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—— Abstract

We study fundamental directed graph (digraph) problems in the streaming model. An initial
investigation by Chakrabarti, Ghosh, McGregor, and Vorotnikova [SODA’20] on streaming digraphs
showed that while most of these problems are provably hard in general, some of them become
tractable when restricted to the well-studied class of tournament graphs where every pair of nodes
shares exactly one directed edge. Thus, we focus on tournaments and improve the state of the art
for multiple problems in terms of both upper and lower bounds.

Our primary upper bound is a deterministic single-pass semi-streaming algorithm (using a(n)
space for n-node graphs, where 5() hides polylog(n) factors) for decomposing a tournament into
strongly connected components (SCC). It improves upon the previously best-known algorithm by
Baweja, Jia, and Woodruff [ITCS’22] in terms of both space and passes: for p > 1, they used
(p + 1) passes and O(n'T'/?) space. We further extend our algorithm to digraphs that are close
to tournaments and establish tight bounds demonstrating that the problem’s complexity grows
smoothly with the “distance” from tournaments. Applying our SCC-decomposition framework, we
obtain improved — and in some cases, optimal — tournament algorithms for s, t-reachability, strong
connectivity, Hamiltonian paths and cycles, and feedback arc set.

On the other hand, we prove lower bounds exhibiting that some well-studied problems — such
as (exact) feedback arc set and s, t-distance — remain hard (require Q(n?) space) on tournaments.
Moreover, we generalize the former problem’s lower bound to establish space-approximation tradeoffs:
any single-pass (1 + €)-approximation algorithm requires Q(n/+/€) space. Finally, we settle the
streaming complexities of two basic digraph problems studied by prior work: acyclicity testing of
tournaments and sink finding in DAGs. As a whole, our collection of results contributes significantly
to the growing literature on streaming digraphs.
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1 Introduction

A graph streaming algorithm reads an input graph by making one or a few passes over a
sequence of its edges, while maintaining a small summary that it uses to solve an underlying
problem. While any memory sublinear in the number of edges is interesting, we typically
aim for semi-streaming space, i.e., é(n) space! for n-node graphs: Feigenbaum et al. [22]
observed that many graph problems become tractable at this bound. The study of such
algorithms is motivated by modern large graphs such as web graphs given by hyperlinks, social
networks given by “follows,” citation networks, and biological networks. Chakrabarti, Ghosh,
McGregor, and Vorotnikova [14] observed that while many of these graphs are directed, the
graph streaming literature spanning over two decades had hitherto focused almost exclusively
on undirected graphs (see [35] for a survey), with very few exceptions. In light of this,
they conducted a thorough investigation on streaming directed graphs (digraphs) and laid a
foundation for their study in this model.

Their findings, however, showed that most fundamental digraph problems are, in general,
provably hard in streaming, perhaps justifying the lack of focus on these problems in prior
work. At the same time, they found that restriction to tournament graphs — where every
pair of vertices shares exactly one directed edge — makes many of these problems tractable
yet non-trivial in streaming. Observe that tournaments, by definition, are dense graphs with
O(n?) edges, and hence, one of the prime examples of graphs that motivate memory-efficient
streaming algorithms. Furthermore, many real-world graphs, such as ones representing
comparison matrices [23] that record pairwise preferences among a large set of items, are
tournaments and seek succinct sketches in the modern world of big data. Thus, the study
of tournaments is well-motivated in the streaming model and in this work, we significantly
contribute to this study.

1.1 Background and Context

Chakrabarti et al. [14] studied classical digraph problems including s, ¢-reachability, topological
sorting, acyclicity testing, and (approximate) feedback arc set. These problems turn out to
be hard for general digraphs: they need Q(n?) space in a single pass [22, 14] (i.e., we need to
store almost the entire graph) and roughly ni+2A/P) space for p passes [27, 14]. In contrast,
[14] showed that the last three problems in the above list admit single-pass semi-streaming
algorithms on tournaments. However, two important questions remained: (i) “what is the
streaming complezity of s,t-reachability on tournaments?” and (ii) “which problems are hard
on streaming tournaments?”

Reachability on general digraphs, one of the most fundamental graph algorithmic problems,
has received considerable attention in the streaming literature. It has strong lower bounds
establishing Q(n?~°()) space to be necessary even for O(y/Togn) passes [17] (also see [6]
who proved it for 2 passes), while almost logn passes are needed for semi-streaming space
[27]. On the upper-bound side, Assadi et al. [4] designed an O(y/n)-pass semi-streaming
algorithm. Closing this gap between the number of passes needed for semi-streaming space
seems difficult and it is one of the major open questions in multipass streaming (see the very
recent survey by Assadi [3]). Thus, resolving the complexity of the problem for the special
class of tournaments seems to be a natural basic step before we try it for the general case.

L Throughout the paper, we use 5( f) to hide polylog(f) factors.
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Baweja, Jia, and Woodruff [8] gave the first algorithm for reachability on tournaments:
although they didn’t explicitly mention it, a (p 4+ 1)-pass 6(n1+1/ P)-space algorithm follows
from their SCC (strongly connected components) decomposition algorithm for tournaments
that uses the same space-pass tradeoff. But this bound was not proven to be tight for
either reachability or SCC decomposition,? and hence the former’s streaming complexity on
tournaments still remained unresolved. Additionally, one can ask more generally, “what is
the streaming complexity of SCC decomposition on tournaments?”

In this work, we answer this general question by designing a deterministic single-pass
semi-streaming algorithm for SCC decomposition on tournaments. In fact, our algorithm
works for a broader class of digraphs: those with at least one directed edge between each
pair of vertices. Our algorithm is very simple: during the stream we only need to store
the degrees of each vertex! The post-processing phase and its analysis are more elaborate,
and we demonstrate how we can derive the SCC-graph (obtained by contracting each SCC
3 Consequently, we get single-pass
semi-streaming algorithms for reachability and strong connectivity on tournaments. We

into a supernode) from just the degree information.

prove matching lower bounds for each of these problems, also settling their complexities.

We extend our algorithms to handle graphs that are “almost” tournaments. Precisely, for
digraphs that need to add or delete a total of k edges to form a tournament (i.e., are k-close
to tournament), we obtain 6(n + k)-space solutions by using our tournament algorithms
as subroutines. Additionally, our matching Q(n + k)-space lower bounds for these graphs
show that this is as good as generalizations can get: it exhibits how the complexity of the
problem increases smoothly with the input’s “distance” from the tournament property and
highlights the importance of the property in attaining sublinear-space solutions. We show
further applications of our SCC decomposition framework for tournaments: it yields efficient
streaming algorithms for problems like Hamiltonian cycle, Hamiltonian path, and feedback
arc set on tournaments (see Section 1.2 for details).

As we continue to find efficient tournament algorithms for well-studied problems, it is
natural to revisit the second important question mentioned above: which streaming problems
remain hard on this class of graphs? Prior work did not show any strong lower bound on
these graphs; in particular, we did not know any tournament problem with a single-pass
Q(n?)-space lower bound. We prove the first such lower bound for two well-studied problems,
namely s, t-distance and (exact) feedback arc set on tournaments (FAS-T), and extend the
latter result to a generalized lower bound for space-approximation tradeoffs. We prove this
general result using communication complexity, as is standard for streaming lower bounds,
but the underlying communication lower bound uses a stronger version of the direct-sum
argument [15] that might be of independent interest.

Finally, we settle the streaming complexities of two basic problems studied by prior
work: acyclicity testing of tournaments and sink finding in DAGs. Collectively, our results
significantly advance the state of the art of streaming digraph problems.

For general digraphs, [8] proved an n*t2A/P) space lower bound for p-pass algorithms solving SCC
decomposition. This, however, doesn’t extend to tournaments, and hence, doesn’t complement the said
upper bound.

We were informed via personal communication that it was known how to test strong connectivity using
the degree information as it appeared as an IOITC (International Olympiad in Informatics Training
Camp) problem, but we did not find any published result or documented version of it. Nevertheless,
finding the SCC-graph requires considerably more work than just testing strong connectivity.

60:3

ESA 2024



60:4

New Algorithms and Lower Bounds for Streaming Tournaments

1.2 Our Contributions and Comparison to Prior Work

Table 1 Summary of our main upper and lower bounds, along with the state-of-the-art results
for comparison. The problems are formally defined in Section 1.2. Here, “k-close input” means that
the input digraph is at most k edges away from being a tournament (see Section 3.1.2 for formal
definition). The parameter p is any integer > 1 and ¢ is any positive real.

Problem Passes Space Reference
SCC-DEC-T p+1 O(n'+1/7) 8]
SCC-DEC-T 1 O(nlogn) Corollary 13
SCC-DEC (k-close input) 1 O(n+k) Corollaries 16 and 17
REACH-T, STR-CONN-T p+1 O(n'+1/7) [8] (REACH-T result implicit)
REACH-T, STR-CONN-T 1 O(n) Corollaries 18 and 19
REACH-T, STR-CONN-T D Q(n/p) Theorems 20 and 21
REACH, STR-CONN (k-close input) 1 O(n+k) Theorems 22 and 23
HAM-CYCLE-T O(logn) 5(n) Theorem 25
FAS-SIZE-T 1 Q(n?) Theorem 29
FAS-T 1 Q(n?) Lemma 27
(14 e)-approx. FAS-T 1 Q (min{nz7 n/\/E}) Theorem 28
(14 ¢)-approx. FAS-T 1 o (min{n2, n/az}) [14]
STDIST-T 1 Q(n?) Theorem 30
ACYC-T D Q(n/p) [14], also Theorem 31
ACYC-T D O(n/p) Theorem 32
SINK-DAG D O(n/p) Theorem 33 (upper bound trivial)

Table 1 summarizes our main results. Below, we define each problem formally and discuss

7

the context and comparisons to prior work. For each problem, the suffix “-T” indicates the

version of the problem where the input is a tournament.

SCC decomposition, strong connectivity, and reachability. Recall that a graph is called
strongly connected if and only if each vertex is reachable from every other vertex. A strongly
connected component (SCC) of a graph is a maximal subgraph that is strongly connected.
In the streaming model, by SCC decomposition, we mean partitioning the vertex set into
subsets where each subset induces an SCC (we don’t need the edges contained inside the
SCCs). Formally, the problem is defined as follows.

scc-DEC: Given a digraph G = (V, E), output a partition (Vi,...,V;) of V such that each
V; induces a strongly connected component of G.

We design a single-pass semi-streaming algorithm for scc-DEC-T (Corollary 13). Note that
our algorithm not only outputs the partition, but the SCC-graph which is a DAG obtained by
contracting each SCC into a (super)node. Observe that since the SCC-graph of a tournament
is an acyclic tournament, it can be represented simply as an ordering of its SCC’s, where the
edges between the components are implicit: all of them go from left to right. Our algorithm
outputs this ordering.

As a consequence, we get single-pass semi-streaming algorithms for checking reachability
(Corollary 18) and strong connectivity (Corollary 19) on tournaments. The general problems
are defined below.

STR-CONN: Given a digraph G = (V, E), output whether it is strongly connected.
REACH: Given a digraph G = (V| E) and nodes s,t € V, output whether ¢ has a directed
path from (i.e., is reachable from) s.
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Baweja, Jia, and Woodruff [8] gave 5(n1+1/p)—space algorithms for SCC-DEC-T and STR-
CONN-T using p + 1 passes for any p > 1. An algorithm for REACH-T using same space and
passes is implicit, since it can be determined from the SCC-graph (which their algorithm also
outputs). Observe that their algorithm needs almost logn passes to achieve semi-streaming
space. Further, it needs at least 3 passes to even attain sublinear (o(n?)) space. In contrast,
we achieve semi-streaming space in just a single pass.

Further, [8] showed an n'+(1/P) space lower bound for p-pass algorithms solving SCc-DEC
or STR-CONN, while [27] gave a similar lower bound for REACH. Our results rule out the
possibility of extending these lower bounds to tournaments, and show a large gap between
the complexity of each problem and its tournament version.

While semi-streaming space is clearly optimal for SCC-DEC-T since it is the space needed
to simply present the output, it is not clear that the same holds for STR-CONN-T and REACH-T
which have single-bit outputs. We prove matching 2(n)-space single-pass lower bounds for
these problems (Theorems 20 and 21). In fact, we prove more general lower bounds that
show that semi-streaming space is optimal for them (up to polylogarithmic factors) even for
polylog(n) passes. It is important to note that while our upper bounds are deterministic, our
lower bounds hold even for randomized algorithms, thus completely settling the single-pass
complexity of these problems (up to logarithmic factors).

Extension to almost-tournaments and tight bounds. A possible concern about our results
is that they are restricted to tournaments, a rather special class of digraphs. Indeed, our
results are provably not generalizable to any arbitrary digraph since there exist graphs
that don’t admit sublinear-space solutions for these problems [22, 8]. Can we still cover a
broader class of graphs? To address this, we first show that our algorithms work as is for
any digraph without non-edges (hence allowing bidirected edges between arbitrary number
of vertex pairs). Secondly, we generalize our algorithm to work for digraphs that are “close
to” tournaments (but can have non-edges). A standard measure of closeness to a graph
property P (widely used in areas such as Property Testing) is the number of edges that
need to be added or deleted such that the graph satisfies P. In similar vein, we define a
digraph G to be k-close to a tournament if a total of at most k edge additions and deletions
to G results in a tournament. We design an 5(n + k)-space algorithm for any such digraph.
Thirdly, and perhaps more importantly, we prove that this is tight: there exist digraphs
k-close to tournaments where Q(n + k) space is necessary. This exhibits a smooth transition
in complexity based on the “distance” from the tournament property. We see this result
as an important conceptual contribution of our work: “tournament-like” properties are
indeed necessary to obtain efficient streaming algorithms for these problems, justifying the
almost-exclusive focus of prior work [14, 8] as well as ours on the specific class of tournaments
when designing digraph streaming algorithms.

Our algorithms for almost-tournaments use our scheme for (exact) tournaments as a
subroutine. We call it exponentially many times in the worst case, and we can do so without
any error by leveraging the fact that our algorithm is deterministic. Although the streaming
model doesn’t focus on time complexity, the exponential runtime might be unsatisfactory.
But we show that it is somewhat necessary, at least for algorithms that use a tournament
algorithm as a blackbox (see Section 3.2.3 and the corresponding section in the full version
[25] for details). This is similar in spirit to a result of [14] that justified the exponential
runtime of their algorithm for approximate FAS-T.
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Hamiltonian cycle and Hamiltonian path. We exhibit applications of our SCC-DEC-T
algorithm to obtain efficient algorithms for the problems of finding Hamiltonian cycles and
Hamiltonian paths.

HAM-CYCLE: Given a digraph G = (V, E), find a directed cycle that contains all nodes in V'
if one exists or output NONE otherwise.

HAM-PATH: Given a digraph G = (V| F), find a directed path that contains all nodes in V'
if one exists or output NONE otherwise.

Note that although these problems are NP-hard in general [31], they admit polynomial
time solutions for tournaments [10]. Further, it is known that every tournament contains
a Hamiltonian path, but it may or may not contain a Hamiltonian cycle. A tournament
is Hamiltonian if and only if it is strongly connected [12], and so we can use our STR-
CONN-T algorithm to determine the existence of a Hamiltonian cycle in a single-pass and
semi-streaming space. Thus, the problem boils down to finding such a cycle if it exists.

We give an O(logn)-pass semi-streaming algorithm for HAM-CYCLE-T (Theorem 25).
Although [8] gave such an algorithm for HAM-PATH-T, to our knowledge, no streaming
algorithm for HAM-CYCLE-T was known. We design our algorithm by using SCC-DEC-T
as a primitive and devising a streaming simulation of a parallel algorithm by Soroker [41].
Additionally, we prove that if one instead used [8]’s SCC-DEC-T algorithm as the subroutine,
it would lead to an O(log® n)-pass algorithm in the worst case.

As another application of our SCC framework, we obtain improved algorithms for HAM-
PATH-T when the input tournament is known to have somewhat small connected components.
Observe that in the extreme case when the maximum size s of an SCC is 1, the tournament is
a DAG, and a trivial algorithm that sorts the nodes by their indegrees finds the Hamiltonian
path in a single semi-streaming pass. This is significantly better than the general p-pass
O(n'+1/P)-space algorithm of [8]. We demonstrate that even when s is larger but still
“reasonably small”, specifically, whenever s < n»=1/P for some p > 1, we get better p-pass
algorithms than [8] and the space complexity grows smoothly with s. A similar algorithm
for approximate FAS-T is also obtained. See Section 3.3.1 and the corresponding section in
the full version [25] for details on these results.

Feedback arc set. The feedback arc set (FAS) in a digraph is a set of arcs (directed edges)
whose deletion removes all directed cycles. Indeed, we are interested in finding the minimum
FAS. One version asks for only the size of a minimum FAS.

FAS-SIZE: Given a digraph G = (V| E), output the size of a minimum FAS.

For the version asking for the actual set, since the output can have size ©(n?) in the worst
case, the streaming model considers an equivalent version where the output-size is always

O(n) [14, 8]. We define it below.

FAS: Given a digraph G = (V, E), find an ordering of vertices in V' such that the number of
back-edges (edges going from right to left in the ordering) is minimized.

The FAS and FAS-SIZE problems, even on tournaments (FAS-T and FAS-SIZE-T), are NP-hard
[16]. However, each of FAS-T and FAS-SIZE-T admits a PTAS [32]. The FAS problem has a
variety of applications including in rank aggregation [32], machine learning [7], social network
analysis [39], and ranking algorithms [24]. In the streaming model, [14] and [8] gave multipass
polynomial-time approximation algorithms for these problems (see Section 1.3 for details).
We, however, focus on the single-pass setting. The best-known single-pass algorithm achieves
(1 + ¢)-approximation in only O(n/e2) space, albeit in exponential time [14]. However, there
was no complementary space lower bound for FAS-T or FAS-SIZE-T. The said paper gave
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lower bounds only for the harder versions of the problems on general digraphs; these do not
extend to tournaments. In fact, there was no lower bound even for ezact FAS-T. Note that
although this is an NP-hard problem, an exponential-time but sublinear-space streaming
algorithm is not ruled out. In fact, such algorithms for NP-hard problems do exist in the
literature (see for instance, a deterministic (1 4 €)-approximation to correlation clustering
(which is APX-hard) [2, 9], or algorithms for max coverage [36]).

In light of this, and since the state-of-the-art (1 + €)-approximation algorithm already

uses exponential time, it is natural to ask whether it can be improved to solve exact FAS-T.

We rule this out by proving a single-pass lower bound of (n?) space (Lemma 27). No such
lower bound was known for any tournament problem prior to this.* Additionally, we prove
the same lower bound even for FAS-SIZE-T (Theorem 29) whose output is only a real value
(rather than a vertex ordering like FAS-T).

We further extend our FAS-T lower bound to establish a smooth space-approximation
tradeoff: given any ¢ > 0, a (1+¢) approximation to FAS-T requires Q(min{n? n/\/c}) space
(Theorem 28). Note that for € < 1/n?, the lower bound follows directly from Lemma 27 since
it is equivalent to the exact version. However, it does not follow that the bound holds for
larger values of €. We prove that it is indeed the case for any € > 0.

Distance, acylicity testing, and sink-finding. It is natural to ask what other problems
are hard on tournaments. In particular, is there any polynomial-time solvable well-studied
problem that requires (n?) space in a single pass? We answer this in the affirmative by
exhibiting the s, ¢t-distance problem as an example (Theorem 30).

sTDIST: Given a digraph G = (V, E) and vertices s,t € V, find the distance, i.e., the length
of the shortest directed path, between s and t¢.

Our results also exhibits a contrast between STDIST-T and REACH-T in streaming: while
checking whether s has a path to ¢ is easy, finding the exact distance is hard.
Next, we revisit the basic problem of testing acylicity of a digraph studied by [14, §].

ACYC: Given a digraph G = (V, E), is there a directed cycle in G?
We design a p-pass 5(n/p)—space algorithm for Acyc-T for any p > 1 (Theorem 32). This
matches a p-pass Q(n/p)-space lower bound (up to logarithmic factors) for the problem,

proven by [14]. We also provide a simpler proof of the lower bound (Theorem 31). Again,
note that since our algorithm is deterministic and the lower bound holds for randomized

algorithms, we fully settle the streaming complexity of the problem, even for multiple passes.

Finally, consider the sink (or equivalently, source) finding problem in DAGs.

SINK-DAG: Given a DAG G = (V| E), find a sink node, i.e., a node with outdegree 0, in G.

We fully resolve the complexity of this problem by proving an (n/p)-space lower bound
for any randomized p-pass algorithm (Theorem 33). This means that the trivial p-pass
O(n/p)-space algorithm which, in the ith pass, considers the ith set of n/p nodes and checks
whether any of them has outdegree zero, is optimal. Note that Henzinger et al. [29] gave
an (n/p) space lower bound for sink finding in general digraphs that may not be DAGs.
The lower bound is significantly more challenging to prove when the input is promised to be
a DAG (see Section 5.2 in the full version [25] for details). Further, our result establishes
a gap between the complexities of SINK-DAG under general digraphs and tournaments: for
SINK-DAG-T, [14] showed that O(n®(1/P))-space is sufficient for p passes.

4 Tt is, however, not hard to formulate a problem like T-EDGE (see Section 2), for which such a lower
bound is intuitive and easy to prove. Here, we mean that no “textbook” or well-studied digraph problem
was known to have such a lower bound.
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Communication complexity and combinatorial graph theory. As a byproduct of our results,
we resolve the communication complexity of multiple tournament problems (for their standard
two-party communication versions) including REACH-T, STR-CONN-T, and SCC-DEC-T (see
Section 6 in the full version [25] for details), which might be of independent interest. Very
recently, Mande et al. [34] studied the communication complexity of several tournament
problems; our results contribute to this study.

As further byproduct of our results, we make interesting observations on graph theoretic
properties of tournaments that might be significant on their own. For instance, our results
show that the indegree sequence of a tournament completely determines its SCCs. Again,
for any two nodes u and v, indegree of u being smaller than that of v implies a directed path
from w to v. See Section 6 in the full version [25] for a compilation of such facts that, to
the best of our knowledge, have not been documented in the literature. They should find
applications in future combinatorial analysis or algorithm design on tournaments.

1.3 Other Related Work

Above we discussed prior works that are most relevant to ours. Here, we give an account of
other related results, going problem by problem.

For FAs-T, Coppersmith et al. [19] showed that simply sorting by indegree achieves a
5-approximation. Hence, this implies a deterministic single-pass semi-streaming algorithm
for the same. Chakrabarti et al. [14] gave a one-pass O(n/s2)-space algorithm for (1 + ¢)-
approximate FAS-T in exponential time and a p-pass 6(n1+1/ P)-space algorithm for 3-
approximation in polynomial-time. Baweja et al. [8] improved the latter to a (1 + &)-
approximation under the same space-pass tradeoff and polynomial time. They also established
a space-time tradeoff for single-pass FAS-T algorithms. Guruswami, Velingker, and Velusamy
[28] studied the dual of the FAS problem, namely the mazimum acyclic subgraph (MAS)
problem, in the streaming model and showed that an algorithm that obtains a better-than-
(7/8) approximation for MAS-size requires Q(y/n) space in a single pass. Velusamy, Singer,
and Sudan [40] improved this result to show that better-than-1/2 approximation for MAS-size
needs Q(n) space. Assadi et al. [5] extended the lower bound to multiple passes, proving that
p-pass (1 — e)-approximation algorithms for MAS-size requires Q(nlffc/p) space for some
constant ¢. However, we do not know of any prior work that considered MAS specifically for
streaming tournaments.

The ACYC problem was considered by [8] who gave a tight single-pass Q(m log(n?/m))
space lower bound for the problem, where m is the number of edges. They showed a similar
lower bound for testing reachability from a single node to all other nodes in a general digraph.
Note that the Q(n?~°(}))-space lower bound for REACH that Chen at al. [17] proved for
O(y/logn) passes, and Assadi and Raz [6] previously proved for 2 passes, also apply to ACYC,
as well as to the FAS (any multiplicative approximation) and topological sorting problems.
For topological sorting of random graphs drawn from certain natural distributions, [14] gave
efficient random-order as well as adversarial-order streaming algorithms.

SINK-DAG-T was considered by Chakrabarti et al. [14] on random-order streams. They
showed that the problem admits an exponential separation between such streams and
adversarial-order streams: the former allows a polylog(n)-space algorithm in just a single
pass, but the latter necessitates Q(nl/ P /p?) space for p passes. In a recent independent and
parallel work, Mande, Paraashar, Sanyal, and Saurabh [34] studied sink finding® in (not

5 They term it as source finding, which is equivalent to sink finding.
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necessarily acyclic) tournaments in the two-party communication model and proved a tight
bound of é(log2 n) on its (unrestricted round) communication complexity. In contrast, our
lower bound proof for SINK-DAG shows its communication complexity to be (n). Thus, this
demonstrates an exponential gap between the communication complexity of sink-finding
under tournaments and general digraphs (even if they are promised to be DAGs).

Elkin [21] gave multipass streaming algorithms for the problem of computing exact shortest
paths on general digraphs, which implies algorithms for STDIST. The SCC decomposition
problem was studied by Laura and Santaroni [33] on arbitrary digraphs under W-streams
(allowing streaming outputs), where they designed an algorithm using O(nlogn) space and
O(n) passes in the worst case. Other notable works on streaming digraphs include algorithms
for simulating random walks [38, 30, 18].

1.4 Presentation

Due to space restrictions, in this version we only present our main algorithm and elaborate

on its analysis. For the remaining results, we mostly mention the theorem statements only.

All detailed proofs and discussions appear in the full version [25].

2 Preliminaries

Notation and Terminology. All graphs in this paper are simple and directed. We typically
denote a general digraph by G = (V, E'), where V is the set of vertices and E C V x V is the
set of directed edges. We usually denote a tournament by T' = (V, E). Throughout the paper,
n denotes the number of vertices of the graph in context. The notation O(f),Q(f), and O(f)
hide factors polylogarithmic in f. The outdegree and indegree of a vertex v are denoted by
dous(v) and di, (v) respectively. For a positive integer N, the set [N] :={1,..., N}, and for
integers A < B, the set [A4, B] := {4, ..., B}. When we say {u,v} is a non-edge in a digraph
G = (V, E), we mean that vertices u,v € V do not share any directed edge, i.e., (u,v) € E
and (v,u) € E. Again, we call a pair of edges {(u,v), (v,u)} as bidirected edges.

The Graph Streaming Model. The input graph G = (V, E) is presented as follows. The set
of n nodes V is fixed in advance and known to the algorithm. The elements of E are inserted
sequentially in a stream. The input graph and the stream order are chosen adversarially

(worst case). We are allowed to make one or a few passes over the stream to obtain a solution.

The goal is to optimize the space usage and the number of passes.

We use the following standard tool from the streaming literature.

» Fact 1 (Sparse recovery [26, 20]). There is a deterministic O(k - polylog(M, N))-space
algorithm that receives streaming updates to a vector x € [—M, M|N and, at the end of the
stream, recovers x in polynomial time if X has at most k non-zero entries.

The Communication Model. All our streaming lower bounds are proven via reductions from
problems in communication complexity. In this paper, we use the two-player communication
model of Yao [42]. Here, players Alice and Bob receive x € {0,1}" and y € {0,1}¥
respectively, and must send messages back and forth to compute F(x,y) for some relation
F defined on {0,1}" x {0,1}. We consider the randomized setting where the players can
communicate based on private random strings. The communication cost of a randomized
protocol for F is defined as the maximum number of bits exchanged by the players, over
all possible inputs (x,y) and all possible random strings. The randomized communication
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complezity of a relation F, denoted by R(F), is defined as the minimum communication cost
over all randomized protocols that, given any input (x,y), compute F(x,y) correctly with
probability at least 2/3. Analogously, the one-way randomized communication complexity of
F, denoted by R™(F), is the minimum communication cost over all one-way communication
protocols where Alice sends a single message to Bob, following which he must report the
output.

We use classical communication problems such as Index (INDEX), Disjointness (DI1SJ), and
Set Intersection (SET-INT) to prove our lower bounds. The problems are formally defined
below.

INDEX y: Alice holds a vector x € {0,1}", and Bob holds an index i € [N]. The goal is to
find x;, the ith bit of x.

DISIn: Alice holds x € {0,1}" and Bob holds y € {0,1}"V. The goal is to decide whether x
and y are disjoint as sets, i.e., output whether there exists an index ¢ € [N] such that
x; =y; = 1. We use the “promise version” (also known as unique disjointness) where we
are promised that the sets are either disjoint or have a unique intersecting element 4.

SET-INTy: Alice holds x € {0,1}? and Bob holds y € {0,1}", where x and y intersect at
exactly one index, i.e., there is a unique ¢ € [N] such that x; = y; = 1. The goal is to
output %.

We exploit the following known bounds on the randomized communication complexity of
the above problems.

» Fact 2 ([1]). R (INDExXy) = Q(N)
» Fact 3 ([37, 11]). R(D1sIn) = Q(N) = R(SET-INTy)
We also use the one-way randomized communication complexity of a variant of the INDEX
problem called Sparse Indezx (SP-INDEX).
SP-INDEXy ;: This is the INDEXy problem with the promise that Alice’s vector x has at
most k 1s, i.e., [{i:x; =1} <k.
» Fact 4 ([13]). R (SP-INDEXyn i) = Q(k)
For convenience, we define a new communication problem T-EDGE, which is basically a
version of the Index problem.

T-EDGE,,: Alice holds a tournament 7' = (V, E) with |V| = n, and Bob holds a pair of
vertices u,v € V. The goal is to find the orientation of the edge between u and v in T

n

This problem is equivalent to INDEXy for N = (2

proposition.

), and hence we get the following

» Proposition 5. R (T-EDGE,,) = Q(n?)

3 Streaming Algorithms for SCC Decomposition and Applications

3.1 Finding the SCC-graph

First we design an algorithm for digraphs with zero non-edges and then show how to extend
it to general digraphs.
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3.1.1 Tournaments and Other Digraphs with No Non-Edges

We present a single-pass semi-streaming algorithm for sSCc-DEC-T. In fact, our algorithm
works for a broader class of digraphs: all digraphs without non-edges (i.e., every pair of
vertices either shares exactly one directed edge or bidirected edges). Further, our algorithm
solves the more general problem of finding the SCC-graph. Let Gscc denote the SCC-graph
of a digraph G. It is easy to see that the SCC-graph of any digraph is always a DAG. Hence,
for a digraph G with no non-edge, its SCC-graph Ggcc is an acyclic tournament: between
any two SCCs, there must exist an edge, but edges cannot exist in both directions. Since
any acyclic tournament has a unique topological ordering (obtained by sorting its nodes by
indegree), so does Gscc. Thus, Gsce can be simply and succinctly represented by a chain
or permutation of G’s SCCs. The edges of Ggcc are implicit: they go from left to right.
Henceforth, we identify Gscc with its topological ordering, and our algorithm outputs this
permutation.
Formally, we prove the following theorem.

» Theorem 6. Given an input digraph G = (V, E) with no non-edge, there is a deterministic
single-pass algorithm that uses O(nlogn) bits of space and outputs a partition (Vi,...,Vy)
of V' such that each V; is an SCC of G, and for every pair i,j € [(] with i < j, all edges
between V; and V; are directed from V; to Vj.

The algorithm is given in Algorithm 1. We prove its correctness using a series of lemmas
and then prove the above theorem. For convenience, we define “SCC-cuts” that play an
important role in the proof.

» Definition 7 (SCC-cut). Given a digraph G = (V, E) with no non-edge, for U CV, we call
the cut (U, V\U) an SCC-cut if U is the union of a (non-empty) prefix of SCCs in Gsce.-

The next three lemmas prove important properties of SCC-cuts.

» Lemma 8. Given a digraph G = (V, E) without any non-edge, a cut (U, V\U) is an
SCC-cut if and only if every edge between U and V \ U is oriented from U to V\ U in G.

» Lemma 9. In a digraph G = (V, E) with no non-edge, a cut (U, V \U) is an SCC-cut if
and only if

Y (dow(w) = din(w) = U] -V \ U] (1)

uelU

» Lemma 10. Given a digraph G = (V, E) without any non-edge and an SCC-cut (U,V \ U)
of G, we have

VueU, veV\U: dp(u) <dm(v)
We are now ready to prove Theorem 6.

Proof of Theorem 6. First, note that Algorithm 1 stores only the indegree and the outdegree
of each node, and hence the space usage is clearly O(nlogn) bits. Thus, it only remains to
prove the correctness, i.e., prove that the list it returns is indeed the (topological ordering of
the) SCC-graph Gscc of G.

We induct on the number of SCCs in G. Consider the base case when G has a single
SCC. By Definition 7, G has only one SCC-cut (V,0). Let L be the list obtained by sorting
the nodes of G by indegree (as in line 9). The for-loop on line 10 goes over the vertices of G
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Algorithm 1 A single-pass semi-streaming algorithm for finding SCC-graph of a digraph with no
non-edge.

Input: Stream of edge insertions of an n-vertex digraph G = (V, E) that has no non-edge

Inijtialize:
1: d(v) « 0 for each v € V > Indegree counters that count di,(v)
2: d(v) + 0 for each v € V > Outdegree counters that count doy(v); not required if G is
a tournament

Process (edge (u,v)):
3:d (v)«+d (v)+1 > Increase indegree of v
40 dt(u) + dt(u) +1 > Increase outdegree of w; not required if GG is a tournament

Post-processing:

5.5« 0 > The current SCC
6: Gsco + 0 > The SCC-graph so far, stored as a list of SCCs in topological order
7 n —n > The size of the “remaining graph” G \ Gscc
8 c+0 > Initialize counter
9: (v1,...,v,) + vertices sorted such that d~(v1) < ... < d (v,) > Ties broken arbitrarily
10: for ¢ =1 to n do:
11: Append v; to S > Add vertex to current SCC
12: d=(v;) +d (v;)) = (n—n') > Calculate indegree of v; in the remaining graph,
removing edges from previous SCCs
13: c+c+dt(v;) —d (v) > Update counter; if G is a tournament,
dt(v;)) =n'—1—d (v;)
14: if ¢ =1S|-(n’ —|S|) then: > Check if SCC is complete
15: Append S to Gsco > Add SCC to the SCC-graph
16: n' «<n' — 15| > Update size of remaining graph
17: S+ 0;c«0 > Empty S and reset counter

18: Output Gsco

following the order in L. Consider any iteration j < n of the for-loop. Assume that for all
previous iterations, the if condition on line 14 hasn’t been satisfied and n’ has remained equal
to n (which is true initially, i.e., for j = 1). Then, S now contains {v; ...,v;} due to line 11.
Line 12 has had no effect on d~(v;) for i € [j], and ¢ now equals 23:1 dout (Vi) — din(v;) due
to line 13. Thus, the current count c is precisely ), o(dout(u) — din(u)) for the current set
S. Since the set S contains a proper subset of V', the cut (S, V' \ S) cannot be an SCC-cut.
Then, by Lemma 9, ¢ = > _(dout(u) — din(u)) cannot equal S| - (n" —[S]) (note, n' = n).
So the if condition on line 14 will not be satisfied. Hence, we will move on to the next
iteration and the value of n’ will remain n. Therefore, we will inductively add each node v;
to S and reach iteration n, where S contains all nodes, i.e., S = V. This means (S, V '\ S) is
an SCC-cut, and by Lemma 9, ¢ must equal |S| - (n’ —|S|) now. Thus, the if condition on line
14 will be satisfied. Line 15 then adds S = V to Gscc, after which the algorithm terminates.
Hence, it will correctly be the only set in the returned Gscc. This proves the base case.

Next, assume by induction hypothesis that Algorithm 1 works correctly if the input
digraph has ¢ SCC’s for some ¢ > 1. Now consider an input digraph G that has ¢ + 1 SCCs,
where (Vi,..., V1) represents Gscoc. By Lemma 10, we know that for all w € V; and
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v € V\ VW, din(u) < din(v). Hence, the first |V;]| vertices in the list L constitute V; and the
for-loop on line 10 first goes over these vertices one by one. If we keep adding the nodes
of V1 to S, the cut (S,V \ S) cannot be an SCC-cut until S equals the entire V7. Hence,
considering any iteration j < |V;| and applying analogous arguments as in the base case, it
follows that the for-loop will inductively add the nodes of Vi to S until we reach iteration
[V1|, when the condition on line 14 is satisfied. Then we add S = V; to Gsce (line 15).

We now show that the remaining iterations (¢ = |V| 4+ 1 to n) of the for-loop essentially
recurses on the digraph G\ V;. After the condition on line 14 is satisfied in iteration |V;[, line

16 decrements n’ by |S| = |V1]|, resulting in the correct size of the remaining graph G \ V;.

Line 17 resets S and c to their initial values. The remaining list L\ V; is in the correct order
for G \ V1 since each remaining vertex has its indegree dropped by the same value (|V4]).
The outdegrees d*(v) stay the same for each node v in the remaining graph since they had
no outneighbor in V;. Therefore, as we move to iteration |V7]+ 1, all the variables have their
correct values for the recursion, except the variables d~ (v). However, this is handled on
the fly for each vertex v; on line 12 when we decrement d~(v;) by (n —n’). This is correct
because when v; is considered, its indegree has dropped from its initial value by exactly the
total number of nodes in the “previous” SCC’s removed from G (since each such node has
exactly one edge to v;). This number is n — n/ because the remaining subgraph has size n’.

Thus, the algorithm recursively runs on a graph with £ SCCs. By the induction hypothesis,
it will correctly find (Va, ..., Vp41) as the SCC-graph of G \ Vi, which it will append after
(V7). Thus, our output is (Vi,..., V1), which is indeed the SCC-graph of G. By induction,
we conclude that given any digraph G without any non-edge, our algorithm correctly finds
the SCC-graph Gscc. <

» Lemma 11. The post-processing time taken by Algorithm 1 is O(nlogn).

» Remark 12. Since tournaments form a subclass of digraphs with no non-edges, Theorem 6
applies to them in particular. However, multiple simplifications are possible for tournaments:
(i) we do not even need to store both indegrees and outdegrees; just one of them, say the set
of indegrees, is enough since we can derive the outdegree values from them. (ii) We can go
over ¢ = 1 to n and simply check whether Z;Zl din(v;) = () to identify the first SCC (since
the set of all edges incident on this SCC is precisely the set of edges contained in it) and
then recurse as in Algorithm 1; this avoids the more involved analysis using SCC-cuts.

» Corollary 13. There is a deterministic one-pass O(nlogn)-space algorithm for SCC-DEC-T.
Observe that this space bound is optimal since Q(nlogn) bits are needed to simply
present the output of SCC-DEC-T.

3.1.2 Generalization to Arbitrary Digraphs

We extend our algorithm to get sublinear-space solutions for a broader class of graphs. These
are almost tournaments which are o(n?) edges “away” from being a tournament. First, we
formally define “k-closeness to tournaments”.

» Definition 14 (k-close to tournament). A digraph G = (V, E) is called k-close to tournament
if a total of at most k edges can be added to or deleted from G such that the resulting digraph
s a tournament.

In other words, a graph is k-close to tournament iff the total number of non-edges and
bidirected edges it contains is at most k. We obtain the following result for such graphs.
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» Theorem 15. Given an input n-node digraph G = (V, E) that is k-close to tournament,
there is a deterministic single-pass O(n + k)-space streaming algorithm that finds the SCC-
graph Gscc, represented by its topological ordering plus the set of all its non-edges.

» Corollary 16. Given an input n-node digraph G = (V, E) that is k-close to tournament,
there is a deterministic O(n + k)-space streaming algorithm for SCC-DEC.

A lower bound of Q(n+k) space for SCC-DEC (even when we need just the vertex partition,
and not necessarily the SCC-graph) follows immediately from the lower bound for STR-CONN
(Theorem 22) that we prove in Section 3.2.

» Corollary 17. Given any k < (Z)/Q, a single-pass streaming algorithm that solves SCC-DEC
on any digraph that is k-close to tournament requires Q(n + k) space.

3.2 Reachability and Strong Connectivity
3.2.1 Tight Lower Bounds for Tournaments

Observe that Theorem 6 immediately implies single-pass semi-streaming algorithms for
STR-CONN-T and REACH-T. Given the SCC-graph (V1,...,V;) of T, a node t is reachable
from another node s in T iff # < j, where V; is the SCC containing s and Vj is the SCC
containing ¢t. Again, a tournament 7' is strongly connected iff the SCC-graph contains a
single SCC. Thus, we get the following corollaries.

» Corollary 18. There is a deterministic one-pass O(nlogn)-space algorithm for REACH-T.

» Corollary 19. There is a deterministic one-pass O(nlogn)-space algorithm for STR-CONN-T.

We now prove the space bound for these problems to be tight (up to polylogarithmic
factors) even for polylog(n) passes. Note that while our algorithms work for any digraph
without non-edges, our lower bounds hold even for the easier versions where the inputs are
promised to be tournaments.

» Theorem 20. Any randomized p-pass algorithm solving REACH-T requires Q(n/p) space.

» Theorem 21. Any randomized p-pass algorithm solving STR-CONN-T requires Q(n/p) space.

3.2.2 Tight Lower Bounds for Arbitrary Digraphs

Observe that Theorem 15 immediately implies an 6(n + k)-space algorithm for STR-CONN
and REACH on digraphs that are k-close to tournaments. Here, we prove that the space
bound is tight (up to polylogarithmic factors) for these problems.

» Theorem 22. A single-pass streaming algorithm that solves REACH or STR-CONN on any
digraph that is k-close to tournament requires Q(n + k) space.

Hence, the same lower bound applies to SCC-DEC, as we noted in Corollary 17. This
demonstrates how the complexities of the SCC-DEC, STR-CONN, and REACH problems smoothly
increase with the “distance” from the tournament property.
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3.2.3 Improved and “Optimal” Time Complexity

Recall that our scc-DEC algorithm for digraphs k-close to tournaments (Theorem 15) takes
O(2™) time. We show that this runtime can be improved for small k when solving STR-CONN
and REACH (rather than the general SCC-DEC problem): our modified algorithms use the

same space but take 5(2k -n) time if k < n. Precisely, we prove the following theorem.

» Theorem 23. Given an input n-node digraph G = (V, E) that is k-close to a tournament,
there are deterministic single-pass streaming algorithms that solve REACH and STR-CONN on
G using O(n + k) space and O(2™E:2)) time for each problem.

Subsequently, we show that the runtime of this algorithm is optimal in some sense, at
least for STR-CONN.

» Theorem 24. Suppose we have an unknown digraph G that is k-close to a tournament.
Assume that we are given access to F', the set of G’s non-edges, and an oracle O that,
when queried with an orientation of edges corresponding to F', returns whether the resultant
completion of G is strongly connected or not. Then, detecting whether G is strongly connected
requires (2™ queries to O.

3.3 Other Applications of SCC Decomposition of Tournaments

3.3.1 Hamiltonian Cycle

Using our SCC framework, we obtain the first streaming algorithm for HAM-CYCLE-T (see
Section 1.2 for formal definition). We build on the parallel algorithm for HAM-CYCLE-T in
[41] and adopt it in the streaming setting, obtaining the following theorem.

» Theorem 25. There is a deterministic O(log n)-pass O(n)-space algorithm for HAM-CYCLE-
T.

3.3.2 Hamiltonian Path and Feedback Arc Set

Now we show applications of SCC-DEC-T to design algorithms for HAM-PATH-T and FAS-T.

» Theorem 26. Given an input n-node tournament T" whose largest SCC' has size s, for any
p = 1, there are deterministic (p + 1)-pass 5(7131/1’) space streaming algorithms for HAM-
PATH-T and (1 + €)-approzimate FAS-T. In particular, there are O(log s)-pass semi-streaming
algorithm for each problem.

4  Lower Bounds for Feedback Arc Set and Shortest Distance on
Tournaments

In this section, we investigate problems that remain hard on tournaments. In particular, we
show that exactly solving FAS-T, FAS-SIZE-T, or STDIST requires storage of almost the entire
graph. We also give a generalized space-approximation tradeoff for FAS-T.

4.1 Warm Up: A Lower Bound for Exact FAS-T

First we prove a lower bound for the exact version.

» Lemma 27. Any randomized single-pass algorithm that exactly solving FAS-T needs 2(n?)
space.

60:15

ESA 2024



60:16

New Algorithms and Lower Bounds for Streaming Tournaments

4.2 A Generalized Lower Bound for Approximate FAS-T

Next we establish the following generalization.

» Theorem 28. Given any e > 0, a single-pass (1 + ¢)-approzimation algorithm for FAS-T
needs Q(min{n? n/\/z}) space.

We also show that solving exact FAS-SIZE-T requires Q(n?) space in a single pass. Note
that, given an FAS ordering, we can find the corresponding number of back-edges in one
more pass, but a single-pass lower bound for FAS-SIZE-T does not imply the same lower
bound for FAS.

» Theorem 29. Solving FAS-SIZE-T exactly in a single pass requires 2(n?) space.

4.3 Shortest Distance

We proved that NP-hard problems like FAS and FAS-T need §2(n?) space in a single pass.
Now we prove that classical polynomial-time solvable problems such as sSTDIST also need
Q(n?) space on tournaments.

» Theorem 30. Any randomized single-pass algorithm that exactly computes the distance
between two input nodes in a tournament requires Q(n?) space.
5 Resolving the Streaming Complexities of Acyclicity Testing and Sink
Finding

Acyclicity testing is closely related to FAS problems, since lower bounds on acyclicity testing
imply corresponding lower bounds on FAS approximation algorithms. In [14], the authors
show that ACYC-T requires Q(n/p) space in p passes. We first present a simpler proof of this
lower bound. Then we give an algorithm matching the bound.

» Theorem 31 ([14]). Any randomized p-pass algorithm for acyclicty testing on tournaments
requires Q(n/p) space.
» Theorem 32. Given an input tournament T, for any p > 1, there is a deterministic p-pass
O(n/p)-space algorithm for detecting whether T is acyclic or not.

Our final result is a tight lower bound for SINK-DAG.
» Theorem 33. Any randomized p-pass algorithm that finds a sink node in a DAG requires

Q(n/p) space.
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