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—— Abstract

For distributions over discrete product spaces H;l Q;, Glauber dynamics is a Markov chain that
at each step, resamples a random coordinate conditioned on the other coordinates. We show that
k-Glauber dynamics, which resamples a random subset of k coordinates, mixes k times faster in
x2-divergence, and assuming approximate tensorization of entropy, mixes k times faster in KL-
divergence. We apply this to obtain parallel algorithms in two settings: (1) For the Ising model
pan(x) o< exp(s (z, Jx) + (h,z)) with ||J|| < 1 — ¢ (the regime where fast mixing is known), we
show that we can implement each step of 6(n/||JHF)-Glauber dynamics efficiently with a parallel
algorithm, resulting in a parallel algorithm with running time 5(HJHF) = 5(\/6) (2) For the mixed
p-spin model at high enough temperature, we show that with high probability we can implement
each step of @(ﬁ)—Glauber dynamics efficiently and obtain running time 5(\/5)
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1 Introduction

A key problem in computer science and statistics is to sample from a probability distribution
given its probability mass function up to a constant of proportionality. The problem has
been studied both over discrete spaces (such as Q™ for a finite set ) and continuous spaces
(such as R™); the goal is to give efficient algorithms for general classes of distributions, and in
particular, to obtain optimal scaling in the dimension n. In this work we focus on minimizing
the parallel running time, assuming a polynomial number of processors. In R", it is natural
to change multiple coordinates at a time using gradient-based algorithms such as Langevin
dynamics and Hamiltonian Monte Carlo; many results have given algorithms that require a
sublinear number of steps for log-concave distributions in various settings.

However, on discrete product spaces 2", the canonical algorithm, Glauber dynamics,
involves resampling coordinates one at a time, and hence requires at least n steps in general.
A natural attempt to speed up Glauber dynamics with parallel computation is to resample
k coordinates at a time. We establish that under general conditions, this simple idea does
indeed speed up Glauber dynamics by a factor of approximately k.

To obtain a parallel algorithm, the task remains to give a fast parallel method of resampling
k coordinates. We show that this can be done in the case of the Ising model pj, over {£1}"
when the interaction matrix J is bounded away from 1 in operator norm, ||J|| < 1 — ¢, and
in the case of the mixed p-spin model at high enough temperature, both of which are known
to enjoy rapid mixing of standard Glauber dynamics.

© Holden Lee;
37 licensed under Creative Commons License CC-BY 4.0

Approximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques
(APPROX/RANDOM 2024).
Editors: Amit Kumar and Noga Ron-Zewi; Article No. 49; pp.49:1-49:24

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:hlee283@jhu.edu
https://orcid.org/0000-0003-3534-8739
https://doi.org/10.4230/LIPIcs.APPROX/RANDOM.2024.49
https://arxiv.org/abs/2307.07131
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

49:2

Parallelising Glauber Dynamics

The Ising model is a classical model from statistical physics which has probability mass
function on {£1}" given by

exp (% (z, Jx) + (h, x)) ,  where Z;), = Z exp (% (z, Jz) + <h,$>) :
ze{+1}m

1
pan(x) = T

The regime ||J|| < 1 is exactly where (based on information of the operator norm alone)
Glauber dynamics is known to have fast mixing [24, 8]. To sample k coordinates, we use
approximate rejection sampling with a product distribution and a further recursion for certain
“bad” sets. By taking k = 6(n/ | J|| ), we obtain an algorithm with parallel running time
O(l71lp) = O(v/n).

The mixed p-spin model with coefficients s, B3, ... and external field h € R™ is the
random measure on {£1}" given by!

1g.g.n(7) < exp(Hp g n(x)),

o Bp /P! -
where Hp g p(2) =) ~75 Giroo iy Ty Ty + ) ity (1)
i=1

p=2 " % 1<ij<.<ip<n

and g;,,....;, ~ N(0,1). By taking £ = ©(y/n), we obtain an algorithm with parallel running

time O(y/n).

1.1 Main results

Let 41 be a distribution on [];-; Q. We define k-Glauber dynamics as the Markov chain which
given a sample x € [];_, €}, chooses a subset S C [n] uniformly at random among subsets of
size k, and resamples the coordinates in S conditional on coordinates in S¢, according to the
distribution of u. Let P, ; denote its Markov kernel.

We show that under general conditions, k-Glauber dynamics mixes k times faster in both
x? and KL-divergence. We say that a Markov kernel P with stationary distribution p satisfies
p-contraction in y?-divergence if D,2(vP||u) < pDy2(v||p) and similarly for Dkr,; this can
be iterated to give a mixing time bound. See Section 2.2 for background on functional
inequalities (Poincaré inequality and approximate tensorization of entropy).

» Theorem 1.1 (k-Glauber mixes k times faster). Let p be a distribution on Q = [[;_, O,

and let 1 < k <n. Below, let C > 1.

1. If p satisfies a Poincaré inequality with constant Cn, then P, satisfies a Poincaré
k

inequality with constant O (%), and satisfies (1 — Q (@))—contmction in x2-divergence.
1

2. If p satisfies C-approzimate tensorization of entropy (so that P, satisfies (1 —Q (@))—
contraction in KL-divergence), then P, satisfies (1 — Q (%))—contmction in KL-
divergence.

Here, the O(+) and (-) hide only universal constants. The Poincaré inequality is equivalent

to contraction in x2-divergence, so part (1) gives a Q(k)-factor speedup to mixing in x2. The

analogue of the Poincaré inequality for KL is a modified log-Sobolev inequality. Although we
need the slightly stronger notion of approximate tensorization of entropy to prove a speedup
to mixing in KL, we note that many works that establish a modified log-Sobolev inequality
do so using tensorization of entropy [12, 8]. See Section 2 for relevant background on mixing

for Markov chains.

e factor | arises as we index only over increasing sequences.
L The fact ! d ly
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We prove Theorem 1.1 as Corollary 3.6 of the more general Theorem 3.5. We view k-
Glauber dynamics as randomly erasing & coordinates one by one, and then adding them back
one by one according to the right conditional distributions. This realizes k-Glauber dynamics
as a composition of down and up operators Dy, 1+ Dp—kt15n—kUn—k—n—k+1 " - Un—1—n-
The assumptions give contraction of D, _,,_1, and our general theorem shows that the
contraction of each D;_,;_; is at least as good as Dy, _,—1 (except for an additive factor).
To do this, we realize D;_,;_1 as D, _,—1 tensorized with erasure “noise” and projected, and
bound how the factor of contraction changes under these operations. We make an analogy
to bounding the Poincaré and log-Sobolev constants of a distribution u on R™ convolved
with Gaussian noise, and the proximal sampler based on iteratively adding and removing
Gaussian noise (more specifically, sampling from the posterior distribution given a noisy
Gaussian observation of the sample from ).

Algorithmically, the challenge with implementing k-Glauber dynamics is that naive
enumeration for the transition kernel takes 2* time, and hence we must find a way to use the
structure of the distribution to implement each step more efficiently. We show that in the case

of the Ising model, we can efficiently simulate k-Glauber dynamics for k& = 9] (n/ HJ Q HF), to
obtain a parallel algorithm running in time 9] (HJ B HF>7 where J® denotes J with diagonal
entries set to 02. Under the assumption that ||.J|| < 1, this is always at most 5(\/71)

» Theorem 1.2. Let ¢ > 0. With appropriate choice of constants depending only on c, if J
is symmetric positive semi-definite with ||J|| < 1 — ¢, then ParallellsingSampler (Algorithm 1)
with appropriate constants outputs a sample e-close in TV distance from the Ising model
W and, with probability at least 1 — €, runs in time O (max {HJ& HF , 1} poly log (%)) on

a parallel machine with poly(n) processors.

We note that our algorithm is a high-accuracy sampler: the only dependence on ¢ is a
poly-logarithmic dependence in the running time. Notably, the number of processors does
not depend on €. We rely on the result [8] that gives optimal (O(nlnn)) mixing times for
the Ising model for ||.J|| < 1 based on the theory of entropic independence.

The first attempt to implement k-Glauber dynamics is to approximate the conditional
distribution of k coordinates using a carefully chosen product distribution and use rejection

sampling. Using concentration results (the Hanson-Wright inequality), if HJ S&X S ‘F is small
for the randomly chosen set S, then this succeeds with high probability. The complication

is that HJS&XSHF can sometimes be large. If this is the case, then we recurse on Jgsxg. By

controlling the expected size of HJ S&X SH , we show that the recursive calls form a subcritical

branching process and with high probability, add at most a polylogarithmic overhead to the
running time.

» Theorem 1.3. Consider the mized p-spin model (1). There exists an absolute constant
6 >0 such that if 3,50 /PP Inp- By <6 and D(B) =3 5o \/2Pp*Inp - B, < 00, then with
probability 1 — exp(—§(n)) over g, given query access to Hg g4 1, there is an algorithm which
outputs a sample e-close in TV distance from pg g.n and, with probability at least 1 — e, runs
in time Opg) (\/ﬁpoly log (%)) on a parallel machine with poly (g) PTOCessors.

2 While changing the diagonal entries of J does not change the Ising model, we need to allow J to have
nonzero diagonal entries in order to be positive semi-definite.
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Algorithm 1 Parallel Ising Sampler (ParallellsingSampler).

1: Input: Interaction matrix J € R**™, subset R of size m, external field h € R, error
parameter ¢ € (0, 3).

2: Let Estep = %%4.
3: if HJEXRHF < ﬁ (J® denotes J with diagonal entries set to 0) then

n

Estep
4: y <+ QuadraticApproxRejectionSampler <H(ax) :% (z, Jrxrz)+(h,x), (‘;73), Estep>.
In{ —— |41
Estep
(See Algorithm 2.)
5. else
6: Let s = aum
(n(2)+1) m(2) |78

Let T = LCQ In (g) %J

Draw y from the product distribution v (z) oc e{™).
: for ¢ from 1 to T' do
10: Choose S C R a random subset of size s.
11: z « ParallellsingSampler(.J, S, Jsx p\s¥Yr\s + hs,€)
12: Set ys = z.
13: end for
14: end if

15: Output: y (Approximate sample from g, ,.n)-

Note that a recursion is not necessary in this algorithm. Intuitively, the mean-field nature
of the p-spin model ensures that with high probability all marginal distributions of O(y/n)
coordinates are well-approximated by a product distribution. Though we do not investigate
this further, a recursive algorithm could potentially eliminate the poly(1/¢) dependence on
the number of processors as in Theorem 1.2. The proof of Theorem 1.3 is in Section 5 in the
full version.

We view our result on the Ising model and the p-spin model as proofs of concept for
parallelisation using k-Glauber dynamics, and hope it serves as a useful framework for
constructing parallel algorithms for other families of discrete distributions. As discussed in
the next section, using a different parallel algorithm, the work [35] obtains Theorem 1.2 but
not Theorem 1.3.

1.2 Related work

We note that our Theorem 1.1 can be viewed as a complement of “local-to-global” results for
mixing of the down-up walks [41, 1, 19], and is not implied by those results. Those results
aim to establish mixing of Glauber dynamics (or the down-up walk) from mixing of simpler
chains, while we start by assuming mixing of Glauber dynamics. In particular, [19] apply
the reverse strategy: for the spin systems on graphs they consider, they show that mixing of
On-Glauber dynamics (for appropriate #) implies mixing of Glauber dynamics.

When contraction of Glauber dynamics is derived directly from either spectral or entropic
independence using local-to-global arguments, then the same arguments can be used to
establish mixing of the k-Glauber (e.g., using k-uniform block factorization of entropy [19],
the analogue of approximate tensorization of entropy). However, this does not apply for
distributions for which mixing is established through other methods. The recent work [9]
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shows that a Poincaré inequality implies spectral independence, but the bound obtained for
k-Glauber through spectral independence is lossy (resulting in a power of n). Our work can
be seen as giving a general conceptual reason why mixing for Glauber must imply mixing for
k-Glauber.

1.2.1 Continuous sampling

For log-concave distributions on R”, a long line of works on the underdamped Langevin
algorithm and Metropolis-adjusted Langevin algorithm have led to high-accuracy sampling
using O(n'/2) steps [3]. The randomized midpoint method for underdamped Langevin
dynamics allows sampling in the weaker Wasserstein metric in 5(711/ 3) steps [45], and
can furthermore be fully parallelised to obtain € error with poly (g) processors. These
dependencies are assuming the condition number is O(1).

We note that the Ising model for ||.J|| < 1 can be decomposed as a log-concave mixture
of product distributions [30, 10, 32], so these algorithms give an alternative approach to
parallel algorithms for the Ising model. However, this decomposition is highly specific to the
Ising model. Moreover, the Wasserstein guarantee is incompatible with a TV guarantee, and
the complexity of our approach scales with ||J|| .

1.2.2 Parallel algorithms for discrete sampling

Recent work [6, 4, 7] has investigated the question of obtaining fast parallel algorithms for
approximate sampling in settings where fast parallel algorithms for approximate counting
(or computing a partition function) exist. In particular, for distributions satisfying transport
stability and where the log-Laplace transform can be efficiently calculated (e.g., using the
efficient algorithm for computing partition functions), [7] gives a poly log(n/e)-time algorithm
with poly(n/e) many processors (i.e., a RNC algorithm). This includes problems such as
determinantal point processes and Eulerian tours. Notably they use the continuous algorithm
(randomized midpoint method, discussed above) even though the problem is discrete.

In the setting of Ising models, however, we do not have a fast parallel algorithm for
counting. Several works [26, 35] have studied the problem assuming the associated Dobrushin
influence matrix has bounded norm. By using simultaneous updates, [35] obtains a factor-%
speedup for distributions whose Dobrushin influence matrix has norm bounded by C, in
particular giving RNC algorithms when C' = O(1) and the mixing time is O(nlnn). The
result of [35] can also give Theorem 1.2 with a different algorithm, but cannot be used to
derive Theorem 1.3. See Appendix A in the full version for details.

On the practical side, designers of Markov chain Monte Carlo algorithms in discrete
spaces have taken inspiration from continuous algorithms, for example, by using gradient
information to inform the proposal distribution and allow updating multiple coordinates at
once [29, 50, 42]. Theoretical guarantees for these algorithms remain to be understood.

1.2.3 Diffusion models and the proximal sampler

Stochastic localization [23] is a measure-valued stochastic process that converges to a point
mass, which is distributed according to a desired distribution u. As a technique, it gives a way
of decomposing probability distributions that has been useful in proving functional inequalities
and mixing time [17, 18], and more recently, in constructing new, time-inhomogeneous
algorithms for sampling [22, 39].

Diffusion models [46, 47, 48] are a successful paradigm for generative modeling in machine
learning, where the task is to learn and then generate samples from a distribution where only
samples are given. Though the details may differ, they consist of a forward process which
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adds noise to the data; reversing the process can then generate a sample from random noise.
It has been observed [38] that a stochastic localization process can be viewed as the reverse
process of a diffusion model.

Our analysis of k-Glauber dynamics is inspired by the analysis of the proximal sampler
[34, 16, 25], which does alternating Gibbs sampling by adding Gaussian noise to the current
sample, and then “de-noising” by sampling from the posterior distribution; this fits in the
framework discussed above. In their analysis, [16] show that proximal sampler mixes at
least as fast as Langevin in terms of x2 and KL-divergence. [25] show a O(n!/2) dimension
dependence using a carefully chosen Gaussian proposal distribution to implement the posterior
sampling step. We view the k-Glauber dynamics as a discrete analogue of the proximal
Langevin algorithm, where the noise consists of erasing k coordinates, and our proof follows
this analogy. In our application, we also require a careful choice of product distribution for
the proposal.

2 Preliminaries

While many of the notions are generalizable, we will restrict ourselves to finite state spaces,
and identify all measures with their probability mass functions. For more background on
Markov chains, see [40].

2.1 Markov kernels

For finite sets A and B, a Markov kernel K from A to B is a function A x B — R>( or
equivalently, a matrix R’;‘gB , where the rows sum to 1. If y is a measure on A, then puK is a
measure on B; if f is a function B — R, then K f is a function A — R; these correspond
to matrix-vector multiplication. Composition of kernels K7 from A to B and K> from B
to C gives a kernel K K5 from A to C, which corresponds to matrix multiplication. For
f. g functions on A and p a measure on A, let (f,g), = >_,c4 #(z)f(z)g(z). For a kernel
K : Ax B — R, given measures p1, 12 on A and B respectively, we think of K as a linear
map L?(p1) — L?(p2); then its adjoint K* : B x A — Rx is a linear map L?(puo) — L?(u1)
satisfying (f, Kg),, = (K*f,g),, for any f € L*(u1), g € L*(2).

» Definition 2.1. k-Glauber dynamics with stationary distribution p on § is the Markov
chain where at each step, if the current sample is x, we choose a subset S uniformly at random
in (2) (subsets of size k), and resample the coordinates in S according to u(Xg|Xge = xge).
Let P, i, denote the transition operator. For k =1, we simply call it Glauber dynamics, and
let P, denote the Markov kernel.

» Definition 2.2. Let 0 < £ < k < n. Let u be a distribution on ([Z]). Define the
down operator Dy_., and up operator U,_,;. as Markov kernels ([Z]) X ([;f]) — R>¢ and
([2‘]) X ([Z]) — R, respectively, with
1 p(A)
Dy (A, B) = lpca—~ Uisik(B,A) = lpcae=s—"""+-
K o) - S o 1A

Let pig = pDy_yp for 0 < € <k, and define the k <> { down-up walk and { < k up-down
walk by

v A
Pyse = DistUrsi Pk = Utk Dy
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Note that Dy_,¢ does not depend on p while U,_,;, does; we suppress the dependency in
the notation. Note that Dy yDy vp, = Dp_ym and Uy oUp s = Upn_k. As operators,
Dy e s L*(pe) — L2(pr) and Uy, : L2 (ug) — L?(ue) are adjoint.

» Definition 2.3. Let p be a measure on Q' = Q) x --- x Q!. Define the homogenization
of 11 to be the measure pu™ over (2), where Q = |JI_, QU x {i} and o € Q' is identified
with {(c1,1),...,(on,n)}. (For short, we will write Q =||"_, ¥ in the following.) For any
property P defined for measures (2), we say that p satisfies P if p°™ satisfies P.

Under this identification, k-Glauber dynamics corresponds to the n <> n—k down-up walk, as
the down step corresponds to erasing k£ coordinates and the up step corresponds to restoring
them with the correct conditional probabilities.

2.2 Functional inequalities

» Definition 2.4. Let M = (Q, P) be an ergodic, reversible Markov chain with stationary
distribution p. Define the associated Dirichlet form as the inner product
1
Ep(f9) = (.U = P)g), =5 > w@)Pa,y)(f(z) = f)(9(=) - 9(y))

z,yeN

When w is a distribution on Q = [[;_, Q, we write £, = Ep, ; we will similarly make other
such replacements without comment.

» Definition 2.5. Keeping the assumptions above, we say that P satisfies a Poincaré
inequality with constant C if for all f : Q — R,

Var,(f) < CEp(f, f).

We say p satisfies a Poincaré inequality with constant C if the Glauber dynamics with
stationary distribution p, P, satisfies a Poincaré inequality with constant C'.

When P is self-adjoint (M is reversible), this is the same as saying that Ao(P) < 1 — &,
where Ag(+) denotes the kth largest eigenvalue.

» Definition 2.6. Let f : R>o — Rxg be a strictly convex function with f(1) = 0. For
measures v < p on §), define the f-divergence by

Dyl = Eanf (4.

In particular, define the x* and KL-divergences by Dyz = D(z—1)2 and DL = Dy s-

» Definition 2.7. We say that Markov kernel P : Q0 x Qo — R satisfies p-contraction in
f-divergence with respect to py if for all vy < pq,

Dy P|paP) < pDy(v|[pr).

Contraction in x? and KL-divergence is also referred to as variance or entropy contraction,
respectively.

» Proposition 2.8. Let P : Q; x Qs — R>q be a Markov kernel. The following are equivalent,
for C <1:

1. P satisfies (1 — C)2-contraction in x2-divergence with respect to yu.

2. Forall f: Q1 — R,

Var,p(Pf) < (1 —C)? Var,(f).

49:7
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3. (For Q1 = Qq, P reversible) P satisfies a Poincaré inequality with constant %

4. (For P of the form P = DD*, e.g., P, = Dypk—1Ux—15k) D satisfies (1 — C)-
contraction in x2-divergence.

5. (For P = DD*) D* satisfies (1 — C)-contraction in x*-divergence.

Here, the adjoint is with respect to the measures p and pD.

Proof sketch. See full version. |

» Definition 2.9. A measure p on ([Z]) satisfies C-approximate tensorization of entropy
if Dk—k—1 satisfies (1 — ﬁ)-contmction in KL-divergence, i.e., for any v < u,

1
Dxr,(vDg—k—1||pDr—k—1) < (1 - @) Dk (v||w).

We have the following alternate characterization for a measure defined on a product space.
Define the entropy of a function f on a probability space by Ent,[f] = E,[fIn f] —

]Eu[f] lnEu[f]'

» Proposition 2.10 ([19, Lemma 2.7]). Let p be a measure on @ = Q) x --- x Q). Then p
satisfies C-approximate tensorization of entropy iff for all f : Q — R,

Ent,u[f] S CZ]E[). [Ent,u(Xk:JXNk:;cNk)[f]] ’
k=1

where ~ k denotes the coordinates besides k.

» Remark 2.11. Proposition 2.8 shows that for contraction in x?*-divergence, nothing is lost
if we consider kaﬁk_l or Di_k—1, Ux_1_1 separately. However, the distinction is important
for KL, as contraction of Py, _, may not imply contraction of Dy_,,—1 or Uy_1_,y, separately;
hence the definition of approximate tensorization of entropy. Approximate tensorization
of entropy is stronger than the modified log-Sobolev inequality (which implies mizing for
Py _1), but weaker than the log-Sobolev inequality.

2.3 Additional notation

For f: [T, Q) — R, and z € [[;c . 2}, define the restriction f, : [[,cs Q2 by fo(y) = f(z,y)
with (z,y) treated as an element of [, €.

Let ;. denote x with x; set to b. For f: {£1}", let D; f(x) := %[f(mzel) — f(@ie—1)]
and define Vf : {£1}" — R"™ by

and V2f : {£1}" — R™ " by (V2f(x));; = D; D; f(z) (note (V2f(z));; = 0).

For z € {#1}" and S C [n], let 2% denote [], g @;. For a function f: {£1}" — R, we
denote the degree d part of f by (4, and define f=¢ = Zp>d f®) ete., so that we have the
decomposition -

n

J@) =3 P =3 Y e

p=0 p=0|I|=p

for some coefficients ay. We take f;d) to mean that we take the restriction first and then the
degree-d part.
For a scalar-valued function f and x € R™, we let f(x) denote coordinate-wise evaluation.
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3 k-Glauber mixes k times as fast

To show that k-Glauber mixes k times more quickly than Glauber dynamics, write P, =
Dn%nflUnflﬁn and P,u,k = Dn%nfl U ankJrl*)nkanfk*)nkarl to Unflﬁn; the task is
then to show that D;_,;_1, j < n are roughly at least as contractive as Dy_,,_1. We note
that this is like the reverse of the usual “local-to-global” argument for high-dimensional
expanders [1] (and will be easier!). We also note this approach relates to inductive arguments
in prior work (e.g., [20, Lemma 11]).

Viewing the problem in this way, we note the similarity to the proximal sampler [16],
each step of which involves adding and removing Gaussian noise; they bound the contraction
in x? and KL-divergence of this process based on the Poincaré and log-Sobolev constants of
the original distribution.

As inspiration, we first recall the following fact, which bounds the Poincaré or log-Sobolev
constant of a convolution of two measures on R™. (The convolution g * uo is defined as the
distribution of X +Y where X ~ py and Y ~ s are independent.) As we will not cover the
theory of functional inequalities over R™, this is meant only as a suggestion of how we might
proceed. For details and generalizations, see [14].

» Lemma. Suppose that pi, ue are distributions on R™ with Poincaré constants Ci,Cy,
respectively. Then py * ps has Poincaré constant bounded by Cy + Cy. The same holds true
for the log-Sobolev constant. In particular, this holds true for us being a Gaussian of variance
Ci.

Proof sketch. Let M, denote multiplication by m. Then Mz‘M;”l has Poincaré constant

m?C;. By tensorization, p = pu1 Mt @ ps M} has Poincaré constant max {Cym7, Cam3 }.

Consider the projection (1, z2) = 7% + 7% When # + # =1, this can be realized as
1 2

projection onto the vector (mil, ﬂ%z)7 so the Poincaré constant does not increase: Cp(un~1) <
Cp (). Note that we exactly have ur~! = py * po. Choosing # = 013-102 and % = Cffcz
gives the bound. The same argument works for the log-Sobolev constant. |

We will carry out the same steps as in this proof: define a tensorization operation which
preserves the Poincaré or approximate tensorization of entropy constant, and a projection
which can only improve it. As in the sketch above, it will help to weight the components
appropriately in the tensorization step.

To obtain the Dy _,;_1 operator from the D,, ,,,_1 operator, we will tensorize with the
appropriate “noise” distribution, which in this case is that of erasing n — k coordiates. We
note that while bit-flip noise is the more natural analogue of gaussian noise, the “denoising”
step is more difficult to implement, while erasure noise connects more nicely with existing
notions.

3.1 Tensorization and projection

The following proposition is similar to classical results on preservation of functional inequalities
under tensorization, which corresponds to taking a product of Markov chains. However, we
need to work with operators between different spaces to obtain contraction for the down
operator, so we need the result given in Proposition 3.1 . As in Remark 2.11, nothing would be
lost for x2-divergence if we considered the down-up walk — so we could use existing results — but
for KLL we need to bound contraction for just the down operator. This is important because we
aim to bound contraction for PY,, . = Dy_yn_1- Dyp_pr1n—kUn—ksn—k+1 - Un—1-n,
and in the case of KL, we cannot obtain this by bounding contraction for just operators of
the form Pk:v<—>lc71 = Dk—>k—1Uk'—1—>k-

49:9

APPROX/RANDOM 2024



49:10

Parallelising Glauber Dynamics

» Proposition 3.1 (Contraction under tensorization). Suppose that P; is a Markov kernel
from Q; to Q, for i = 1,2. Let I, denote the identity kernel on Q; and define P =
p(P1 ® L)+ (1 —p)(I1 ® P2) as a Markov kernel from €1 x Qg to (] x Q2) U (21 x Q5).
Let Dy = Dx1, or Dy2. If P; satisfies (1 — k;)-contraction in f-divergence with respect
to w;, then P satisfies (1 — k)-contraction in f-divergence with respect to p1 ® pa, where
k = min{pk1, (1 — p)ka}. In particular, if p = —=2

K1t+K2

Ki1Kk2 _ 1
K1+k2 ml_lJrn;l :

, then k =

Proof. First consider KL-divergence. Let v be a measure on 3 X Q3. Let II; and II} denote
the projection kernels to €; and 2 respectively, for ¢ = 1,2 (i.e., taking marginals). We
calculate

B = Dy (pr(Pr© 1) + (1 — pwlTy © Po) ol % ) + (1 — p) s % 15))
= pDxL(v(P1 ® I2)||ph x p2) + (1 — p)DxrL(pu(l1 @ Po)||pr X i), (2)

since the spaces Q] x Q5 and €1 x Q are disjoint. Now, by the chain rule of KL-divergence
and entropy contraction,

Dir(v(Pr @ I2) ||y X p2) = By D (v(Pr @ 12)) (- |2) || 11) + Dicr. (v(Pr @ I2)a || p2)
= Eoprpio D (v (- |22) Pr || 1) + Dt (w12 p2)
< (1= K1)Eaympy Dri(v(:|2) [ 1) + Dir (v p2).

By symmetry, the same calculation holds for the second term in (2), giving us
B < p[(1 = £1)Eaymp, Dxr(v(+[22) [ 1) + Drr (w12l p2)]
+ (1 = p) [(1 = £2)Eq, opy D (v(-[21) [ 12) + Prr (v || )] -
We wish to compare this with

A= Dxr(pllpn x p2)
= Eoy o DL (v (- |22) | 11) + Drr (V12| 2)

C2,1 Ca
= By opy D (v(+71)[| 2) + Dir (VI || ) -
0112 Cl

By convexity of KL-divergence, C1 2 > C5 and Cy; > C;. Hence

B <p((1 = k1)C21 + C2) + (1 = p)((1 = £2)Cr 2 + C1)
< max{(1 —p)(1 - k2) +p,p(1 — k1) + (1 = p)}p(C2,1 + C2) + (1 — p)(Ch2 + C1))]
= (1 — min{(1 — p)ka, pr1}) A.

Next consider y2-divergence. It suffices to prove the following equivalent statement on
contraction of variance (Proposition 2.8): for any f : 1 x Q2 — R, considering P* =
p(Pr®12) @ (1 —p)(I1 ® Py), we have

Var,p(P*f) < (1 — &) Var,(f),
which is equivalent to o2(P*) < 1 — k and hence to Ao(PP*)? = o5(PP*)? < (1 — k)?. Now
PP* =p(P P ®@1) + (1 —p)(I1 ® P,Py) is exactly the transition matrix of the weighted
product of two Markov chains with A2(P;P;) <1 — k;, so it is well-known that

A2(PP*) <max{p+ (1 —p)(1 —k2),(1 —p) + p(1 — k1)} =1 — max{(1 — p)ka2,pr1}.

(A quick way to see this is as follows: if {f;} are the eigenvectors of P, P} and {g,} are
the eigenvectors of PPy, then {f;g,;} are the eigenvectors of P*P, and the second largest
eigenvalue is when f; =1 or g; = 1.) <
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Though we do not do it here, the proofs can be put on the same footing and generalized
using the notion of f-entropy [14].

» Proposition 3.2 (Contraction under projection). Suppose that P is a Markov kernel from
Oy to Qa, and p, p2 are measures on 1, Qo such that puy P = po. Let m; : ; — QL be maps
and p} = ‘LLﬂTi_l. Define the projected Markov kernel P’ : Q} x Q5 — Rx¢ by

Pla,ah) = Y > maln(zr) = 2h) Pz, 30).
1 € 2 € Q2
m1(x1) = w’l wo(x2) = x/z
If P satisfies p-contraction in f-divergence with respect to uy, then P’ also satisfies p-
contraction in f-divergence with respect to .

In words, in the projected Markov chain, given 2, we draw z; projecting to z} from the
“prior”, move according to P, and then project back down; then the projected kernel always
has at least as much contraction as the original one. See e.g., [37] for the statement for the
Poincaré constant.

Proof. Let v < p} be a measure on Q. Define vy (z) = v{ (71 (2))p1 (X = z|m1 (X) = m1(x)).

Vi _ V/(«T/)
Then ]Eul( |m1(X)= xl)f (m(r)) B #}1(1}1)’ 50

U/ (x/)
Dy 1t) = B () = D01
1\71

By contraction of P and the data processing inequality,

Dy((nP)my i) < Dy(niPllpz) < pDy(villpn) = pDy (vl ).

Finally, note that (v, P)m, ' = v/ P’ by definition of P’ <

3.2 Contraction improves going down

We now show that for k < n, contraction in KL and x? for Dj_,,_1 will only be better than
contraction of D,,_.,_1, except up to an additive constant.

» Lemma 3.3. Let pu be the uniform distribution on ([Z]). Then Dy__1 has (1 — %)—
contraction in KL, and p satisfies 1-approzimate tensorization of entropy. Moreover, Dy _ k1
and Up_1_1. satisfy (1 — m)—contmction in x2.

We note that the down-up walk on the uniform distribution on ([Z]) is a rescaling of the
Bernoulli-Laplace diffusion model, for which mixing and functional inequalities have been
extensively studied [21, 33, 27, 13, 43], and we have not attempted to find the best result for
KL.

Proof. Note that p is log-concave, by the results of [5] and the fact that ([Z]) is a matroid.
Then 1-approximate tensorization of entropy follows from [8, Theorem 5].

To note the improved bound for x2, note first that the probability of staying at the
same set is n%k“, SO ka(_%_1 — k+1]+ P k_HPka 1 Where P]“_),C , is the “non-lazy’
walk which swaps an occupied and non-occupied space at random. Hence I — P, | =
P k+1(I PY._1)- This in turn satisfies

)

n(n—1)/2 2

-L
kn—k) n-1

IiPI;/Hk—l =

49:11
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where L is the generator of the Bernoulli-Laplace diffusion model with parameters (n, k) (a

random transposition occurs with rate 1). Here, the —2 is the scaling factor to convert to

n—1
a discrete-time walk and % takes into account that we are randomly choosing from
k(n — k) transpositions that move a particle to an unoccupied space, rather than an arbitrary

transposition. By [43], Amin(L) = 1. Hence the spectral gap for Py, is

n—k nn-1)/2 2 n
n—k+1 kin—k) n—-1 kin—k+1)

<

» Lemma 3.4. Let p1 be a distribution on []_; Q and phem gts homogenization on (2),
where Q = ||, Qf, and pi,,, = pm Dy, . Let Dy = Dky, or D,2. For each k, let ki, be
the largest number such that Dy := Dy_—1 satisfies (1 — ki )-contraction in f-divergence
with respect to py. Suppose that for the uniform distribution ([Z]) that Dy 1 satisfies
(1 — kBL,k)-contraction in f-divergence. Then

R

NKpKBL,k > m, Df = DX2
NKn + kKBL,k B 7k(n7:i,,n+l)’ Df = DkL.-
Proof. Consider the kernel P = p(D,, ® I([Z])) +(1- p)(I(sz) ® Dy) from (2) X ([Z]) to
( § ) X ([Z]) U (Q) X (k[ﬂ)’ where D;, denotes the down operator ([Z]) X (k[fll) — R>¢. By

n—1 n
tensorization (Proposition 3.1), for p = —"2-t _ and k = —-L—— P satisfies (1 — k)-
Kn+KBL,k K +;<;BL’k

contraction in f-divergence with respect to p, ® Uniform([z]). Define the projections 7y :

(o) < (§) = () and ma = (2,) < () U G x () = (20 U (5) both as

m(S,4)=5n ],
i€A

ie., if S corresponds to x € [];_, €2, we keep only the coordinates in the set A € ([Z]).
We claim the projected kernel as defined in Proposition 3.2 is

P,:(l_p(n—k))Dk+p(n—k)I

) (1m)

from (2) to (k?l) U (2) To see this, we first identify x4 € HielA QY with its homogenization
in (Igl) (Definition 2.3). Then pq(-|m1(x1) = x4) is the distribution of (z, A) where x 4. is
distributed as pu(Xac = x4c|Xa = x4). Under the transition P:
1. With probability p, we remove a coordinate i of x. In this case,
a. with probability %, i € A, and projection by 7y then gives x4\ (;) for a random index i.
b. with probability ";k, i ¢ A, and projection by ma.
2. With probability 1 — p, we remove an element i of A, and projection gives x4\ for a
random i € A.

Then (1a) and (2) give the term (I) and (1b) gives the term (II).
Because

= (1- 2 g i) + P D )
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(the component measures have disjoint support), we have that Dy, satisfies (1— &y, )-contraction
in f-divergence iff P’ satisfies (1 — Kk (1 - @))—contraction in f-divergence. Proposi-
tion 3.2 then gives us

K n—=k 1
K (1 - BLk . ) Z 1 1
Kn + KBL,k n Kn~ + KpL
nK
— k> nKBL,k .
Nky + kliBL’k
Plugging in the result of Lemma 3.3 then gives the result. <

» Theorem 3.5. Let p be a distribution on Q = [[;—, %, and consider the down and up
operators defined with respect to its homogenization ™.
1. If Dy_n-1 satisfies (1 — &)—contmction in  x2, then Dy_¢ satisfies

H?:ZJA (1 — W) -contraction in 2.

2. If Dyy_yn—1 satisfies (1 — &)—contmction in KL (i.e., p satisfies C-approximate tens-
orization of entropy), then Dy, and Py, satisfy Hj:ZJrl (1 — m)-contmctwn mn
KL.

We note that our tensorization construction in Lemma 3.1 currently depends on u being a

homogeneous distribution; it would be interesting to extend it beyond this case.

Proof. If D,,_,,_1 satisfies (1 — é)—contraction in y?-divergence, then by Lemma 3.4,

D;_,;_1 satisfies (1— -contraction in y2-divergence. If D, _,,_1 satisfies

1

(1 - &)—contraction in x2-divergence, then we have (1 )—contraction in KL-

1
T j(C+)
divergence. Because Dy_y = Dj_—1---Dyy1-0, taking the product from ¢ + 1 to k
gives the result. <

From this, we can conclude that k-Glauber dynamics mixes at least (k) times as fast
in x2-divergence as Glauber dynamics, and assuming approximate tensorization of entropy,
mixes at least Q(k) times as fast in KL-divergence.

» Corollary 3.6 (k-Glauber mixes k times as fast). Let u be a distribution on Q = [, ..
1. If u satisfies a Poincaré inequality with constant Cn, then

) = (1 )T =10 (e 1))

(021)n>_

and P, 1, satisfies a Poincaré inequality with constant ) (

2. If p satisfies C-approximate tensorization of entropy, then P, i satisfies contraction in
KL-divergence with constant

(=) e (e ()

Proof. Note that P, corresponds to P,
recall Proposition 2.8 which relates the Poincaré constant of P, and D,,_,,_1, and the
Poincaré constant of P, ; and D,,_.,_x. The corollary then follows from Theorem 3.5 and

the calculation

. after homogenization. For variance, we
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n

11 (1 _ ;) e T i} < o ()
J3( )

Jj=n—k+1 ¢+1 a

() () “

Our theorem also implies contraction for Dy _,1; this forms a kind of converse to local-to-
global arguments that start with contraction of Dy, [2].

» Corollary 3.7. Let pu be a distribution on Q =[]\, Q, and consider the down and up
operators defined with respect to its homogenization ™.

1. If Dyyyn—1 satisfies (1 — &)—contmction in x2, then Da_,1 satisfies (1 - ﬁ)—
1
20T

contraction in x2 and )\2(P1%_>2) <1-
2. If Dyyp—1 satisfies (1 — Cln)-contmction in KL (i.e., u satisfies C-approzimate tensoriz-
1

ation of entropy), then Do_,1 satisfies (1 — m)—contmction in KL.

Proof. This follows from substituting £ = 2, £ = 1 into Theorem 3.5, appealing to Proposi-
tion 2.8 for the x? result. <

4  Parallel sampling for Ising models

To apply Corollary 3.6 to the Ising model for ||J|| < 1, we use the fact that the Ising model
satisfies approximate tensorization of entropy.

» Theorem 4.1. Suppose ||J|| < 1. Then pyy, satisfies approrimate tensorization of entropy

; 1
with constant =

The proof is in Section 4.1. We first introduce a generic guarantee for approximate
rejection sampling in Section 4.2, based on establishing concentration for the difference of
the log-pdfs. In Section 4.3, we show that using an approximating product distribution —
chosen as the solution to a variational problem — is sufficient as a proposal distribution for
wrn when || J|| ¢ is small enough, using the Hanson-Wright inequality. We put everything
together in Section 4.4, combining the speedup of k-Glauber dynamics, known mixing for
the Ising model, guarantee on the approximate rejection sampler, with a careful analysis of
the recursion in the algorithm.

4.1 Approximate tensorization of entropy for the Ising model

For ||J|| < 1, we prove approximate tensorization of entropy for the Ising model
(Theorem 4.1) by using the fact that it holds for rank-1 Ising models and using the needle
decomposition in [24]. This is the same way that the modified log-Sobolev inequality is
proved in [24].

» Proposition 4.2 ([8, Proposition 32]). Suppose |[ul| < 1. Then ji,,7 ; satisfies approzimate
tensorization of entropy with constant w

» Theorem 4.3 (Needle decomposition of Ising measures [24]). Consider an Ising model
w=pgn on {£1}" with J = 0. Let f : {£1}" — R be any function. There exists a mizture
decomposition (depending on f)

(o) = | (o) dr(u,v)

where 7 is a probability measure on R?™ such that:
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1. m-almost surely, (i, s o probability measure of the form

exp <% (u, ) + <U,:E>> ,

Nu,v (l') = Zu,'u

i.e., a rank one Ising model (“needle”). Furthermore ||ul < ||J|.
2. E,, , f(X)=E,f(X) m-almost surely.

Proof of Theorem 4.1. See full version. |

4.2 Approximate rejection sampling

Conditional distributions of the Ising model are again Ising models. We will show that with
large probability, if we pick a random subset of not-too-large size, then we can approximate
the distribution of those coordinates with a product distribution, and hence use the product
distribution as a proposal for approximate rejection sampling. We discuss further the choice
of product distribution (given in Algorithm 2) in Section 4.3.

First, we give a generic guarantee for the rejection sampling Algorithm 3, which can be
used whenever the log-ratio between desired and proposal distributions In % has sufficiently
decaying exponential tails. Note that because the normalizing constants are unknown,
we draw two samples and use one as a reference to decide whether to accept the other.
Lemma 4.4 appears as [25, Lemma 2] specialized to the distribution they consider, but holds
more generally. We give the proof for completeness.

Algorithm 2 Quadratic approximate rejection sampler (QuadraticApproxRejectionSampler).

1: Input: Hamiltonian H in the form H(z) = C'+ (h,z) + 3 (z, Az) + H>3(x), § such that
HA&HF <d<cgand 0 =2 A=< (1—c¢)l, error .

2: Let Uug = 0.

3: for t from1toT =06 (%ln (%)) do
4: Let u; = AR tanh(h + ug_1).

5: end for

6: Let h = Ur.

7

: Output: ApproxRejectionSampler(g(x) o< exp <<h +h,z), g(z) = H(z) — (h+ h, z), (3)65%6)
(See Algorithm 3.)

Algorithm 3 Approximate rejection sampler (ApproxRejectionSampler).

1: Input: Oracle for sampling from @, function g such that % x €9, error parameter c.

v

repeat (For parallel implementation, run [¢] times simultaneously and take the first
success.)
Draw X, 7 ~ Q.
Let R = exp(g(X) — g(2)).
Draw U ~ Uniform(]0, 1]).
until U < %R
: Output: X.

» Lemma 4.4. Let P be the distribution of the output of Algorithm 3. Then

dP . E[R|X] dP E[min{R, c}| X]
0= "Er o

)= E[min{R,c}]

APPROX/RANDOM 2024
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The acceptance probability is Paccept = %IE min{ R, c} = %(ER —E[(R — ¢)1r>c]) and the TV
distance is bounded by
E[(R —¢)1g>]

ER '

For ¢ > 1, the acceptance probability is at least i

DTV(ﬁaP) S

Proof. We calculate
E[R|X] = E[e9X)79(2)| X] = 9K E[e9(9)]
E[R] = E[E[R|X]] = E[eV]E[e97],
S0 % = % = %(X ). Note %(X ) is the probability of acceptance given X divided
by the total probability of acceptance, which we calculate:

Paceept(X) =P {U < %Rp{} _E {min {% 1} |X} _ %E[min{R, ¢} X]
Paccept = P {U < %R} _E {P {U < %R|XH _ %]E[E[min{R, cH X)) = %]E[min{R, o).

Dividing gives % = W. Then

= P dP
Dry(P,P) <Ex~ —(X) — —=(X
(P, P) < Ex Qmax{o,dQ< )~ 30 >}
E[R|X] E[min{R, c}|X] }
<Ex~ —
= R~ ma {O’ ER CPaccept

E[R|X] E[min{R, c}|X]}

< Ex~qmax {0, — because cpaccept < ER

ER ER
<y BB —c)lpc|X] _E[(R—c)lrx]
= ER ER ‘
Finally, note that P(R > 1) > % by symmetry, SO Paccept > %P(R >1)> i <

4.3 Concentration

To obtain concentration of the ratio in Lemma 4.4, we need a version of the Hanson-Wright
inequality. We first state the classical inequality.

» Theorem 4.5 (Hanson-Wright Inequality, [49, Theorem 6.2.1]). There is a constant ¢ such
that the following holds. Let X = (X1,...,X,) € R™ be a random vector with independent,
mean-zero, K-sub-gaussian coordinates. Let A € R™*"™ be a matrixz. Then for every t > 0,

t2 t
P(|(X,AX) —E(X,AX)|>1t) < 2exp {—cmin{ , H
K4||Al7 K2 A
We will use the following version, which is a consequence of [44, Corollary 2] (by taking
I'(f) = ||Vf]l and noting that product distributions on {£1}" satisfy a uniform modified
log-Sobolev inequality) and allows a general function f.

» Theorem 4.6 ([44]). There is a constant ¢ such that the following holds. Let X =
(X1,...,Xp) € {£1}"™ be a random vector with independent coordinates. Let f : {£1}" — R
be a function. Then for every t > 0,

: t? t
P(If(X) - Ef(X)] 2 1) < 2exp {_Cmm {E[||Vf||2]’ MaX,e (41} v2J‘IIFH .
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Note the extra term E[||V f ||2] compared to Theorem 4.5 which requires the random variables
to be centered. This means that we cannot simply take Q) = pp := po,p and P = 5, for the
reason that E[[|V,((z, Az))||*] can be Q(n), while we need concentration to O(1). Instead,
in order to apply Theorem 4.6 for f = In %, we would like to Vf to be centered, that is,
EqV f = 0. For this, we need to solve the variational problem

E,, . .A%z =h* (3)

Hh+h*

We do this by fixed point iteration. Note this is a special case of “gradient” descent for
Lipschitz and strongly monotone operators [15, 36].

» Lemma 4.7 (Fixed point iteration). Let (X,d) be a metric space, ¢ > 0, and suppose
F: X — X is (1—c)-Lipschitz (so it is a contraction mapping). Letxg € X and z, = F® (z).
Then

d(F(z¢),2¢) < (1 —¢)'d(F (), x0)
and hence for t = Q) (% In <M)), we have d(F(xy),x¢) < €.

Proof. We have d(F(z),x;) = d(F*D (x0), F® (20)) < (1 — ¢)'d(F(x0),20) by induction.
Hence, it suffices to choose t such that ¢ In (1%6) >1In (M), which gives the result. <«

» Lemma 4.8. Suppose that A is symmetric positive semi-definite with A < (1 —¢)I. Let
F(u) = AR tanh(h + u).

Then for t = Q (% log (@)), we have that h := F®(0) satisfies
HE#HﬁA&x_BH <e. (4)

Proof. Note that all diagonal entries of A are contained in [0,1 — ¢}, so —(1 — )] < AR <
(1 = ¢)I. Combining this with the fact that tanh is 1-Lipschitz, we obtain that F' is (1 — ¢)-
Lipschitz. Note that ||F(0) — 0|| < v/n. The result then follows from Lemma 4.7 and the
fact that F(u) = E,, = A%z <

T HHhtu

Using this, for small enough ||A|| z, we can obtain the exponential tails necessary to bound
the T'V-distance in Lemma 4.4. This fits in with the general fact that Ising models with small
|||z are well-approximated by product distributions [31], giving approximation guarantees
for variational methods in this regime. We state the following lemma more generally with a
higher-order term, so that we can also apply it for the p-spin model.

» Lemma 4.9. There is a constant cs such that the following holds. Suppose H(x) =
(h,x) + 3 (x, Az) + H>3(x) where A is symmetric and H>3(z) = 21153 arx’ contains the
terms of degree > 3. If § < cs,

max
ze{£l}n

V2H (z <dé and max |[VHss(z)|| <9,

@l < max [VHzs(@)] <

then the output of QuadraticApproxRejectionSampler (Algorithm 2) is at most € in TV distance
Jrom p, and the acceptance probability in the call to ApproxRejectionSampler is at least
1 _ 1 (e\emss

2 =3(5)"".

In the special case that H>3(x) = 0, the assumption simplifies to HA&HF <.
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Proof. Let
f(z)=H(z) — <h+ﬁ,x> = % (x, Az) — <ﬁ,m> + H>3(x).

To use Theorem 4.6, we calculate E[||V f]|*]. First note that EINUniform(_{ﬂ}n)V2H23(x) =0
(because for any i,j € [n] and |I| > 3, we have EwNUniform({il}n)xl\{Z’j} = 0) so by Jensen’s
inequality

HA&HF = HA& + Eszniform({il}")vzHZ?)(z)HF

’AQ+V2H23(x)H < max HVQH(:E)HFch.

< ]E:cNUniform({il}") F = ose{il}n

Let T = Euhﬁx. From Lemma 4.8 we have that the output 1 of fixed point iteration satisfies

HAQE—?LH < §. We then have

By oIV = By, || A% o+ Vi)

Hrin H

<ok, |[4% -+ 4% 0| + 28, [IVHs@)]

Fhth Fhth

_ R U‘A% - BH2 T [a% - E)HQ + HVHZg(xM

Hhth

<2 4% B+ A3 B 19 < 60 o)

h+h

using the fact that the entries of x — T are independent, mean 0, with variance at most 1.
Hence, by Theorem 4.6, f(X) — Ef(X) is O(d)-sub-exponential, and so is f(Z) — f(X), and
there exists ¢z so that

cgt

P(f(2) = f(X)[ = 1) <277

)

Then for ¢ = (%)W7

(oo}

B(R - o)lesd < [ e B(H(2) - F(X) 2 s

Inc

e cgt o0 c3 c3
< / e'2e” 75 dt < 2/ e~ (FDtgp =9 (F71) = ¢, (6)
1

nc Inc

Moreover, by Jensen’s inequality, ER > eFlf(4)=/(X)] = 1. Hence by Theorem 4.6, the output
is at most € in TV distance from p and the acceptance probability is at least % |

4.4 Analysis of the Parallel Ising Sampler

» Lemma 4.10. Let S C [n], fix xse € {+1}5°, and let P be the distribution on {£1}° with
mass function p(z) = pyn(Xs = x| Xge = xge), and let Q be the product distribution in on
{£1}7 with mass function q(z) o< exp ((Jsxsexse + hs,x)). Then the following hold.

1. %(x) X exp (% (z, JSXSm>).

2. Dxu(PlQ) < [|sxsll - |S]-

Proof. Because xg- is constant, expanding the quadratic gives
1
i n(Xs =x5|Xge = xge) X exp (5(2 (rg, Jsxserse) + (x5, JgxsTs)) + <h5733>) .

Dividing by q(xs) gives (1).
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For (2), we note that for z € {+1}%, |% <$7JSXS:C>{ < %HJSXSH ||;10H2 < %HJSXSH |S].
Hence

E(w) _ exp (5 (z, Joxs)) ez llJsxslls| _ Wsxslis]

dQ Jexp (5 (z, Jsxsa)) dQ(z) ~ ezl/sxsllIS]
and Dk (P[|Q) = Epln 45 < [|Jsxs| |S]. <

» Lemma 4.11 (Bernstein’s inequality for supermartingales [28, (1.6)]). Let X,, be a martingale
adapted to F,. Suppose that | X1 — Xn| < L and E[| X1 — Xn|?|Fn] < 02 with probability
1. Then

t2
P(X, — Xo >1t) < (—7)
( 02 t) S e 2(tL + no?)

We are now ready to prove our main theorem on the parallel Ising sampler.

Proof of Theorem 1.2. We first note that all lines in Algorithm 1 take logarithmic time

with poly(n) processors (e.g., by a parallel implementation of matrix-vector multiplication).

Note that a random subset of specified size s can be selected by generating a random number
for each index, using a parallel sorting algorithm [11], and then selecting the smallest s
elements. We will ignore logarithmic overhead for the rest of the proof.

Running time is bounded with high probability. We consider a tree associated with a run
of the algorithm, where each node is labeled with a set, constructed as follows. Each node
represents a time that ParallellsingSampler is called, and each leaf node represents a time
that ApproxRejectionSampler. Start with a root node v; labeled with S; = [n]. A node has T
children, where T is the number calculated in line 7 of the algorithm. Each node is labeled
with subset of indices marking out the submatrix Jgyxg it is given.

Now consider exploring the tree in the following breadth-first manner. We will define a list

B; which will contain the vertices at the boundary of explored territory and a filtration F;.

Let By = (v1) and Fy be the trivial o-algebra. Given B; and J, if By is non-empty, define
Byy1 and Fi41 as follows. Let viy1 be the first vertex in the list By, and let B4 be defined
from B; by removing v;41 from B, and adding its children. Let S;;; denote the set of indices

associated with vs41, considered as a set-valued random variable, and F;11 = o(Fy, Se1)-

Let M; = |B|. We have M; = LCQ In (%) %J, and wish to bound the first time 7 such that
M, = 0. We redefine M, = —k (for sake of making M; a supermartingale, as we will show
below).

For t > 2, consider M; — M;_1|F¢—1. Let v denote the parent of v;, and suppose v is

associated with the set R, with |R| = m. Then |S;| = s := am
(n(z25)+1) m(2) ‘F
(We choose ¢1 < %63 to ensure that we always have s < m.) Let D; be the number of new

children added. If HJ*SXS* HF < c3or s =1, then v; is a leaf and D, = 0. Now consider

=

RXR

Hngst HF > c3. In the current call to the algorithm, s’ =

_
JStht »

(n(55)+1)m(2)

J\&

Cz(ln(ﬁ)—‘rl) ln(%)2 AV

C1

Then D; < C31n (%) 5 <
We have that

Gz (In (22) +1) I (2)* |78,
C

1

b < s> )
¢ < .

(7)

E . In either case, My — M;_1 = Dy —1.
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Hence, by Cauchy-Schwarz and Chebyshev’s inequality,

Co(In(z2) +1)In(2)?
E[D¢|Fi1] < 2<n(8“‘*"21+ Jin (2) ]E[HJEX& 1\5_1}1/2-
1/2
N c
P HJStXSt P > 1n<55t2;)+1’ft1
) 2 E MJ& ‘7 }1/2
2 n t—1
[ R
: eof (In(525) +1)
Co (I (=2-) +1)° I (2)?
e S .
Now because S; is uniformly chosen at random from subsets of R of size s,
B {755 71 ] = B ompeny 755
2
= Y (2) = () Rl < & ©9)

ijERi#] " (ln (ﬁ) + 1)2111 (%)2’

where we use the fact that Ji? = 0, all off-diagonal entries have probability (%)2 of being
included in S;, and s > 1. Combining (8) and (9) gives
40201

E[D¢|Fi-1] < :
C3

Choosing c¢; small enough (depending on Cs, c3), we can ensure that E[M; — My_1|Fi—1] =
E[D;—1|Fi—1] < —%, so that M, + £ is a supermartingale for ¢ > 1. By Doob’s decomposition
we can write My = A; + M, where Ay < Ay — % is a predictable decreasing sequence and
M/ is a martingale.

We now bound the variance. Using (7),

E[(M] — M|_,)?|Fi-1] < E[D}|F¢—_1]

_Gm(z) vy m’ B

— 2

1
2
< 4022 In (g) ,

Co(ln( —2—)+1)In(2z 2
where we use the bound (9). Finally, [M{ , — M]| < d (Es“’pc)l Jin(2) HJ&HF with
probability 1. Let Ty be the T" computed in line 7 in the first step of the algorithm. By
Bernstein’s inequality for martingales (Lemma 4.11), for ¢t > C In* (g) max { HJ& HF , 1} > Ty

for an appropriate constant C' (depending on Cs, c1,Cy),

t
P(Myy1 > 0) =P ((Mygq — My) > =Tp) <P (Mt/+1 - My > 5 TO) <
This shows that with probability > 1 — ¢, there are at most tyax = Cln* (2) max{||J||, 1}
nodes.
Finally, we note that in the call to ApproxRejectionSampler, the parameter needed to
obtain error eggcp is
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P 1
2 c3—3 2 log(2/estep)
CcC = = = e
5step Estep

s . 1 1
and the acceptance probability is > 5- = 5.

The number of tries until acceptance is a geometric random variable, which is subexpo-
nential, so standard concentration bounds show that the total number of tries is at most
O(In (é)) times the number of calls, with probability > 1 — 5. Putting everything together,
we obtain O(max{||.J||, 1} polylog (2)) running time with probability > 1 — .

Output is close in TV distance. Let A be a large constant to be determined.

Now consider coupling y = y(?) with a sequence of random variables y(!), ..., defined
inductively as follows. Start with all vertices of the tree of recursive calls unmarked. Now
given y® | choose a node (in a fixed manner) all of whose children are marked, and mark
it; then replace the output of that call to ParallellsingSampler by a sample from the true
distribution. We now choose constants so that Dy (D(y"), D(y**1)) < £ There are two
kinds of replacements to consider, a leaf node and a non-leaf node.

A leaf node corresponds to a call to ApproxRejectionSampler. If c3 is small enough and

)

Cy = A, then by Lemma 4.9 and 4.4, the output of ApproxRejectionSampler is within - of
the 1075y ph-

A non-leaf node corresponds to T recursive calls to ParallellsingSampler. Here we must
appeal to mixing for the Ising model. By Theorem 4.1, approximate tensorization of entropy
holds with constant 1. Hence by Theorem 3.6, there is a constant Cj) such that if Cy = Cjc,
then for any s, ¢ - % steps of s-Glauber dynamics results in a distribution v satisfying

1 1
Dol <\ APl <\ Pccoliusn)ecn

With the product initialization, we have by Lemma 4.10(2) (applied to the whole matrix)
that Dkr(vollpsn) < ||J]|n < 2n. Hence there exists a constant C such that if Co = C4A/c,
then with 7' = Ca1In (2) 2 steps, Drv(vrllpsn) < 5. By Lemma 4.10(1), for the Ising
model ., 5 the conditional distribution of X given Xp\g = yg\ s is exactly the Ising
model fiyg, 5 Js, pmsym s+hs- Given that the conditional distributions are sampled exactly,
then the only error is that from not having fully mixed, which we set to be —=.

This chain of coupled random variables establishes Dy (D(y), D(y™®)) < 15 Moreover,
for t > tmax, Drv(D(y®), psn) < 5 by our high-probability bound, as the root node in y®
will have been replaced with a perfect sample with probability > 1 — 5. It remains to note
that tyax = Cln* (%) max{||.J||  , 1} with C' depending polynomially on A. Hence we can
choose A such that t‘r‘l%a < 57 and this finishes the proof. <
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