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—— Abstract

We study the optimal provision of information for two natural performance measures of queuing
systems: throughput and makespan. A set of parallel links (queues) is equipped with deterministic
capacities and stochastic offsets where the latter depend on a realized state, and the number of states
is assumed to be constant. A continuum of flow particles (agents) arrives at the system at a constant
rate. A system operator knows the realization of the state and may (partially) reveal this information
via a public signaling scheme to the flow particles. Upon arrival, the flow particles observe the signal
issued by the system operator, form an updated belief about the realized state, and decide on which
link they use. Inflow into a link exceeding the link’s capacity builds up in a queue that increases the
cost (total travel time) on the link. Dynamic inflow rates are in a Bayesian dynamic equilibrium
when the expected cost along all links with positive inflow is equal at every point in time and not
larger than the expected cost of any unused link. For a given time horizon 7', the throughput induced
by a signaling scheme is the total volume of flow that leaves the links in the interval [0,7]. The
public signaling scheme maximizing the throughput may involve irrational numbers. We provide an
additive polynomial time approximation scheme (PTAS) that approximates the optimal throughput
by an arbitrary additive constant € > 0. The algorithm solves a Lagrangian dual of the signaling
problem with the Ellipsoid method whose separation oracle is implemented by a cell decomposition
technique. We also provide a multiplicative fully polynomial time approximation scheme (FPTAS)
that does not rely on strong duality and, thus, allows to compute the optimal signals. It uses
a different cell decomposition technique together with a piecewise convex under-estimator of the
optimal value function. Finally, we consider the makespan of a Bayesian dynamic equilibrium which
is defined as the last point in time when a total given value of flow leaves the system. Using a
variational inequality argument, we show that full information revelation is a public signaling scheme
that minimizes the makespan.
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1 Introduction

Imagine you are managing an airport with several security lanes: Should you inform the
passengers about the current state of the system in order to maximize its performance? On
the one hand, informing passengers about less congested lanes may reduce queue times, but
on the other hand it may lead to inefficiencies if lanes with delays remain underutilized.

In this paper, we study this question using the framework of Bayesian persuasion for
a dynamic queuing model first studied (in a more basic and deterministic setting) by
Vickrey [29].

Specifically, we consider a set [m] := {1,...,m} of parallel links. The state of each link
is stochastic and depends on a realized state § € © where d := |O| is constant. First, each
link 7 has a state-independent capacity v; € Qsg. Second, each link i has an offset (free-flow
travel time) b; 9 € R>¢ that depends on the realized state 6. Initially, the links have no
queues. A steady flow of infinitesimally small agents arrives at the links with a constant
inflow rate of u € Q5. Upon arrival, each of the flow particles chooses a link leading to an
inflow rate of f;(¢) into each link 4 for all times t. When at some time ¢ the inflow rate f;(¢)
into a link i exceeds its capacity v;, a queue forms at link i at a rate of f;(t) — v;. When
at some time ¢ the inflow rate into a link 7 is less than the capacity v; and the link has a
queue, the queue depletes at a rate of v; — f;(¢). This queuing dynamics lead to uniquely
defined queue lengths z;(t). The cost of a flow particle that arrives at the system at time ¢
and chooses link ¢ when the realized state is 6 is given by ¢; o(t) = le(t) +bie.

The flow particles, however, do not know the realized state 6 and, instead, form stochastic
beliefs about the state of the system. A belief is a vector u = (p1,...,puq)" € [0,1]? such
that ) yco e = 1 and pp is the (anticipated) probability that state 6 is realized. In the
following, we denote by A the set of all such beliefs. All flow particles have initially a true
prior belief p* = (uf,..., 15" € A, e.g., from previous observations of the system. If the
flow particles do not receive any further information on the state of the system, they each
choose a link that minimizes their expected delay (where the expectation is taken according
to the prior belief u*), i.e., when arriving at time ¢ they choose a link i that minimizes
> oco Mbie + 2i(t)/v;. We say that a vector of inflow functions f = (f;(-))icpm) is a dynamic
equilibrium (with respect to the belief u*) if this property of the particles’ behavior is satisfied
for almost all ¢.

The operator of the system, however, knows the realized state and, hence, the travel times
of the links and can determine in how far this information should be shared with the flow
particles. To this end, the system operator commits to a public signaling scheme ®. Such a
signaling scheme consists of a finite set of signals ¥, as well as probabilities (¢g,5)oco,rex
where ¢y » is the combined probability that state 6 is realized and signal o is issued. Since
the prior belief pj represents the true probability that state 6 is realized, we have the
constraint ) .y @9, = py for all § € ©. When arriving at the system, the flow particles
observe the issued signal o (but not the realized state §) and perform a Bayesian update
of their belief. In particular, after having received signal o, their posterior belief is given
by u% = (ug,...,u3)" € [0,1]¢ defined as pu§ = g0/ > pce Por,0- After this Bayesian
update, the flow particles choose a link ¢ that minimizes the updated expected delays given
by > pce Hgbio + 2i(t)/vi. It is a standard observation in the field of Bayesian persuasion
that there is a one-to-one correspondence between public signaling schemes and convex
decompositions of the prior p* (Kamenica and Gentzkow [20]). Specifically, every public
signaling scheme yields posterior beliefs (u7),cx as well as corresponding probabilities
Yo = D gco Po,0 that signal o is issued such that u* =3 s osu?. Conversely, for every
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such (finite) convex decomposition of the prior, there is a corresponding public signaling
scheme with a finite set of signals such that the updated beliefs (after receiving one of the
signals) correspond exactly to the beliefs in the convex decomposition.

Suppose, for each belief u € A there is a unique way to choose a corresponding dynamic
equilibrium f(u). Further assume, the system operator aims to maximize a certain functional
H(f) of the flow vector f. Then, a natural question is to find the public signaling scheme

that optimizes the expected value of the functional of the resulting dynamic equilibrium.

Using the one-to-one correspondence of public signaling schemes and convex decompositions
of the prior, this can be phrased as

S“P{Z 0o H(£(n7)) 1 9] < 00,0, €10,1],u” € Aforall o€ and » %u":u*}. 1)
oeY =

Our Results and Techniques. We study the generic optimization problem (1) for two natural
objectives of a system operator. First, we study the objective of maximizing the expected
throughput of a system. Informally, for a given time horizon T' € Q- ¢, the throughput is
the amount of flow that has left the links up to time T'. The full version of this paper
contains an example exhibiting that the signaling scheme maximizing the throughput may
involve irrational numbers, even though all input numbers are rational. To avoid the issue
of representing irrational numbers with finite precision, we resort to approximating the
maximum achievable throughput by public signaling schemes. To this end, we first provide
an additive polynomial-time approximation scheme (PTAS), i.e., for any € > 0, we provide
an algorithm that runs in polynomial time for constant || and computes a value p such
that p € [OPT — &, OPT], where OPT is the maximal throughput that can be achieved by
public signals (Theorem 9). We stress that, unlike other PTAS for signaling (e.g., [4, 9]), we
do not require that the functional is normalized, i.e., that ||H||oo = 1.

To prove the result, we consider a Lagrangian dual of the primal signaling problem and
show that strong duality holds. The proof of strong duality is non-trivial since the objective
of the primal is non-convex and non-concave such that standard constraint qualifications
such as Slater’s cannot be applied. Duality has been used before in the context of signaling
by Bhaskar et al. [4], but they use standard linear programming duality for an approximate
version of the primal problem such that they can only show a (small) bound on the duality
gap. Our dual signaling problem has a finite number of variables but an uncountable number
of constraints. Yet, we are able to show that the separation problem for the dual signaling
problem is solvable in polynomial time. To this end, we show that the separation problem
for the dual can be reduced to finding the global maximum of a piecewise quadratic function
whose quadratic parts have a polytopal domain. Using a cell decomposition technique
together with the reverse search algorithm by Avis and Fukuda [2] allows to compute the
global maximum exactly, thus, solving the separation problem. Finally, we use the Ellipsoid
method and the equivalence of optimization and separation to obtain the result.

While the additive PTAS yields a compelling approximation of the optimal throughput
achievable by signaling, it does not allow to compute the corresponding signals. The
underlying reason is that the approximately optimal dual solution obtained by the Ellipsoid
method does not seem to provide any useful information on how approximately optimal primal
solutions may look like. To close this gap, we propose a fully polynomial-time approximation
scheme (FPTAS) for constant |0| with a multiplicative approximation guarantee that allows
to compute the corresponding signals (Theorem 16). For the multiplicative FPTAS, again a
main issue is that the objective is a non-convex and non-concave function on the space of
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beliefs A. We propose a non-uniform discretization of A that leads to a piecewise affine under-
estimator of the objective. By controlling the approximation error of the under-estimator, we
are able to compute signals such that the expected throughput ALG achieved by the signals
satisfies ArLc > (1 —e)OPT.

The second objective that we study is the expected makespan. For a given time horizon
T € Q-¢, the makespan is the latest point in time a flow particle that departed in the
time interval [0, 7] leaves the system. To analyze optimal signaling for the minimization of
the makespan, we show a general property for dynamic equilibria. Suppose we are given a
system with a vector of deterministic offsets b = (b.)ecp. Further, let b’ = (b.).cr be a
vector of (potentially different) deterministic offsets and let f(b’) be a dynamic equilibrium
where particles act as if the travel times were b’. Then, we show that the makespan of the
dynamic equilibrium f(b’) is minimized when b’ = b (up to constant shifts). This implies in
particular that full information revelation is always an optimal signaling scheme for makespan
minimization (Theorem 21).

Related Work. Optimal signaling for congestion-prone systems is primarily studied in
Wardrop’s static equilibrium model (e.g., [1, 13, 23, 22, 28, 30]). For the Wardrop model with
affine costs, Bhaskar et al. [4] showed that it is NP-hard to compute a public signaling scheme
that approximates the total travel time better than a factor of 4/3. Griesbach et al. [17]
proved that optimal information revelation is always optimal if and only if the underlying
network is series-parallel and provided an algorithm computing the optimal public signaling
scheme for parallel links when the number of states and commodities is constant. For atomic
congestion games, Castiglioni et al. [8] studied information design, but considered a different
model where players commit to following the signal before they receive it. Zhou et al. [32]
computed public and private signals in singleton games with a constant number of resources.

A cell decomposition related to ours has been used in the context of information design
by Xu [31]. In contrast to our work, their model features receivers with a binary choice only.
In addition, in the work of Xu it is assumed that the utility of a receiver does not depend
on the actions of other agents. Also the meaning of the cells in the decomposition is quite
different. In Xu’s work in a cell the response of the receivers is constant whereas in our cells
a certain ordering of the links with respect to the equilibrium flow is constant.

The dynamic flow model that we use here dates back to Vickrey [29]. It has been
studied in more detail, e.g., by Koch and Skutella [21] and Cominetti et al. [10]. Koch
and Skutella [21] also showed that the price of anarchy with respect to the throughput
objective, i.e., the worst-case ratio of the throughput of an arbitrary dynamic flow and that
of a dynamic equilibrium, is unbounded on general networks. For the makespan objective,
Bhaskar et al. [5] showed that the price of anarchy is e/(e — 1) when one is allowed to reduce
the capacity of the links arbitrarily (but still compares to the optimal flow for the original
capacities). Correa et al. [12] showed that this bound on the price of anarchy also holds
when the inflow rate at the source can be reduced. For parallel link networks (as considered
in this work), they showed that the price of anarchy is 4/3. For both objectives, bounds
on the price of anarchy are relevant for information design since, if they exist, they yield
an approximation guarantee for the signaling scheme of full information revelation. The
long-term behavior of dynamic equilibria in this model has been explored (see [11, 24]). Also,
further variants of the model with multiple commodities, more complicated queuing behavior,
or further side constraints have been studied (e.g., [16, 19, 26, 27]), but they do not have
any implications for mechanism or information design. Graf et al. [15] study a model where
users use machine learning to predict future traffic states, and compare different predictors
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empirically. Oosterwijk et al. [25] study a dynamic model on parallel paths where players
need to meet a certain time deadline and try to minimize the costs of the used links. They
obtain tight bounds on the price of anarchy both for the makespan and the throughput
objective.

2 Preliminaries

For an integer m € N, let [m] := {1,...,m} and [m]o :== {0,...,m}. For € R, we denote
by [2]T := max{z, 0} the positive part and by [z]~ := min{z, 0} the negative part of x. We
denote vectors and matrices with bold face and assume that all vectors are column vectors.
Further, e; denotes the i-th unit vector, 1 the all-ones vector, and 0 the all-zeros vector
(of the appropriate dimension). We first introduce the dynamic equilibrium model with
deterministic travel times and then turn to the dynamic equilibrium model with stochastic
travel times.

Dynamic Equilibrium with Deterministic Travel Times. Consider a set [m] of parallel
links where each link ¢ € [m] has a capacity v; € Qs and a constant offset (free-flow travel
time) b; € Q>¢. There is a continuum of flow particles arriving at the links with a constant
rate of u € Qso. A dynamic flow is a family of measurable functions f = (f;);c[m) with
fi: R>o — Ry satisfying Zie[m] fi(t) = u for almost all times ¢ > 0. The value f;(t)
describes the inflow into link ¢ at time ¢. Each link operates with the following queuing
dynamics: if the inflow into a link 7 is higher than its capacity v;, a queue builds up. Particles
in the queue are processed with rate v;. After passing the queue, it takes an additional
amount of time b; to traverse the link. We denote by z;(t) the length of the queue at any
given time ¢ > 0. The queue dynamics are described via the differential equation
)= { Lty —vi i z(t) >0, @
! [fi(t) —v]T if 2;(¢) = 0.
A flow particle that enters link ¢ at time ¢ waits for time in the queue and then
experiences a free-flow travel time of b;. Therefore, the cost of a flow particle entering link ¢
at time t is ¢;(t) == zu—(t) + b; and thus its exit time (total cost) is C;(t) =1t + ZV—(t) +0b;. A
flow is a dynamic equilibrium if almost all particles have no incentive to deviate to a different
link, i.e., if ¢;(t) = min;epy, c;(t) for all @ € [m] with f;(t) > 0 for almost all ¢ > 0. A link
¢ with minimal cost ¢;(t) at time ¢ is called active and we denote the set of active links at
time ¢ by A(t) == {i € [m] : ¢;(t) = minje[m) ¢;(t)}. In general, the dynamic equilibrium may
not be unique, but the exit times and the set of active links are (cf. [10, 24]). Further, we

2i(t)

refer to the set of links with positive inflow at time ¢ as the support of the flow and denote it
by S(t) == {i € [m] : f;(t) > 0}. For a given time horizon T > 0, the throughput of a flow f
is defined as Fr(f) = fOT > iem) Ji (t)dt, where f;~(t) is the outflow of link 7 at time ¢ that
can be computed as

min{ f;(t),v;} if z;(t) =0, and

frt+b) = {

For a given time horizon T > 0, the makespan of a flow f is defined as My (f) = sup{C;(t) :
te0,T],i € S(t)}.

62:5

ESA 2024



62:6

Optimizing Queuing Systems by Information Design

Bayesian Dynamic Equilibrium with Stochastic Travel Times. Consider a set O of states
with d := |©]. We assume that the offsets b, g € Q>¢ of each link ¢ € [m] depend on the
state 6 € ©, and write b; = (b; g)sco. The capacities v; € Q¢ are independent of the state.
Every belief u € A essentially induces a system with stochastic offsets by replacing the
deterministic offsets b; with its expectation u'b;. With a slight overload of notation, we
use the same notation for deterministic and stochastic offsets. In particular, the expected
cost of a flow particle entering link ¢ at time ¢ is ¢;(t) = Z’y—(t) + u'b; and thus its expected
exit time (expected total cost) is C;(t) =1t + ZT(f) + p"b;. The exit time of a flow particle
entering link ¢ at time ¢ when state 6 is realized is C; g(t) =t + Z’y—(t) + b; 9. We call a flow £
a Bayesian dynamic equilibrium if c;(t) = minjecp, ¢;(t) for all links ¢ € [m] with f;(t) > 0.
For a fixed time horizon T' > 0, the throughput of a flow f in state § € © is defined as
Fro(f) = fOT > ie(m) Ji,0(t) dt where the outflow of link i at time ¢ in state 0 is

min{f;(t — b;9),v;} ift—b;9>0and z(t —b;9) =0,
fiot) = vi ift —b;9>0and z(t) >0

0 else.

The expected throughput of a flow f (according to belief u) is then given by Frp(f) =
> oco MolFro(f). For a time horizon 7' > 0 and a state 6, the makespan of a flow f in state 0
is defined as Mr,o(f) = sup{C;(t) : t € [0,T],i € [m] with f;(t) > 0} and the expected
makespan is then Mrp(f) :== >, o poMro(f).

Information Design. We assume flow particles to have a prior belief u*. There is a one-
to-one correspondence between public signaling schemes and convex decompositions of the
prior, and — due to Caratheodory’s Theorem — the convex decomposition requires at most d
signals [14, 20]. We note that for a belief u, the corresponding Bayesian dynamic equilibrium
may not be unique. We here assume that in case multiple equilibria exist, we choose the
one that yields in expectation the best objective for the system designer; this is a standard
assumption in the information design literature and is, e.g., justified since the information
designer may signal the best equilibrium play, see also the discussion by Bergemann and
Morris [3]. Formally, for the throughput objective, for a fixed time horizon T, let us define
F: A = R>¢ be the expected throughput of a Bayesian dynamic equilibrium for belief p
that maximizes the throughput among all such equilibria. To compute the public signaling
scheme that maximizes the expected throughput, we are interested in solving

sup{z o F(u,) : 12| <d,p, € [0,1], u, € A for all 0 € ¥ such that Z Polly = u*}.
oey o€Y

Similarly, for a fixed time horizon T, let us define M: A — R>( as the expected makespan
of a Bayesian dynamic equilibrium for belief u that minimizes the makespan among all such
equilibria. To compute the public signaling scheme that minimizes the expected makespan,
we are interested in solving

in sM(u,) : <d,p, €|0,1],n, € or all o € X such that oMU, = W o.
inf YoM (p,) 12| <d, e 0,1],pn, € A for all )y h th Yoy *
ceY oED

Before we proceed with the structural results we give an example for the throughput and the
makespan objective.
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» Example 1 (Throughput maximization). We consider an example for the throughput
objective. The instance consists of m = 2 edges, |©| = 2 states, and a time horizon T = 5.
The edges have capacities vy, = % and v9 = % and the offsets depend on the two states 61,65
with b; = (1,5)" and by = (4,3)T. The arrival rate is set to u = 1 and the instance is
depicted in Figure la.

The throughput function F' is shown in Figure 1b. It is a continuous piecewise quadratic
function over the set of beliefs y € [0, 1], where p = g, indicates the probability of state 2
being realized. The function F' has two breakpoints at u € {%, %} For 1 € [0, %), the upper
edge e; has a lower expected offset and, thus, the first flow particles only use edge e;. Since
the inflow rate u exceeds the capacity 11, a queue starts to build up, increasing the cost
of edge e;. Thus, at some point, flow particles start deviating to the lower edge es. With
increasing u, flow particles start to deviate earlier in time to edge es as its expected offset
1
that the first particle, that deviates to edge es will leave the queuing System before time
horizon T no matter which state is realized. Hence, for 1 € [1, 2], the throughput increases
linearly in p. For p = %, both edges have the same expected offset and, thus, both edges
are used from the very first point in time. This results in the maximization of the total
throughput F. For u € (%, 1], the first flow particles use only edge e until a sufficiently
large queue has built up such that the cost of edge e; equals the offset of edge e;. Hence,
flow particles deviate to edge e;.

Additionally, Figure 1b depicts two convex decompositions of a prior u* with the posterior

decreases in p while the expected offset of edge e; increases. For u = :, it is guaranteed,

beliefs p!, 2, p® and fi', i2. The signaling scheme inducing the three posterior beliefs p*
is an optimal signaling scheme. The signaling scheme inducing the two posterior beliefs
fi* corresponds to full information revelation and is suboptimal. The dashed lines give the
expected throughput that can be achieved if the respective signaling scheme is used. |

N
N

Il
wlvo
=2
N

|
—
iy
w
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o
-
=
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(a) (b)

Figure 1 The illustration of Example 1 for the throughput objective. (a) The instance with

m = 2 edges and 2 states 61,62 in red and blue. (b) The throughput function Fs(u) for T'=5 of

the dynamic equilibrium as a function of the belief described by parameter p := pg, € [0, 1]. The

throughput in state 61, i.e., u = 0, is shown in red and the throughput in state 62, i.e., p = 1, is

shown in blue. Full information revelation with posterior beliefs i' and 42 in is not optimal;
3

a signaling scheme in incorporating the indifference point at p? = ¢ is optimal.

» Example 2 (Makespan minimization). We consider an example for the makespan objective.

The instance consists of m = 3 edges, |©| = 2 states, and a time horizon T = % The edges
have capacities v; = %, vo = %, and v3 = 1, and the offsets depend on the two states 61,60,
with by = (0,5)", by = (1,1)T, and by = (4,0) ". The arrival rate is set to u = 1 and the
instance is depicted in Figure 2a.
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Figure 2 The illustration of Example 2 for the makespan objective. (a) The instance with
m = 3 edges and 2 states 61, 6> in red and blue. (b) The makespan function My (p) for T = 3 of
the dynamic equilibrium as a function of the belief described by parameter p := pg, € [0, 1]. The
makespan in state 61, i.e., g = 0, is shown in red and the throughput in state 62, i.e., p =1, is
shown in blue. Full information revelation with posterior beliefs ! and p? in is an optimal

signaling scheme; the other signaling scheme with posterior beliefs ' and ji? in is suboptimal.

The makespan function M is shown in Figure 2b. It is a piecewise quadratic function
over the set of beliefs u € [0, 1], where p := up, indicates the probability of state 03 being
realized. The function M has six breakpoints at pu € {%, %, %, %, %, %} Roughly speaking,
M is continuous at a breakpoint, if the order in which edges are chosen by the flow particles
change. In contrast to this, M is not continuous at a breakpoint, if the last flow particle
entering the queuing system is indifferent between two edges and thus the makespan cannot
be uniquely defined. In fact, the makespan depends on which edge the last particle chooses.
In more detail, for p € [0, ), all flow particles use the upper edge e;. Since the inflow rate
u = 1 into edge e; exceeds its capacity, a queue builds up and, hence, M grows linearly in pu.
When p = %0, the last particle entering the queuing system is indifferent between choosing
edge e; and the middle edge ep. However, choosing edge ey increases the makespan My g, for
state ¢ from 1 to %, resulting in an immediate increase in the makespan Mr(f) and, thus,
in a discontinuity point. With increasing u, the flow particles start to deviate from edge e;
to edge ey earlier in time. When p = %, already the very first particle entering the queuing
system is indifferent between edges e; and ey. Thus, for u € (%, %), the first flow particles
use edge es and only later in time, particles start to deviate to edge e;. For p = %, the
expected offset of edge e; is sufficiently large, such that the last particle entering the queuing
system is the first particle indifferent between edges e; and es. In contrast to the case when

W= %0’ this now results in an immediate decrease of the makespan. For p € (2 1), all

572
flow particles use edge e5. Since the offset of edge ey is deterministic, this gives a constant
makespan for p € (%, %) We can make similar observations for the remaining values of p.

In short, for u € (%, %), flow particles start by using edge e and then deviate to the lower

edge eg later in time. For p € (%, %), flow particles start by using edge e3 and then deviate
to edge ey later in time. Finally, for u € (%, 1], all flow particles only use edge es.

Additionally, Figure 2b depicts two convex decompositions of a prior p* with posterior
beliefs p!', u? and fi', i2. The signaling scheme inducing the posterior beliefs !, % cor-
responds to full information revelation and is optimal. The signaling scheme inducing the
posterior beliefs fi!, fi? corresponds to a suboptimal signaling scheme. The dashed lines give
the expected makespan if the respective signaling scheme is used. |
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3  Structural Results

In this section, we develop explicit formulas for the Bayesian dynamic equilibrium flows

maximizing that maximizes the expected throughput or minimizes the expected makespan.

Before we obtain these results for stochastic travel times, we first develop explicit formulas
for the dynamic equilibria for deterministic travel times.

Deterministic Travel Times. In this section, we consider deterministic offsets and construct
a flow f that is a dynamic equilibrium. In general, the dynamic equilibrium may not be
unique. However, the exit times C; and, thus, also the set of active links A are the same
for any dynamic equilibrium (cf. [10, 24]). We assume for now that the links are ordered
by their offsets, i.e., by < --- < b,,. We denote by v(i) == Zje[i] v; the sum of the first i
capacities, where v(0) := 0. We define points in time ¢} for ¢ € [m] recursively as t; = 0 and

*

tr+ 20— b)) i (i) <,
liy1 =

u—(i) fori=1,...,m— 1. (3)
if 7(i) > u

As we will show, the time ¢} is the point in time when link ¢ becomes active. More precisely,
link 4 is in the support for all times ¢t > ¢}. Let

k :=max{j € [m] : v(j) < u} (4)

be the maximum index of a link such that the total capacities up to that link are strictly
less than the inflow rate u of the instance. Hence, links 1 to k£ + 1 suffice to handle the total
inflow of u, and thus, we have tf = oo for all i > k+ 1. For every i € [m], we define an inflow
function f;: R>¢9 — Rx>¢ by
ﬁw/i ifi<kandte(t;,t;4],j=14...,k
V; ifi<kandt>t; ,,
filty=¢" e (5)
u—v ifi=k+1landt>t;,,

0 otherwise,

where ¢}, | = co. Note that the inflow defined in (5) depends on the values ¢}, which, in
turn, depend on the offsets b;. We proceed by showing that this flow is indeed a dynamic
equilibrium. For the proof, we simply check the dynamic equilibrium conditions. This proof
and all other missing proofs are deferred to the full version.

» Lemma 3. Let f = (f;)icm) be the flow defined in (5). Then,
1. the flow f is a feasible flow with queue lengths

(u=nson (]2 wv;b, I
. < ASmD <t+;<uau>><uw1» ) FEsIS sk

Z =

v; (bk+1 — bz) Zf tz—i-l <t,i <k,

0 otherwise;

2. the flow £ is a dynamic equilibrium;

the queue length z;(t) on link i is continuous in b;

4. the queue lengths z;(t) are non-increasing in b; and non-decreasing in b; for j #i. If
i <k and t; <t, then z;(t) is strictly decreasing in b;. If, additionally, j <k and t; <t,
then z;(t) is strictly increasing in b;.

w
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Stochastic Travel Times. In this subsection, we obtain structural results for the dynamic
equilibrium f as a function of the belief p € A. For a belief p € A, let 7,(-; 1) : [m] — [m)]
be an arbitrary permutation of the links that orders them non-decreasingly by their expected
offsets (according to the belief p), i.e., ”Tbrb(l;u) <o < HTbﬂ,(m;u)- Analogously to the

deterministic case (3), the times ¢* ) when the edges become active can be computed in

b (351
dependence of u as t:h(l;u)(”) =0 and

* v(i; w) T p
) LG R L (bry(it 1) = bryiwy) i 2(5 1) <, (©)

tib(i+1;u)(”)

00 if v(i; pn) > u,

foralli=1,...,m — 1, where p(i;u) =
used first, depending on the belief p.

We note that the ordering 7(-; 1) need not be unique since there is a degree of freedom

el V(i) 18 the total capacity of the ¢ links

in how to order links that have the same expected offsets. Every ordering will result in a
corresponding Bayesian dynamic equilibrium, but the ordering may influence the expected
throughput or makespan of the system. For the throughput objective and a given belief
u € A, we first compute an arbitrary ordering 7,(-; ) by non-decreasing expected offsets
and obtain values tjb(.; W Assume that two links 4,4 + 1 € [m] have the same expected
offset, then using (6) we have tjb( i) t:‘_b (i41:1)° We reorder them non-increasingly by their
contribution to the throughput objective, i.e., we assume that

u' [1(T - t:b(i;p.)) - bfb(i;u)]+ 2 ”T[l(T - tj';,(i«%l;p.)) - brb(i+1;u)]+

whenever UTbn(z’;u) = ”Tbrb(iﬂ;u) for all ¢ € [m — 1]. Intuitively, the contribution of
a link 7 in state 6 is the total time span in which flow using link ¢ exits the system in
state 0, i.e., [T —tf — b; g]T. We then take the sum over all states of the state-dependent
timespan multiplied with the probability g that this state is realized. Like this, we obtain an
ordering such that the corresponding Bayesian dynamic equilibrium maximizes the expected

throughput among all such equilibria. In particular, we consider the equilibrium flow f
with respect to the given belief p, i.e., f is the flow defined in (5) with respect to the
offsets u' b;. For the capacity 5 (i; 1) of the first i links used by the dynamic equilibrium
flow f for a given belief u, we simply write 7, (2), if p is clear from context. Further, we set
ky == max{i € [m]o : 1p(3) < u}.

For the makespan objective, there does not seem to be an explicit formula for the ordering
that minimizes the expected makespan. However, all our results for the makespan objective
hold regardless of which ordering in the case of identical expected offsets is selected and,
thus, which equilibrium emerges.

We are interested in partitioning the set of beliefs A into subsets such that the ordering
of the links by expected offsets is fixed within each subset. A naive bound on the number
of these sets is m!, but this bound is not sufficient for us since our algorithms will iterate
over these sets. To obtain a better bound, we will resort to the theory of hyperplane
arrangements. To this end, for every pair of links i,j € [m] with ¢ < j, we define by
H; ;= {u eERY:ub; = prj} the (possibly empty) hyperplane containing all p such that
the expected offsets on links ¢ and j are the same. Then, H = {H” 4,7 € [m] with @ < j}
is an arrangement of |H| = W linear hyperplanes in R? (where we allow that one or
more of the hyperplanes are empty). The hyperplanes of the arrangement H partition A into
a number of open regions whose closures are called the (d — 1)-cells of the arrangement, i.e.,
the (d — 1)-cells are the closures of the maximal connected subsets of A\ U; jepn)ic; Hij-
Every (d — 1)-cell is a polyhedron in A. For k € {0,...,d — 1}, a k-cell of the arrangement
is a k-dimensional face of one of its (d — 1)-cells. The following theorem of Buck [7] bounds
the number of k-cells of a hyperplane arrangement.
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» Theorem 4 (Buck [7]). For any hyperplane arrangement of n hyperplanes in R4~ and
any k € {0,...,d — 1}, the number of k-cells is at most

(d_T_k)z’“:(n—(dl—;)M)

=0

For a k-cell P of H with k € {1,...,d — 1}, we denote by P° its interior. We slightly
overload notation by writing P° = P when P is a 0-cell, and we then also call P the interior
of the 0-cell. Like this, the set of beliefs A is partitioned into interiors of k-cells with
k€ {0,...,d—1}. In the interior P° of each k-cell P of H the ordering of the links 7,(-; p)
remains the same and, therefore, every function p — ¢} (p) is affine within P° by formula (6).
From this, we obtain the following result.

» Lemma 5. For every link i € [m], the function t7: A — Rxq is piecewise affine. In
particular, the function is affine on the interior of every k-cell of H with k € {0,...,d —1}.

For a link ¢, ¢X(p) is the last point in time at which no flow enters link 7 yet, i.e., f;(t) > 0
if and only if ¢ < ¢t. Given belief p and state 8 € O, we define for every link ¢ its first exit
time as w; (1) =t} (1) +b;9. We obtain as an immediate corollary of Lemma 5 the following
result.

» Corollary 6. For every link i € [m] and every state 8 € O, the function w;g: A — Rxq is
piecewise affine. In particular, the function is affine on the interior of every k-cell of H with
ked{0,...,d—1}.

We proceed to introduce another permutation of the links. For a given state 6 € O,
let 79(-; 1) : [m] — [m] be a permutation of the links that orders them non-decreasingly
with respect to their exit times in state 0, i.e., wr,(1,u),0(M) < - < Wrp(my),0(1). For ease
of notation, we write wr, (;;u) = Wr,(i;u),0 (). Since the inflow functions f; of the dynamic
equilibrium f are piecewise constant (by (5)), so are the outflows f;, in state §. We define
Up(i; ) == Zje[i] Vro(isw) for i € [m] and set 0p(0; 1) == 0, 79(0; ) := 0, T9(m+1; 1) :== m+1,
wo,o(p) == 0, and wy,11,0(1) = 00. For § € © and p € A, let

no(1) = min{max{i € [m]o : wry(i;p) < T}, min{i € [m] : vp(i; 1) > u}}

be the number of links that contribute to the throughput in state 8. We proceed to compute
explicit formulas for the outflows and the throughput.

» Lemma 7. For a fized state 0 € © and a given belief p € A, the total outflow at time t is

Y- £t = min{w(is ), u}
jE[m]

whenever we i,y <t < Wry(i41;u) for some i € [m]o. The throughput for state 0 € © is given
by the equation
- - _ +
Fo(u) = uT + T [7(no(1); b) — u] 4 Wry(mo(u)im) [Zo (10 (10); 1) — u]

- Z Vg (i) Wrg (431) -
i€[ne (1))

We continue toward dividing A into cells, such that Fy(u) is affine on the interior of each
cell. To this end, note that as long as the ordering 7y( -; u) remains unchanged, wy, (;;) is
affine in p and the capacities v, ;) are constant in p. As long as the same number of links
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has an exit time smaller or equal than T, the number 7y () is constant as well. Therefore,
in this case, Fy(p) is affine in u. We define new hyperplanes

H;jo = {u € RI®I twig(p) = wj’g(p)} for 0 € © and i,j € [m],i < j,and
Higr={ne R/®I twig(n) =T} for 0 € © and i € [m).

For every interior P° of a k-cell of the hyperplane arrangement H, consider the hyperplane
arrangement

H* = {Hijp:0€0,i,j€[m]withi<j} U {Hgr:0€0,ic[m]}.

This hyperplane arrangement further subdivides every interior P° of a k-cell of H. The
following lemma gives the main structural insights for the behavior of the functions Fy on
the cells of the hyperplane arrangements H and H*.

» Lemma 8. For every state 0 € O, the function Fy: A — R>q is piecewise affine. In
particular, let P° be the interior of a k-cell of H with k € {0,...,d — 1} and let P* be a
(d —1)-cell of H*; then Fy is affine on P° N P*.

4 Additive PTAS for Throughput Maximization

In this subsection, we give an additive PTAS for computing the optimal throughput achievable
by a public signaling scheme. For ease of notation, let us write M € [0, 1]%¢ for the matrix
that has the vectors (M, )scs as column vectors. Here, we assume that |X| = d. This is
possible, as |X| < d follows from Caratheodory’s theorem and if |X| < d holds, we can add
artificial signals, that are never issued. We write M for the set of left-stochastic matrices
whose rows sum to 1. The primal signaling problem is then rephrased as

OorT = sup{z 0oF(n,) : M e M, € [0,1]¢ such that M = p*}, (P)
ceED

where F' is the expected throughput as a function of the belief u € A and the supremum is
taken both over M € M and ¢ € [0,1]¢. The main result of this section is the following.

» Theorem 9. For every constant d and every €* > 0, there is a polynomial-time algorithm
computing p € [OPT — e*, OPT].

Instead of (approximately) solving the primal signaling problem (P) directly, our algorithm
relies on the following Lagrangian dual.

» Lemma 10. The dual signaling problem is
d* = inf {WTM*:WERd with w' u> F(u) for allueA}. (D)
In particular, weak duality holds.

We show that no duality gap exists, i.e., the optimal values for the primal and dual
signaling problem are attained and coincide. The proof uses the definition and properties of
the concave envelope of F.

» Lemma 11. The optimal values of the primal signaling problem (P) and the dual signaling
problem (D) are attained at finite values and coincide.
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The general idea for the additive PTAS is to apply the Ellipsoid method on the dual
signaling problem and to use the equivalence of optimization and separation. Note that
the feasible region of the Lagrange dual is always convex (see, e.g., [6], § 5.2). Formally,
for a set K C R" and any € > 0, let B(K,¢) := {x € R": |[[x — y|[> < & for some y € K}
be the set of points that are within an e-distance to a point in K. Furthermore, let
B(K,—¢) = {x € K : B({z},e) C K} be the set of points that are in the e-interior of K.
The following definitions are taken from Grétschel et al. ([18], Def. 2.1.10 and 2.1.13), and
adapted to minimization instead of maximization.

» Definition 12 (Weak optimization problem). Given a vector ¢ € Q™ and a rational number
€ > 0, the weak optimization problem is to

1. compute a vectory € Q" withy € B(K,¢) andc'y < c'x+¢ for all x € B(K, —¢), or
2. assert that B(K, —¢) is empty.

» Definition 13 (Weak separation problem). Given a vector'y € Q™ and a rational number
0 > 0, the weak separation problem is to either

1. assert that y € B(K, ), or
2. compute a vector ¢ € Q" with ||c|| = 1 such that c¢'x < ¢y + 6 for all x € B(K, —9).

Roughly speaking, the equivalence of optimization and separation implies that a polyno-
mial algorithm for the weak separation problem yields a polynomial algorithm for the weak
optimization problem (see [18, Corollary 4.2.7] for a formal statement). Thus, in order to
solve the weak optimization problem, it is enough to solve the weak separation problem.

We proceed to show that for the dual signaling problem, we can even solve the exact
separation problem (a stronger version of the weak separation problem where § = 0) which
is defined as follows. Given a vector w € R?, find pu € A such that w'p < F(u), or decide
that no such pu € A exists. For the proof, we use Buck’s formula (Theorem 4) to show that
the subdivision into sets @ N Q* where @ is a k-cell of H and Q* is a k*-cell of H* for some
k,k* € {0,...,d — 1} produces only a polynomial number of sets. This allows us to iterate
over these sets in polynomial time while checking whether there is a candidate for an extreme
point of the function F(u) —w ' p in the relative interior of @ N Q*. The function is piecewise
quadratic by Lemma 8. Thus, showing that it is differentiable in Q N @* allows first-order
conditions that reduce to a linear system.

» Lemma 14. Given w € R™, we can compute p € A in polynomial time such that
w ' 1< F(u), or decide that no such u € A exists.

Immediately following, the weak separation problem for the dual signaling problem is
also solvable in polynomial time.

» Corollary 15. For any 6 > 0, the weak separation problem for the dual signaling problem
can be solved in polynomial time.

We are now ready to prove the main theorem of this section (Theorem 9). The general
idea for the proof is to use Corollary 15 and the Ellipsoid method. However, to do so, we
have to show that we can fit the dual feasible region into a ball with a polynomially bounded
diameter. To this end, we show an upper bound on ||[w||s of the dual optimal vector w
based on the supergradient of F. Further calculations involving the approximation error of
solutions v € B(K, —¢) then yield the result.
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5 Multiplicative FPTAS for Throughput Maximization

While the additive PTAS devised in the last subsection approximates the optimal throughput
up to an arbitrary constant, it does not yield the corresponding approximate optimal signals.
In this section, we devise a multiplicative FPTAS that also yields the corresponding signals,
i.e., we show the following theorem.

» Theorem 16. For every constant d and every €* > 0, there exists a fully polynomial-time
algorithm for computing a signaling scheme, such that for its induced throughput ALG, it
holds that ALG > (1 — ¢*)OPT.

As this result trivially holds, whenever OPT = 0, we assume for the remaining part of this
section that OPT > 0. The following lemma shows that this assumption is in fact equivalent
to the smallest offset b; g over all ¢ € [m] and § € © being strictly smaller than the time
horizon T

» Lemma 17. We have OPT > 0 if and only if T — min{b; o : i € [m],6 € ©} > 0.

The next lemma will be used to define the algorithm that achieves the approximation
guarantee of (1 —&*) and to bound its running time. For the proof, we bound OPT in terms
of the throughput achieved by full information revelation.

» Lemma 18. Let OrT > 0. For any 0 < e <1 and any 0 < § < d, there exists kK € Ny
such that (1 —&)*1|©|Tu < §OPT and k is polynomially bounded in the input size.

Let 0 <e < 1and 0 < d <d be two arbitrary but fixed values. Further, let x be defined
as in Lemma 18. We proceed to define an algorithm towards proving Theorem 16. The
main building block of the algorithm is to find a piecewise convex underestimator function
F. .: A) — Rxq of the total expected throughput function F. To this end, we define the
following function he 4 : [0,1] — [0, 1] that rounds numbers to the next power of (1 — ¢), or
to 0 if the number is too small:

if 1—g)t
b n(2) = {0 if & < ( €) )

max{(1—e)*1:(1—e)f 1 < kelk} else.

We define an under-estimator function F; , : A — Rx¢ of the total expected throughput
function by

Fs,n(“) = Z hs,n(ﬂG)FO(u)' (7)

0€©

To define the regions where the under-estimator is convex, we proceed to discretize A by
a non-uniform e-net. For this, we define for every 8 € © and every j € [k] the hyperplanes

Loji={nipmo=(1—cP™}  and Log:={n: =0}

We denote by £ the union of the arrangement of hyperplanes H, H*, and the e-net, i.e.,
L:=HUH*"U{Ly;:0€0,j€ [k]o}.

The set £ again defines an arrangement of hyperplanes in A with

L]

IN

|H| + |H*| + ’{Leﬁj :0e€0,j¢€ [K}OH
m(m—1)  dm(m—1)
5 2

IN

+dm+d(k+1)
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many hyperplanes. We write A, for the set of 0-cells that are determined by L, i.e., the
set of points in A in which d — 1 many pairwise distinct hyperplanes of £ intersect. More
formally,

A = {p € AO): {1} =gy Hi with Hi € £ and H; # H, for i # j}.

]
Note, that the number of 0-cells £ := |A.| in £ is polynomially bounded by the input size as

reia < () 2 mlm=l) y 1Olmm=l) 1 |8fm + d(k + 1)
ST \d-1 0] -1 '

Intuitively, we restrict our algorithm to induce only posterior beliefs in A (O) =
{,,,..., By, } by aset of signals ¥, = {o1,...,0,}. In particular, the algorithm solves the
linear program

ALG::maX{ ZQDO']'F(!]UJ‘) : ﬁa'j EAE((—))?()OUJ' € [07 1] fOI' all -]e [£]7 ZQOO']' ﬁa'j :p*} (8)
jeld] jeld]

and returns a signaling scheme that induces the posterior beliefs ;loj that appear with
positive probability ¢, > 0 in (8) for all j € [(]. Note that if the posterior beliefs ([i,, ) e[
and the appropriate coefficients (¢,;);c[¢ are given, the signaling scheme can be recovered
in polynomial time (cf. [20]).

We work towards proving that the thus defined algorithm yields the claimed approximation
guarantee of (1 —¢*). To this end, we first show that the underestimator function F, , is
convex on every k-cell of £ for all k € {0,1,...,d — 1}. The proof uses that on the interior
of each k-cell of L, the function is a linear combination of affine functions and the values on
the border of the cell cannot be smaller than the continuous expansion of the affine function.

» Lemma 19. For all0 <e <1 and k € N, the function F, ,. is conver on every k-cell of L
forall k € {0,1,...,d —1}. In particular, F, , is affine on the interior of every k-cell of L.

Next, we bound the under-estimator function F ,, both from below and above.

» Lemma 20. Forall0<e <1,k €N, and p € A, we have
(1 - €)F(p,) - d(]- - 6)MF‘max < Fa,n(p) < F(p)v
where Fax = MaXgeo SUPen Fy(u).

With these lemmas at hand, we are ready to prove the main result of this section
(Theorem 16). For the proof, we use that optimizing over the piecewise convex under-
estimator F; , instead of the original function F' causes only a multiplicative error of (1 —¢)
in the (1 — )" L-interior of A and an additional additive error close to the boundary of A.
Since the under-estimator is convex on the interior of every (d — 1)-cell of £, every optimal
convex decomposition of the prior for the convex under-estimator only uses the 0-cells of L.
Bounding their number by a polynomial of the encoding length of the input, we then obtain
the result.

6  Full Information Revelation for Makespan Minimization

In this section, we consider the makespan objective. As the main result of this section, we
show that full information revelation is optimal, i.e., it is optimal to choose ¥ = © and have
0,0 = iy if 0 = 0 and ¢y , = 0 otherwise.
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» Theorem 21. For the makespan objective, full information revelation is an optimal
signaling scheme.

To prove Theorem 21, we consider dynamic equilibria with different deterministic offsets.
We first note that among all dynamic equilibria, the cost of every edge is unique (e.g., [10, 24]),
and, hence, each edge’s queue length is unique. Thus, for every dynamic equilibrium, the
queue lengths are determined by Lemma 3 and are non-decreasing in ¢. Therefore, a particle
entering the system at time ¢ = T has the latest expected exit time C. This implies the
following easier formula for the makespan.

» Lemma 22. Let f be the dynamic equilibrium from (5). Then it holds,
Mp(f) = max{C;(T) : i € S(T)}.

Moreover, if the perceived and the true deterministic offsets b coincide, we have Mp(f) =
T + bry1. We proceed to investigate how changing the perceived offsets influences the
makespan. Formally, let b = (b;);c[m] be the offsets of a given instance. Then, we denote by
f(b) the dynamic equilibrium as defined by (5). For flow f we denote its support at time ¢
by S(t;f). Additionally, we consider another vector of (arbitrary) offsets b" = (b});c) with
b, > 0 for all i € [m]. (For example, the offsets b’ could be the offsets expected by the
particles given a certain belief n.) Assume that particles behave according to b’ rather than
b. Then, the dynamic equilibrium and, thus, the makespan changes if b’ is changed. We
denote by

F') = {f : f is dynamic equilibrium with respect to the offsets b'}

all dynamic equilibria with respect to the offsets b’ and emphasize that these equilibria are
not unique. If the flow f' € F(b’) emerges in the original instance (i.e., the instance with
offsets b) the flow particles experience the exit times

Ci(t;f') =t +

(t-
zl(t,_ )+bi7

Vi

where z;(t; f’) are the queue lengths determined by the dynamic equilibrium f’ . Then, we
denote by

M(b") == sup{ M7 (f') : £' € F(b')}

= sup sup{C;(t;f"):¢t€[0,T),i € S(T;f)}
£'eF (b))

the (worst-case) makespan for given offsets b’. In this setting, we are interested in finding
the best possible b’ > 0 that minimizes the makespan, i.e., we want to compute

inf{M(b") : b’ > 0}. (9)

The function M (b’) is in general not continuous, as illustrated in Example 2. Thus, it is not
clear if a minimum is attained.

Theorem 21 is then proven by showing that the infimum in (9) is actually attained for
the original travel times b. Due to space constraints, we defer the whole derivation of this
result to the full version.
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