uncoloured graph,
a dimension of 3 or more can not be achieved! The computational aspects of the vertex
colourings arising from these experiments were studied by Vardi and Zhang [25, 26]

Absence of bi-coloured edges. The problems get easier in the absence of bi-coloured edges
and have opened up work in several directions. We list some of the known results in this
direction. Cervera-Lierta et al. [5] used SAT solvers to prove that if the number of vertices is
6 or 8, the maximum dimension achievable is 2 or, at most, 3, respectively. Chandran and
Gajjala [7] proved that the maximum dimension achievable for an n > 4 vertex graph is less

n
than —.

V2

Unrestricted results. For the general case, the only known result is due to Mantey [18]. He
proved the following theorem using the Grébner basis.
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» Theorem 8. If |V(G)| =4, then u(G) < 3. Moreover, if (G, c,w) = 3, then between any
pair of vertices in G, there is exactly one non-zero edge (and isomorphic to the coloured
graph shown in Figure 2a).

Surprisingly, there is no known analytical proof even for such small graphs. We encourage the
reader to attempt to prove Theorem 8 to understand the difficulty arising due to multi-edges.
One has to tune 54 variables which can be complex numbers (the number of possible edges
when 3 colours are allowed) such that 81 equations (the number of possible vertex colourings
when 3 colours are allowed) are satisfied, even for graphs as small as 4 vertex graphs.

1.3 Our results

We give the first results, which resolve the Krenn-Gu conjecture for a large class of graphs
in the completely general setting, that is, when both bi-coloured edges and multi-edges
are allowed. We prove that the Krenn-Gu conjecture is true for all graphs with vertex
connectivity at most 2 in the full version.

» Theorem 9. For a graph G, if k(G) < 2, then u(G) < 2.

Our next main contribution is a reduction technique, which implies Theorem 10. We
explain and prove our reduction in Section 2. We introduce a scaling lemma in Section 1.4,
which gives us an equivalent version of Krenn-Gu conjecture and which may turn out to be
more useful in some situations.

» Theorem 10. Given a graph G with k(G) < 3 and V(G) > 4, there exists a graph G’ with
V(G < V(G)] =2 and n(G') = pu(G).

Due to Theorem 10, a minimal counter-example (a counter-example with the minimum
number of vertices) to Krenn-Gu conjecture must be 4-connected. Using Theorem 10, we
can resolve Krenn-Gu conjecture for some interesting graph classes like cubic graphs (that is,
3 regular graphs). We prove Theorem 11 and Theorem 12 in Section 2.3.

» Theorem 11. If the mazimum degree of a graph G is 3, Conjecture 6 is true.

» Theorem 12. If the minimum degree of a graph G is 3, then u(G) <3

1.4 Reformulation of Krenn-Gu conjecture

Recall that we denote the weight of the vertex colouring ve over a set of vertices U C V(G)
as w(U,vc), which is the sum of weights of all perfect matching on G[U] which induce the
vertex colouring ve on U and we denote the monochromatic vertex colouring ve : V- — {i}
by iv.

For a graph G, let U,U’ C V(G). Let ve: U — N and v¢’ : U’ — N. If ve(v) = vc/(v) for
allv e UNU’, we call vc,vc’ to be compatible with each other. When vc, v¢’ are compatible,
we define their union [ve Uwvc'] : UU U’ — N as follows: [veUwvc'|(v) = ve(v) for v € U and
[vc Uvd](v) = v (v) for v € U'.

We broaden the definition of GHZ graphs to g-GHZ graphs. An edge-coloured edge-
weighted graph G¥ satisfying the following properties is defined to be g-GHZ
1. All feasible monochromatic vertex colourings have a non-zero weight (instead of necessarily

being 1).

2. All non-monochromatic vertex colourings have a weight of 0.
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Note that this generalization allows each of the monochromatic vertex colourings to have
different weights. The dimension of a g-GHZ graph is the number of feasible monochromatic
vertex colourings. For a graph G, the maximum dimension achievable over all possible g-GHZ
colouring and weight assignments is its generalized matching index py(G).

» Conjecture 13. py(K4) =3 and for a graph G which is non-isomorphic to K4, pg(G) < 2.

We prove that Conjecture 6 and Conjecture 13 are equivalent. Trivially, a counter-example
to Conjecture 6 would immediately give a counter-example to Conjecture 13. We prove that
any counter-example to Conjecture 13 would also yield a counter-example to Conjecture 6 in
Lemma 14. This reformulation is more suitable for our proofs in the following sections.

» Lemma 14 (Scaling lemma). If there is a graph G¥, which is g-GHZ, then there is a graph

c
G}fl, which is a GHZ graph with the same dimension.

Proof. We denote the weight of the vertex colouring w(iy,G) using W (i). Note that by

definition of g-GHZ graphs, the weight of a monochromatic colouring W (%) is always non-zero.

So, for each edge e € G, whose half-edges are of colour i, j, we assign the weight
w'(e) = w(e) (W (D)W ()"

Let M be a matching in G, which induces the vertex colouring vcy;. The weight of an
edge e € M between vertices u, v will be,

w'(€) = w(e)(W (verr (u)) W (verr (v))) ™

As each vertex is incident by exactly one edge of the perfect matching M, the weight of M
will be

w' (M) = w(M) H W (vear(v)) =Y
veV

Since the weights of all perfect matchings which induce a vertex colouring, vc will increase

by a factor of [] W (ve(v))~'/™, the weight of the vertex colouring ve will be
veV

w'(ve) = w(ve) H W (ve(v)) =M/

veV

As w(vc) is zero for all non-monochromatic vertex colourings, w’(vc) will remain to be zero.
For a monochromatic vertex colouring vc = iy, we know that ve(v) =i for all v € V.

Therefore, w'(iy) = w(iv)((w(iv))_l/”)” =1
Therefore, G"c”/ is a GHZ graph. <

2 Reduction
We prove a stronger theorem than Theorem 10 as stated below.

» Theorem 15. Let G be a multi-graph with a vertexr cut S of size 3. Let Vi and V3 be a
partition of V(G)\ S such that Vi and Vs are non-empty and there are no edges between Vy
and Vo in G. Moreover, let |V1| be odd and |Va| be even. There exists a graph G’ such that
V(G| < Vil +3 < [V(G)| =2 and p(G") = p(G).

41:7
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Let w, ¢ be a colouring and weight assignment of G for which u(G,c,w) = u(G). Then G’
would be a graph on the vertex set Vi | |S. The edge set, the edge weight function and
the edge colouring of G’ would be the same as in G[V; | | S] except for the edges with both
endpoints inside S; We redefine the set of edges, edge-weight function, edge-colouring within
S. Let ¢/ and w’ represent the edge-colouring and the edge-weight function of G’. We will
show that p(G") > u(G', ¢, w'") = p(G, c,w) = p(G).

Let V = V(G) and S = {u1,us,us}. Note that any perfect matching of G, should match
an odd number of vertices of S to V; (since |S| is odd). Therefore the perfect matchings of
G can be grouped into 4 types:

Type 0: Let Py denote the set of all perfect matchings on G[V; U S] in which all the three
vertices of S are matched with vertices in V. Let Wy(vc) denote the sum of weights of the
perfect matchings from Py that induce the vertex colouring ve on Vi | |S. Let P denote the
set of all perfect matchings on G[Vz]. Let Wj(vc) denote the sum of weights of the perfect
matchings from P} that induce the vertex colouring ve on Va. Type 0 perfect matchings of
G are the perfect matchings that belong to Py x P Clearly, the sum of the weights of Type
0 perfect matchings that induce the colouring ve equals Wy (ve)W{(ve).

Type i: For i € {1,2,3}, Let P; denote the set of perfect matchings of V1 | [{u;}, and let P}
denote the set of perfect matchings of Vo | |(S\ {u:}). Let W;(ve) denote the sum of weights
of all perfect matchings from P; that induce the vertex colouring ve on Vi | |{u;} and W} (vc)
denote the sum of weights of all perfect matchings from P; that induce the colouring vc on
Vo LJ(S'\ {w;}). Type i matchings of G are the perfect matchings that belong to P; x P;.
Clearly, the sum of weights of Type i perfect matchings that induce the colouring vc equals
W;(ve)W/(ve). From the above discussion, it is easy to see that

wlve) = Y Wi(ve)W/(ve) (1)

1€{0,1,2,3}

Recall that cy, denotes the monochromatic vertex colouring with the colour c on V5. Let us
partition [p(G)] into C; U Cy such that ¢ € Cy, if and only if there exists some colouring ¢’ on
V1 U S such that W{(cy, )Wo(¢’) # 0. The remaining colors from [u(G)] belong to C5 (Note
that this happens if W(j(cy,) = 0 or if for all colourings ¢’ on Vi U S, Wy(¢') = 0.). We will
now prove Theorem 15 in two cases. When C; = () (Theorem 1) and C; # () (Theorem 2)

» Theorem 1. Let G be a multi-graph with a vertex cut of size 3. If Cy = () (as defined
earlier), then u(G) < p(Kyq)

» Theorem 2. Let G be a multi-graph with a vertez cut of size 3. IfCy # (0 (as defined earlier),
then there exists a graph G’ such that |V (G')| < V1| +3 < |[V(G)| — 2 and u(G') > u(G).
Recall that Vi and Va is a partition of V(G)\ S such that Vi and Va are non-empty and there
are no edges between them. Moreover |Vi| is odd and |Va| is even.

2.1 Construction for Theorem 1

Let V(G') = {vo,v1,v2,v3}. The reader may mentally map the vertices vy, va,v3 to the
vertices w1, ua,u3 of the vertex cut S and vg to the set of vertices V;. Note that G’ is a
multi-graph (without self loops) and each pair of vertices from V(G’) may have many edges
between them. In fact, we would define 1(G)? number of edges between each pair of vertices
in {vg, v1,v2,v2}, one edge for each ordered pair in [u(G)] x [u(G)].
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Let 4,5 € {1,2,3} with ¢ # j. Let (p,q) € [u(GQ)] x [1(G)]. We will define an edge e for
each such (p, q) between v; and v;. This edge e would be coloured such that the v;-half edge
of e (i.e., e,,) has colour p and the v;-half edge of e (i.e., e,;) has colour q. The weight of the
edge would be w(e) = > . w(cv,Pu,qu;) The reader may recall that cy,pu,qu, represents
the colouring in which V3, u;, u; are coloured with ¢, p, g respectively. Its weight is the weight
of the induced subgraph of G on V5 U {u;,u;} filtered out by the colouring cy,py, gy, In this
case, C1 = 0); so Ca = [u(G)]; and therefore there are ;1(G) terms in the summation.

We will now consider the edges between vy and v;, when i € {1,2,3}. Let (p,q) €
[1(G)] x [1(GQ)]. We will define an edge e for each such (p, q) between vy and v;. This edge e
would be coloured such that the vg-half edge of e (i.e., e,,) has colour p and the v;-half edge
of e (i.e., e,,) has colour g. The weight of such an edge e is defined as w(e) = w(py, qu,)

2.2 Proof of construction for Theorem 1

Consider any vertex colouring ve: V! — N on G'. We will prove that w(V(G’),ve) = 0, if
ve is non-monochromatic and w(V(G'),ve) = 1, if ve is monochromatic.

Let the vertex colouring vc be iy, ju, kvylvs. To find the weight of ve, we consider the
subgraph of G’ filtered out by vc. For instance, between the vertices vy and vs, the colouring
ve would filter exactly one edge, and such an edge would have the vo-half edge of colour k
and vs-half edge of colour [. Clearly, this gives a graph which is isomorphic to K4 (with some
edges possibly getting a weight of zero). Observe that there are only three perfect matchings
in K4. So, it is now easy to find the weight of vc by enumeration.

As an example, consider the vertex colouring in which vy, v; are coloured red and vy, v3
are coloured green and blue, respectively. Its filtering is shown in Figure 3. Its weight would
be ww) + wowh + waws.

w3 wh

w1

Figure 3 K4 obtained by a filtering operation.

We will first compute the weight of perfect matching {{vo, v1}, {ve,v3}} in ve. By
substituting the edge weights from the construction, we get the weight of the perfect
matching to be

= w(ivljul) Z w(CV2ku21u3) = Z w(ivljul)w(CVQ ku2lu3)
ce[u(@)] ce[u(G)]

As w(iv, Ju, )w(ev, kuylug ) 18 exactly the sum of weights of Type 1 perfect matchings for the
vertex colouring v, ju, Ku, lus Cvs

= Z Wi (ivljulku’zlusc‘/é)wll(ivljulku’zlusc‘é) (2)
ce€u(G)]
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Similarly, the weight of the weight of perfect matching {{vg,va},{v1,v3}} in ve is

= Z WQ(iV1ju1kuzluscvz)WQI(iVijulkuleSCvz) (3)
c€[p(G)]

and the weight of the weight of perfect matching {{vg,v3}, {v1,v2}} in ve is

= Z W3 (iV1ju1ku2 luSCVZ)Wé (iV1ju1ku2 luscvz) (4)
c€[u(@)]

As the weight of the vertex colouring vc’ is the sum of these three perfect matchings, by
adding the equations Equations (2)-(4), we get

w(vcl) = Z Z WT(iVljul kuzluscvz)w;(ivljul ku2lu36‘/2)
re{1,2,3} c€[u(G)]

By rearranging the summation and using Equation (1),

= Z Z WT(Z.V1ju1 ku2 luchQ)in(thj?n kuz lua CVZ) = Z w(ivljul ku;: luch2)
cel(G)] re{1,2,3) celm(@)]

First suppose that ve = iy, ju, kv, lus is non-monochromatic. Clearly, iv, ju, kuylusCv, s
also non-monochromatic for all ¢ € [u(G)]. Since the weight of all such colourings is zero,
their sum is also zero. It now follows that w(vc) =0

On the other hand, suppose vc = iy, Jv, kvylv, 1S monochromatic, ie., i = j = k =
l. Clearly, if ¢ = %, v, Ju, kuylusCv, is also monochromatic and has weight 1. If ¢ # 4,
1V, Juy Kuslus €y, 18 non-monochromatic and has weight 0. Since we take the sum over all ¢, it
now follows that w(ve) = 1.

2.3 Applications of construction for Theorem 1
» Corollary 16. If the minimum degree of a graph G is 3, then u(G) < 3

Proof. Let u be a three-degree vertex, and z,y, z be its neighbours. Let V; = {u}, S =
{z,y,z} and Vo = V' \ {u,z,y, z}. Note that there are no Type 0 matchings as u can match
with at most one vertex in S in any perfect matching. Therefore, Wy(c) is zero for all
c € [(@)]. Tt is now easy to see that C; = (). Therefore, from Theorem 1, u(G) < pu(Ky).
From Theorem 8, it is known that the matching index of graphs with 4 vertices is at most 3.
Therefore, u(G) < pu(Ky) = 3. <

» Corollary 17. Conjecture 6 is true for all graphs whose maximum degree is at most 3.

Proof. From Corollary 16, we know that u(G) < 3. Towards a contradiction, let u(G) = 3
for graph with |V(G)| >4 and maximum degree 3. Therefore, there exists a colouring ¢ and
weight assignment w such that (G, c,w) = 3. Let the three colours be 1,2, 3.

We first claim that between any pair of vertices, there is at most one non-zero edge
incident on it. Suppose not. Then, there exist vertices v and x; with multiple non-zero edge
between them. Since the maximum degree of the skeleton G is at most 3, there exists a
vertex set (for instance, all neighbours of w if the degree is 3) {z1, z2,x3} which separates
u from the V — {u, 1,20, x3}. Let Vi = {u}, S = {x1,22,23} and Vo = V \ {u, z1, z2, 23}
Recall that C; = (). By the construction from Section 2.1, the weights of edges between u
and the vertices {1, z2, x3} remain unchanged. Therefore, we obtain a graph with 4 vertices
of dimension 3 such that a pair of vertices have multiple non-zero edges between them. But
this is not possible from Theorem 8. Therefore, there are no multi-edges in G¥.
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Since the matching index is 3, there are perfect matchings (of non-zero edges) of colours
1,2,3. Therefore, from Theorem 7, there must be at least one non-monochromatic perfect
matching M (of non-zero edges), say inducing the non-monochromatic vertex colouring ve.
But there is exactly one non-zero edge of colours 1,2, 3 incident on u. Therefore, for any
vertex colouring ve, there can be at most one perfect matching M’ inducing ve. It now
follows that w'(M) = w’(ve) = 0. Therefore, there must be an edge, say of colour 1, whose
weight is zero; hence, the monochromatic vertex colouring of 1 must be zero. Contradiction.

Therefore, u(G) < 2 when |V(G)| > 4. |

2.4 Construction for Theorem 2

Recall that S = {u1,uq, us} is a vertex cut separating V; from V5 in the graph G, where |V]|
is odd, |V5| is even. Assume that C; # ). For this case, we will construct an edge-weighted,
edge coloured multi-graph G’ with V(G') = V3 U S and u(G') > u(G). Since |Va| > 2,
V(@) < IV(G)] -2

If a pair of vertices is such that at least one of them lies in Vj, then the set of edges
in G’ between this pair of vertices is the same as those in G with the same weights and
colours. Between the pairs of vertices with both vertices from S, we define one edge for each
pair of colours in [(G)] x [u(G)]. Thus there would be (u(G))? edges between each pair,
{Ui, Uj},’i 75 j

We now describe how to assign weight to a coloured edge e between the vertices u; and
uj, where ¢ < j and 4, j € {1,2, 3} such that the w;-half of e is coloured p and the u;-half of
e is coloured gq.

3 W(evePu,du;) (5)

w'(e) = > W(ev,puiqu,) + 5 W(ew,)

[

» Remark 18. Recall that our plan is to remove V5 and the edges incident on Vo completely
in order to get the reduced graph G’. This should be done without losing the information
about the weights of monochromatic vertex colourings of V2 to make sure that u(G’) does
not become smaller than u(G). The weight assignment is similar in spirit to the weight
assignment done for the construction of Theorem 1. The expression here is more complicated
in this case, because of the adjustments required to make it work: This will be clear when
the reader goes through the proof carefully.

2.5 Proof of the construction for Theorem 2

Consider any vertex colouring vc’ : V3 US — N of G’. Let us denote v¢’ more explicitly, using
the notation describe in Section 2.1, as () v, i, ju, kus- Note that « here is the vertex colouring
induced on V; by the vertex colouring vc/, i, j, k are the colours of wuy,us,us respectively
under the vertex colouring ve’. (Note that we use the notation («)y, to emphasize that this is
not necessarily a monochromatic colouring of V7, using a single colour named «; rather it can
be any vertex colouring, monochromatic or non-monochromatic.) We will use the notation
of w’ to denote the weights of vertex colourings of G’ and its subgraphs and w to denote the
weights of vertex colourings of G and its subgraphs. For example, w(iv, js) is the weight
of the vertex colouring iy, js with respect to the edge-set of G, whereas w’(iy, js) denotes
the weight of the same vertex colouring with respect to the edge-set of G’. Our intention is
to prove that w'(()v, tuy Jus kus) = 0, whenever ()v; iy, Ju, kus is non-monochromatic and
W (@) v, by Jug kug ) 7 0, whenever () v, Gy, Jus kus i monochromatic, i.e. i =j=Fkand ais a
monochromatic vertex colouring of V; using colour i, i.e. (a)y, = iy,. The reader may note
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that we are not insisting the weight to be equal to 1 in the monochromatic case; non-zero
is sufficient since we can then use the Scaling Lemma (Lemma 14) to scale the weights of
the monochromatic vertex colourings to 1, thus constructing an edge-weight function w’ and
edge-colouring ¢’ of G’ such that u(G’, ¢, w’) = u(G) implying u(G’) > u(G).

Recall that v’ = (@)v; by, Jus kus filters out a simple graph from G’ and the weight of v¢’
is the sum of weights of all the perfect matchings (PMs) in this filtered out simple graph.
Perfect matchings (PMs) of this graph can be grouped into 4 categories: (1) Type 0': PMs
containing none of the edges with both endpoints in S. (2) Type 1’: PMs containing the
edge (uz2,u3) (3) Type 2’1 PMs containing the edge (uy,us) (4) Type 3': PMs containing the
edge (u1,u2) For t = 0,1,2,3, we denote the total weight of Type ¢’ PMs by W/. Clearly
w'(v) =3 o<1<3 Wi-

Now let us consider a corresponding vertex colouring of G, ve = (@) vty Juy Kug Cvy, Which
is obtained by taking the same vertex colouring vc’ for V3 U S, and then extending it by the
monochromatic vertex colouring cy, of Vs, using the colour c. Since we may use any colour
¢ € [u(@)] to extend the vertex colouring ve’ of V3 U S to a vertex colouring of V3 U S U Vs,
it is more appropriate to call the extended colouring (&) v, iy, ju, kusCvy, it is better to denote
ve(e), rather than just ve.

The weight of vc on G can also be decomposed into 4 terms corresponding to 4 different
groups of perfect matchings of the subgraph filtered out by ve from G.

(1) Type 0: The PMs in which all the three vertices of S are matched to vertices in V5.
(2) Typet for t =1,2,3: The PMs in which only u; is matched to some vertex of V;, and

the remaining two vertices of S are either matched to each other or to vertices of V5.
The total weight of the perfect matchings (in the the subgraph of G filtered out by the vertex
colouring ve(c)) of Typet,0 < t < 3 will be denoted by W;(c) where ¢ € [u(G)]. Clearly
w(ve(c)) =D g<p<3 Wi(c). Now we show that W/ can be expressed as a (weighted) sum of
Wi (c) over the colours ¢ € [u(G)].

. 1 Wt(C)
» Observation 19. Fort=1,2,3: W/ = W, .
servation or L= cee, Wile) + C1] docecy wley,)

Proof. Let us calculate the total weight W] of Type 1 perfect matchings of the vertex
colouring aw, iy, ju, kvs- (The case when ¢ = 2,3 is similar.) Clearly these PMs are obtained
by adding the edge (us,us) of colour (j, k) to each perfect matching of the induced subgraph
on V3 U{u1} (after filtering out by the vertex colouring vy, i,, ). Therefore the total weight
of these PMs can be written as W| = w'(avy; iy, )w'(e) where e is the edge between ug and
ug of colour (4, 7), that is, the edge e with us-half of e coloured j and wusz-half of e coloured k.
Now substituting for w’(e), the right hand side of equation 5, we get

Wll = w’(avliul) (Z (CVQJUQ s |C | Z CVQ]uz us > (6)

C
ceCso ceCy V2

Note that w'((a)v, iy, ) = w((@)v; 4y, ) since in the induced subgraph on V; U {u;} the edge
set, weights and colour are same for both G and G’. It follows that,

Wi = 3wl in)olendush) + g 3 T Mol m

ceCo | 1| ceCy ’lU(CVQ)

Noting that w(ay, iy, )w(cv, Jus kus) = WV, Gy Jus kugv,) = Wi(c) we get,

Oé e W
Wll = Z (aV12u16V2ju2 Us Z = ul szuz ug Z Wl ‘Cl‘ Z 1

C
c€Cy ceC V2 c€Co c6(31

Similar arguments allow us establish the required result for ¢t = 2, 3 also. <
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» Observation 20. w(v) = 3, .. w(ve(c)) + 1 e w(ve(c))
’ |Cl| ! w(CV2)

Proof. Now w'(vc') = W + W{ + W} + W}
1 Wi(e) + Wa(c) + Ws(c
= W3+ Teec, (Wa(e) + Wa(e) + Wa(e)) + 17 Yeee, 1(o) w(i(v)) 340
2
Recall that for any colour ¢ € [u(G)], w(ve(c)) = Wo(e) + Wi(e) + Wa(c) + Ws(c). Note
that for colours ¢ € Ca, Wy(c) = W{.w(cy,); and therefore Wi (c) + Wa(c)+Ws(c) = w(ve(c)),
the weight of the vertex colouring aw; iy, ju,kusCv,. Now W can be trivially rewritten
1 W{.aw(ev,)
as —— —_— 2
Gl <0 "uery)
1 WO (C)

TGl 250 v,
So we can combine the terms of this expression, term by term with the terms inside the

sum over ¢ € C; and rewrite the expression as follows:

. Since Wj.w(cy,) = Wo(c), this expression can be rewritten as

Z Wo (C) + W1 (C) + WQ (C) + W3 (C)

w(cvz)

1
= w(ve(e)) + al (8)

ceCy

Since for colours ¢ € C1, Wy(c) + Wi(e) + Wa(c) + Wi(c) = w(ve(c)) we get the required
result. <

If v¢ is non-monochromatic, then ve(e) is also non-monochromatic for any ¢ € [u(G)].
Therefore, w(ve(c)) = 0 for all ¢ and hence w'(vc’) = 0 from Observation 20.

If v’ is monochromatic, say of colour i, ve(c) will be monochromatic if and only if
¢ = i. Therefore, if i € Cy, then w(ve’) = w(ve(i)) = 1. Similarly, if ¢ € Cq, then

1
w'(vd) = o) from Observation 20. In both the cases this will be non-zero as required.
1WA Ly,
The weights can now be readjusted by the Scaling Lemma (Lemma 14) to get a GHZ

graph.

2.6 Limitations of our reduction

A careful reader might observe that the difficulty in extending our reduction technique to
cuts of larger size comes from the case when two newly introduced edges are part of the
same perfect matching. For instance, for the case when there is a 4 vertex cut {uy, ug, ug, uq}
separating V1, Vo (both of even size) in G, one could try to extend our ideas and capture the
weights from Vo U {ug, us} and Vo U {u1,uz} on the edges (vs,v4), (v1,v2) of G', respectively.
However, this would create some extra terms in G’ due to the perfect matchings in which
(v1,v2) and (v3,v4) are contained. Such terms could destroy the GHZ property of G'. We
believe that finding a way to bypass this difficulty and finding a more general reduction will
resolve Krenn and Gu’s conjecture for all graphs.

—— References

1  Alain Aspect, John F. Clauser, and Anton Zeilinger. The nobel prize in physics 2022.
bit.ly/3RZmMYg. Accessed: 14-02-2023.

2 J. S. Bell. On the einstein podolsky rosen paradox. Physics Physique Fizika, 1:195-200,
November 1964. doi:10.1103/PhysicsPhysiqueFizika.1.195.

3 Ilya Bogdanov. Solution to graphs with only disjoint perfect matchings. bit.ly/3x8hUGQ.
Accessed: 09-02-2023.

41:13

MFCS 2024


bit.ly/3RZmMYg
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
bit.ly/3x8hUGQ

41:14

Krenn-Gu Conjecture for Sparse Graphs

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Dik Bouwmeester, Jian-Wei Pan, Matthew Daniell, Harald Weinfurter, and Anton Zeilinger.
Observation of three-photon greenberger-horne-zeilinger entanglement. Phys. Rev. Lett.,
82:1345-1349, February 1999. doi:10.1103/PhysRevLett.82.1345.

Alba Cervera-Lierta, Mario Krenn, and Aldn Aspuru-Guzik. Design of quantum optical
experiments with logic artificial intelligence. CoRR, abs/2109.13273, 2021. arXiv:2109.13273.
L. Sunil Chandran and Rishikesh Gajjala. Perfect matchings and quantum physics: Progress
on krenn’s conjecture. CoRR, abs/2202.05562, 2022. arXiv:2202.05562.

L.Sunil Chandran and Rishikesh Gajjala. Graph-theoretic insights on the constructability of
complex entangled states. CoRR, abs/2304.06407, 2023. doi:10.48550/arXiv.2304.06407.
Daniel M. Greenberger, Michael A. Horne, and Anton Zeilinger. Going Beyond Bell’s Theorem,
pages 69-72. Springer Netherlands, Dordrecht, 1989. doi:10.1007/978-94-017-0849-4_10.
Xuemei Gu, Lijun Chen, Anton Zeilinger, and Mario Krenn. Quantum experiments and
graphs. iii. high-dimensional and multiparticle entanglement. Physical Review A, 99, March
2019. doi:10.1103/PhysRevA.99.032338.

Xuemei Gu, Manuel Erhard, Anton Zeilinger, and Mario Krenn. Quantum experiments
and graphs ii: Quantum interference, computation, and state generation. Proceedings of the
National Academy of Sciences, 116(10):4147-4155, 2019. doi:10.1073/pnas.1815884116.
Xuemei Gu and Mario Krenn. Compact greenberger-horne-zeilinger state generation via
frequency combs and graph theory. Frontiers of Physics, 15(6), November 2020. doi:10.1007/
s11467-020-1028-7.

Mario Krenn. Inherited vertex coloring of graphs. bit.1y/40GJXL3. Accessed: 09-02-2023.
Mario Krenn, Xuemei Gu, and Daniel Soltész. Questions on the structure of perfect matchings
inspired by quantum physics. arXiv preprint arXiv:1902.06023, 2019.

Mario Krenn, Xuemei Gu, and Anton Zeilinger. Quantum experiments and graphs: Multiparty
states as coherent superpositions of perfect matchings. Physical review letters, 119 24:240403,
2017.

Mario Krenn, Jakob S. Kottmann, Nora Tischler, and Aldn Aspuru-Guzik. Conceptual
understanding through efficient automated design of quantum optical experiments. Phys. Rev.
X, 11:031044, August 2021. doi:10.1103/PhysRevX.11.031044.

Jay Lawrence. Rotational covariance and greenberger-horne-zeilinger theorems for three or
more particles of any dimension. Phys. Rev. A, 89:012105, January 2014. doi:10.1103/
PhysRevA.89.012105.

Jay Lawrence. Mermin inequalities for perfect correlations in many-qutrit systems. Phys. Rev.
A, 95:042123, April 2017. doi:10.1103/PhysRevA.95.042123.

Kevin Mantey. Krenn-gu conjecture is true for graphs with four vertices. http://tinyurl.
com/4ebzjvpx. Accessed: 14-02-2024.

Dustin Mixon. A graph colouring problem from quantum physics with prizes! bit.ly/3Xk5KFm.
Accessed: 09-02-2023.

Aaron Neugebauer. Rainbow matchings in color-spanned graphs. Bachelor Thesis, Universitit
Wiirzburg, 2022. Accessed: 09-02-2023. URL: bit.1ly/40CJCsV.

Jian-Wei Pan, Dik Bouwmeester, Matthew Daniell, Harald Weinfurter, and Anton Zeilinger.
Experimental test of quantum nonlocality in three-photon greenberger—horne—zeilinger entan-
glement. Nature, 403(6769):515-519, February 2000. doi:10.1038/35000514.

Matej Pivoluska, Marcus Huber, and Mehul Malik. Layered quantum key distribution. Phys.
Rev. A, 97:032312, March 2018. doi:10.1103/PhysRevA.97.032312.

Carlos Ruiz-Gonzalez, Séren Arlt, Jan Petermann, Sharareh Sayyad, Tareq Jaouni, Ebrahim
Karimi, Nora Tischler, Xuemei Gu, and Mario Krenn. Digital discovery of 100 diverse quantum
experiments with pytheus. Quantum, 7:1204, 2023. doi:10.22331/Q-2023-12-12-1204.
Junghee Ryu, Changhyoup Lee, Marek Zukowski, and Jinhyoung Lee. Greenberger-horne-
zeilinger theorem for n qudits. Phys. Rev. A, 88:042101, October 2013. doi:10.1103/PhysRevA.
88.042101.


https://doi.org/10.1103/PhysRevLett.82.1345
https://arxiv.org/abs/2109.13273
https://arxiv.org/abs/2202.05562
https://doi.org/10.48550/arXiv.2304.06407
https://doi.org/10.1007/978-94-017-0849-4_10
https://doi.org/10.1103/PhysRevA.99.032338
https://doi.org/10.1073/pnas.1815884116
https://doi.org/10.1007/s11467-020-1028-7
https://doi.org/10.1007/s11467-020-1028-7
bit.ly/40GJXL3
https://doi.org/10.1103/PhysRevX.11.031044
https://doi.org/10.1103/PhysRevA.89.012105
https://doi.org/10.1103/PhysRevA.89.012105
https://doi.org/10.1103/PhysRevA.95.042123
http://tinyurl.com/4e5zjvpx
http://tinyurl.com/4e5zjvpx
bit.ly/3Xk5KFm
bit.ly/40CJCsV
https://doi.org/10.1038/35000514
https://doi.org/10.1103/PhysRevA.97.032312
https://doi.org/10.22331/Q-2023-12-12-1204
https://doi.org/10.1103/PhysRevA.88.042101
https://doi.org/10.1103/PhysRevA.88.042101

L.S. Chandran, R. Gajjala, and A. M. lllickan

25

26

27

28

Moshe Y. Vardi and Zhiwei Zhang. Quantum-inspired perfect matching under vertex-color
constraints. CoRR, abs/2209.13063, 2022. doi:10.48550/arXiv.2209.13063.

Moshe Y. Vardi and Zhiwei Zhang. Solving quantum-inspired perfect matching problems
via tutte-theorem-based hybrid boolean constraints. In Proceedings of the Thirty-Second
International Joint Conference on Artificial Intelligence, IJCAI 2023, 19th-25th August 2023,
Macao, SAR, China, pages 2039-2048. ijcai.org, 2023. doi:10.24963/IJCAI.2023/227.
Xi-Lin Wang, Luo-Kan Chen, W. Li, H.-L. Huang, C. Liu, C. Chen, Y.-H. Luo, Z.-E. Su,
D. Wu, Z.-D. Li, H. Lu, Y. Hu, X. Jiang, C.-Z. Peng, L. Li, N.-L. Liu, Yu-Ao Chen, Chao-Yang
Lu, and Jian-Wei Pan. Experimental ten-photon entanglement. Phys. Rev. Lett., 117:210502,
November 2016. doi:10.1103/PhysRevLett.117.210502.

Han-Sen Zhong, Yuan Li, Wei Li, Li-Chao Peng, Zu-En Su, Yi Hu, Yu-Ming He, Xing Ding,
Weijun Zhang, Hao Li, Lu Zhang, Zhen Wang, Lixing You, Xi-Lin Wang, Xiao Jiang, Li Li,
Yu-Ao Chen, Nai-Le Liu, Chao-Yang Lu, and Jian-Wei Pan. 12-photon entanglement and
scalable scattershot boson sampling with optimal entangled-photon pairs from parametric

down-conversion. Phys. Rev. Lett., 121:250505, December 2018. doi:10.1103/PhysRevLett.

121.250505.

41:15

MFCS 2024


https://doi.org/10.48550/arXiv.2209.13063
https://doi.org/10.24963/IJCAI.2023/227
https://doi.org/10.1103/PhysRevLett.117.210502
https://doi.org/10.1103/PhysRevLett.121.250505
https://doi.org/10.1103/PhysRevLett.121.250505

	1 Introduction
	1.1 Graph theoretic preliminaries and notations
	1.2 Related work
	1.3 Our results
	1.4 Reformulation of Krenn-Gu conjecture

	2 Reduction
	2.1 Construction for Theorem 1
	2.2 Proof of construction for Theorem 1
	2.3 Applications of construction for Theorem 1
	2.4 Construction for Theorem 2
	2.5 Proof of the construction for Theorem 2
	2.6 Limitations of our reduction


