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—— Abstract

Houdré and Tetali defined a class of isoperimetric constants ¢, of graphs for 0 < p < 1, and
conjectured a Cheeger-type inequality for ¢ 1 of the form

A2 S SV e,
2

where A2 is the second smallest eigenvalue of the normalized Laplacian matrix. If true, the conjecture

would be a strengthening of the hard direction of the classical Cheeger’s inequality. Morris and

Peres proved Houdré and Tetali’s conjecture up to an additional log factor, using techniques from

evolving sets. We present the following related results on this conjecture.

1. We provide a family of counterexamples to the conjecture of Houdré and Tetali, showing that
the logarithmic factor is needed.

2. We match Morris and Peres’s bound using standard spectral arguments.

3. We prove that Houdré and Tetali’s conjecture is true for any constant p strictly bigger than %,

which is also a strengthening of the hard direction of Cheeger’s inequality.
Furthermore, our results can be extended to directed graphs using Chung’s definition of eigenvalues
for directed graphs.
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1 Introduction

Motivated by Talagrand’s isoperimetric inequality for the hypercubes [20] (see Subsection 1.2),
Houdré and Tetali [8] extended Talagrand’s isoperimetric constant to general Markov chains
and also to different exponents.

» Definition 1 (Isoperimetric Constants for Markov Chains [8]). Let (V, P,m) be an irreducible
Markov chain with vertex set V, transition matriz P € RIVIXIVI and stationary distribution
m:V = Rxsg. For any p € (0,1], define the isoperimetric constant as

p
: . Z’UES 7T(U) : (Zu€§ P(Ua U))
ep(P):= min  ¢,(S):= min .
ScV:r(S)<3 ScV:m(S)<3% T(S)
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On the Houdré-Tetali Conjecture About an Isoperimetric Constant of Graphs

Let 0S :={ve S| gP(v,u) >0} be the inner vertex boundary of S. Then, for p =0,

ues

. . w(0S)
P) .= S) = .
po(P)i= min  wo(S):=  min 205

Given an undirected graph or a directed graph G = (V, E), let Pg be the transition matriz of
the natural random walk, where Pg(v,u) = 1/ deg(v) in the undirected case and Pg(v,u) =
1/ deg®*(v) in the directed case. Then the isoperimetric constant p,(G) for the graph G is
defined as ¢, (Pq).

When p = 1, this is known as the Cheeger isoperimetric constant of a Markov chain
(see e.g. [16]) or the edge conductance/expansion of a graph (see Section 2 for definition).
When p = 0, this measures the vertex expansion of an undirected graph or a directed graph.
Talagrand studied the case p = % and proved a lower bound on ¢ 1 for Boolean hypercubes.
One can view ¢ 1 asa quantity that interpolates between edge conductance and vertex
expansion, since it follows from the Cauchy-Schwarz inequality that o1 (G)? < 1(G) - o(G),
and Talagrand used his lower bound to recover Margulis’ theorem about edge conductance
and vertex expansion on hypercubes (see Subsection 1.2).

For an undirected graph G, one can use the second smallest eigenvalue Ao of the matrix
I — Pg to give upper and lower bound on ¢1(G). The classical Cheeger’s inequality is

Ao(I = Pe) S ¢1(G) S VAol — Pg).

Houdré and Tetali conjectured that the same relations hold for ¢ 1 (G) as well when the
Markov chain is reversible.

» Conjecture 2 ([8]). Let (V, P,m) be an irreducible and reversible Markov chain. Then
(P) S VA2l = P).

It is clear from the definition that ¢, (G) increases as p decreases, and thus Ay < ¢1(G) <
©p(Q) for all p < 1. Therefore, the Houdré-Tetali conjecture is a strengthening of the hard
direction of Cheeger’s inequality. It predicts that when the hard direction of Cheeger’s
inequality is tight for a graph G such that ¢;(G) < /Aa, then the graph must satisfy
¢1(G) < ¢1(G). Or, in other words, when ¢1(G) < ¢1(G) such as on the hypercube (see
Remark 7) or on the dumbbell graphs, then the hard direction of Cheeger’s inequality cannot
be tight. So, the conjecture can be viewed as an improved Cheeger’s inequality in the spirit
of [11, 10] and this is a main motivation of this work.

A(I=P) S

Nl=

Morris and Peres came close to proving the conjecture with an extra logarithmic factor.

» Theorem 3 ([18]). Let (V, P, ) be an irreducible and reversible Markov chain. Suppose
that P(v,v) > % for allv € V. Then

2
pi(P
(I —P) > M
log (1/¢1(P))
Their proof is based on techniques from evolving sets. They lower bounded the “boundary
gauge” U using e, and also upper bounded the mixing rate using ¥ so that they can relate
Ao and (p%.



L.C. Lau and D. Tjowasi

1.1 Our Results

We found counterexamples to the Houdré-Tetali conjecture, showing that the extra logarithmic
factor is needed.

» Theorem 4. There are irreducible and reversible Markov chains (V, P, ) with

2
WSy P 1G5
log (1/53 (P))

The counterexample is simple to describe, which is a weighted undirected graph with
vertex set [n] and edge weight P(i, j) inversely proportional to min{|i — j|,n — |i — j|}®. See
Section 4 for details.

On the positive side, we match the result of Morris and Peres using standard spectral
arguments. We show that the simple sweep-cut algorithm can be used to output a set S
with o1 (S) satistying the guarantee in Theorem 3, without the self-loop assumption. See
Subsection 3.1.

Perhaps more interestingly, the same arguments can be used to prove that the Houdré-
Tetali conjecture is true if we replace % by any constant p > %

log |V|
d P) >

» Theorem 5. Let (V, P, ) be an irreducible and reversible Markov chain. For any p € (%, 1],

2 4
P) <— ([ -P).
(‘Pp( )) =91 2( )
Similar to the discussion after Conjecture 2, this shows that the tight examples of the hard

direction of Cheeger’s inequality must satisfy ¢1,.(G) < \/g ¢1(G) for any € € (0, 3). Also,
this provides an improved analysis of Cheeger’s inequality that if ¢1(G) < /2p — 1 - pp(G)
then ¢1(G) < VA2. So this result has similar consequences as if Houdré and Tetali’s
conjecture was true.

Finally, we observe that the same statement as in Theorem 5 can also be proved for

non-reversible Markov chains, by replacing Ao(I — P) with the eigenvalue defined for directed
graphs by Chung [5]. See Theorem 9.
» Remark 6 (¢, for p < %) For p < %, a simple argument shows that an inequality of the
form in Theorem 5 cannot hold. To see it, consider the transformation P — (1 — 0)I 4+ 6P
for some parameter 0 < § < 1 (equivalent to adding a large self loop when ¢ is small) will
scale , by a factor 6P, while the second eigenvalue scales by a factor of §, and so the ratio
©p(G)/\/A2(I — Pg) scales by 6772 — 00 as § — 0. When p = 1, adding self loops does not
change the ratio. Thus, it is the first exponent where such an inequality makes sense.

1.2 Previous Work on Boolean Hypercubes

The isoperimetric constant 1 was initially studied by Talagrand in the Boolean hypercubes.
Let {0,1}" be the n-dimensional hypercube. For a point x € {0,1}", let ¢ be the point
obtained by flipping the i-th bit of . For a subset S C {0,1}", if z ¢ S define hg(z) =0
and otherwise if z € S define

hs(x) = |{i € [n] | 2®" ¢ S},

so that >~ hg(x) is the size of the edge boundary of S. Let 1 be the uniform distribution
on {0, 1}"™ and u(S) := >, cgu(x). The classical Poincaré inequality can be stated as, for
any S C {0,1}",

1(S) - (1= 1u(S)) S Eanp[hs(2)]. (1)
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Talagrand [20] proved a strengthening of the Poincaré inequality: For any S C {0,1}",
1(S) - (1 = p(S)) S Exmp [V hs(@)]. (2)

The quantity Ev/hg is always smaller than Ehg and can be seen as a different measure of
the boundary information of S. Let 05 := {z | hs(z) > 0} be the vertex boundary of S. By
the Cauchy-Schwarz inequality, Talagrand’s theorem implies Margulis’ theorem [17] that

1(S)? - (1= pu(9))? < Egop[hs(@)] - 1(99),

which was an original motivation for Talagrand to consider the quantity Ev/hgs. More
recently, both Margulis’ and Talagrand’s theorems inspired the analogs for directed graphs
developed in [3, 9], to make major progresses in analyzing sublinear time algorithms for
testing monotone functions. See also [6, 7] for a proof of a Talagrand’s conjecture that further
sharpens these inequalities.

The following remark clarifies the connection between ¢, and the quantities appearing in
Poincaré’s inequality and Talagrand’s inequality.

» Remark 7 (¢, for Hypercubes). For the n-dimensional Boolean hypercube @,,, the stationary
distribution 7 is simply the uniform distribution u. Note that the numerator in ¢ (@) is
exactly +Ege,[hs(z)], and the Poincaré inequality translates to ¢1(Q,) 2 +. Similarly, the

numerator of 1 (Qn) is exactly ﬁELe uwlv/ ()], and the Talagrand’s inequality translates
to vl (Qn) 2 ﬁ

Finally, we note that a parameter similar to ¢, called hfc, was also studied in [6].

2 Preliminaries

Given two functions f, g, we use f < g to denote the existence of a positive constant ¢ > 0,
such that f < ¢- g always holds. We use f < g to denote f < g and g < f. For positive
integers k, we use [k] to denote the set {1,2,...,k}. For a function f : X — R, supp(f)
denotes the domain subset on which f is nonzero. The function log x refers to the base e
logarithm.

Undirected Graphs. Let G = (V, E) be an undirected graph. Let w : E — R>¢ be a weight
function on the edges. The weighted degree of a vertex v is defined as deg,, (v) := > __..5, w(e).
Let S C V be a nonempty subset of vertices. The edge boundary of S is defined as
§5(S):={ecE|enS#0andenS # 0} and w(5(S)) be the total edge weight of 5(S).
The volume of S is defined as vol, (S) := ), g deg, (v). The edge conductance of S and of
G are defined as

w(3(S))

o05) = 0 0s)

and ¢(G) := i #(S).

= min
S:voly, (S)<voly, (V) /2

In an undirected graph, the ordinary random walk has transition matrix P with P(u,v) =
w(uv)/ deg,, (u) for every u,v € V. If the graph is connected, then the stationary distribution
7 is unique with 7(u) = deg,, (u)/ >_,cy deg, (v) for every u € V. It is thus straightforward
to check that ¢(S) = ¢1(S) and ¢(G) = p1(G), i.e. the two definitions coincide.
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Directed Graphs. Let G = (V, E) be a directed graph. Let w : E — R>( be a weight func-
tion on the edges. The weighted indegree of a vertex v is defined as dif} (v) := Y e p w(ud)
and the weighted outdegree of v is defined as d3"(v) == 3" mcp w(vt). In a directed graph,
the ordinary random walk has transition matrix P with P(u,v) = w(wt)/ deg**(u). The
stationary distribution 7 has no easy description but is unique as long as the directed graph
is strongly connected. There are different notions of directed edge conductance for directed
graphs. In analyzing random walks, the standard definition is exactly ¢1(G) as described in
Definition 1, and this quantity is closely related to the mixing time of random walks; see
e.g. [16, 5, 18]. In analyzing graph partitioning, there is a definition that extends the edge
conductance above to directed graphs, which will not be used in this paper; see e.g. [21, 13].

Spectral Graph Theory. Given an undirected graph G = (V, E) with a weight function
w: B — Ry, its adjacency matrix A = A(G) is an |V|x|V| matrix where the (u, v)-th entry is
w(uwv). The Laplacian matrix is defined as L := D— A, where D := diag({deg,, (v) }vev) is the
diagonal degree matrix. The normalized adjacency matrix is defined as A := D~1/24D~1/2,
and the normalized Laplacian matrix is defined as £ :=1 — A. Let A\ (£) < \p(L) <+ <
A (L) be the eigenvalues of £. Tt is known that A;(£) = 0 with eigenvector D'/21, and

A (E) = min gT,Cg — min fTLf — min ZuveEw(uv) ) (f(u) —f(U))2
i gipi2i gt yipt fTDf yipt >, deg,, (v) - f(v)? '

Cheeger’s inequality [4, 2, 1] is a fundamental result in spectral graph theory that connects
edge conductance of an undirected graph G = (V, E) to the second smallest eigenvalue of its
normalized Laplacian matrix:

The random walk transition matrix P is similar to the normalized Laplacian matrix
A, and the matrix I — P is similar to the normalized Laplacian matrix £. In particular,
I — P enjoys the same spectral properties as £ with real eigenvalues and a quadratic form
characterization of Ay as above; see Lemma 8.

Chung [5] defined the Laplacian matrix of a directed graph and used it to prove an analog
of Cheeger’s inequality. These will be stated in Subsection 3.2.

3 Positive Results

To prove Theorem 5, we follow standard spectral arguments used in proving Cheeger-type
inequalities, in Trevisan’s style. First, we start with the second eigenvector fs : V — R and
truncate it so that the m weight of its support is at most half while preserving its Rayleigh
quotient. The proof of the following lemma is standard and we defer it to the end of this
section.

» Lemma 8. Let (V,P,m) be an irreducible and reversible Markov chain. Let fo be an
eigenvector associated to the second smallest eigenvalue of the matrix I — P, with w({v |
f2(v) > 0}) < L. Define the truncated vector f such that f(v) := max{fs(v),0} for all
veV. Then

Zf(i)Zf(j) (i) - P(i,7) - (f(&) = f(5))*
Y icv (@) f(i)? '

Ao(I —P) >

36:5
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Then the plan is to prove that one of the level sets has small isoperimetric constant.
We index the vertices by [n] and order them so that f(i) < f(j) for i < j. For any ¢ > 0,
define the level set S; := {i € [n] | f(i)? > t}. By the construction of f, it holds that
m(Sy) < % for any ¢t > 0, and s0 ¢, (P) < ming.;>o ¢, (S;). For convenience, we rescale f so
that max; f(i) =1

To prove that one of S; has small isoperimetric constant, we choose a uniform random t €
[0,1] and consider ¢,(S). We will bound the expected value of the numerator of ¢, (S;) and of
the denominator of ¢, (S;) and conclude that there exists a ¢ with ¢,(S;) at most the ratio of
the expected values, i.e. tnt11>1% ©p(St) < Ei[numerator of ¢,(S;)] / E¢[denominator of ¢,(S;)].

The expected value of the denominator is easy to analyze. Since we choose ¢ uniformly
randomly, each vertex i is included in S; with probability f(i)?, and thus

Eofm(S)] =Y w(i) - f(i)*.

%

The rest of the proof is to analyze the expected value of the numerator Y-,y 7(i)- P (i, S ).
For a vertex i, if the random threshold ¢ is between f(j)? and f(j —1)? with f(j) > f(j — 1),
then P(i,S;) = P(i,[j — 1]), and so

i

E[P(i,S)] = Y (fG)*—fG—1?) PG, [ — 1)

= Z(f(j)sz(jfl)z)' (PG, 1) = P(i, [l = 1))7)

<
Il
-
Il
-

= > (f@? = r?) - (PG, - PG, - 1)),

=1

where the second equality is by writing a telescoping sum and the third equality is by a
change of summation. So, the expected numerator E;[> ;- w(i) - P(i, S;)P] is

Z dow(i) - (F()* = f(5)°) - (PG, ) = PG, [~ 1])7)

IN
™
™

>1

I
=
=

e
|
<

" (PG, i) = PG, [j = 1))7)*
;;ﬂ' +f( )) P(i,])

=

N2 n (i) i P(z,[])p P(i,[j—l])P)2
SN SEEURIUES DR i o

IN
&
i-
=}

j=1

where the first inequality is by Cauchy-Schwarz, and the second inequality is by Lemma 8
and (f(3) + £(j))? < 4f(3)? and P(i, j) = P(3,[j]) — P(i, [j — 1))

To upper bound the inner sum of the second term, we denote a; := P(i, [j]) and it suffices
to upper bound the sum of the form E ((af —al_ )?/(a; —a;j—1) with ap =0 and a,, <1,
with a bound independent of n. Let C’(n a) denote the supremum of the sum when a,, = a.
Note that C'(n,a) = a?’~! - C(n, 1) by a simple scaling argument. Let (a;)?_; be an optimal
sequence that achieves the supremum of C(n,1). Then,
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1_ap 2 1_a17 2
C(n,1) = C(n—l,an—ﬁ-ﬁ-% = o Ccn-1,1)+ (1_ n—1)
n—1 Up—1

1— P 2

< ai{—ll.C(n,1)+( 1)

1*0471 1

It follows that

(1 —aP)? (1 —aP)? 1
C(n,1) < sup < sup < ,
( ) a€(0,1] (1 —a)(1—a?1) a€(0,1] (2p —1)(1 —a)? 2p—1

where the second inequality is by the mean value theorem that 1 —a??~! > (2p — 1)(1 — a)
and the last inequality is because a € [0,1] and p € (3,1]. Clearly, C(n,1) > C(n,a,) for
any a, € [0,1], and so the inner sum of the second term in the expected numerator is at
most 2})%1. Putting together, this completes the proof of Theorem 5 as

©p(P) < min ¢, (S;) < Ee[> ;- 17T[( ()S i, S)P 3 Q\F\/i

t:t>0

which implies that ((pp(P))2 < 2194771 g

3.1 Recovering Morris and Peres’s Result

To recover Theorem 3, we follow the same arguments but add a truncation step so that the
sequence a; above will start with ag ~ QD%(P). In this subsection, we plug in p = % As
above, the main work is to upper bound the expected value of the numerator. Recall that

i—1

B[\ PG S)| = Y (£ = £()) - (VPG LD - VPG [ = 1),

j=1

Let I; be the index such that /P <iop @1 (P) but \/P(i,[l; +1]) > 1¢ 1(P). Then, we

can upper bound the right hand Slde by

1

E:[\/P.50)] < 504 (P)- 162 + (FG)? = £+ 1)) (VPG T+ 1)) -

1
2

<.
Ju

J=li+2

To shorten the expression, let us use the notations

a;0=-p1(P) and a;; =P, [+ 7).

1
2

N |

Summing over 4 and using these notations, the expected numerator is

B[S (i) /P3| < %@(P)-Zﬂ(i)-f(if
=1 =1

1—l;—

Z FUi+3)?) - (aij — aij-1)
=1

<.
—

APPROX/RANDOM 2024
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Applying Cauchy-Schwarz as before gives

(*) = fli+3))* P(i,l; + j)

IA
NE
=
=

i=1 j=1
n i—l;—1 P -
= ’\2'znjﬂ(i)-f(i)2~ iél-ﬂ(i)-f(i)?.fw
) =1 i=1 — a;j+aij1
(%)
where the second inequality uses Lemma 8 and P(i,; + j) = aij _ ag}j_l.

To upper bound (xx), we let b; := a; ; and use that %@%(P) =bp<b <...<b, <1=
bm+1 to upper bound the function

by —by by — by by — b1 1 —bpy,
2 (bo, b1, ..., bm) —
f ( 0: 7 ) bl + bO b2 + bl bm + an—l 1+ an
The partial derivative of f is
of _ 2%bin  2biyn 2(big1 — bi—1)(bi—1biy1 — b7)
Ob;  (bi +bi—1)?  (biy1 +b;)? (bi +bi—1)(biy1 + b;)?

Since b;41 — b;_1 > 0 by definition, the function increases up until b? = b;_1b;,1 and then
m+1—i

decreases. So, the maximum is attained when b; = (bg) =+T with by = %goé(P) and

bm+1 = 1, in which case the sum is

mily milq _ bici mil l_b%ﬂ l—bﬁ
b;
= = —_— m—+1
Z b +b Z 1+ bi— ’Lz; 1+bm1+1 ( ) 1+bm1+1

For by € [0, 1], this value is increasing when m increases, and so the sum is upper bounded by

1 1
1-0b¢ 1-02 1—bY
(%) < lim x - 9 — lim z- % = lim 0
— hmM:hOglzllog 2
y—0 2 2 bo 2 @%(P)’

where the third last equality is by L’Hopital’s rule. Plugging this back into (xx) and (x), the
expected numerator is

[iw )/ P50 S;%@%iﬂﬁﬂﬁ
+ )\Q'Z’/T 2": 2log

i=1

3

" (i) - f(i)?.

l
2

As before, the expected denominator is E¢[m(Sy)] = >,y 7(i) - f(i)*. Putting together,

E,| Y0, (i) -/ PG S))|
ey (P) < min gy (S1) < <

1
fun, S E,[7(5)] 593(P)+, [2log

Ao

_2
p1(P)

Rearranging recovers Theorem 3.
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3.2 Non-Reversible Markov Chains

Houdré and Tetali only formulated Conjecture 2 for reversible Markov chains of which the
eigevalues of I — P are real. For non-reversible Markov chains, we observe that Chung’s
definition of eigenvalues for directed graphs [5] can be used to obtain the same results in
Theorem 3 and Theorem 5.

Given a directed graph G = (V, E) with a weight function w : E — R>¢, let Pg be the
transition matrix of the ordinary random walks on G' with Pg(u,v) = w(uv)/ ), oy w(uv)
for each edge uv € E. Suppose G is strongly connected, then there is a unique stationary
distribution 7 : V' — Ry such that 77 P = 77, Let II = diag(m). Chung defined the
Laplacian of the directed graph G as

B, 1/ .
Loi=1— i(HfPH*% + H*%PTH%).

Since L is a real symmetric matrix, its eigenvalues are real. Let Ay be the second smallest
eigenvalue of Lg. Chung [5] proved an analog of Cheeger’s inequality that

%@1(67’)2 < Xa(La) < 201(@).

We observe that )\g(ig) can be used to extend our results to non-reversible Markov chains.

» Theorem 9. Let (V, P,m) be an irreducible Markov chain. For any p € (%, 1],

(‘pP(P))z < 2p4— 1 : )‘Q(I_:G)'
Forp=1/2,
M(E) z — 2P

Note that the main proofs of Theorem 5 and Theorem 3 (i.e. computing the expected
numerator) did not require the Markov chain to be reversible. The reversible assumption was
only used in characterizing the second eigenvalue in Lemma 8. The following is an analog of
Lemma 8 for non-reversible Markov chains using Chung’s definition of the second eigenvalue
of directed graphs.

» Lemma 10. Let (V, P, m) be an irreducible Markov chain. Let vy be an eigenvector associated
to the second smallest eigenvalue of the matriz Lg. Define the reweighted eigenvector
fo 1= IT"2vy, with 7({v : fo(v) > 0}) < 1. Define the truncated vector f := max(f2,0).
Then

- Zu,vEV:f(u)Zf(v) m(u) - P(u,v) - (f(u) = f(v))?
halbe) = Yooy TP '

With this lemma, we can follow the proofs of Theorem 5 and Theorem 3 verbatim as in
above, by defining level sets S; using the truncated vector f and computing the expected
numerator and denominator and so on.

This concludes the proof of Theorem 9. We will prove Lemma 10 in the next subsection.

36:9
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3.3 Proofs of Auxiliary Lemmas

In this subsection, we prove Lemma 8 and Lemma 10. The proofs are standard but we
include them for completeness.

Proof of Lemma 8. For f,g : V. — R, we define (f,g)r := > .o, 7(i) - f(4) - g(i). By
definition of the second eigenvector, ((I — P)fa, f2)r = A2{f2, f2)x-
For f := max(f2,0), note that Pf > Pfs, as

(PG = p0)1G) =D pli, ) f2(5) = (Pf2) (i),

jev jev

and thus

(Prfla= > w@PH@OF@O =Y 7@ (PR ) = LX) f ),
1€V f2(i)>0 1€V, f2(i)>0

where the last equality uses that Pfo = (1 — A\p) fo. It follows that

<(Iip)faf>7r
(£ hx

The denominator is the same as the denominator in the statement. It remains to check that

Ag >

the numerator is also the same as the numerator in the statement. By direct calculation,

(I =P)f )= _m(@i)f(i)* = (i) Y P(i.5)f(4) (i)

iev i€V jev

=33 w(O)PG,4) ) =D w(i) P, i) f() £ (D)
i€V jev i€V jeV

= S R PG) (576 + 16 ~ 1O IG))
i€V jEV

= SR (PG — G

where the second equality uses > .y P(i,j) = 1 and the third equality uses reversibil-
ity which gives 7(i)P(i,j) = m(j)P(j,i) for all i,j € V, to get >_, . 7(i)P(i,j)f(i)? =
Zi,j m(1)P(i,7)f(5)*. |

To prove Lemma 10, we will use the following facts about Ay(Lg) in [5].

» Lemma 11 ([5]). Let G = (V. E) be a strongly connected directed graph and m be its
stationary distribution. The second smallest eigenvalue Ao of the directed Laplacian EG
satisfies

e Suver w0 P) - |f() — )
i ey 7(0) - [P

Suppose vy is an eigenvector of L¢ associated with eigenvalue Ao. Then, for the reweighted
etgenvector fo 1= H_%Ug, forallueV,

Yo Folu) () = 5 37 (o) — Fo(0) - ()P, 0) + 7(0) Pl ).

v
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Proof of Lemma 10. We claim that the truncated vector f := max{f2,0} satisfies

1

Az - f(u) - m(u) > 52 (f(uw) = f(v)) - (m(u)P(u,v) + 7(v) P(v,u)).

v

for all w € V. Indeed, for u such that f(u) > 0,
Ao - f(u)-m(u) = Xa- falu)- m(u)
= % > (f2(u) = f2(v)) - (w(w) Pu, v) + 7(v) P(v, w))

veV
> 13 () - £0) - (1P, ) + 7(0)Plo. ),
veV

where the second equality is by the fact above and the last inequality is by fa(u) — fa(v) >
flu) = f(v) for all u,v € V due to truncation. For u such that f(u) = 0, the inequality holds
trivially because

Ao f(u) -m(u) =02> % ( - f(v)) . (W(U)P(U,’U) + W(U)P(v,u))

as f(v) > 0 for all v by truncation. Thus the claim follows. Multiplying both sides of the
claim by f(u) and then summing over all u gives

X 30 Pw) 25 3 Fw) Y ()~ F0) - (ru)P(uv) + 7(0) Plo )

ueV ucV veV
1 1 1
= 52 Do) Pluv)- (3700 + 570) ~ f)] ()
ueVveV
1
= 52 o) Pluyw) - (flu) = f@)"
ueVveV
This is equivalent to the statement where the sum is over pairs with f(u) > f(v). <

4 Counterexamples

In this section, we prove Theorem 4 by constructing a family of counterexamples and bounding
their second eigenvalues and ©1 value. The construction is simple.

» Definition 12 (Counterexamples). Let G,, be a graph with vertex set [n]. For each i,j €
[n],i # j, the edge weight is
1

P(i» ) = 3
P O (mindli—dha—i— )

where C =", 1/min{|i — j|,n — |i — j|}* is the normalizing constant to make the graph
1-reqular.

We will prove the two claims in Theorem 4 about the second smallest eigenvalue and the
v1 5(@) value. First, we analyze the second smallest eigenvalue, based on the construction
that I — P is a circulant matrix.

» Lemma 13. For G,, in Definition 12, the second smallest eigenvalue of I — P is

I
Ao(I — P) < 2B

n2
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Proof. By our construction, the graph G, is cyclic that P(i,j) = P((i + k) mod n, (j +
k) mod n) for all 4, j, k € [n]. So the matrix I — P is a circulant matrix of the form

ao ai az an—1
an71 aO DR DR an72
I-P=|an2 an B an—3
aq a9 e . an
where ag =1 and a; = —P(1,j + 1) for all j € [n]. It is well-known that an n x n circulant
matrix with first row entries a € R™ has eigenvalues and corresponding eigenvectors
Tyn—1
) ,wn—l }
) k=0

n—1
yn—1
{Zaiwkl} and {(1,wk,..
; k=0
=0
where wy := e »  are the n-th roots of unity for & € [n] (where 2 denotes the imaginary

. 27k
So, the second smallest eigenvalue Ay of I — P corresponds to the first n-th root of unity

number).
n

Wiz w) = e* . and
[n/2]+1
> P = > P(Li)w Tl
i=|n/2]+2

)

n—1 n
)\2 = Zai -wi = ZP(LZ) -
i=0 i=2 i=2
We consider two cases, when n is odd and n is even. When n = 2k + 1 is odd, note that by
definition P(1,7) = P(1,2k +3 —4) for 2 <¢ < k+ 1 and so we can pair up the terms in the

above equation to get
k+1 k+1 B 1 \2
b= 3P (2 - - ) == 2 P (0 F - )
i=2 i=2 w2
Using the definition of w* := X = cos %Tﬂ + 2sin %T’T, it follows that
kel i—1 i—1\ 2 k+1 (l — 1)7T 2
Ap = ;P(l,i)(w2 —w ) = S P(1,i) (2zsin - )
1
— 41 p(1,4) (sin (i )W)
n
1 1
T A== < =17 for

Finally we use the fact that sinaz < = and that P(1,%)

2<i<k+1asC >1to conclude that
k41 . k
(z—l)w)2:4zl(7ﬁ)<logn
i:li n2/) ™~ n2
1
<

1
Ao < 4 Z (
i 1)3
— (i—1) n
When n = 2k is even, the proof follows along the same lines, but we need to remove the term
—1. However, it only contributes a term of O (—3) to

k = % + 1 in the sum because wh'? =
the sum, which is negligible.
It remains to prove that ¢ 1 (P) Z IW%. As this graph is symmetric, our intuition is that
¢1(P) attains its minimum at the set S ={1,..., 3}. In this case, for each vertex i € S,
1 1
- > PR
-2
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which implies that

ey | = 11 logn
(S)ZZE P(l,S)ZEZ;N :

n
1

P

N

1=1 7

Our plan was to prove that S indeed attains the minimum, but we do not have such a proof.

Instead, we will work on a slightly different lower bound, which satisfies a concavity property
that allows us to argue that sets of consecutive vertices attain the minimum, in order to
prove the lower bound. It turns out that the proof is a bit long and we will present it in the
next subsection.

4.1 Proof of p1 Lower Bound

First, we set up some notations for the proof. Let us partition the vertex set of G,, into two
sets A and B := G\ A with |A| < |B|. As the graph G, is cyclic, we can arrange the vertices

V = [n] in a clockwise manner and without loss of generality we assume 1 € A and n € B.

Let us divide the vertices of A and B into contiguous sets Ay, By, As, Bo, ..., A, By in the
cyclic representation, and denote their sizes by a; := |4;| and b; := |B;| for 1 <4 < k. More
explicitly, for 1 <14 < k, the vertices in A; and B; are

i—1 i—1 % i—1 i i—1 % i—1
Jj=1 Jj=1 j=1 j=1 Jj=1 Jj=1 j=1 Jj=1

For two disjoint subsets S,T' C V, let us define f(S,T) := >, .g+/P(u,T). Note that
¢1(A) = f(ﬁx'B) so our goal is to lower bound

k

f(AaB) = Zf(A“B)

=1

For two sets S,T € {A;}¥_, U {B;}r_,, let us define the contiguous block [S,T] to
be the block of sets from S clockwise up until 7', possibly going around. For example,
[By, As] := B U A3 U By U Ay, and note that [S,T] # [T, S] since the sets are counted
clockwise.

After we set up the notations, we start with a lower bound on f(A;, B) by a natural
function, the logarithm of the size of contiguous sets, which is the “slightly different lower
bound” that we mentioned before this subsection.

» Lemma 14. For 1 <i<k,
V20 f(AiB) = 325, (log (14 A, + 1) +log (I[Bi, Bj-a]| +1)

~10g (I[By, Aj]| + 1) ~ log (|[4s, Bja]| + 1)),

where C' is the normalizing constant in Definition 12 and |[S,T]| denotes the number of
vertices in the block [S,T].

Proof. We prove the statement for f(A;, B). By definition of f, A;, B; stated above,

V2C - f(A1,B) = V2C- Z ZPZB[

€A =1

ai k b l -1
EB SNDID I (S SIS STy ]
m=1 m=1

i=1 \ =1 j=1

36:13
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By the definition of P in Definition 12, P(i,j) > ﬁ and so

VT jam) > V2SS (et Sobrioi)

i=1 \ I=1j=1 “m=1

a;—1 -3

kb l -1
= VXS (St Sbmrini)
1=0 =1 j=1 m=2 m=1

We lower bound the inner sum by an integral, so that

a;—1 k bi+1 l -1 -3
V2C - f(A1,B) > \@Z Z/ (ZaerZb +x+z> dx
i=0 =171 = m=1
a;—1 l —2
- Z(z(zam+zbm+ +1)
=0 =1 m=2

l l h —2\1/2
—(Za + Y b —l—z—i—l) ) .
m=2 m=1

B

Now we use the following simple inequality about decreasing numbers.

> Claim 15. Let (ay)%_;, (Bi)%_, be positive real numbers such that oy > 31 > ag > 32 >
«2ag > Br > 0. Then

k k 9
S5 = (X (i —51) -
i=1 i=1
Proof. The proof is by induction. For i = 1, the claim is clear as af — 32 > (a1 — 51)%

Suppose that the claim is true for i = k. Let A = """} (a2 — 2) and B = ZkH( a; — ).
For the induction step, we need to show that o — 87 + A > (a; — 31 + B)?. Since A > B?
by induction, it suffices to show that a? — 82 > (a; — f1)(a1 — B1 + 2B), which is equivalent
to B1 > B. It follows from the property of decreasing sequence that B < as < 31, verifying
the induction step. <

The \/a; and +/f; in the right hand side above satisfy the assumptions of the claim, and
thus

kall

l -1 l l -1
\/ﬁfAl, ZZ <<2a7rz+zbm+7'+1> _<Zam+zbm+i+1) >
=1 =0 m=2 m=1 m=2 m=1

We again lower bound the inner sum by an integral so that v2C - f(A4;, B) is at least

/O <<zl:am+§bm+x+1> <1§am+;bm+x+1>l>d1
(1 Zam+2b +1>log(iam+lzlbm+1>

m=1

log<Zam+Zb +1>+log<Zam+Zb +1>>

m=1

—1

—1

zm»n«
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= Y (10g(\[A1,Az]| +1) —log (|[B1, Al + 1) —log (|[A1, Bi]| +1)

+1og (|B1, Bl +1)).
using the definition e.g. |[41, Bi]| = Zé»:l(a:j +bj). <

Next, we are going to sum up the lower bounds in Lemma 14 to obtain a lower bound on
f(A, B). To write the sum nicely, we use a simple observation on the signs of the logarithm
in our sum. Let us call a contiguous block [S, T] odd if there are an odd number of sets in
{A;}k U {B;}¥_,, and even otherwise. Note that the odd blocks are exactly those with the
first and last sets from the same partition A or B, e.g. [A;, A;], [B;, B;|. With this definition,
the lower bound on f(A, B) can be written as follows.

» Lemma 16. Using the definitions and notations in this subsection,

V2C-f(A,B) > > g (IS TI+1)— > log (|[S, T)+1)—(k—1)log(n+1),

S#T:[S,T)odd S#T:[S,T)even
where the sum is over S, T € {A;}f_, U{B;}%_,.

Proof. We sum the inequalities in Lemma 14 from 1 < ¢ < k. On the right hand side of
the inequality in Lemma 14, we see that all contiguous blocks starting from A; or B; are in
the sum, with the odd blocks positive and even blocks negative. Thus, summing over all
A;, every contiguous block is counted once as it is uniquely determined by the starting and
ending sets, except for the whole cycle which appears once on the right hand side for every ¢
with a negative sign. <

To prove a lower bound on the right hand side of Lemma 16, the idea is to use the
following concavity property.

» Lemma 17. For k > 2, consider the function

h: (@17b1-~-aak7bk)—>

S log (ST +1) = Y log (IS, 7] +1) — (k- 1)log(n + 1),

S#T:[S,T]odd S#T:[S,T]even

where the sum is over S, T € {A;}*_, U{B;}r_, and so |[S,T]| depends on a1,by,...,a,by.
Then, for all positive j, the function

g:x— h(x,by,s —x,ba, ..., ak,bg),

obtained by fixing non-negative integers by, by, as, bs, ..., ar, by as the size of the other sets
and s as the sum of a1 + az, is concave on x € [0, 5].

Proof. To prove concavity, we use the second derivative test, where g is concave if the second
derivative g” is non-positive. We write g as go + g1(x) + g2(x), where the g1 () consists of all
the log terms which contain A; but not As, and similarly go(x) consists of all the log terms
which contain only Ay but not A;. The remaining terms are in gg, which either contain both
A7 and A, or none of A; and As. Note that these terms are independent of z, because if a
block [S, T contains both A; and Ay then its size |[S, T]| is the same even when we change
x, so these terms can be ignored when we compute derivatives.

36:15
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Let us focus on g; () first. The blocks that contain A; but not As must be of the form
[S, A1] or [S, By] for some set S. Let o([S,T]) denote the parity of the block [S,T]. Note
that the parity of [S, A1] and [S, B] are different, and so

@) = 17D ((log (|[5, 41|+ 1))~ (log (I1S. B1]| +1))")
S

= Y (~petsann (1og(|[s, Bi)| + 2 +1)" — (log(|[S, Bi]| + = + by + 1))
S

= Y (1o ((|[s, Bill+a+1)"2 = (IS, Bill + =+ b1 + 1)*2)
S

= Y (~1yeEaD (m 1S, Byl 42+ 1) (IS, Byl |+ w4+ by + 1)
S

o (8B o4 ) (S Bl b+ 1)),

where the sum is over S € {A;}%_, U{B;}*_,. In the special case when S = A;, we violate
our own notation and let |[A1, Bi]| = 0 in this proof; all other cases are still the same.

When b; = 0, the sum equals zero and we are done, so assume by # 0. To see that ¢} (x)
is negative, we pair up the terms with S = B; and S = A;; with indices taken modulo k so
that

1

a~g’1/(x) = Z[(\[Bi7Bk]|+x+1)’2.(|[Bi,Bk]\+x+b1+1)*1

i=1
+ (B Bell + 2 +1) - (1B, Bell + 2+ by +1)
— ([, Bell +2+1) "7 (|[Aigr, Bl + 2+ by + 1)

= (i, Bl + 2+ 1) 7 (s, Bl + @+ b +1) 7]
< 0,

where the inequality holds because |[A;+1, Bi]| < |[B;:, Bx]| and so each summand is negative
(recall the special case that |[A1, B]| = 0 in this proof).

The function gs(z) is handled analogously in view of the symmetry of the second derivative
of the logarithm. This proves that g is concave. <

With the concavity property, we can apply a simple “swapping/merging” argument to
reduce to the case when there is only one contiguous set, i.e. kK =1, and then finish the proof.
By concavity, the function g(z) attains its minimum at one of the endpoints, and so

h(ai,...,b,) > min {h(07b1,a1 +ag,ba, ..., an,b,),h(a1 + az,b1,0,be,. .. 7ambn)}

The next observation is that when one set has size zero, we can merge the two adjacent sets
in the same partition into one. More formally, let b; = 0 without loss of generality, we claim
that

h(al,O,ag,bg - ,ak,bk) = h(a1 + ag,bg, .. .,ak,bk).

To see this, note that |[S, A1]| and |[S, B1]| have the same values but they have different
signs so the terms involving them cancel out each other, and similarly the terms involving
|[B1, S]] and |[A2, S]| cancel out each other. Therefore, in h(ay,0,as,bs, ..., ak,by), there are
no terms ending with A; or B; and no terms beginning with By or As, and all the remaining
terms have a one-to-one correspondence with the terms in h(ay + asg, ba, . .., ag, by).
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This reduces k by one. Repeating the same argument until £ = 1, we see that
V2C - f(A,B) =z h(|A],n — |A]) = log(|A] + 1) + log(n — [A] + 1) — log(n + 1),

and thus
B . f(A B) . h(l,n—=1)
1O = min THT R T

2

log(l +1 I —1+1) -1 1

_ gy 18D log(n 1) ~logln 1)
=3

Vv

P

where we used that C is upper bounded by an absolute constant.

It remains to lower bound the right hand side. Since [ < %, it follows that log(n — 1 —

1) —log(n+ 1) > log((n +1)/2) — log(n + 1) = —log 2, and so

log(k 4+ 1) +1log(n — k+ 1) —log(n + 1) - log £+1 S log £+1 < logn
K =R~ TEL ST
2

where the last inequality is because 105 ™ is decreasing for n > 3 and for 1 < k < 4 the last

inequality clearly holds when n is large enough. This concludes the proof of Theorem 4.

Concluding Remarks and Open Questions

We believe that the same analysis of ¢,(G) can be extended to other generalizations of
Cheeger’s inequality in [15, 11], and also to the directed edge conductance using the recent
notions of reweighted eigenvalues in [19, 12, 13, 14]. We leave it as an open question to find
a counterexample where the transition matrix is the simple random walk matrix of a graph.
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