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—— Abstract

VERTEX (s,t)-CuT and VERTEX MULTIWAY CUT are two fundamental graph separation problems in
algorithmic graph theory. We study matroidal generalizations of these problems, where in addition
to the usual input, we are given a representation R € F"*" of a linear matroid M = (V(G),Z) of
rank r in the input, and the goal is to determine whether there exists a vertex subset S C V(G)
that has the required cut properties, as well as is independent in the matroid M. We refer to these
problems as INDEPENDENT VERTEX (s,t)-CUT, and INDEPENDENT MULTIWAY CUT, respectively. We
show that these problems are fixed-parameter tractable (FPT) when parameterized by the solution
size (which can be assumed to be equal to the rank of the matroid M). These results are obtained
by exploiting the recent technique of flow augmentation [Kim et al. STOC ’22], combined with a
dynamic programming algorithm on flow-paths 4 la [Feige and Mahdian, STOC ’06] that maintains a
representative family of solutions w.r.t. the given matroid [Marx, TCS ’06; Fomin et al., JACM]. As
a corollary, we also obtain FPT algorithms for the independent version of ODD CYCLE TRANSVERSAL.
Further, our results can be generalized to other variants of the problems, e.g., weighted versions, or
edge-deletion versions.
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Cuts in Graphs with Matroid Constraints

1 Introduction

Studying problems in graphs and sets with additional constraints given by algebraic structures
such as the matroid or submodularity is one of the well-established research directions. These
versions not only generalize classical problems, but also show combinatorial interplay between
graph structure and linear algebra. Some of the well-known problems in this direction include
subsmodular versions of VERTEX COVER, SHORTEST PATH, MATCHING, or MIN-(s,t)-CuT
[10, 13] as well as coverage problems such as MAX COVERAGE with matroid constraints [3, 30].
In this paper we study some of the classical cut problems in the realm of parameterized
complexity in the presence of constraints given by matroids.

It is customary to begin the discussion on our framework with VERTEX COVER (given a
graph G and a positive integer k, find a subset of size at most k that covers all edges), which
is a poster-child problem in parameterized complexity. Among its myriad of generalizations
studied in the literature, one of particular relevance to the present discussion is ranked
version of VERTEX COVER arising in the works of Lovész [19, 20]. He defined RANK VERTEX
COVER in his study of critical graphs having k-sized vertex cover, by defining the notion of a
framework, also known as pregeometric graphs, which refers to a pair (G, M), where G is a
graph and M = (V(G),Z) is a matroid on the vertex set of G. In RANK VERTEX COVER,
we are given a framework (G, M) and a parameter k, and the goal is to determine whether
G has a vertex cover S whose rank — which is defined as the maximum-size independent
subset of S — is upper bounded by k. An FPT algorithm for RANK VERTEX COVER (or
indeed RANK d-HITTING SET) parameterized by the rank is folklore. Meesum et al. [26] used
RANK VERTEX COVER as a natural target problem for giving a compression from a different
parameterization for VERTEX COVER. However, even for a slightly more involved problem,
such as FEEDBACK VERTEX SET (FVS), the ranked version immediately becomes W([1]-hard
parameterized by the rank. This is similar to the phenomena seen when we consider weighted
problems such as WEIGHTED VERTEX COVER parameterized by weight [27, 29].

Having faced with such a obstacle, we study an alternate formulation of FVS in frameworks.
In INDEPENDENT FVS (IFVS), where we are given a framework (G, M), we want to determine
whether there exists some S C V(G) such that (i) S is an independent set in the matroid, and
(ii) G — S is acyclic. This happens to be a “sweet spot” between the vanilla version and the
ranked version — we can adopt the textbook algorithms, and obtain a polynomial kernel and
O*(c*) time FPT algorithm when parameterized by k (O*(-) suppresses polynomial factors
in the input size.), which is equal to the solution-size (and can also be assumed to be equal to
the rank of the matroid, by appropriately truncating it). This was the starting point of our
result. Note that IFVS reduces to vanilla FVS when the matroid M is a uniform matroid of
rank k, and hence is NP-hard. Indeed, this gives us a recipe for defining the “independent”
versions of classical vertex-subset problems in graphs. We give a formal definition of a
prototypical problem below.

INDEPENDENT II (where II is a vertex-subset problem)

Input: A graph G = (V, E), a matroid M = (V,Z) of rank r.
Question: Does there exist a set S C V(G) such that

S is an independent set in M, i.e., S € Z, and
S is a feasible solution for I1

On the other hand, even for a classically polynomial-time solvable problem such as
VERTEX (s,t)-CUT, the corresponding independent version can be shown to be NP-hard even
when M is a partition matroid [12, 21].
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1.1 Our Results and Methods

Note that (VERTEX) (s,t)-CUT forms the bedrock of classical graph theory and algorithms
via Menger’s theorem and cut-flow duality. Thus, numerous constrained versions of (s, t)-CUT
have been studied in the literature, and matroid independence is a fundamental constraint
that remains unexplored to the best of our knowledge. Another motivation for studying
INDEPENDENT VERTEX (s,t)-CUT (IVstC) comes from the fact that it appears as a natural
subproblem while trying to solve the independent version of ODD CYCLE TRANSVERSAL
(aka OCT — given G, k, check whether we can delete at most & vertices from G such that the
remaining graph is bipartite) via the so-called iterative compression technique [28]. Thus, we
would like to design an FPT algorithm for IVstC, and in turn IOCT, with running times that
are as close to the running respective vanilla versions (note that (s, t)-cut is in P, whereas
OCT admits an O*(3%) time algorithm, see [28]).

There are two possible approaches that one could take for designing an FPT algorithm
for a constrained (s, t)-cut problem, such as IVstC. First approach is to reduce the treewidth
of the input graph by using the methodology of Marx, O’Sullivan, and Razgon [24, 25], and
then perform a dynamic programming on a bounded treewidth graph. While designing a
dynamic programming algorithm for IVstC on bounded-treewidth graphs appears to be
straightforward using the technique of representative sets ([23, 9]), it is not obvious that we
could use this result as a black-box—we have to be careful while performing any modifications
to the graph, since we also have a matroid on the vertex-set. Further, since the treewidth
bound obtained via this result is exponential in the size of the solution we are trying to find,
it seems that such an approach would result in a double-exponential running time. Thus, we
do not pursue this approach further, and the following question remains.

Question 1. Does INDEPENDENT VERTEX (s,¢)-CUT (and in turn, INDEPENDENT
ODD CYCLE TRANSVERSAL) admit a single-exponential, preferably a 20®) . n@(M) time
FPT algorithm?

Another promising approach to tackle this question is given by Feige and Mahdian [7], who
give a very general recipe for solving constrained minimum (s, ¢)-cut problems. This is done
via performing dynamic programming on the flow-paths obtained via Menger’s theorem.
Naturally, in order to use this approach, it is crucial that we are looking for a minimum
(s,t)-cut with certain additional constraints. However, this appears to be a roadblock since
a minimum independent (s,t)-cut can be much larger than the minimum (not-necessarily-
independent) (s,t)-cut, and hence Menger’s theorem is not applicable. This is where the
recent technique of flow augmentation [14, 16] comes to the rescue. At a high level, this
a powerful tool that can “augment” the graph by adding additional edges, thus lifting
the size of minimum (s, t)-cut to a higher value (hence, flow augmentation), such that an
unknown minimal (s,t)-cut becomes a minimum (s, t)-cut. Note that minimality of a solution
can be assumed w.l.o.g. since it is compatible with independence as well as cut property.
Indeed, all of the aforementioned problems, namely, FVS, OCT, (s,t)-CUT satisfy the
minimality condition. Hence, using flow augmentation, at the overhead of 90(k" logk) nfM),
we can assume that we are looking for an independent set that is a minimum (s, ¢)-cut
in the augmented graph. However, due to certain technical obstacles while applying flow
augmentation, we need to solve the directed version of (s,t)-cut using the approach of [7].
Now, we perform a dynamic programming on the flow-paths given by a decomposition theorem
from [7] (which needs to be extended to directed graphs), and maintain a representative
family of all partial solutions in the DP table. Note that for this, we assume that the matroid
M is given as a representation matrix R € F"*" and the field operations can be performed

17:3

ESA 2024



17:4 Cuts in Graphs with Matroid Constraints

Table 1 Our Results.

IT in INDEPENDENT II Matroid access Result
FEEDBACK VERTEX SET Oracle 0*(10%) and poly kernel
VERTEX/EDGE (s,t)-CUT Representation (9*(20(’“4L logk))

VERTEX (s,t)-CuUT Oracle No f(k) - n°®) algorithm
ODD CYCLE TRANSVERSAL | Representation O*(20(K* log k)
Murriway CuT Representation (9*(20(7~c4 logk))

in polynomial-time '. Thus, in fact, our algorithm solves a more general problem where it
outputs the representative family of all minimum independent (s, ¢)-cuts. This property is
crucial when we want to use this problem as a subroutine to solve a more general problem, to
which we return in the next paragraph. Furthermore, due to versatility of the representative
sets framework, our algorithms also extend to the weighted versions of these problems, where
we want to find a minimum-weight independent set that is a feasible solution to II. Note
that one of the original motivations for the flow augmentation technique was solving one
such problem, i.e., BI-OBJECTIVE DIRECTED (or weighted) (s,t)-cUT [16]. Next, having
(almost) answered Question 1, we look toward an even more general problem.

Independent Multiway Cut. (VERTEX) MuLTIWAY CUT (MWC) is a natural generalization
of (s,t)-cut, where we are given a set T C V(@) of terminals, and the goal is to find
S C V(G)\ T such that G — S disconnects all pairs of terminals from each other. This been
studied extensively in the domain of parameterized and approximation algorithms. Note
that the vanilla version of the problem was classically shown to be FPT using the technique
of important separators [22]. On the other hand, it is not clear whether this technique is any
useful in presence of matroid constraints, i.e., for INDEPENDENT MuLTIWAY CUT (IMWC).
Even when armed with an FPT algorithm for INDEPENDENT (s,t)-CUT as a subroutine, it is
not trivial to design an FPT algorithm for IMWC.

The algorithm initially begins by trying to find a multiway cut (separator) S of size at
most k for the terminal set 7" in G — here we completely ignore independence constraints, and
such a separator can be found in O*(2*) time using the result of Cygan et al. [6]. Note that
if the graph lacks such a separator, it also cannot have an independent separator. W.l.o.g.
suppose that we find a separator S that is also minimal. Hence, for every vertex v in the set
S, there exists a path that connects a pair of terminal vertices and intersecting the set S
solely at v. This fact brings us to the conclusion that every independent separator either
includes v or some vertices of terminal components (we say that a connected component in
G — S is a terminal component if it contains some terminal). Moreover, each vertex of S has a
neighbor in at least two terminal components. With this information, we attempt to design a
recursive algorithm by assuming that the “true solution” O to IMC of size k either intersects
S, or some terminal component (that can be identified). However, it is also possible that a
terminal component contains the entire solution O. In this case, we cannot make a recursive
call to the same algorithm, since the parameter does not decrease. To address this scenario,

LA matroid M is representable over a field F if there exists a matrix R € F™*™, and a bijection between
the ground set of M and the columns of R, such that a set is independent in M iff the corresponding
set of columns is independent in F.
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we introduce the concept of a strong separator (Definition 15), which is a minimal separator
S with the following properties: any minimal solution O satisfies (i) O NS # @, or (ii) there
exist at most k£ + 1 terminal components — that can be identified in polynomial time — such
that O intersects at least one of them, with the size of intersection being between 1 and
k — 1. Further, such a strong separator can be found in time O*(2¥) time (Lemma 16) by
applying “pushing arguments”. This lets us design a recursive divide-and-conquer algorithm,
and due to property (ii), we know that in each recursive call, the parameter always strictly
decreases. For handling the matroid independence constraints, in fact we need to strengthen
the algorithm to return a representative family of all possible multiway cuts. This is where
it is useful that our algorithm for IVstC also returns such a family, since this algorithm is
used in the base case of the algorithm (when |T'| = 2). This strategy results O (20(k* log k)
time algorithm for IMWC, where the running time is dominated by the flow augmentation
step required in the base case of IVstC.

Due to lack of space, we omit some of the details from the description of IVstC algorithm
(Section 3), and we give a very brief sketch of the algortihm for IMWC (Section 4). The
other results from Table 1 are omitted and can be found in the full version [2].

Motivation for independence constraints. One motivation for studying such independent
versions of classical graph problems comes from the fact that matroid-independence captures
several interesting constraints on the solution vertices. One prominent example of this is
the colorful versions of the problem that arise naturally from the color-coding technique
introduced by Alon, Yuster and Zwick [1], where a problem such as k-PATH, i.e., determining
whether the given graph contains a path of length at least k. While k-PATH itself is difficult to
approach using combinatorial techniques, there is a simple dynamic programming algorihtm,
if we want to find a colorful k-path, i.e., where we are given a graph whose vertices are
colored from {1,2,...,k}, and we want to determine whether the graph contains a path
of length & whose vertices are colored with distinct colors [1]. Then, a standard argument
shows that a hypothetical unknown solution will get colored with distinct colors if each
vertex is assigned a color uniformly at random. On the flip side, colorful versions of problems
such as INDEPENDENT SET, CLIQUE, are also convenient starting points in various W[1]-
hardness reductions. Note that colorful constraints is one of the simplest examples of matroid
constraints — it is simply a partition matroid, where the coloring of vertices corresponds to
a partition of the vertex set, and the solution may contain (at most) one vertex from each
partition. Slightly more general partition matroid constriants can capture “local budgets”
on the solution from each class of vertices, which can be used to model different fairness
constraints, i.e., we cannot delete too many vertices of the same type to achieve certain
graph property, which can be “unfair” for that type. Such constraints on solution are rather
popular in clustering [11, 17], which are indeed motivated from such fairness considerations.

2 Preliminaries

Notations. We use standard graph theory notation. Here we only give some crucial
definitions and refer the reader to the preliminary section in the full version [2]. For a graph
G and two vertices s,t, € V(G), we say that vertex set S C V(@) is an (s, t)-cut if there is
no path from s to ¢ in G — S. For a set T C V(G) of terminal vertices, we say that S is a
multiway cut for T in G, if T' is an (¢;,t;)-cut for every pair of vertices ¢;,t; € T'.

17:5
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Cuts in Graphs with Matroid Constraints

Matroids. A pair M = (U,Z) with a finite universe U and a family Z of sets over U that
satisfies the following three properties: (i) § € Z, (ii) if A € T and B C A, then B € Z, (iii)
if Aec 7 and B € T and |A| < |B| then there is an element b € B \ A such that AU {b} € .
Each set S € 7 is called an independent set. The size of maximal independent set in M is
called its rank, and is denoted by r = rank(M). We will use U(M) and Z(M) to refer to the
ground set and the independent-set collection of M, respectively.

A matroid M = (U, Z) is said to be representable over a field F if there exists a matrix
R € F™*™ where r = rank(M), |[U| = n, and a bijection from U to the columns of R, such
that for any S C U, S € 7 iff the corresponding set of columns is linearly independent over F.
Contraction and truncation are two natural operations defined on matroids, whose definition
can be found in the full preliminaries [2].

We call a family of subsets (of U) of size p > 0 as a p-family. Next, we state the following
crucial definition of representative families.

» Definition 1 ([8, 4]). Let M = (U,I) be a matroid. For two subsets A, B C U, we say
that A fits B (or equivalently B fits A), if ANB =0 and AUB € T.

Let A C T be a p-family for some 0 < p < rank(M). A subfamily A’ C A is said to
g-represent A if for every set B of size q such that there is an A € A that fits B, then there
is an A" € A" that also fits B. If A" q-represents A, we write A" C4, A

=rep .
The following proposition lets us compute represnetative families efficiently.

» Proposition 2 ([8, 4]). There is an algorithm that, given a matrix R over a field F,
representing a matroid M = (U,T) of rank k, a p-family A of independent sets in M, and
an integer q such that p+ q = k, computes a q-representative family A’ Cl.p, A of size at

most (p:q) using at most (’)(\A|((p;q) Y+ ((p;q))“’_l) operations over F. Furthermore, an
analogous result holds even if p+ q < k, albeit depending on the field F, the algorithm may be

randomized. 2

For a p-family P and a ¢-family Q, we define Pe Q :={PUQ: P € P,Q € Q, P fits Q}
(this operation is also known as subset convolution). The following properties of representative
families follow straightfordly from the definitions, and formal proofs can be found in [5].

» Proposition 3 ([5]). Let M = (U,T) be a matroid and A be a p-family.
If Ay CIoP A, and As CT P Ay, then, Ay CToP A.

rep —=rep —rep
If Ay CT0P A, then A= 0 iff Ay = 0.

Let P be a p-family and Q be a g-family. Let P C72P P, and Q" CJ27 Q. Then,
P e g;e—pp—q PeQ.

3 FPT Algorithm for INDEPENDENT VERTEX (s,t)-CUT

In this section, we sketch an FPT algorithm for INDEPENDENT VERTEX (s,t)-CuT, and
the full description can be found in Section 3 of the full version [2]. To this end, we define
some notation. Consider a graph G = (V, E), a matroid M = (U,Z) of rank r where
V(G)\ {s,t} C U, and two vertices s,t € V(G). By iteratively checking values k =1,2,...,
and running the algorithm described below, we may inductively assume that we are working

2 Here, we need to compute the representation of an appropriately truncated matroid. For this, only
randomized polynomial algorithm is known in general [23]; however for certain kinds of fields, it can be
done in polynomial time [18].
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with a value 0 < k < r, such that there is no independent (s, t)-cut in G for any k' < k. This
follows from the fact that, our generalized problem, as defined below, requires the algorithm
to return a set corresponding to k' whose emptiness is equivalent to concluding that the
there is no independent (s,t)-cut of size k’. It is important to note that, depending on
whether we are addressing INDEPENDENT VERTEX (s,t)-CUT as a standalone problem or as
a sub-procedure, we may either obtain the smallest value of k for free, or we may need to
perform iterations. Regardless, we can safely assume that we are operating with a value of
this nature. For any 0 < k < r, let

F(s,t, k) ={S CV(G)\{s,t}: S €Z,|S|=k,S is a minimal (s,)-cut.}

In fact, we design an FPT algorithm for the following generalization of IVstC.

GENERALIZED INDEPENDENT VERTEX (s,t)-CUT

Input: A graph G, a vertex set Q C V(G) containing s, ¢, a representation R € F"*"
of a matroid M = (U,Z) of rank r where V' \ Q@ C U, an integer 0 < k < r.
Output: F'(s,t,k) C'2F F(s,t, k).

=rep

Note that this generalizes INDEPENDENT VERTEX (s,t)-CUT, since the latter problem is
equivalent to determining whether F(s,t, k) (or, equivalently, F'(s,t, k) C'-F F(s,t, k), via

=rep
Proposition 3) is non-empty for some 0 < k < r.

INDEPENDENT VERTEX s-t CUT
(G, k), M,s,t

¥

‘ UNDIRECTED VERTEX s-t CUT

(G, k), M

DIRECTED EDGE s-t CUT
(Ga, k), Ma

DIRECTED VERTEX s-t CUT
(Gas k), My

Phase IV

Phase J Phase 11 Phase Hll l
D E -t C
TR

Figure 1 Schematic depiction of sequence of reductions from undirected vertex (s,t)-cut to
directed vertex (s,t)-cut via flow augmentation. These details are omitted from the short version.

DIRECTED VERTEX s-t CUT
(G1,k), My

» Theorem 4. Consider an instance (G, M, s,t,Q,k) of GENERALIZED INDEPENDENT
VERTEX (s,t)-CUT, where there exists no independent (s,t)-cut in G of size less than k.
Then, there exists a deterministic algorithm for GENERALIZED INDEPENDENT VERTEX (s, t)-
CUT that runs in time 20" logk) . 90(r) -9 and outputs F'(s,t, k) Q:e_pk F(s,t,k) such

that |F'(s,t, k)| < 2". Here, F(s,t, k) is the collection of all independent (s,t)-cuts of size k.

Flow-augmentation

Below we present the recent result on the (deterministic version of) flow-augmentation
technique [15, 16], which we will crucially use in our algorithms.

17:7
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» Proposition 5 ((Deterministic) Flow-augmentation for Directed Graphs [14, 16]). There
exists an algorithm that, given a directed graph G, two vertices s,t € V(G), and an integer k,
in time 20 108 8) . |V(@)|OW) outputs a set A C 2V @OXVIE) of gize 20K 108 k) . (Jog n)OK?)
such that the following holds: for every minimal (s,t)-cut Z C E(G) of size at most k, there
exists A € A such that the edge set Z remains an (s,t)-cut in G+ A and, furthermore, Z is
a minimum (s,t)-cut in G + A.

Algorithm For Directed Vertex (s, t)-cut

Due to a series of reductions via flow augmentation, our task boils down to solving the gener-
alized version of INDEPENDENT DIRECTED VERTEX (s,t)-CUT. However, flow augmentation
additionally lets us assume that k is equal to the size of the minimum (s,t)-cut. We give
a formal definition below. Let k € [0,7] denotes the size of minimum vertez (s,t)-cut in G.
Then, we define

F(s,t,k) ={X CV(G)\ {s,t} : X is an independent (s, t)-cut of size k}.
Here is a formal description of the problem we consider.

GENERALIZED INDEPENDENT DIRECTED VERTEX (s,t)-cUT (GIDVC)

Input: A directed graph G, a linear matroid M = (U,Z), a set Q@ C V(G) containing
s,t, such that V(G) \ @ C U, and two non-negative integers k, ¢ such that
k+q <r =rank(M), and k is the size of minimum vertex (s, t)-cut.

Output: Return F'(s,t, k) C%_ F(s,t, k) of bounded size.

=rep

In this section, we adopt the approach of Feige and Mahdian [7] to our end. Many of the
definitions are directly borrowed from the same (albeit for directed graphs). Due to space
considerations, some proofs are omitted from the short version, and can be found in the full
version [2].

» Definition 6 (Critical and non-critical vertex). A vertex v of G is called critical if every
collection of k vertex-disjoint paths from s to ¢ contains v. A vertex is non-critical if it is
not critical.

» Proposition 7. A vertex v is critical if and only if there is a directed vertex (s,t)-cut of
size k containing v.

» Definition 8 (Connecting pairs). For a pair of vertices u and v in G, we say that u is
connected to v in G if there is a directed path from w to v such that every internal vertex of
the path is non-critical.

Fix a collection of k vertex-disjoint paths Py, Ps, ..., Py from s to t. By definition, each
critical vertex must be on one of these paths. In addition, Proposition 7 implies the following.

» Observation 9. For every S € F(s,t, k), all v € S are critical vertices. Furthermore,
distinct vertices of S belong to distinct paths from {Py, Pa, ..., P;}.

For each P; , let v;1,...,v; ., be the sequence of critical vertices of P; in the order in
which they appear on this path from s to t. Here, z; denotes the number of critical vertices in
P;. To simplify notation, we define v; o = s and v; ,,+1 =t for every 4, and treat the vertices
s and t as critical. Note that in the problem definition, we are not allowed to be chosen as
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solution vertices (i.e., cut vertices). Let £ be the set of all k-tuples @ = (a1, ...,ar) where
1 < a; < z; for every i. In other words, each a € Q) corresponds to one way of selecting a
critical vertex from each P;. Note that this does not have to correspond to an (s,t)-cut in G,
since there are edges and vertices in G that are not in the paths P;’s.

» Definition 10 (Prefix subgraph). The prefix subgraph G|a] defined by a € Q is an induced
subgraph of G with the vertex set defined as follows:
a critical vertex v; ; is in G[a] if and only if j < a; ;
a non-critical vertex u is in Gla] if and only if all critical vertices that are connected to u
are in G|a].
The last two layers of Ga] are the set of critical vertices v; ; such that a;—1 <j <a,; .

The proof of the following lemma follows the undirected version from [7] and hence
omitted from the short version.

» Lemma 11 (Decomposition lemma, [7]). There is a sequence a*,...,aP € Q such that

(a) at =(1,...,1) and a? = (z1,...,21);

(b) for every h=2,...,p, a" —a"!
zero elsewhere; and

(c) for every h =1,...,p, every critical vertex of G[a"], except possibly the vertices in the
last two layers of G[a"], is not connected to any critical vertex not in G[a"].

s a vector with exactly one entry equal to one, and

Next, we define the notion of a valid coloring that essentially captures partial solutions
that will be used to perform dynamic programming.

» Definition 12 (Valid coloring). A valid coloring of a prefix subgraph GJa] is a partial
coloring of the vertices of Gla] with colors silver (s), tan (t), and black (b) such that
(black vertices) for each ¢, there is at most one vertex of G[a] on P; that is colored black;
furthermore, s and ¢ cannot be colored black;
(silver and tan critical vertices) for each ¢ and j < a; , if there is no j° < a; such that
v; ;+ is colored black, then v; ; must be colored silver; if there is such a j’, then v; ; must
be colored silver if j < j’ and tan if j > 5’ ;
No silver-colored critical vertex is connected to a tan-colored critical vertex; and
(coloring for non-critical vertices) every non-critical vertex that is connected from at least
one silver critical vertex is colored silver; every non-critical vertex that is connected to at
least one tan critical vertex is colored tan;

(some vertex remains uncolored) every non-critical vertex that is neither connected from
any silver critical vertex nor connected to any tan critical vertex remains uncolored.
We use col to denote the set of all possible valid colorings of G that color vertex ¢ tan. We

use S to denote all minimum vertex (s, t)-cuts in G.

Figure 2 An illustration of a valid coloring on critical vertices.

We start with following lemma, whose proof can be found in the full version [2].

17:9
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» Lemma 13. There is a bijection f : col = S, i.e. between the set of all valid colorings of
G that color vertex t tan, and the set of all minimum vertez (s,t)-cuts in G.

Finally, we are ready to prove our main result of this section.

» Theorem 14. There exists a deterministic algorithm for GENERALIZED DIRECTED IN-
DEPENDENT VERTEX (s,t)-CUT that runs in time 2°) time, and returns F'(s,t,k) g,te;,k
F(s,t, k) of size at most 2". Here, k denotes the size of the minimum (s, t)-cut and r denotes

the rank of the matroid M.

Proof. Note that by Lemma 13 any valid coloring of the graph G that colors the vertex
t tan (t) corresponds to a (s,t)-cut in G. Conversely, any rank (s,t)-cut in G gives rise
to a valid coloring of GG that colors ¢ tan. Recall that our goal is to efficiently compute
F'(s,t, k) Crof F(s,t, k) of bounded size. By Lemma 13, there is a bijection between set of
all minimum vertex (s, t)-cuts in G and valid colorings with ¢ is colored tan. Therefore, we
design a dynamic programming-based algorithm along the decomposition lemma (Lemma 11)
to compute “partial representative family” that represents (partial) valid coloring. We
describe this DP below.

We use Lemma 11 to construct the sequence a

this sequence, we define a table A of dimension p x 3%* x k A as follows.

1 ...,a? in polynomial time. Based on

The entry A[h,y,1] is indexed an integer h € [p], a string y € {s,t,b}?*, and an integer
i€ [kl

Fix some h € [p|,y € {s,t,b}**,i € [k]. We say that a valid coloring y : V(Gla"]) —
{s,t,b} respects the tuple (h,y,1) if it colors the vertices in the last two layers of G[a"]
according to y, and |B,| = i, where B, := x~!(b). We define S(h,y,i) to be the set of
all such subsets B, over all valid colorings x of G[a"] that respect (h,y,i). In the entry
A(h,y,i), we will store S C7 S(h,y, ).

=rep
The base entries A[l, -, -] can be computed by inspection. We now give a procedure to
compute Alh,y,i], based on the entries A[h — 1,-,-]. The last two layers of G[a”] differ from

the last two layers of G[a"~!] in that one vertex (say v) was added and one vertex (say u)
was removed. Let w denote the vertex which is in the last layer of G[a"~!] but in the second
last layer of G[a"]. Note that the vertex w always exists. Technically, if u = s, then s may
still belong to the last two layers of G[a”], but the treatment of this case is only simpler than
in the case u # s and is omitted. We try all three possible colors for u. For each color, we
first check if in combination with y it violates the condition for a valid coloring. If ‘not, then
we do the next step. We compute the color of all the vertices that are in G[a"] but not in
G[a"~1] using the fourth condition in Definition 12. Note that by condition (c) of Lemma 11,
the color of any such vertex can be uniquely specified. We perform a case analysis based on
y(v) and define a family F' that we will eventually store in A[h,y,]. Let y’ be a coloring of
the vertices in the last two layers of G[a"~!]. We say that y and 3’ are compatible with each
other, if they agree on coloring of the vertices that are in common in their respective last
two layers. We denote this by y o 3.

(i) y(v) = b As y is a valid coloring we have y(u) = y(w) = s. In this case, if y’ « y then
we must have ¢/ (u) = y/(w) = s. Therefore, there is a unique coloring in the last two
layers in the vertices of G[a"~!] that is compatible with 3. Let F = {Q U {v}: Q €
Alh—1,9,i—1], ¢ x y}. So here |F| =|A[h—1,y',i —1]| < 2.

(i) y(v) = s As y is a valid coloring, we have y(u) = y(w) = s. In this case, if ¥’ o« y then
we must have y'(u) = y'(w) = s. Therefore, there is a unique coloring in the last two
layers in the vertices of G[a"~1] that is compatible with y. Let F = A[h — 1,y/,i]. So,
here |F| = |Alh — 1,9/, ]| < 2".
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(iii) y(v) = t Asyisavalid coloring, we have either y(u) = y(w) = t, or y(u) = b, y(w) = t,
or y(u) = s, y(w) =b. In this case, if y’ o y then we must have either y'(u) = y/'(w) = t,
or y'(u) =b, y(w) =1, or y(u) = s, y'(w) =b. Here we distinguish these by two
subcases based on y'(w). Recall that y(w) = y'(w).

If y'(w) = b then we must have y’'(u) = s. So in this case, there is a unique coloring
in the last two layers in the vertices of G[a"~!] which is compatible with y. Let
F=Alh—1,y,i]. So here |F| = |A[h — 1,y,4]| < 2".

If ' (w) = t then u can take color either black or tan. So there are at most two
different colorings in the last two layers in the vertices of G[a"~!] which is compatible
with y. Let ' = U, o, A[h — 1,9/, i]. So here |[F'| = [U, o, Alh — 1,¢/,i]| < 2-2".
Now we use the tool of representative sets (Proposition 2) to find a set F CI .t F’ of

=rep
size at most 2".

Finally, we will let A[h,y,i] < F. Let ) denote the set of all strings that color the vertex
t tan in G[aP]. Note that |V| < 2*. Given the table A, one can easily check the existence
of a desired (s,t)-cut by checking the entries A[p,y, k] for all strings y € Y. Formally if
Alp,y, k] # 0 for some string y where y(t) = ¢ then we return YES to our problem on the
instance G. For the more general problem, when we seek the representative family, we

compute F' Ci* U, ey Alp, y, k] and return F'. <

» Theorem 4. Consider an instance (G, M, s,t,Q,k) of GENERALIZED INDEPENDENT
VERTEX (s,t)-CUT, where there exists no independent (s,t)-cut in G of size less than k.
Then, there exists a deterministic algorithm for GENERALIZED INDEPENDENT VERTEX (s, t)-
CUT that runs in time 20¢ 10ek) . 20(") . nOW) " 4nd outputs F'(s,t, k) g;;pk F(s,t, k) such

that |F'(s,t, k)| < 2". Here, F(s,t, k) is the collection of all independent (s,t)-cuts of size k.

4 Vertex Multiway Cut

Like INDEPENDENT VERTEX (s,t)-CUT, our aim here is also to design an algorithm that
solves a more general version of the problem, called GENERALIZED INDEPENDENT MULTIWAY
CuTt, or GIMC for short. Like Section 3, we will assume that we are working with a value
of k such that for any k' < k there is no independent multiway cut of size k’. Then, let
F(T,k,G)={SCV(G)\T:|S|=k,S €Z, and S is a multiway cut for T'}. Note that, if
there is no independent multiway cut of size k, then F(T,k,G) = (). We give a formal
definition of the problem.

~— GENERALIZED INDEPENDENT MuLTIWAY CUT( GIMC)

Input: An instance (G, M, T, Q, k), where:
G = (V,E) is a graph,
T C V(Q) is a set of terminals, Q@ C V(G) is a set of special vertices,
with T C @Q,
Matroid M = (U,Z) of rank r, where V(G)\ Q C U,
0<k<r
Output: F'(T,k,G) C'=F F(T,k,G).

=rep

First, in Section 4.1, we give the crucial definitions of certain kind of separator, called a
strong separator, for GIMC, which can be computed in FPT time, or we can conclude that
we have a NO-instance. Then, we sketch our recursive algorithm for GIMC that is FPT in &.
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4.1 Finding a “Strong Separator” for GIMC

In this subsection, we define the notion of a “strong separator” and how it interacts with any
minimal multiway cut. Let G be a graph and T' C V(G) be a set of terminals. Throughout
the section, we will assume that G is connected. Let S C V(G) be a minimal multiway cut
for T, and let Cg denote the set of connected components of G — S. If a connected component
C € Cg contains a terminal vertex then we call it a terminal component; otherwise, we call
it a non-terminal component. Let Tg denote the terminal components and Ng denote the
non-terminal components in G — S. Note that Cs = Ts WNs. We say that a v € S is adjacent
to a component C' € Cg if there exists some u € C such that uv is an edge. Given two
components C; and Cy we say C is adjacent to Cy (and, vice versa) if there is a vertex in
C4 which has a neighbour in Cy. We will also often refer to a (not-necessarily-independent)
multiway cut S as a separator. Next we define the notion of a strong separator.

» Definition 15 (Strong separator (modified from the full version [2])). Given an instance
(G,M,T,Q,k), we say S is strong separator for T in G if for any minimal solution O of
size k, (i) either SN O # 0, or (i) there exist ¢ < k+ 1 terminal components C1,Cs, ..., Cy
in G — S such that 1 < |ONC;| <k—1 for somei € [q].

In the following crucial result, we show that such a strong separator and the corresponding
¢ components Cq,Cy, ...,C, can be computed in FPT time. Much of Section 4.1 in the full
version [2] is dedicated to the proof of this lemma, but the proof is omitted from here.

» Lemma 16. There exists an algorithm that takes an input an instance (G, M,T,Q, k)
of GIMC, where G is a connected graph on n vertices, k > 2, and |T| > 3, and in time
2k .nOW) " either returns that F(T,k,G) = 0, or returns a strong separator S corresponding to
the instance, and q components Cv,Cs, ..., Cy satisfying the property stated in Definition 15.

A Recursive Algorithm for GIMC. We design a recursive algorithm called IMWCut for the
problem GENERALIZED INDEPENDENT MULTIWAY CUT (GIMC) that takes the following as
input.

A graph G = (V, E),

a set T C V(Q) of terminals,

a set Q C V(Q) of special vertices, with T' C @,

Matroid M = (U,Z) of rank r, where V(G) \ Q C U, and

two non-negative integers k, ¢ where k + q < r.

Given an instance, first if |T'| = 2, then the problem is equivalent to IVstC, and can be
directly solved using Theorem 4. Otherwise, suppose that |T'| > 3. Then, first in time
O*(2F), we either compute a strong separator using Lemma 16, or conclude that we have
a NO-instance. If we find a strong separator S C V, then its definition lends itself to the
following natural recursive strategy.

First, we handle solutions that have a non-empty intersection with S by branching on
each vertex in S, and recursively calling the algorithm on the resulting instance with a smaller
parameter. Each such recursive call returns a representative family of solutions containing
the corresponding vertex of S. Next, we handle the solutions O that may intersect one of
the ¢ terminal components C;,Cy, ..., C, with the intersection size being between 1 and
k — 1. Let us consider any such Ci, t € [¢]. We design a divide-and-conquer strategy to find
representative family for “solutions that have a certain kind of structural interaction between
C;. For a solution O intersecting C}, it holds that 1 < |ONC;| < k—1. Thus, for appropriately
defined two instances of GIMC, we make two recursive calls to the same algorithm with
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strictly smaller parameters. Each recursive call inductively returns a representative family
for solutions that locally have the same separation properties as O. Then, we combine such
families, and we do this for each set of k%) guesses. Finally, we take the union of all
solutions found over all recursive calls (solutions obtained by divide-and-conquer strategy are
first appropriately combined), and then we compute the representative family of the resultant.
This set is returned by the algorithm as the required F'(T, k, G) g;";lf F(T,k,G). A full
description and the proof of correctness can be found in the full version [2]. We conclude
here with the following theorem.

» Theorem 17. There exists a deterministic algorithm for GENERALIZED INDEPENDENT
MurLTiway CUT that runs in time f(r,k)-n°®, and outputs F'(T,k,G) C%,, F(T,k,G)

such that |F'(T,k,G)| = 2¥*9. Here F(T,k,G) denotes the set of all k size multiway cuts
for T in G, assuming that there is no independent multiway cut of size k' < k.

5 Conclusion

In this paper we studied matroidal generalizations of several fundamental graph separation
problems, such as VERTEX (s,¢)-CUT and VERTEX MULTIWAY CUT. We showed that these
problems are FPT when parameterized by the size of the solution. These results were obtained
by combining several recent and old techniques in the world of parameterized complexity. Our
paper leaves several interesting questions open. These include obtaining 2°*) . n.M) time
algorithm for all the problems studied in this paper. In addition, designing FPT algorithms
for matroid versions of other problems such as VERTEX MULTI-CUT, DIRECTED FEEDBACK
VERTEX SET remains an interesting research direction.
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