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—— Abstract

A graph class G admits product structure if there exists a constant k such that every G € G is a
subgraph of H X P for a path P and some graph H of treewidth k. Famously, the class of planar
graphs, as well as many beyond-planar graph classes are known to admit product structure. However,
we have only few tools to prove the absence of product structure, and hence know of only a few
interesting examples of classes. Motivated by the transition between product structure and no
product structure, we investigate subclasses of intersection graphs in the plane (e.g., disk intersection
graphs) and present necessary and sufficient conditions for these to admit product structure.

Specifically, for a set S C R? (e.g., a disk) and a real number « € [0, 1], we consider intersection
graphs of a-free homothetic copies of S. That is, each vertex v is a homothetic copy of S of which at
least an a-portion is not covered by other vertices, and there is an edge between u and v if and only
if uNwv # 0. For @« = 1 we have contact graphs, which are in most cases planar, and hence admit
product structure. For a = 0 we have (among others) all complete graphs, and hence no product
structure. In general, there is a threshold value a*(S) € [0, 1] such that a-free homothetic copies of
S admit product structure for all @ > a*(S) and do not admit product structure for all & < a*(.5).

We show for a large family of sets S, including all triangles and all trapezoids, that it holds
a*(S) = 1, i.e., we have no product structure, except for the contact graphs (when o = 1). For
other sets S, including regular n-gons for infinitely many values of n, we show that 0 < a*(S) < 1
by proving upper and lower bounds.
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1 Introduction

We are interested in properties P of graph classes, for which, if a graph class G admits P,
this certifies that G is well-behaving in some sense. For example, having property P for G can
provide a common structure of graphs G € G, which can be exploited to prove statements
for all graphs in G, or to derive efficient algorithms for graphs in G. A particularly nice
property is that of having bounded treewidth, i.e., that there exists a constant ¢ such that
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Intersection Graphs with and Without Product Structure

every graph G € G is a subgraph of H for some t-tree! H. Using the simple structure of
t-trees, one can for example show that graphs in G have small balanced separators, or that
MAXINDEPENDENTSET can be solved in linear time. However, the n X n-grid graph has
treewidth n and hence, already the class of planar graphs does not have bounded treewidth.

In 2019, Dujmovi¢ et al. [12] introduced with product structure a novel concept that
generalizes the property of having bounded treewidth. We say that a graph class G admits
product structure if there exists a constant ¢ such that every graph G € G is a subgraph
of HX P for a path P and some ¢-tree H. For example, the n x n-grid graph is a subgraph
of P, X P,, i.e., contained in the strong product of a path and a graph of treewidth 1. In
fact, the class of all planar graphs admits product structure with constant ¢ = 6 [25].

This constant ¢ is also called the row treewidth (denoted rtw) and specifically, for a
graph G we write rtw(G) <t if G C PX H for a path P and some ¢-tree H. The vertices
of PX H are partitioned into “rows” (one row for each vertex of P), with each row inducing
a copy of H. In particular, from any vertex-ordering o of H, we obtain a natural drawing
that reflects the structure of the graph by putting the vertices of the i-th row on y-coordinate
(roughly) ¢ and a-coordinate according to o. See Figure 1 for some illustrating examples.

J N ———————
o -7

H s==S=s===",

P °

Figure 1 The strong product P X H with a row highlighted (left), a unit disk intersection
representation of a graph G (center), and its product structure representation G C P X H (right).

Interestingly, one can reverse this procedure in case G is an intersection graph of unit
disks in R? as follows. Roughly speaking, we superimpose a square grid on the intersection
representation and let w be the largest number of disk centers in any grid cell. Then we
find G as a subgraph of P X H, where H = P?“~! is the (2w — 1)-th power of a path, i.e.,
a t-tree for ¢ = 2w — 1. This way, one can conclude for every w that K., 4-free unit disk
intersection graphs admit product structure. We refer to [17] for a complete, formal proof.

Linear local treewidth. On the other side, we can show that a graph class G has no product
structure by showing that G fails to have another (easier to check) property that in turn
would be necessary for product structure. To this end, note that in the product P X H each
edge either runs within a row or between two consecutive rows. It follows that for every k the
k-th closed neighborhood N*[v] = {u € V | d(u,v) < k} of a vertex v in P X H is completely
contained in at most 2k + 1 rows, each having treewidth ¢t = tw(H). Therefore, the treewidth
of N*[v] is at most (2k + 1)t, i.e., grows only linearly in k for constant row treewidth .

» Definition 1. A graph class G has linear local treewidth if for all graphs G € G and all
vertices v € V(Q) the treewidth of the k-th closed neighborhood of v is in O(k).

! Definitions of t-trees, treewidth, and strong products will be given in Section 2.
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Linear local treewidth is a necessary (though not sufficient) condition for a class to admit
product structure [12,15, Lemma 6]. For example, in Ky-free disk intersection graphs we can
have an n x n-grid in the neighborhood of a single vertex (Figure 2-left), and hence Ky-free
disk intersection graphs do not admit product structure. Similarly, the n x n x n-grid graph
has treewidth Q(n?), but lies completely in N3"[v] of any of its vertices v (Figure 2-center).
Hence, Ks-free intersection graphs of unit balls in R? do not admit product structure.

NRTONKT OGO )

Figure 2 K4-free disk intersection graphs (left) and Ks-free unit ball intersection graphs (center)

with no product structure, and a %—free disk intersection graph with the free area in blue (right).

Intersection graphs of a-free homothetic shapes. We consider the question when a class
of intersection graphs has product structure, and when not. Crucially, we want the vertices
to be represented by homothetic shapes in R? of different sizes. By the discussion above, we
must bound the clique size, as well as the size of grids in the neighborhood of any vertex.
We do this by requiring that for every vertex, its corresponding set has an a-fraction of its
area disjoint from all other shapes (Figure 2-right)?. For a shape S C R2?, let us denote its
area by ||.S]|.

» Definition 2. Let S C R? be a set and a € [0, 1] be a real number. A collection C = {S, }vev
of homothetic (obtained from S by positive scaling and translation) copies of S is a-free if

for every v € V. we have IS, — U Sull = - ||Sul-
ueV—v

We denote by G(S, ) the class of all intersection graphs of a-free homothetic copies of S.

Whether G(S, @) has product structure or not clearly depends on S and «. In general,
there is a threshold value a*(S) € [0,1] such that G(S, &) has product structure for o > a*(5),
and no product structure for o < a*(S). For an integer n > 3, we denote by O, C R? a
fixed regular n-gon with area |0, || = 1. Our main interest is to determine a*(0,,).

When two homothetic copies S, S’ of O, intersect, a number m < n of corners of one,
say S, is contained in the other, S’. Given that exactly m corners of S are covered by S’,
the smallest area of S is covered when S NS’ is the convex hull of m consecutive corners
of S. Let us call such a polygon an n-gon segment with m corners and denote it by O)".
See Figure 3 for an example. Since || O, || = 1, the size || Q]| of O is the fraction of O,
covered by ;. In particular, we have ||O}]| € [0, 1]. In fact, for most of the results in this
paper we take a = ||O}'|| for an appropriate choice of m (possibly depending on n).

2 This restriction is better suited to investigate the threshold between product structure and no product
structure than the (possibly more common) ply, i.e., the number of shapes that may meet at the same
point. In fact, Figure 2 left already shows that graphs with ply 3 do not admit product structure.
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Figure 3 The 8-gon segment with 4 corners (g.

Our results. We investigate whether G(S, «) has product structure or not. As soon as a > 0,
there are indeed constants w = w(S, ) and k = k(S, «), such that all graphs in G(S, a) are
K,-free and with no k x k-grid in any neighborhood N![v]. But, while these obstructions
are ruled out, G(S, @) has still no product structure if a > 0 is too small.

» Theorem 3. For everyn > 2 and a < |05, ||, the class of all intersection graphs of a-free
homothetic reqular 2n-gons does not admit product structure.

In other words, we have a*(Oa,) > |03
case, we highlight that ||(}]| = 1 and hence a*(Q4) = 1. That is, for every @ > 0 we can

nll > 0 for every n > 2. As an interesting special
construct collections C = {S, },ev of axis-aligned squares such that each square S, € C has
at most an a-fraction of its area covered by C — 5, i.e., C is arbitrarily close to a contact
representation, and still the intersection graphs of C do not admit product structure?.

In fact, we may encounter the same situation among general (irregular) convex n-gons.

» Theorem 4. For every n > 3 there is an n-gon S such that for all a« < 1 the class of
intersection graphs of a-free homothetic copies of S does not admit product structure.

For regular n-gons however, if « is large enough, we always have product structure.

» Theorem 5. There is an o < 1 such that for all n > 6, the class of intersection graphs
of a-free homothetic regular n-gons admits product structure.

In other words, we have an & < 1 such that o*(0,) < & for every n > 6. We prove
Theorem 5 by showing that the graphs in G(O,,, &) are planar, and for this reason G(O,, &)
admits product structure [12]. To prove the planarity, we consider the canonical drawing of
the intersection graph G, which is derived from an intersection representation with a-free
homothetic regular n-gons by placing each vertex v at the center of its shape S, and draw each
edge uv as a short 1-bend polyline inside S, U.S,. We define and discuss these drawings more
detailed in Section 4. In fact, also many beyond-planar graph classes admit product structure
(as we shall list below). And we actually suspect (cf. Conjecture 7 below) that whether or not
G(Op, ) admits product structure is equivalent to whether or not the canonical drawings of
the graphs in G(O,, ) belong to a novel type of beyond-planar drawing style.

» Definition 6. For k > 0, a topological drawing* T of a graph G in R? is k-independent
crossing if no edge e of G is crossed in I' by more than k independent edges of G.

Clearly, 0-independent crossing drawings are precisely planar drawings. And 1-independent
crossing drawings are precisely fan-crossing drawings [6]. In general, in a k-independent
crossing drawing, every edge may for example be crossed by k stars of edges.

3 Hence, these graphs do not belong to any graph class with product structure as listed in Related work.
4 Vertices are points and edges are curves connecting their end-vertices. Any two edges have only finitely
many points in common; each being either a common endpoint or a proper crossing.
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A4 X 4

Figure 4 Two regular n-gons meeting in third, S, for large n and the cases n =0,1,2,3 mod 4.
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Figure 5 Values of s(n) for n = 3,...,100.

» Conjecture 7. The class of intersection graphs of a-free homothetic regular n-gons admits
product structure if and only if their canonical drawings are k-independent crossing for a
global constant k (possibly depending on n).

Our final contribution is to exactly determine « in terms of n for which the canonical
drawings of all graphs in G(O,,, «) are k-independent crossing for some k. For this, we define

o2+ ifn=0 (mod 4)

o) = [OIM2H ifn =1 (mod 4) )
o2 =1 ifn=2 (mod4)
JOIM/2142 it =3 (mod 4).

The function s(n) is defined as the tipping point whether or not two regular a-free n-gons
can meet in a third regular n-gon S without containing a corner of S. See Figure 4 for an
illustration and Figure 5 for a plot of s(n). In particular note that s(n) > 1 for all n and
lim,, 00 8(n) = % The four cases are due to whether or not the four corners closest to the
boundary of .S need to be inside S in order for the two n-gons to meet, e.g., in the case n = 0
mod 4 only n/2 of the corners are inside S (and therefore, at the tipping point where the
two n-gons meet exactly at a corner of S, n/2 + 2 are outside or at the boundary), while
half of the area is covered if n/2 + 1 corners are inside S as in the case n =2 mod 4.

» Theorem 8. Let n > 3, a € [0,1], and s(n) be defined as in (1). Then there exists a
constant k = k(n) such that the canonical drawings of all graphs in G(On, «) are k-independent
crossing if and only if a > s(n).
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Figure 6 Our results for even n > 6. It holds that lim, o s(n) = 5 and limy, o0 || O3] = 0.

Crucially, Theorem 8 and Conjecture 7 together would give o*(Q,) = s(n), i.e., that
a > s(n) is also the exact tipping point for the product structure of the class G(O,,, ). An
overview of our results for even n > 6 is given in Figure 6.

Organization of the paper. After some related work below, we quickly define in Section 2
treewidth and product structure. In Section 3 we prove Theorems 3 and 4 by presenting a new
graph class called nested grids with no linear local treewidth (hence no product structure),
and then constructing a-free intersection representations of nested grids for the claimed
sets S. In Section 4 we define and discuss the canonical drawing of an intersection graph
from an a-free intersection representation. The canonical drawings are then used to prove
Theorem 5 in Section 5 and Theorem 8 in Section 6. We discuss conclusions in Section 7.

Related work. Since the introduction by Dujmovié et al. [12], a variety of graph classes
have been shown to admit product structure, including planar graphs, graphs with bounded
Euler genus g, apex-minor-free graphs [12,25], k-planar graphs, k-nearest-neighbor graphs,
(g, k)-planar graphs, d-map graphs, (g, d)-map graphs [16], h-framed graphs [1], (g, §)-string
graphs [8,16], k-th powers of planar graphs with bounded maximum degree [8,20], fan-planar
graphs, k-fan-bundle graphs [20], and K, -free intersection graphs of unit disks in R? [17].
In addition, product structure has been used to investigate different concepts in graphs;
sometimes resolving long-standing conjectures. This includes adjacency labeling schemes [2,
9,19], nonrepetitive colorings [10], p-centered colorings [7], clustered colorings [11,14], vertex
rankings [5], queue layouts [12], reduced bandwidth [3], comparable box dimension [18],
neighborhood complexity [21], twin-width [1,22], and odd-coloring numbers [13].

On the other hand, there are only very few results for the non-existence of product
structure. Besides linear local treewidth (Definition 1), a necessary condition for product
structure is having bounded layered treewidth [4]. In fact, bounded layered treewidth implies
linear local treewidth [15], making the former the stronger condition. For proper minor-closed
graph classes, both linear local treewidth and bounded layered treewidth are also sufficient
conditions for product structure [12]. However, this does not hold for general graph classes
as some graph classes with bounded layered treewidth admit no product structure [4].

2 Preliminaries

Treewidth. Treewidth is a graph parameter first introduced by Robertson and Seymour [24]
measuring the similarity of a graph to a tree. Let us define the edge-maximal graphs of
treewidth ¢: For an integer ¢ > 0, a t-tree is a graph H that is either Ky, or obtained
from a smaller ¢-tree H' by adding one new vertex v with neighborhood N(v) C V(H') that
induces a clique of size ¢ in H'. Now, the treewidth of a graph G, denoted as tw(G), is the
minimum ¢ such that G C H for some t-tree H.
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Strong product of graphs. The strong product of graphs is a combination of the Cartesian
product of graphs and the tensor product of graphs. The vertex-set of the strong product
G X H of two graphs G and H is defined as V(G) x V(H). The edge-set is the union of
the edges in the Cartesian and the tensor product of G and H. That is, there is an edge in
G X H between two vertices (u,u’), (v,v") € V(GX H) if and only if

u=v,u'v € E(H) or =7, uw e EQ) or  w € E(G), v € E(H).
3 Intersection graphs without product structure

In this section we prove that, for some a € [0, 1] and some S C R2, the class G(S, @) of all
intersection graphs of a-free homothetic copies of S does not admit product structure. In

particular, we consider for S regular 2n-gons in Section 3.2 and irregular n-gons in Section 3.3.

Both cases rely on the same general construction, which we describe first in Section 3.1.

3.1 Nested grids

We aim to construct a graph class G that does not have linear local treewidth (cf. Definition 1).

Then, by [12,15, Lemma 6], G admits no product structure. Note that if G has linear local
treewidth, for each graph G = (V, E) € G its treewidth tw(G) is linearly bounded by its radius
rad(G) = minyey min{k | N*¥[v] = V}. We now aim to construct a sequence Gy, G, ... of
graphs with rad(Gy) € O(k) but tw(Gy) € Q(k?), i.e., where the treewidth is not linear in
the radius. Here, we give a general description of Gy, k > 1, which is then completed in
detail depending on the particular polygon S in Sections 3.2 and 3.3.

Step 1: Large grid to ensure small radius. We start with a (k4 1) x (k + 1)-grid with each
edge subdivided twice, called the large grid. For an intersection representation, we use
(k+1)? large homothets of S, denoted ¢; ; with i, j € [k+1], in a grid pattern representing
the grid-vertices, and 4k? smaller homothets of .S, called the subdivision shapes, for the
subdivision-vertices. The exact placement is chosen such that the subdivision shapes
meet at their corners so that the resulting intersection graph is the desired subdivided
grid as shown in Figure 7. Note that we do not require that the shapes ¢; ; have only
a point contact with the subdivision shapes. We refer to this graph as Gy ; and to the
areas that are bounded by exactly twelve shapes as cells.

C3,1 C3,2 C3,3

Figure 7 Examples of the large grid with homothetic squares or hexagons, as described in Step 1.
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Figure 8 Parts of a large grid (blue) with small grids in its cells (green) connected by paths (red).

Step 2: Small grids inside cells. Next, we insert a k x k-grid into each cell such that these

small grids do not touch the large grid from Step 1. We denote the union of Gy ; and
all small grids by Gi 2. In the next step, we connect the small grids so that together
they form a grid of size k2 x k? plus some additional edges and subdivisions, yielding
quadratic treewidth. To do so, we also specify the placement of the small grid inside
the cell more precisely in the next step. The large grid ensures that the radius of the
resulting graphs is linear in k.

Step 3: Connecting the small grids to ensure large treewidth. We connect any two small

grids in neighboring cells of Gy ; by adding k pairwise disjoint paths, called connecting
paths, as illustrated in Figure 8. Each set of connecting paths crosses the subdivided
edge of G};1 at the contact point of the two corresponding subdivision shapes. To realize
these crossings, we must ensure that a contact point of two same-sized homothets of S
can be crossed by k independent edges, while keeping all shapes a-free. Furthermore, we
connect the endpoints of these k independent edges to their corresponding small grid
with pairwise disjoint paths, while keeping the radius small, that is in O(k).

Leaving the shape-specific details of the crossings to Sections 3.2 and 3.3, we now show
how to achieve the linear radius. As Gj 1 has radius O(k), it suffices to show that every
vertex we add in a cell has distance O(k) to some vertex of Gy 1. We achieve this by
placing the connecting paths inside a cell within a narrow corridor very close to the
border of the cell (Figure 9). Such a corridor and connecting paths along the border
of a cell can always be constructed using 1-free homothets of S of very small size. We
start with a set P, of k paths connecting the top of the cell with the small grid, which is
placed near the top of the cell for this purpose. All further connecting paths in the same
cell can be placed iteratively by going along the new boundary. Note that the small grid
is not necessarily placed in the center of the cell as the exact geometry inside the cell
is shape-specific and the center might not be reachable while keeping the radius small.
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As we create 4k paths per cell, every vertex on the paths has distance O(k) from the
grid Gg,1. In addition, the small grids are placed such that they touch the end of the
constructed paths, yielding a distance of O(k) for every vertex in each cell.

3.2 Regular 2n-gons

In this section we prove Theorem 3 by giving for every n > 2 an explicit a < 1 such that
intersection graphs of a-free homothetic copies of O, admit no product structure. Recall

that ||O%,,|| € [0,1] denotes the portion of the area of (3, within a segment with m corners.

» Theorem 9. For everyn > 2 and a < || O3, ||, the class of all intersection graphs of a-free
homothetic regular 2n-gons does not admit product structure.

Hence, as |OF]] = 1 and | O = 1, regular a-free squares do not admit product structure
for any o < 1, and regular a-free hexagons do not admit product structure for any o < %

Proof. We prove the theorem by using the construction described in Section 3.1. Thus, we

need to show that all three steps of the construction are feasible using a-free regular n-gons.

Constructing the grid Gy,1 described in Step 1 using regular n-gons is clearly possible for all
n, e.g., see Figure 7 for n = 4 and n = 6. For Step 2 place a k x k-grid inside each cell of

G,1 yielding G 2. The main challenge is to show that Step 3 of the construction is feasible.

In Step 3 we connect the small grids to together contain a k2 x k2-grid subdivision. Let
Sy, Sy be two adjacent subdivision shapes in the grid Gj ; and recall that they meet at a
corner. We aim to construct k pairwise disjoint paths crossing the S-S, -contact with contact
point ¢, see Figure 10 left. We thereby ensure that the inserted shapes do not intersect any
shapes other than S, and S,. We iteratively place n-gons X1, Y7, ..., Xg, Yx such that after
iteration ¢ with ¢ € [k], the n-gons X1Y7,..., X;Y; form 7 independent edges crossing the line
segment [ from the center of S, to ¢. Additionally, after iteration ¢ there is an e;-ball B.,[q]
around ¢ for some &; > 0 such that B, [q] does not intersect any X; or Y; for j < i. For ease
of presentation, let B, [g] be a ball around ¢ that only intersects S, and .S,,.

In iteration ¢ we consider the ball B,, ,[g] that does not intersect any n-gons X;,Y;
placed before. Let the corners of an n-gon S, be ¢5,...,c? in clockwise order. Without loss
of generality, let g be the corner ¢} of S,,. Let ci( “ be the corresponding corner of the n-gon
X; and c}/'i be the corresponding corner of Y;. Further let p be a point close to g on | with &’
distance from ¢, where 0 < ¢’ < g;_1. We place X;,Y; inside B.,_,[q] such that they share a
side and meet with a corner at p, i.e., such that ¢Xi = p = céf" as shown in Figure 10 right.

Note that two corners of X; and Y;, respectively, are placed outside of S, and the two

shapes do not intersect S,. In addition, two corners are placed ¢’-close to the border of S,,.
Thus, for ¢’ small enough X; and Y; have arbitrarily less than |3, || area disjoint from S,,.

As X; and Y; do not intersect any other shapes than S, we can choose ¢’ sufficiently small
such that X; and Y; are a-free for every a < ||O;L Further observe that as & > 0, after
placing X; and Y; there still exists a ball Be,[q] with positive radius &; around ¢ that does

nll-

not intersect any X; or Y; for j <. Thus, the invariants hold and we can continue placing
n-gons. After k iterations we have k independent edges crossing S, and S, as required.
Finally, the edges X1Y1,...,X;Y; can be connected to the small grids as explained in
Step 3 of the construction while keeping the radius in O(k). Thus, we have constructed a
graph class that does not have linear local treewidth, which rules out product structure. <«
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<«— small k x k-grid

" Figure 9 Example of how the paths connecting the grids can be constructed. S, and S, are
subdivision shapes and X1, Y1, X2, Y2, and X3, Y3 realize the independent edges crossing the contact
point of S, and S, required in Step 3. P; connects the top of the cell, i.e. X1, X5, X3, with the
small grid. P, Py, Pr connect the left, bottom, and right side of the cell to the small grid and are
shortened for improved readability. Note that the latter three sets of paths are not symmetric but
walk along the boundary of the cell in order to reach the small grid while keeping the radius small.
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k independent edges

S Sy
l q .

Figure 10 Left: We aim to cross two hexagons U,V with k£ independent edges. Right: Two
hexagons X;,Y; inside the ball Be, | [¢] with cff"' =p= c;/i that cross the line segment [ from the
center of S, to ¢. In the next iteration, the hexagons X;11,Y;y1 are placed inside B, [q].

Figure 11 Two shapes S, S, that we cross with two independent edges x1y1, x2y2. Note that to
the bottom-left of X2 and Y2, there is space for more crossing edges.

3.3 Triangles and irregular n-gons

This section is devoted to Theorem 4, which states that for every n > 3 there is a (possibly
non-regular) n-gon S such that a-free intersection graphs of shapes homothetic to S do not
admit product structure for any « < 1. As all triangles are affinely equivalent, we conclude:

» Corollary 10. The graph class of a-free intersection graphs of homothetic triangles does
not admit product structure for any a < 1.

The following lemma specifies the shapes we use and immediately implies Theorem 4.

We refer to Figure 11 for examples of shapes that satisfy the required properties.

» Lemma 11. Let S be a convex shape with two orthogonal adjacent sides 1(S),b(S) such
that S is contained in the rectangle spanned by 1(S) and b(S) and no sides of S are parallel
to 1(S) or b(S). Then, for no a <1 does the class of all a-free intersection graphs of shapes
homothetic to S admit product structure.

The main difference to Section 3.2 is how we implement crossings, which is shown in
Figure 11. We give a full proof in [23, Lemma 11].

4 Canonical drawings

In this section, we describe how we derive a drawing of the corresponding intersection graph
G = (V, E) from a collection C of a-free homothetic copies of O,, (for some o > 0). That is,
we identify a point in R? for each vertex v € V inside its corresponding set S, € C, and route
each edge uv € E as a polyline in R? inside an e-blowup of S, U S,. Both steps are quite
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natural, but some care is needed in the details. While there is nothing surprising here, in the
upcoming Sections 5 and 6 we prove that for specific choices of n and «, these drawings have
interesting properties, such as being planar or k-independent crossing (cf. Definition 6).

Let n > 3 be fixed, and C = {S, },ev be a collection of a-free homothetic copies of O,
for some o > 0, and G = (V, E) be its intersection graph. Choose € > 0 small enough (to be
discussed later). For each shape S, € C let ¢, denote its center. We draw each vertex v € V'
as a point inside the e-ball B.(¢,) around c¢,, such that all vertices lie in general position.

SRuRuLs

Figure 12 Embeddings with the edges (thick red) inside the shapes.

Now, for every edge uv € E individually, we do the following. First, we scale down S, at
its center ¢, to S,,, and S, at its center ¢, to S., such that B.(c,) C S, Be(cy) C 5., and
S, and 57, touch but share no positive area. If the line segment ¢,¢, intersects S, NS, let
Puv denote the point of intersection. This is for example always the case when n is even (see
Figure 12). Otherwise, let p,, be the single point in S, N S, (see Figure 12-right).

We now draw the edge uv as a 1-bend polyline connecting u to py, and py, to v. Observe
that the edge wv, including its bend py,, is drawn inside S;, U S, and hence inside S, U S,.
In case the bend points of several edges happen to coincide, we slightly move the bend points
within their e-balls such that no two such edges with a common endpoint cross. Similarly,
we slightly move the bend points such that they are in general position together with the
vertices. Hence, the drawing is simple® except that edges may cross twice.

Let us list some crucial properties of the resulting drawing.

» Observation 12. Given a-free homothetic copies of Oy, the canonical drawing T of their
intersection graph G = (V, E) satisfies the following properties:
Every vertex v € V is drawn e-close to the center ¢, of its shape S, .
For every edge uv € E there are scaled-down interiorly disjoint S\, S, with B.(c,) C
S! C S, and B:(c,) C S, C S,, with the edge drawn as a polyline with its only bend
e-close to pyy € S, NS).
The set of all bend points and all vertices is in general position.

Note that we choose the e-offsets sufficiently small so that if there is a crossing in our
drawing, then the two edges also intersect in the possibly non-simple embedding obtained by
choosing € = 0. Hence, from now on we may assume the vertices and bends to be placed
exactly at the centers, respectively contact points, for checking whether two edges cross.

5 An embedding is called simple if vertices and edges do not share points except for incident edges meeting
at their common endpoint and non-adjacent edges may cross once but only two in a point (i.e., no
touchings, no self-crossings, no crossings of adjacent edges, no three edges crossing in the same point).
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Figure 13 Situation in the proof of Lemma 14 with p,, € S, C S,.

5 Planar drawings

Complementing the results in Section 3, we show here that for some o < 1 and all n > 6, the
a-free intersection graphs of homothetic regular n-gons admit product structure. But let us
quickly discuss the case o = 1 first. Here we have contact representations, i.e., the n-gons are
interiorly disjoint and induce an edge if they touch. For every n # 4, these contact graphs
are planar, and hence admit product structure [12]. For n = 4, we have contact graphs of
axis-aligned squares, which are 1-planar, and hence also admit product structure [16].

» Observation 13. For every n > 3, the class of 1-free intersection graphs of homothetic
reqular n-gons admits product structure.

Turning back to the case a < 1, i.e., the statement of Theorem 5, we shall use the
canonical drawings defined in Section 4. To prove Theorem 5, we show that for appropriate
a < 1 and all n > 6 these canoncial drawings are crossing-free and thus the corresponding
class of intersection graphs admits product structure by [12].

» Lemma 14. Letn > 3, a < 1, and G be an intersection graph of a-free homothetic reqular
n-gons with canonical drawing I'. If two edges uv,xy € E cross in T', then there is a point
p € R2 that is contained in at least three of Sy, Sy, S, Sy.

Proof. Consider the scaled-down n-gons S!, and S/ used to draw the edge uv, as well as S,
and S; used to draw the edge xy. In particular, consider p,, € S;, N S;, and py,, € S; NSy
Further, we may assume that the crossing of uv and zy involves the segments Upy, and Tpgy.
Now observe that if p,, € Sy, then p;y, € S, N S; NS, and we are done. Similarly, we are
done if p,, € S;. In the remainder, we aim to show that one of the two cases applies.

For this, let S7 be obtained from S’ by scaling it down at the point p,, until the center
of S lies on the segment up,, as shown in Figure 13. Since p,, € S., we have py, € S
and S C S/ C S,. As the center of S/ lies on the segment Up,,, we obtain that S either
contains p,, or is completely contained in S;, C S,,. In the first case, we have p,, € SI C S,
while in the second we have p,, € S C S, as desired. <
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By Lemma 14, crossings in I' are only possible if three homothetic copies of (O,, have a
common point. However, this in turn (as long as n > 6) forces that one of the three shapes
has some significant portion of its area covered by the other two.

» Lemma 15. There is an a < 1 such that for every n > 6 and every three homothetic
copies Sy, Sy, Sw of Oy that have a common point p € S, NS, NSy, one of the three copies
s not a-free.

Lemma 15, which we formally prove in [23, Lemma 15], together with Lemma 14 implies
Theorem 5.

» Theorem 5. There is an o < 1 such that for all n > 6, the class of intersection graphs
of a-free homothetic reqular n-gons admits product structure.

6 k-independent crossing drawings

In this section we again consider intersection graphs of a-free homothetic regular n-gons, and
specifically, whether their canonical drawings are k-independent crossing (cf. Definition 6)
for a global constant & (that might depend on n). For fixed n > 3, we let « € [0, 1] vary. For
« =1, one can show that the canonical drawings are planar (or 1-planar for n = 4) and in
particular 1-independent crossing. For smaller o, we have a richer graph class, which is less
likely to have k-independent crossing canonical drawings for any constant k. In fact, we shall
prove that s(n) as defined in (1) is the precise tipping point for o until which the canonical
drawings for G(O,,, «) are k-independent crossing. That is, we prove Theorem 8.

6.1 Not k-independent crossing for o < s(n)

We show that for a < s(n), edges can be crossed by arbitrarily many independent edges.

» Proposition 16. Letn > 3, o < s(n), and k > 1. Then there is a collection Ci, = {Sy }vev
of a-free homothetic reqular n-gons with intersection graph Gy = (V,E) such that one
particular edge wv € E is crossed in the canonical drawing I of Gy, by k independent edges.

Proof. For the case n =0 (mod 4), we rotate the regular n-gon O, such that it has four
corners at its extreme z- and y-coordinates; a top, a bottom, a left, and a right corner.

We start by placing a homothetic regular n-gon S,, C R? with center ¢ and right corner q.
We iteratively place n-gons Xy, Y1, ..., Xk, Yi such that after step i, 1 < i < k the n-gons
X1,Y7,...,X;,Y; are placed and the ¢ corresponding independent edges x1y1,...,x;y; all
cross the line segment [ from the center ¢ of S, to ¢. Additionally, there are eg > &1 > -+ > ¢
such that the e;-ball B, [q] around ¢ is disjoint from X, and Y; whenever j <. Clearly, all
invariants hold before step 1 with €9 > 0 being any value small enough such that at least an
a-fraction of Sy, is not covered by Be,|[q].

In step ¢, we consider the ball Be,_, [¢] around ¢ that is disjoint from X1,Y7,..., X;-1,Yi—1.
Let X; and Y; be (very small) homothetic n-gons inside Be,_, [g] such that the bottom corner
of X; and the top corner of Y; coincide in a single point p on [ — ¢, as shown in Figure 14.
Note that X; and Y; have strictly more than |[O"/?|| of their area covered by S, i.c., strictly
less then [|O7/?*2|| is free. Moreover, the closer p is to ¢, the closer is their free fraction is
to ||Oz/2 + 2| = s(n). Now we move X;,Y; along [ until at least o < s(n) of each of their
areas is not covered by S, and pick ¢; > 0 small enough so that B.,[q] is disjoint from X;
and Y;. Observe that our invariants hold again.
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" Figure 14 Placing X;,Y; inside the £;_1 ball around gq.

I Figure 15 Placement of X;,Y; in the cases n =0,1,2,3 mod 4.

After step k, we can place a (tiny) homothetic n-gon S, inside the ball B, [g] such that
its left corner coincides with ¢, which completes the construction for n =0 (mod 4).

If n #1 (mod 4), then the regular n-gon O,, does not have a corner in each of its four
extreme directions. Instead, we may have corners or entire sides. Nevertheless, we can assume
that O, has a right corner, and do the same construction as above for any n. However,
depending on n, we get a different number of corners of X; and Y; inside S,,. For n =1
(mod 4) the number of corners of X; inside of S, is [n/2] and thus roughly ||O["/21F| of
the area of X; is not covered by S,. For n =2 (mod 4) the number of corners is n/2 + 1
and roughly ||OZ/ 2 = 3 is free. Lastly, for n =3 (mod 4) the number of corners of X;
inside of S, is |n/2] and thus roughly ||O["/2172|| of the area of X; is not covered by S,,.
An example of the placement of X7,Y7 in the various cases is given in Figure 15. <
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6.2 k-independent crossing for a > s(n)

We show that for every n > 3, a > s(n), and for every collection of a-free homothetic regular
n-gons, the canoncial drawing I" of the corresponding intersection graph G is k-independent
crossing (cf. Definition 6) for a global constant k that depends only on n.

The reader might recall Lemma 15 stating that for large enough «, no three a-free n-gons
have a common point. In [23, Lemma 18], we use a similar strategy to show that for any
large enough « (in this case o > %), the number of n-gons containing a given point p is
bounded.

» Lemma 17. For a point p € R%, n > 5, and o > %, there are at most 13 regular n-gons
X eC withp € X.

The next lemma crucially exploits that s(n) is chosen as the tipping point whether or
not two regular n-gons can meet in a third regular n-gon without containing a corner of the
latter.

» Lemma 18. Let X be a homothetic copy of O,. Let ¢ be the center, Q be the set of
corners, and p be any fized point on the boundary of X. Further, let Y be another homothetic

copy of O, such that Y Nep # 0. Then at least one of the following holds.

Y =X
g

YN(QU{p}) #0, i.e., Y contains point p or a corner of X.

< s(n), i.e., less than an s(n)-fraction of Y is not covered by X, or

Proof. As we are done otherwise, we assume that Y contains no corner of X and that Y is not
completely contained in X. Then Y intersects exactly one side s of X. Let h be the halfplane
supported by s that contains X. Then Y — X =Y — h, and hence ||Y — X||/|[Y]| < [|OX |
where m is the number of corners of Y that lie outside of X or on the boundary of X. For
convenience let

n/24+2 ifn=0 (mod4)
[n/2]+1 ifn=1 (mod4)
In/241  ifn=2 (mod 4)
[n/2]+2 ifn=3 (mod4).

Le., s(n) = [|O™ |, and we are done if m < m*. So assume that Y has m > m* corners

outside or on the boundary of X, and note that this implies that the center of Y lies outside
or on the boundary of X. Also note that the radius of Y is smaller than the side length of
X. Together, it follows that the point p either lies on the side s of X that is intersected by
Y or on an adjacent side s’ of X. Also we assume that p ¢ Y, as otherwise we are done.

Next, we shall argue that we may assume that p is a corner of X. We actually only need
p to satisfy the condition that Y contains neither a corner of X nor p but intersects a side of
X adjacent to p and the line segment ¢p. In case that p lies on a side s’ # s adjacent to s,
then the corner p’ of X where s and s’ meet fulfills the same condition. In the other case
that p lies on the side s that Y intersects, we can simultaneously move p and Y parallel to s
until p coincides with the corner p’ of s on the far end of Y (recall that p ¢ Y). Seen from
Y, this only changes the angle of the line segment ¢p, making it lean even more towards Y .
Again, the new situation fulfills the same condition.

Finally, we face the situation of p being a corner of X, while Y contains no corner of X
but intersects a side s of X incident to p and intersects the line segment ¢p. Then the portion
of ||Y|| outside X is, by definition, strictly less than s(n), which concludes the proof. <
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With Lemmas 17 and 18 at hand, we can now prove the following.

» Proposition 19. Let n > 3 and a > s(n) be fized. Then for any collection C = {Sy }vev of
a-free homothetic reqular n-gons with intersection graph G = (V, E), the canonical drawing
T of G is 26(n + 1)-independent crossing.

Proof. For n € {3,4}, we have s(n) = 1. Hence, I is planar for n = 3 and 1-planar for n = 4,
which is more than enough. For n > 5, let uv € E be any fixed edge in G. Our task is to
bound the number of independent edges in G that cross uv in T'.

Recall from Observation 12, that S!, C S, and S C S, are interiorly disjoint but touching
homothetic n-gons, and edge wv is drawn as a polyline from u (e-close to the center of S,,)
to v (e-close to the center of S,) with one bend point e-close to p,, € S, N S.. Actually, we
may assume without loss of generality that u is the center of S/, v is the center of S/, and
edge uv bends exactly at p,,. Then uv consists of two line segments Up,, and Py, v, and it

is enough to bound the number of edges that cross one of these line segments in I, say upy,-

For every edge zy that crosses up,, in I', we have S, N Upy, # 0 or S, Nup,, # 0, or
both. Let A= {y € V | S, Nupy, # 0} be the subset of vertices of G whose corresponding
sets intersect Upy,. Crucially, all edges of G that cross wv in I' along the line segment @p,,
have an endpoint in A. Since S], C S,,, we have

15, = Sill - 118, = Sul
A

>a > s(n)

for each y € A. Hence, by Lemma 18, each such S, must contain the point p,,, or (at least)
one of the n corners of S;,. Lemma 17 says that at most 13 such S, can contain the same
point, and thus |A|< 13- (n + 1). In other words, at most 13(n + 1) independent edges of G
cross wv in I' along the line segment Up,,. Symmetrically, at most 13(n + 1) independent
edges cross Pu,0, and thus T is k-independent crossing for k& = 26(n + 1). <

Finally, Propositions 16 and 19 together prove Theorem 8.

» Theorem 8. Let n > 3, a € [0,1], and s(n) be defined as in (1). Then there exists a
constant k = k(n) such that the canonical drawings of all graphs in G(On, «) are k-independent
crossing if and only if a > s(n).

7 Conclusion

It remains an intriguing problem to determine for the regular n-gon (,, the threshold a*((,,)
such that the class G(O,,, ) of intersection graphs of a-free homothetic copies of (,, admits
product structure for a > o*(0,,) and no product structure for o < a*(Oy,).

With s(n), as defined in (1), we determined the exact threshold for a such that for

a < s(n) arbitrarily many independent edges can cross a single edge in canonical drawings.

While this is exactly the crucial ingredient, we can not construct the nested grids for G(O,,, o)
with a = s(n), unless n € {4,6}. Still, we suspect an alternative construction to work.

» Conjecture 20. For every a < s(n), the class of intersection graphs of a-free homothetic
reqular n-gons does not have product structure.

On the other hand, for @ > s(n), the canonical drawings of G(O,,, a) are k-independent
crossing. We prove this for k = 26(n + 1) (cf. Proposition 19) but suspect that a constant k
independent of n should suffice. As already conjectured in the introduction, we believe that
graph classes with k-independent crossing drawings have product structure.
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» Conjecture 21. The class of k-independent crossing graphs admits product structure.

By Theorem 8 this would imply the following conjecture matching Conjecture 20.

» Conjecture 22. For every a > s(n), the class of intersection graphs of a-free homothetic
regular n-gons has product structure.

This seems reasonable since similar beyond-planar graph classes, such as k-planar

graphs [16], fan-planar graphs and k-fan-bundle graphs [20], have been shown to have
product structure. In particular, Hickingbotham and Wood [20] show that if all graphs in G
are r-shallow minors of H X K; with r,l,tw(H) € O(1), then G has product structure. For
example, they show this to be true for fan-planar graphs.
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