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—— Abstract

Motivated by settings such as medical treatments or aircraft maintenance, we consider a scheduling

problem with jobs that consist of two operations, a test and a processing part. The time required
to execute the test is known in advance while the time required to execute the processing part
becomes known only upon completion of the test. We use competitive analysis to study algorithms
for minimizing the sum of completion times for n given jobs on a single machine. As our main result,
we prove using a novel analysis technique that the natural 1-SORT algorithm has competitive ratio
at most 1.861. For the special case of uniform test times, we show that a simple threshold-based
algorithm has competitive ratio at most 1.585. We also prove a lower bound that shows that no
deterministic algorithm can be better than y/2-competitive even in the case of uniform test times.
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1 Introduction

Settings where the processing time of a job is initially uncertain but can be determined by
executing a test have received increasing attention in recent years. Levi et al. [9] considered
a model where the weight and processing time of a job follow a known joint probability
distribution, a job can be tested to reveal its weight and processing time, and the goal is to
find a scheduling policy that minimizes the expectation of the weighted sum of completion
times. Diirr et al. [5] introduced an adversarial setting of scheduling with testing where each
job j is given with an upper bound u; on its processing time. The scheduler can either execute
the job untested (with processing time u;), or test it first to reveal its actual processing time
p; < u; and then execute it with processing time p;. They studied the setting of uniform
test times and gave competitive algorithms for minimizing the sum of completion times and
for makespan minimization on a single machine. Later work considered this model with
arbitrary test times for minimizing the sum of completion times on a single machine [1, 10]
or multiple machines [6], for makespan minimization on parallel machines [2, 8, 7], and for
minimizing energy or maximum speed in scheduling with speed scaling [3].

In all these studies, it is optional for the scheduler whether to test a job or not. In many
application settings, however, it is natural to assume that a test must be executed for each
job before the job can be executed. For example, for a repair job, it is necessary to first
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diagnose the fault (this corresponds to a test) before the repair can be carried out, and the
result of the fault diagnosis yields information about how long the repair job will take. For
a maintenance job (for example, aircraft maintenance [9]), it is necessary to determine the
maintenance needs (this corresponds to a test) before the maintenance can be carried out.
In a medical emergency department, patients need to be diagnosed (i.e., “tested”) before
they can be treated. Therefore, we propose to study scheduling with testing in a setting with
obligatory tests. Initially, each job j is given with a test time ¢;, and nothing is known about
its processing time. Testing the job takes time ¢; and reveals the processing time p; of the
job. The processing part of the job can then be scheduled any time after the completion of
the test and takes time p; to be completed. We study algorithms for minimizing the sum of
the completion times on a single machine and evaluate the performance of our algorithms
using competitive analysis.

For minimizing the sum of completion times on a single machine in our setting with
obligatory tests, obtaining a 2-competitive algorithm is straightforward: Treating each job
(test plus processing part) as a single entity with unknown processing time and applying the
Round Robin (RR) algorithm (which executes all unfinished jobs simultaneously at the same
rate) gives a 2-competitive preemptive schedule [11], and in our setting this algorithm can
be made non-preemptive without any increase in job completion times: At any time, among
all tests or processing parts currently available for execution, it is known which of them will
complete first in the preemptive schedule, and hence that test or processing part can be
chosen to be executed non-preemptively first (the same observation has been made previously
for the setting with optional tests [5, 10, 6]). Our aim is therefore to design algorithms that
are better than 2-competitive.

Our contributions. For the setting with arbitrary test times, we consider the algorithm
1-SORT, which is a natural adaptation of the («, 8)-SORT algorithm proposed by Albers and
Eckl [1] to the setting with obligatory tests. Using a novel analysis technique that we consider
our main contribution, we show that the competitive ratio of 1-SORT is at most 1.861. In
our analysis, we consider a complete graph on the jobs, where each edge is associated with
the delay that the two jobs connected by the edge create for each other. The sum of the
delays associated with the edges and the job processing times is then equal to the sum of
completion times of the schedule. The graph can contain edges where the associated delay in
the schedule computed by the algorithm is arbitrarily close to twice the delay in the optimal
schedule, and therefore a straightforward analysis would only yield a competitive ratio of 2.
We show that for edges with delay ratio close to 2 there are always sufficiently many other
edges whose delay ratio is much smaller than 2, so that overall the ratio of the objective
values of the algorithm and the offline optimum is bounded by a value smaller than 2.

For the setting with unit test times, we consider an adaptation of the THRESHOLD
algorithm by Diirr et al. [5] to the setting with obligatory tests: When the test of a job
reveals a processing time smaller than a threshold y, the algorithm executes the processing
part of the job immediately; otherwise, the execution of the processing part is deferred to
the end of the schedule, where all the processing parts that have been deferred are executed
in SPT (shortest processing time) order. We show that the algorithm is 1.585-competitive
(and this analysis is tight for the algorithm). We also give a lower bound showing that no
deterministic algorithm can be better than v/2-competitive.

The remainder of the paper is structured as follows. After discussing related work in the
remainder of this section, we give a formal problem definition and discuss preliminaries in
Section 2. Our algorithm for arbitrary test times and its analysis are presented in Section 3.
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The threshold-based algorithm and its analysis as well as the lower bound for uniform test
times are given in Section 4. Conclusions are presented in Section 5. Statements where the
proofs have been omitted due to space restrictions are marked by (x); the proofs of these
statements can be found in the full version of the paper [4].

Related work. For the classical offline scheduling problem (without tests) of minimizing the
sum of completion times on a single machine, denoted by 1 || > Cj, it is known that always
executing first the job with the shortest processing time (SPT) among all unscheduled jobs
gives the optimal schedule (a generalisation to the weighted sum of completion times was
proven by Smith [12]). For the setting with unknown processing times (i.e., the scheduler
does not know the processing time of a job until the job completes), Motwani et al. [11]

showed that the Round Robin (RR) algorithm, a preemptive algorithm that schedules all

unfinished jobs simultaneously, is (2 - i)—competitive, where n is the number of jobs,

n+1
and that this is best possible.

As mentioned earlier, Diirr et al. [5] introduced the adversarial model for scheduling with
testing in a setting with optional tests: For each job j its test time ¢; and an upper bound
u; on its processing time are given. The algorithm can either execute the job untested with
processing time u; or test it first. The test takes time ¢; and reveals the actual processing
time p;, which satisfies 0 < p; < u;. The job can then be executed at any time after the
test and takes time p;. They considered only the case of uniform test times (¢; = 1 for
all jobs j) and provided a 2-competitive deterministic algorithm and a 1.7453-competitive
randomized algorithm for minimizing the sum of completion times on a single machine.
Their deterministic 2-competitive algorithm is the algorithm THRESHOLD that tests all jobs
with u; > 2 and executes the processing part of a job j immediately after its test if p; < 2
and otherwise defers the job to the end of the schedule (where the processing parts of all
unfinished jobs are executed in SPT order). They also gave lower bounds of 1.8546 and 1.6257
for deterministic and randomized algorithms, respectively. Albers and Eckl [1] considered
the problem with arbitrary test times and gave a deterministic 4-competitive algorithm, a
3.3794-competitive randomized algorithm, and a preemptive deterministic algorithm with
competitive ratio 2¢ ~ 3.2361, where ¢ = (1 + 1/5)/2 is the golden ratio. Their preemptive
deterministic algorithm can be made non-deterministic as outlined above, thus giving a
2¢-competitive deterministic algorithm. The algorithm for which they showed competitive
ratio 4 is called (a, §)-SORT: It tests a job j if u; > at; and, at any time, executes the
test or processing part of smallest priority, where the priority of the test of a job j is taken
to be ft; and the priority of the processing part of a tested job j is taken to be p;. In
their analysis, choosing e = 8 = 1 optimizes the resulting ratio, giving the bound of 4. Liu
et al. [10] showed that a more careful analysis of (a, 3)-SORT yields that the algorithm
achieves ratio 1 + 2 ~ 2.414 for « = 8 = /2. They also gave improved algorithms
with deterministic competitive ratio 2.316513 and randomized competitive ratio 2.152271.
Gong et al. [6] considered the problem of minimizing the sum of completion times in the
setting with optional tests on multiple machines. Among other results, they presented a
3.2361-competitive algorithm for arbitrary test times and an algorithm with competitive
ratio approaching 2.9271 for large m for uniform test times.

2 Problem definition and preliminaries

Problem definition. We are given a job set J = {1,2,...,n} to be scheduled on a single
machine. Each job j € J has an unknown processing time p; > 0 and a known test time
t; > 0, where p; and t; are non-negative real numbers. We denote the total size (or just
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size) of job j by o =t; + p;. Furthermore, we denote the maximum of the test time and
the processing time of job j by m; = max{t;,p;}. Testing job j takes time ¢; and reveals
its processing time p;. Once job j has been tested, its processing part can be executed and
takes time p;. The completion time C; of a job is the point in time when its processing
part finishes. We consider the setting with obligatory tests where every job must be tested
before the processing part of the job can be executed. Note that the test of every job must
be executed both by the algorithm and by the optimal solution. The machine can execute
at any time only one test or one processing part of a job. The tests and processing parts
must be scheduled non-preemptively, but the processing part of a job does not have to
be started immediately after its test. As is common in the literature on scheduling with
testing for minimizing the sum of completion times [5, 1, 6], we refer to this setting as
non-preemptive but note that it has been called test-preemptive in the context of makespan
minimization [2, 8, 7]. The objective is to minimize the sum of completion times 3, ; C;.

In the setting of uniform test times, we assume that t; = 1 for all j € J. In the setting
of arbitrary test times, the test time of each job j is an arbitrary real number ¢; > 0. Using
Graham’s notation for describing scheduling problems, these two variations can be denoted
by 1[t; =1]3,Cjand 1[t; |}, Cj, respectively.

The objective function. For the purpose of analyzing the competitive ratio of algorithms,
it will be useful to consider different ways of expressing the objective function. For two
different jobs k and j in the schedule produced by the algorithm under consideration, we
use dj ; to denote the amount of time that the test and/or processing part of job k get
executed before the completion of job j. The completion time of job j can then be written as
Cj =0+ kesnsj U ;- For any pair of different jobs j and k, we use D(j, k) = d; . + di,;
to denote the delay that job j causes for job k plus the delay that job k causes for job j.
Thus:

SNCi= 0+ > dij)=> o5+ > D(j.k) (1)

JET JjeJ keJg jeJ J.keg
k#j i<k

The optimal schedule. An optimal offline schedule views each job as a single operation
that takes total time o; to be executed and schedules the jobs in SPT order with respect to
those times. We use dj; and D*(j, k) to denote the values corresponding to d;x and D(j, k)
in the optimal schedule. For jobs k and j with oy < 0;, we have dj ; = o, d} , = 0 and
D*(j,k) = ox. In general, D*(j, j') = min{o;, o, } for any pair of jobs j and j’. For the sum
of completion times OPT in the optimal schedule, we have:

OPT = o;+ Y D*(jk)=> oj+ > min{o;, 0%} (2)
JjeET J.ked JjeET j.keg
i<k j<k

Competitive ratio. For an algorithm under consideration, we use ALG to denote the sum
of completion times in the schedule produced by the algorithm for a given instance. By OPT
we denote the sum of completion times in the optimal offline schedule for that instance. We
say that the algorithm is p-competitive (or has competitive ratio at most p) it ALG/OPT < p
holds for all instances of the problem.
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3 Arbitrary test times

In this section, we consider the problem 1 | ¢; | > C; where the test times can be arbitrary
non-negative real numbers. We refer to the test and the processing part of a job j as
operations and denote the test operation by 7; and the processing operation by ;. First, we
present the algorithm S-SORT. Then, we prove an upper bound of 1.861 on the competitive
ratio of 1-SORT. Finally, we present input examples showing that the competitive ratio of
B-SORT is at least 1.618 for 5 = 1 and at least some larger value for all other values of 3.

Algorithm 1 5-SORT.

1 R =0; // empty priority queue
2 for j € J do
3 L insert the test operation 7; with priority 3 x ¢; into R

while R # 0 do
0 = R.deleteMin();
execute o;
if o was the test operation 7; of a job j then
L insert the processing operation 7; with priority p; into R

o N o G s

Algorithm B-SORT. For the problem variant with optional tests, Albers and Eckl [1]
proposed the algorithm («, 8)-SORT that tests a job j if u; > at; and always schedules the
shortest available operation, but uses 8 x t; instead of t; when comparing the test time of
job j with the processing time of another job that has already been tested. They showed that
the algorithm is 4-competitive with o = 8 = 1. We adapt their algorithm to our setting with
obligatory tests. The parameter « is not relevant in our setting as every job must be tested,
so we refer to the resulting algorithm as 5-SORT (see Algorithm 1). The algorithm maintains
a priority queue R of available test and processing operations (i.e., the test operations of
jobs that have not yet been tested and the processing parts of jobs that have already been
tested). The priority of a test operation 7; is 8 x ¢; and the priority of a processing operation
m; is pj. The algorithm always schedules next the operation with minimum priority in R
(returned and removed from R by the call to R.deleteMin()) and, if that operation was a
test, inserts the corresponding processing operation into R.

Upper bound on the competitive ratio of 1-SORT. By adapting the analysis by Albers
and Eckl [1] in a straightforward way, one gets that S-SORT is (1 + max {1 + %, 1+ ,8})—
competitive. This bound is minimized for § = 1, showing that the competitive ratio of
1-SORT is at most 3. We fix § = 1 and prove the substantially better bound of 1.861
on the competitive ratio of 1-SORT. We do not believe that -SORT with a value of 3
different from 1 has a better competitive ratio than that obtained with 8 = 1 in our setting;
adapting our analysis to values of § different from 1, we found that the resulting bound on
the competitive ratio became larger.

First, we give an intuitive overview of our analysis. We consider an oriented complete
graph G = (V, A) where V = J and each edge is directed towards the job with larger size. We
write jk for the arc (directed edge) from j to k. By (1), we can view the sum of completion
times of a schedule as if it was produced by a contribution o; of each vertex j € V and a
contribution D(j, k) of each arc jk € A. The contributions of the vertices are the same in
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(M —e,M+e)f,

1
(0, M)

(M—e,M+e)f

D(1,2) = 2M — ¢
D*(1,2) =M

(M —e,M+e)

Job set: {(0,M),(M —e,M +¢€)}
1-SORT schedule: 71, T2, 71, T2 (M —e,M +¢)
optimal schedule: 71,71, T2, 72 ’
ALG =5M —¢, OPT =4M

Job set: k jobs (0, M) and k jobs (M — ¢, M + ¢€)
1-SORT schedule: 71,...,Tok, T1, ..., T2k

optimal schedule: 71,71, 72, w2, ..., Tok, T2k

ALG =~ 4k*M + kM, OPT =~ 2.5k*M + 1.5kM

Figure 1 Left: Instance with two jobs where the delay ratio on the arc (1,2) is arbitrarily close
to 2. Right: Instance with 2k jobs to illustrate red (drawn solid), blue (drawn dashed) and green
(drawn dotted) arcs. A job with test time ¢; and processing time p; is written as a pair (¢;,p;).

the algorithm’s schedule and in the optimal schedule. If the delay ratio D(j,k)/D*(j,k) is
bounded by p for every arc jk, it follows that ALG/OPT < p. Unfortunately, the delay
ratio of an individual arc can be arbitrarily close to 2. Consider for example an instance
with two jobs with ¢t =0, p1 = M and t3 = M — €, po = M + € for a large constant M and
an infinitesimally small € > 0 (see Fig. 1 (left)). Algorithm 1-SORT schedules the operations
in the order 7y, 72, 71, o giving D(1,2) =t + p1 + to = 2M — ¢, while the optimal schedule
is 71,71, T2, ™o with D*(1,2) = t; + p1 = M. Hence, the delay ratio on the arc (1,2) is
arbitrarily close to 2. Nevertheless, the ratio ALG/OPT on this example does not exceed 5/4,
as the term o7 + 09 = 3M that makes the same contribution to ALG and OPT is relatively
large compared to the delays on the arc (1,2). We refer to arcs with large delay ratios (to
be defined precisely later on) as red arcs. The example suggests the idea of analyzing red
arcs together with other terms contributing to the objective function in order to show a
competitive ratio smaller than 2.

In the example of Fig. 1 (left) it was enough to consider the red arc (1,2) together with
the contributions to the objective value made by vertices 1 and 2, but this kind of argument
cannot suffice in general because the number of arcs is quadratic in the number of vertices.
Consider the example of a job set with n = 2k jobs that contains k copies of each of the
jobs from the previous example (see Fig. 1 (right)). We call the k jobs with t; =0, p; = M
left jobs and the k jobs with t; = M — ¢, pj = M + ¢ right jobs in the following. There are
now k? arcs between left and right jobs, each with a delay ratio arbitrarily close to 2. The
contribution k- M + k - 2M that the 2k vertices make to the objective function is no longer
sufficient to show a bound smaller than 2 for the competitive ratio, as it is negligible (for
large k) compared to the total delay on all the k? arcs between left and right jobs, which is
k2(2M — €) for 1-SORT and k?M in the optimal schedule. What we can exploit here instead
is that the k(k —1)/2 arcs between left jobs have the same delay M in the schedule produced
by 1-SORT and in the optimal schedule (delay ratio 1), and that the k(k — 1)/2 arcs between
right jobs have delay 2M in the optimal schedule and delay 3M — € in the schedule produced
by 1-SORT (delay ratio =~ 1.5). We refer to the arcs between left jobs as blue arcs and to
the arcs between right jobs as green arcs. The total delay on all the blue, red and green
arcs in this example is approximately %QM +k%.2M + k—; -3M = 4k*M for 1-SORT and
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Figure 2 Illustration of the idea underlying the analysis of a red vertex j: If the blue arcs
(drawn dashed) have not yet been used in the analysis of a previous red vertex, they can be used in
combination with the incoming red arcs (drawn solid) of j (left). If blue arcs have already been
used in the analysis of a previous red vertex j’, there must be a green arc (drawn dotted) between
7" and j that is also available to be used in the analysis of the incoming red arcs of j.

approximately k;M +kZM + k—; -2M = 2.5k>M for the optimal schedule, where we have set
€ = 0 and omitted terms linear in k. Thus, analyzing the red arcs together with the green
and blue arcs is sufficient to show that ALG/OPT < 4/2.5 = 1.6 in this example.

To turn these observations into a rigorous analysis, we will proceed as follows: We give a

formal definition of red arcs and refer to the vertices with incoming red arcs as red vertices.

We then consider the red vertices in order of increasing ¢;. For a red vertex j, we would like
to analyze the delay of its incoming red arcs together with the blue arcs between their tail
vertices. If those blue arcs have not been used in the analysis of previously considered red
vertices, that suffices. If some of those blue arcs have already been used in the analysis of
previously considered red vertices, however, then we can additionally use the green arcs that
those previously considered red vertices have to j in order to make up for the unavailability
of blue arcs. The crux of the analysis is a carefully specified invariant that ensures that there
are always sufficiently many green arcs available for the analysis of a red vertex to make up
for blue arcs that have been used in the analysis of previously considered red vertices. See
Fig. 2 for an illustration of this idea. Overall, the outcome is that the incoming red arcs of
each red vertex can be analyzed together with a sufficient number of blue and green arcs

(which are not used for the analysis of any other red vertex) to get a ratio smaller than 2.

One slight complication is that an arc may play the role of a green arc for one red vertex
and the role of a blue arc for another red vertex, but we can handle this by treating that arc
as a combination of a distinct special blue arc and a distinct special green arc.

Having given an intuitive overview of the ideas underlying our analysis of 1-SORT, we
now proceed to present the technical details. We use two parameters p > 1 and v with
0 <v <1, satisfying u > 1/v and 1 + i < v+ v2. Intuitively, the parameter u determines
which jobs we view as imbalanced (having a large factor between test time and processing
time), and the parameter v determines when we view a test time or processing time to be

“not much smaller” than another value (namely, when it is at least v times the other value).

» Theorem 1. The 5-SORT algorithm with 8 =1 has competitive ratio at most p with

b {1/+1/2+2+i L1 vl S vt
- 1 ’ 2 2 ) 2 2 ’
v+ri4l4 24v SHS vt sttt

44240 1 1 2 1
L1+ 1+ e P
242 +v v+ 2 vip+1)" p+1

We will prove Theorem 1 in the remainder of this section. Choosing x4 and v so as to
minimize the ratio of Theorem 1 (done using Mathematica) yields the following;:
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» Corollary 2. The ratio p of Theorem 1 is minimized for p = po ~ 6.16277 and v = vy =
0.860389, yielding that B-SORT with 8 = 1 has competitive ratio at most 1.86039. Here g is
the only real oot of the polynomial —2 — S8y — 132 — 113 — 4 + 1 and v = L. The

po+1"
14+2pu0
14po °

ratio is p =

As discussed in Section 2, the optimal schedule executes the jobs in SPT order (with
respect to their size), giving the objective value stated in Equation (2).

Using infinitesimal perturbations of the test times and processing times of the jobs that
do not affect the schedule produced by 1-SORT nor the optimal schedule, we can assume
without loss of generality that no two values in the set of the test times, processing times,
and sizes of all jobs are equal. Therefore, when we compare any two such values, we can
always assume that strict inequality holds.

For the purpose of the analysis, we create an auxiliary graph G = (V, A), with |[V|=mn
and |A] = (g) = @ Each vertex represents a job (both the testing and processing
operation), and there is a single arc between any two vertices. The arc between vertices j
and k is directed towards k if o; < 0, and towards j otherwise. Recall that we write j& for
an arc directed from j to k. In addition, we associate with each arc jk the values D(j, k) and
D*(j, k) that represent the pairwise delay between jobs j and k in the schedule produced by
1-SORT and in the optimal schedule, respectively, and the delay ratio pjr, = D(j,k)/D*(j, k).

By (1) and (2), we have ALG = } ..y 0; + > j;caD(j k) and OPT = 3 .y 05 +
> ikea D*(j; k). Note that the first sum is the same in both expressions and therefore
contributes to ALG and OPT in the same way, while the second sum, which represents the
pairwise delays among all jobs, differs. As discussed earlier, the difficulty when aiming to
show competitive ratio smaller than 2 is that there may exist arcs jk for which D(j, k) can
be arbitrarily close to 2 - D*(j, k). Hence, we cannot hope to prove a bound better than
pir < 2 for all arcs jk, and such a bound would only yield ALG/OPT < 2. As each job j
contributes o; to both ALG and OPT, we say that the delay ratio of job j, denoted by p;,
is equal to 1. In order to prove a competitive ratio better than 2, we need to show that arcs
jk with delay ratio close to 2 can be analysed together with arcs for which the delay ratio is
much smaller than 2 and/or together with vertices, for which we know that the delay ratio
is 1. This then yields that the ratios p;; and p; are bounded by a constant smaller than 2
on average.

It turns out that the ratio of an arc jk can be close to 2 only if job j is imbalanced and
the test time of job k is smaller but not much smaller than m; = max{t¢;,p;}, and py is not
much smaller than ;.

» Definition 3. A job j is called imbalanced if m; = max{t;,p;} > p-min{t;,p;}, for a
fized constant p > 1.

» Definition 4. An arc jk is called a red arc if j is imbalanced, m; > ti, > v -m; , and
pr > v -tg. Here, v is a constant with 0 < v < 1 that satisfies p > % and 1+ i <v+12

» Lemma 5 (%). If jk is a red arc, then o; < oy.

The following lemma can be proved by considering each leaf of a decision tree for
determining the order in which 1-SORT executes the four operations of the two jobs j and k,
and showing that D(j, k)/D*(j, k) is bounded by the claimed upper bound if the arc jk does
not satisfy at least one of the three conditions of Definition 4.

» Lemma 6 (%). If an arc jk is not red, then pjr, < max{(2p+1)/(p+1),1+v}.
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By considering the same decision tree, it is also easy to see that D(j, k) < 2D*(j, k)
holds for all arcs (including red arcs). In the following, we will show that, for each job with
incoming red arcs, those arcs can be grouped together with a set of non-red arcs and the size
of the job in such a way that the total ratio of the algorithm’s delay over the optimal delay
for the group is bounded by a constant p that is smaller than 2.

Let V; be the set of all imbalanced jobs, ordered by non-decreasing m;. Let Vr be the
set of jobs with at least one incoming red arc. (If Vg is empty, the competitive ratio of the
algorithm is bounded by the ratio of Lemma 6.) Consider the jobs in Vg to be sorted in
order of non-decreasing test times and write ¢ < j if the test time of 7 comes before the test
time of j in that order. Consider a particular job k € Vi with test time ¢;. Every incoming
red arc jk of £ must come from a job j that is imbalanced and satisfies m; >t > v - m;
and, as j is imbalanced, min{t;,p;} < m;/pu. Let N~ (k) be the set of vertices that have
an outgoing red arc to k, i.e., N~ (k) = {j | jk is a red arc}. For a vertex j € N~ (k), let
N3, (k) be the subset of N~ (k) that consists of j and all vertices of N~ (k) that come after
j (in the order of V7). Furthermore, let P(k) denote the set of jobs coming before k in Vg
(in the order <) that also have an incoming red arc from at least one job in N~ (k).

We process the jobs in Vi in <-order. To handle a job k € Vg, we consider the subgraph
Gy, of G induced by Vi, = {k} UN~ (k) U P(k). We call arcs between two jobs in N~ (k) blue
and arcs between k and any job in P(k) green. The directions of blue and green arcs are
irrelevant and can be ignored. We denote by C}, the set of elements (vertices and arcs) of G
that are grouped with the red incoming arcs of k for the analysis. We will always have that k
and its incoming red arcs are in Cy, and we will add a suitable number of blue and/or green
arcs to Ci. Each blue and/or green arc will be added to at most one such set Cy, except in
a special case where an arc e plays the role of a blue arc for one k and the role of a green arc
for another k; in that case, we will split e into a green arc and a blue arc, and each part will
be added to at most one set C. We let pc, denote the ratio of the sum of the delays on all
the arcs and vertices in C}, in the solution by the algorithm divided by the sum of the delays
on the same arcs and vertices in the optimal schedule.

» Lemma 7 (%). For any k € Vg, the set N~ (k) is a contiguous subset of V.

> Lemma 8 (x). Let job k be a job with incoming red arcs, and let r € P(k). Then the
intersection of N~ (k) and N~ (r) is a (not necessarily proper) prefix of N~ (k). Furthermore,
N~(r) cannot contain any vertex in Vy that comes after N~ (k).

We say that a blue arc is used or used up in the analysis of a vertex k € Vg if the arc is

added to the set C. We maintain the following invariant when processing the vertices in Vg.

» Invariant 1. Consider a vertex k € Vg, and any vertex j in N~ (k). Let P>;(k) be the
set of vertices in Vi that have been processed before k and that have a red arc from j. For
each r € {k} U P>;(k), let 0>;(r) = [N5,(r)|. Then the total number of blue arcs between
vertices in N3 (k) that have been used up in the analysis of vertices in {k} U P>;(k) at the
time when k has just been processed is at most Zre{k}uPZj(k)(OZj(r) -1).

Intuitively, if we imagine the vertices of V; arranged from top to bottom in order of
increasing m;, the invariant says that for any vertex j in V7 the following condition holds:
The number of blue arcs between vertices below j (including j) that have been used up in
the analysis of vertices in Vi that have already been processed is bounded by the sum, over

all those vertices, of their number of incoming red arcs from vertices below j minus one.

See Fig. 3 for an illustration. In that figure, vertex r has o>;(r) = 1 incoming red arc from
N2, (k), s has 0>;(s) = 2, and k has 0>;(k) = 3. Therefore, the invariant says that, after k
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N=(k)

Figure 3 Illustration of Invariant 1. Only blue (dashed) arcs between vertices in N, (k) are
shown.

has been processed, the number of blue arcs between vertices in N3, (k) that have been used
up is at most (1 —1)+ (2—1)+ (3 —1) = 3. Note that Invariant 1 tr1v1ally holds before any
vertices in Vg are processed because no blue arcs have been used at that point.

Next, we establish some properties of blue and green arcs.

» Lemma 9 (%). For each blue arc ij in Gy, we have D*(i,j) >ty and p;; < pP=1+1L

/w

» Lemma 10 (%). For each green arc jk (with j € P(k)) in Gy, we have D*(j, k) > (v+1v?)ty
and pjr, < p% =1+

u+u2

Unfortunately, it is possible that an arc ij is used as a blue arc in the analysis of one
vertex r in Vi and as a green arc in the analysis of another vertex k in Vz. We handle this
case by splitting such an arc 4j into two arcs for the purpose of the analysis, a special blue
arc used in the analysis of r and a special green arc used in the analysis of k. In this way, we
can ensure that every arc is used in the analysis of at most one vertex. We refer to the full
version for details and state here only the properties of the resulting special arcs.

> Lemma 11 (x). For each special blue arc ipjy, in Gy, we have D*(iy,jp) > tr and
Pirj < P =1+ (;H—l)

» Lemma 12 (x). For each special green arc rokg (withr € P(k)) in Gy, we have D*(rg, kg) >

vig and pr g, < pd =1+ V(M_l)

The following lemma deals with vertices in Vi that have a single incoming red arc. It
shows that no blue arcs need to be used for such vertices, so they do not play any role in the
process of maintaining Invariant 1.

» Lemma 13 (x). If [N~ (k)| =1 and we take Cy, = {k, jk}, where jk is the single incoming

red arc of k, then the ratio pc, of the algorithms’s delay over the optimal delay in Cy is

v+uv? +2+2 2
bounded by W

The following is the key lemma that shows for each vertex k in Vi that, assuming
Invariant 1 holds before vertex k is processed, we can construct a set Cj that allow us to
charge the red incoming arcs while maintaining Invariant 1.

» Lemma 14 (%). Let k be a vertex in Vi and assume that Invariant 1 holds just before k
is processed. We can define a set Cy consisting of blue arcs connecting vertices in N~ (k),
green arcs connecting k with vertices in P(k), all incoming red arcs of k, and k itself in such
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a way that pc, < p© with

2 2 4 4 2
c 1/+V _|_2_A'_, ] ;4_7_’_1/_'_” +1
p max{ 2 1’1 2 ’ 2 2 2
v+ v _|_|_~_7 + v ;+7+V—|—V
4 4 1 5
;+71/M+V+T+l 4+7[L+V

G S
%_’_%_’_V 72+%+V70aﬂ}~

Furthermore, Invariant 1 still holds after k is processed.

By Lemma 14, we know that for every k € Vi there is a set C}, of vertices and arcs such
that pc, < p®. Furthermore, the sets C} are pairwise disjoint; if an arc is used as a blue arc
in one set and as a green arc in another set, it is split into a special blue arc and a special
green arc, and each set uses one of the two special arcs. Let V' denote the vertices that are
not in any Cj, and note that any vertex j € V' delays itself by o; in both the optimal schedule
and the algorithm’s schedule. Let A’ denote the arcs that are not in any Cj and note that
any arc ij € A’ has D(i,7) < pND*(i,7) with pV = max{if:f, 1+ V} by Lemma 6. We
use D(C}) and D*(Cy) to denote the sum of the delays in Cj in the algorithm’s schedule
and in the optimal schedule, respectively. As the competitive ratio is

ALG _ ZjEV’ oj+ ZijeA/ D(i,j) + ZkeVR D(Cy)

OPT — ey 05+ Xijen D*(6,5) + Xyevy D*(Ck)
< Yjevi 05+ Dijear PN D*(i, ) + Ygev, PCD*(C)
B ZjeV’ 0j +ZijeA’ D~(i, 7) +Zk}EVR D*(Cy) ’

we get that the ratio is bounded by max{1, p®, p™V} = max{p®, p"}. This completes the
proof of Theorem 1.

Lower bounds on the competitive ratio of 3-SORT. For g < 1, consider the following
instance of the problem (where M is a fixed positive number and e > 0 is infinitesimally
small): yn short jobs with t; = 0,p; = M and (1—+)n long jobs with t; = % —2¢,p; = M—e.
The algorithm schedules the yn tests of short jobs, then the (1 — v)n tests of long jobs, then
the processing operations of the long jobs, and finally the processing operations of the short
jobs. The optimal schedule schedules first all short jobs and then all long jobs. One can
show that, when choosing 7 (as a function of §) to maximize the ratio ALG/OPT, then that
ratio approaches %(\/@ + 1) for large n.

For 8 > 1, consider the following instance of the problem (where ¢ > 0 is again in-
finitesimally small): yn short jobs with ¢; = 1 + 2¢,p; = 0 and (1 — v)n long jobs with
t; =1,p; = B+ €. The algorithm schedules the tests of the long jobs, then the processing
parts of the long jobs, then the short jobs (with each test followed immediately by the
execution of the tested job). The optimum schedule schedules first all short jobs and then all
long jobs. One can show that, when choosing v (as a function of 8) to maximize the ratio
ALG/OPT, then that ratio approaches (1/43(82 + 8 — 1) + 1 + 1)/23 for large n.

This shows that S-SORT with § = 1 is not better than 1.618-competitive, and for every
B # 1 we get a larger lower bound on the competitive ratio of -SORT.

4  Uniform test times

In this section we assume that ¢; = 1 for all jobs j. First, we show the following lower bound.

» Theorem 15. No deterministic algorithm can have competitive ratio strictly smaller than
V2 for the setting with obligatory tests and uniform test times.
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Proof. Let an arbitrary deterministic algorithm for the problem be given. Consider the
following adversarial construction, with a parameter v, 0 < v < 1, whose value will be
determined later: The adversary presents n jobs. For the first yn jobs that are tested by the
algorithm, the adversary sets p; = 1. For the remaining (1 — 7)n jobs, the adversary sets
p; = 0. We call the jobs with p; = 0 short jobs and those with p; = 1 long jobs.

The optimal schedule will schedule the jobs in SPT order, i.e., it will first execute the
(1 —4)n short jobs and after that the yn long jobs, always executing the processing part of a
job right after its test. The objective value of the optimal schedule can be written as the
sum of three parts:

P, = Zﬁlz—lw)n ; (lfw)n((éﬂ)nﬂ) Py=(1—v)n-yn=~v(1—~)n?

j ==
Py =370 (2j) = yn(yn +1)

Here, P; is the sum of the completion times of the short jobs, P» is the total delay added by
the short jobs to the completion times of the long jobs, and Ps is the sum of the completion
times of the long jzobs calculated as if their schedule started at time 0. As OPT = Py + P>+ Ps,
we get OPT = "’T‘HnQ + H%’n For the algorithm, we claim that it is best to schedule the
processing part of each job right after its test. For short jobs, this is obvious, because a
short job that was scheduled at a later time could be moved forward to right after its test
without affecting the completion times of other jobs. This implies in particular that no two
jobs complete at the same time, and that the completion times of any two jobs are at least
one time unit apart. Furthermore, as it is clear that introducing idle time into the schedule
cannot help, we can assume that all tests start and end at integral times and that all job
completion times are integers. Now assume for a contradiction that some long job j is the
first job for which the test completes at some time 7 but the processing part completes at
some time 7 + k for k > 1. This implies that no job completes at time 7, and r < k — 1
jobs have completion times in the interval 7,7 + k — 1]. Moving job j forward to right after
its test (and shifting all tests and job executions from time 7 to 7 + k — 1 one time unit
later) produces a schedule in which the completion time of job j decreases by k — 1 while the
completion times of only r < k — 1 jobs increase by 1. Therefore, the modified schedule has
an objective value that is the same or better. By repeating this transformation, we obtain
a schedule where the processing part of each job is executed right after its test, without
increasing the objective value. Therefore, executing the processing part of each job right
after its test is the best the algorithm can do.

The objective value of the schedule produced by the agorithm is then ALG = Ps+ P, + P,
where Pj = 2yn(1 —~)n = 2y(1 — v)n? is the total delay that the long jobs with total length
2yn add to the completion times of the (1 — )n short jobs. Thus, the objective value ALG
of the schedule produed by the algorithm is ALG = WTF + H‘%n The competitive
ratio, as a function of =, is then:

ALG  HZtp2 g 1y, g9y 42 1
= RS it = 2 Ty
OPT =n? + 2P0 Y2+ 14 =

p(7)

For fixed v, p(v) increases with n, and the ratio converges to 1‘:22”’7_;172 for n — oo. The

function f(y) = ”ﬁ% has a global maximum at vy = v/2 — 1 with f(y0) = /2, as can
be shown using standard methods from calculus. Thus, if the adversary presents instances
with arbitrarily large n and sets v to the multiple of % closest to v/2 — 1, it can force the

algorithm to have competitive ratio arbitrarily close to /2. <
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For solving the problem with uniform test times, we propose the algorithm SIDLE (Short
Immediate, Delay Long Executions) that has a parameter y > 0. It tests all jobs, and
executes a job j immediately after its test if p; <y (short job). The jobs j with p; > y (long
jobs) are executed in SPT order at the end of the schedule, after all jobs have been tested

and all short jobs executed. The algorithm is inspired by algorithm THRESHOLD from [5].

By adapting the analysis techniques from [5], we can show:

» Theorem 16 (x). Algorithm SIDLE with y = yo ~ 1.35542 has competitive ratio at most
L1 —yo+ud +v9—2yo — y? — 2y3 + y¢) ~ 1.58451 < 1.585. Here, yq is the second root
of the polynomial 2y® — 9y? + 10y — 2.

We remark that the analysis of Theorem 16 is tight: For a & 0.644584 and v = 0.737781,
we can consider instances with ayn jobs with processing time 0, a(1 — v)n jobs with

processing time yo, and (1 — a)n jobs with processing time yo + € for infinitesimally small e.

For large enough n, the competitive ratio of algorithm SIDLE on these instances is then
approximately 1.58451.

5 Conclusion

In this paper, we have introduced a variant of scheduling with testing where every job must
be tested and the objective is minimizing the sum of completion times. Our main result is

an analysis showing that the competitive analysis of the 1-SORT algorithm is at most 1.861.

For the special case of uniform test times, we have presented a 1.585-competitive algorithm
as well as a lower bound of v/2 on the competitive ratio of any deterministic algorithm.

There are several interesting directions for future research. First, there are gaps between
our lower bound of v/2 and our upper bounds of 1.585 and 1.861 on the competitive ratio
for uniform and arbitrary test times, respectively. One immediate question is whether our
analysis of 1-SORT can be improved, as we only know that the competitive ratio of 1-SORT
is not better than 1.618. Our lower bound of v/2 on the competitive ratio of deterministic
algorithms holds for uniform test times; it would be interesting to find out whether the case
of arbitrary test times admits a stronger lower bound. Furthermore, it would be worthwhile
to study randomized algorithms for the problem. Finally, it would be interesting to explore
whether our new technique for analyzing S-SORT can also be applied to other variants of
scheduling with testing.
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