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—— Abstract

Beyond planarity concepts (prominent examples include k-planarity or fan-planarity) apply certain
restrictions on the allowed patterns of crossings in drawings. It is natural to ask, how much the
number of crossings may increase over the traditional (unrestricted) crossing number. Previous
approaches to bound such ratios, e.g. [13,28], require very specialized constructions and arguments
for each considered beyond planarity concept, and mostly only yield asymptotically non-tight bounds.
We propose a very general proof framework that allows us to obtain asymptotically tight bounds, and
where the concept-specific parts of the proof typically boil down to a couple of lines. We show the
strength of our approach by giving improved or first bounds for several beyond planarity concepts.
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1 Introduction

Throughout this paper, we only consider simple graphs, i.e., no self-loops or multi-edges. Given
a graph G, let n and m denote its number of vertices V(G) and edges FE(G), respectively. A
drawing D of G is a mapping of V(G) to distinct points in R?, and E(G) to curves connecting
the respective end points. Such a curve must not contain any vertex point other than its
end points. When two edge curves intersect on an internal point x, this is a crossing of
these two edges at z. The crossing number cr(G) is the smallest number of crossings over
all drawings. To achieve it, we can safely assume simple drawings, i.e., no three edges cross
at a common point, no edge crosses itself or adjacent edges, and no pair of edges crosses
multiple times. A graph is planar if it allows a crossing-free drawing. In the last decades,
several beyond planarity concepts have been established that generalize planar graphs in that
certain special crossing patters are allowed or forbidden, see, e.g., [15,17] for overviews. A
prominent example is k-planarity, where any edge may be crossed at most k times.
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Crossing Numbers of Beyond Planar Graphs Re-Revisited: A Framework Approach

We are interested in the minimum number of crossings within any beyond planarity
restricted drawing. Intuitively speaking, a beyond planarity concept is a way to (try to)
formalize our understanding of what aspects constitute a readable drawing. Still, within these
restrictions it is natural to ask for a drawing with the least number of crossings. Alternatively,
we can ask how much it “costs” in terms of crossings to follow a certain drawing paradigm.

Formally, let B (k) denote any beyond planarity concept, where we omit the parameter &
for parameterless beyond planarity concepts. Then, Go(x) (Gmr)(n)) denotes the set of
graphs (on n vertices, respectively) allowing a B(k)-drawing. The B(k)-crossing number
cro (i) (G) for a graph G € Gz is the least number of crossings over all B(k)-drawings of G.
The crossing ratio oo 1)(n) of B(k) is the largest attainable ratio between the B(k)-crossing
number and the (normal) crossing number, over all n-vertex B (k)-graphs:

. CT's (k) (G)

Q%(k)(n) = sup -

GeGuym) r(G)

Crossing ratios of beyond planarity concepts have for the first time been explicitly
considered in [12,13], where linear lower bounds Q(n) where established for 1-planar, k-quasi-
planar, and (weakly) fan-planar graphs. In all but the first case, the upper bounds where (at
least) quadratic in n, and it was conjectured in [13] that the real lower bounds should rather
be Q(n?). Later, [28] generalized the results to k-planarity and seven more beyond planarity
concepts. However, none of the provided bounds were tight except for planarly-connected
and straight-line RAC. In both publications, each planarity measure needs a very specific
construction and intricate specialized arguments to prove the lower bounds (which tend to
always be the most complicated part in crossing number proofs). Furthermore, both only
consider simple drawings, when establishing upper bounds on the crossing ratio. Simple and
non-simple crossing ratios may differ, if there are B (k)-graphs that only allow non-simple
B (k)-drawings. Our bounds below work with and without the simplicity assumption.

Our contribution. In this paper, we propose a general framework that, when applicable,
simplifies crossing ratio proofs down to only a couple of B(k)-specific lines (10-20 lines for the
lower bound). In contrast to previous schemes, this framework is able to prove asymptotically
tight bounds for all considered beyond planarity concepts, and our proofs further show
that the crossing ratio is already achieved between any two subsequent parameterizations
k and k + 1, in all considered parametrized concepts. Table 1 summarizes our results. A
key idea lies in the simplification of the necessary lower bound arguments, by turning them
into counting arguments over a set of (sufficiently) disjoint Kuratowski-subdivisions (see
Section 2). In particular, this allows us to avoid any intricate discussions about alternative
drawing possibilities, the simplicity of drawings, etc. We present the proof framework in
Section 3, and showcase its versatility and strength for various beyond planarity concepts in
Section 4.

2 Preliminaries

Kuratowski subdivisions. A graph G is planar if and only if it does not contain a K5 or K3 3
subdivision (summarily called Kuratowski subdivisions) [24]. Let K be a K3 3 subdivision in
G. The six degree-3 vertices of K are the Kuratowski nodes of K, and the paths between them
(not containing other Kuratowski nodes) its Kuratowski paths; by replacing each Kuratowski
path by a single edge, one obtains K3 3. Two Kuratowski paths are adjacent, if they share
a common Kuratowski node. Clearly, we have cr(G) > 1, and any drawing D of G (even
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Table 1 Overview on our results on the crossing ratios of beyond planarity concepts for n-vertex
graphs. Formally, [13] considers weakly fan-planar, but their proof works for all 4 variants. The
column “p?” denotes whether we also show the (same) rectilinear crossing ratios in Section 4.10. The
*-marked previous upper bounds need no explicit discussion of non-simple drawings by the nature of
the beyond planarity concept. All our bounds, except the upper bounds for adjacency-crossing and
fan-crossing, work with and without the simplicity assumption.

beyond planarity concept previous best our results Section 97?
k-planar Qn/k) N O(kVEn) * [28] O(n) 41 v
k-vertex-planar — O(n) 42 v
IC-planar — O(n) 43 v
NIC-planar — O(n) 44 v
NNIC-planar — O(n?) 45 Vv
k-fan-crossing-free Qn?/k3) N O(K*n?) * [28] O(n?/k) 45 v
straight-line RAC O(n?) * [28]  (direct corollary) 45 —

adjacency-crossing

fan-crossing

Q(n) N O(n?) [13] O(n?) 46 X
weakly fan-planar
strongly fan-planar
k-edge-crossing — O(k) 47 v
k-gap-planar Q(n/k?) N O(kVEkn) * 28] O(n/k) 48 v
k-apex-planar Q(n/k) N O(k?n?) [28] O(n?/k) 49 Vv
skewness-k Qn/kE)NO(kn)  [28] O(n) 49 v

a non-simple one) contains at least one crossing = between two edges from non-adjacent
Kuratowski paths. We say that x covers K. Every Kuratowski subdivision in G has to be
covered in D; a single crossing may cover several such subdivisions.

Upper bounds. The crossing lemma [2] states that any graph G with n vertices and
3
m > 4n edges has cr(G) € Q(%5). We may split Go(x)(n) into graphs gdenb)e( n) = {G €

sparse

Gu(ky(n) | m > 4n} that are sufficiently dense for the crossing lemma, and Opr) (n) =
Goa (k) (n) \9%6&?)e(n). It will later turn out that we attain the largest ratios on graphs of the

latter subset. Let og()°(n) = ) % Then
ar CT'sy (k (G)
m(n) = max ¢ ), swp = o
EQ%(M (n)

where we want to use the crossing lemma to bound the second term in the maximum.

» Observation 1. We have:
(a) If crm(x)(G) € O(m?), then om ) (n) € O} (n) +m? - 25) C O(dere(n) +n).
(b) If cra(n) (G) € O(mk), then om(x)(n) € Oloy,)" (1) +mk - ) < O(05 k) (n) +F).

All simple drawings satisfy the prerequisite of Observation 1(a). Furthermore, in the

sparse sparse

context of connected sparse graphs in Geg; 1 (n (n) (and thus for Op(k) (10 (n)), we know m € ©(n).

GD 2024
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< %

Figure 1 Red-yellow (left) and blue-blue (right) drawing of F' used for standard drawings of Gy.

1-jumping. The crossing ratio gg ;) (n) relates the B (k)-restricted crossing number to the
normal one. It is natural to ask, how small a parameter A > 1 can be chosen such that

G . .
Q%(k)(n) = SUPGEGy ) (n) % attains the same asymptotic bound. We say g 1) (n)

is A-jumping if Q% (k)(n) € Q(om(k)(n)). For all concepts in Section 4 except k-gap-planarity
(Section 4.8), we will observe I-jumping as our upper bounds on the normal crossing numbers
are already attained by 9B (k + 1)-drawings.

3 Framework for Proving Lower Bounds on Crossing Ratios

Let B(k) be a beyond planarity concept, and ¢: N> — N a function dependent on k and the
graph’s number of vertices n. To show that the crossing ratio og ) > 1(k,n), we construct
an infinite family {Gy}e>g,, for some ¢y € N, such that for each G, we have

CT'3 (k) (Gl)

BT Wk V(G

To construct this family, we always start with a frame F = (N, C, col), an edge-colored
K3 3. To avoid ambiguity with the graphs constructed based on F, we call elements
of N = {v1,v2,v3, w1, ws, w3} nodes and elements of C = {{v;,w;} | 3,5 € {1,2,3}}
connections. Each connection ¢ € C has a color col(c) that is either red, blue, yellow, or gray.

Based on this frame F’ and some parameter ¢, we construct framework graphs Gy. To
this end, we define for each of the four colors col a graph S.,; (which we will call con-graph
in the following) with two pole vertices s,t. The size of S, often depends on ¢, k, or both.
Intuitively, we may talk about, e.g., a red con-graph if it is associated with the color red.
We then replace each connection {a,b} € C' with a new copy St of its color’s con-graph
Scol({a,b}), identifying this con-graphs’ poles s and ¢ with a and b, respectively.

In most of our proofs, the con-graphs are rather simple: an (i, j)-bundle is a con-graph
consisting of ¢ internally-vertex-disjoint s-t-paths, each of length j (i.e., j edges in each path);
an (4, )T -bundle furthermore contains the edge {s,t}. In all our constructions, the yellow
con-graph is the single edge {s,t}, which can equivalently be seen as a (1, 1)-bundle.

Standard Drawings of G¢. In our framework, we need to show (i) that G, is indeed in
G (k)(n), (ii) an upper bound on cr(Gy), and (iii) a lower bound on cregs(x)(G¢). We show (i)
and (ii) by constructing standard drawings of Gy: These drawings are constructed by first
drawing the frame F’; in particular this maps connections to curves in the plane. We obtain
a drawing of Gy by drawing each con-graph in a small neighborhood of its corresponding
connection’s curve (instead of drawing the connection itself). Whenever possible, we draw
con-graphs planarly with their poles on their local outer face; otherwise we explicitly specify
their drawing. Apart from this, we only need to specify how to draw crossing con-graphs.
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Unless specified otherwise, our frame F' contains a 4-cycle of a blue, a yellow, another blue,
and a red connection in this order; its remaining five connections are gray. Thus, to cover
the K3 3, there has to be a red-yellow crossing, a blue-blue crossing, or a crossing involving a
gray connection. We can classify drawings of F' with a single crossing by the colors of the
crossing connections; we are in particular interested in a red-yellow and a blue-blue drawing
of F, cf. Figure 1. Such drawings yield corresponding standard drawings of Gy. We use a
red-yellow standard drawing to show an upper bound on cr(Gy). As the yellow con-graph is
only a single edge, the number of crossings is kept low. However, the red con-graph is chosen
such that this drawing is not a B(k)-drawing. We use a blue-blue standard drawing to show
that Gy is in Go(x)(n). However, the blue con-graphs are chosen such that many crossings
arise. Lastly, the gray con-graphs are chosen such that a standard drawing with a crossed
gray connection is not a 9B (k)-drawing and also requires many crossings.

Lower bounding cry)(Ge). To prove a lower bound on cres)(Ge), we aim to show
that the number of crossings in the drawing establishing Gy € Gy (1) (n) is asymptotically
optimal. Until now, we only considered standard drawings of Gy, where each con-graph was
treated as a unit. For the proof of the lower bound on cre()(Ge), we consider an arbitrary
B (k)-drawing D of G,. In particular, therein con-graphs may, for example, partially cross
themselves or one another. For every connection ¢ € C, let P, be a (not necessarily maximal)
set of s-t-paths in the con-graph S.. If a con-graph S is a bundle, then we use the set of all
its edge-disjoint paths as P; otherwise we will define it specifically. Let w(c) == w(S,) == |P|
be the width of S; further, let the height h(c) = h(S.) = maxpecp, |p| be the number of
edges in the longest path in P.. For an edge e € S, let P.[e] be those paths in P, that
contain e. We define K := K(Gy, N) as the set of all K33 subdivisions of G, that have N
as their Kuratowski nodes and where each Kuratowski path is from (J ..o P.. There is a
mapping between the Kuratowski paths of K and the connections C' of F', such that each
Kuratowski path consists of an s-t-path in the respective connection’s con-graph.

Consider some Kuratowski subdivision K € K that is covered in D by a crossing x
between e1,eq € E(G). For i € {1,2}, let ¢; € C be the connection with e; € S¢,. The
connections ¢; and ¢y are non-adjacent in F'. The crossing x may cover all Kuratowski
subdivisions that have a Kuratowski path from P, [e;] and one from P, [es], but no other

of K. By definition of I, the crossing x covers at most w of the Kuratowski
c] c2

subdivisions in K. In most cases (in particular whenever S,,, S, are both bundles) we have

| P, [e1]] = | Pe,[e2]] = 1, and then the crossing  covers of the KC-subdivisions.

1
P |1P:
In our proofs, we sometimes consider a specific subdrav‘vinlg‘ |of %)l Let ¢ € C be a connection
with con-graph S, and let R be an s-t-path in S.. Subdrawing D’ is the R-restriction of D
where all of S, except for R (a bundle of width 1) is removed. Within D’, R is considered to
be the con-graph of ¢, and we are interested in the minimum number of crossings covering
the Kuratowski subdivisions Kps C K in D’. We may consider an (R;, Rg)-restriction, where

we perform this operation twice, for distinct connections.

4  Proving Crossing Ratios

We now use our framework to prove the crossing ratio for several beyond planarity concepts.

Generally, whenever we define such a concept B(k), we do so via B(k)-drawings. This is
always to be understood to implicitly define the corresponding graph class as those graphs
that allow such a B(k)-drawing: e.g., a graph is k-planar if it allows a k-planar drawing. See
Table 1 for previously established crossing ratios (if any).

33:5
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4.1 k-Planar: gypi(n)

In a k-planar (k > 1, shorthand “k-pl”) drawing, no edge is crossed more than k times [25,26].

» Theorem 2. For every { > 41, there exists a k-planar graph Gy with n € ©(L?k) vertices
such that cripi(Ge) € Q(nk) and cr(Gy) € O(k). Thus pk-p1(n) € Q(n).

Proof. Let Gy be a framework graph, where the red con-graph is a (k+ 1,2)-bundle, the blue
con-graphs are (¢k,¢)-bundles, and the gray con-graphs are (¢k,2)-bundles, so n € ©(¢%k).
A red-yellow standard drawing shows cr(G¢) € O(k). A blue-blue standard drawing, see
Figure 2a for how the blue con-graphs cross, shows that Gy is k-planar.

Let D be a k-planar drawing of G,. At least one s-t-path R in the red con-graph is not
crossed by the unique yellow edge, as the latter has at most k crossings. From now on, we
thus only consider the R-restriction D’ of D, which does not have any red-yellow crossings.
Let ¢, ¢ be two connections. Any crossing between edges from ¢ and ¢ can cover at most
W of the Kp/-subdivisions (recall that the width of the red con-graph here in D’ is 1).
By k-planarity, there can be at most k- min{|E(c)|, |E(¢)|} crossings between edges from ¢
and ¢. As all con-graphs are bundles, the number of edges in each con-graph is the product of

its height and width. Thus, such crossings can overall cover at most k - min{w(g‘(}égfu’égah(a}

of the Kps-subdivisions. Let ¢ be a gray connection, then crossings between ¢ and another
connection ¢ can cover at most

% if ¢ is yellow
min{lk - 2, w(c) - h(c)} 72 if ¢ is red 2
k - —_ = < -
Ok - w(t) 2 if ¢ is blue l
k-2

7or if ¢is gray

e

of the Kp/-subdivisions. Five con-graphs are gray and four connections are non-adjacent to
a given connection, so crossings involving a gray edge can cover at most 5-4 - % < % of the
Kps-subdivisions. Thus, blue-blue crossings cover at least ﬁ of the Cp/-subdivisions. Since
each such crossing covers at most 1z of the Kp/-subdivisions, this yields a total of Q((¢k)?)
crossings in D and so crypi1(G) € Q(nk) and gg-pi(n) € Q(n). <

A non-k-planar drawing has an edge that is crossed at least k4 1 times, and crypi(Ge) <
mk, as in a k-planar drawing each edge is crossed at most k£ times. Thus, Theorem 2 and

Observation 1(b) with ;77" (n) < km—_ﬁ € O(n) yield:

» Corollary 3. The k-planar crossing ratio gi-pi(n) is in ©(n) and I1-jumping.

4.2 k-Vertex-Planar: gy, (n)

A vertex v is adjacent to a crossing x, if x is on an edge incident to v. In a k-vertez-planar
(shorthand “k-vp”) drawing, no vertex may be adjacent to more than k crossings.

» Theorem 4. For every { > 11, there exists a k-vertes-planar graph Gy with n € ©(£%k)
vertices such that cryvp(Ge) € Q(nk) and cr(Gy) € O(k). Thus ok-vp(n) € Q(n).

Proof. Let Gy be a framework graph, where the red con-graph is a (k + 1,2)-bundles, the
blue con-graphs are (¢k,2¢ + 1)-bundles, and the gray con-graphs are (¢k,2)-bundles, so
n € O(L?k). A red-yellow standard drawing shows cr(Gy) € O(k). A blue-blue standard
drawing shows that Gy is k-vertex-planar, cf. Figure 2b.
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(a) k-planar. (b) k-vertex-planar. (c) IC-planar. (d) NIC-planar.

(f) fan-planar variants (g) fan-planar variants
red-yellow crossings. and k-edge-crossing.

(h) k-gap-planar. (i) k-apex-planar. (j) skewness-k.

Figure 2 Visualizations of standard drawings of crossing con-graphs, for different beyond planarity
concepts. The con-graphs are colored consistently to their color type (blue, gray, red, yellow); we
use two shades of blue when showing crossing blue con-graphs. The depicted values for ¢ are chosen
for easy comprehension of the drawing paradigm (e.g., (a) shows ¢ = 3, k = 2); they are smaller
than required in the proofs.

Let D be a k-vertex-planar drawing of Gy. Since the yellow edge e has at most k crossings,
there exists an s-t-path R in the red con-graph not crossed by e. Let D’ be the R-restriction
of D; it does not have any red-yellow crossings. Let ¢ be a gray connection with con-graph
S¢; it has width £k. Since any crossing on S, is adjacent to one of the poles of S, there are
at most 2k crossings on S, and thus crossings involving at least one edge from S, can cover
at most % = % of the Kps-subdivisions. Five con-graphs are gray, so crossings involving a
gray edge can cover at most 5 - % < % of the Kp/-subdivisions. Thus, blue-blue crossings
cover at least % of the ICp/-subdivisions. Since each such crossing covers at most (511)2 of
the Kp/-subdivisions, this yields cryvp(G) € Q((¢k)?) = Q(nk). <

33:7
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A non-k-vertex-planar drawing has at least k + 1 crossings, and cryvp(G) < nk, as every
vertex may be adjacent to at most k crossings. Thus, Theorem 4 and Observation 1(b) with

O (n) < 5 € O(n) yield:

» Corollary 5. The k-vertez-planar crossing ratio ogvp(n) is in ©(n) and I-jumping.

4.3 IC-Planar: gic(n)

Two crossings share a vertez v if they are both on edges incident to v. A drawing is IC-planar
(independent crossings planar, shorthand “IC”), if no two crossings share a vertex [3,23,30].
Note that cric must not be mistaken for the independent crossing number, where there
are no restrictions on the crossings, but one only counts crossings between non-adjacent
edges [27]. In fact, IC-planarity is equivalent to 1-vertex-planarity. We can obtain near-tight
non-asymptotic bounds for this special case.

» Theorem 6. For every ¢ > 2, there exists an IC-planar graph Gy with n = 40? +12 vertices
such that cric(Ge) = 4 — 3 and cr(G) < 2. Thus oic(n) > § — %

Proof. Let Gy be a framework graph, where the red and gray con-graphs are (1,2)"-bundles
(i.e., triangles), and the blue con-graphs are (¢,2¢ + 1)-bundles, so n = 4¢%> + 12. The graph
has n =646+ 2-2¢- £ = 4 + 12 vertices. A red-yellow standard drawing shows that
cr(Gy) < 2. A blue-blue standard drawing shows that the graph is IC-planar, cf. Figure 2c.

Consider an IC-planar drawing D of Gy. For each red or gray connection ¢ = {s,t}, at
least one of the two s-t-paths in its con-graph has to be uncrossed, as otherwise there would
be non-independent crossings. Since the yellow connection is adjacent to the blue connections,
all Kuratowski subdivisions have to be covered by blue-blue crossings. Since blue con-graphs
have width ¢, any blue-blue crossing can only cover at most e% of the KC-subdivisions, yielding
cr(Gy) ZKQZ%—S. <

A non-IC-planar drawing has at least 2 crossings, and cric(G) < n/4, as no crossings
share a vertex, thus gic(n) < ”7/4 = g. Together with Theorem 6 we have:

].

We note that by shrinking the length of a single path in each of the two blue con-graphs
by 2, our construction still works and (since then n = 4¢? + 8) we would get the slightly
tighter lower bound of ¢ — 1, at the expense of a slightly longer proof.

» Corollary 7. For the IC-planar crossing ratio it holds that oic(n) € [% — 3,

|3

4.4 NIC-Planar: gnic(n)

In an NIC-planar (nearly independent crossings, shorthand “NIC”) drawing, any two crossings
may share at most one vertex [29,30]. Clearly, each edge is involved in at most one crossing.

» Theorem 8. For every { > 4, there exists an NIC-planar graph Gy with n € ©(¢2) vertices
such that crnic(Ge) € Q(n) and cr(Gy) < 2. Thus grc(n) € Q(n).

Proof. Let Gy be a framework graph where the red con-graph is a (1,2)"-bundle, the blue
con-graphs are (£,¢ + 2)-bundles, and the gray con-graphs are (¢, 2)-bundles, so n € ©(£?).
A red-yellow standard drawing shows cr(Gy) < 2. A blue-blue standard drawing, shows that
Gy is NIC-planar, cf. Figure 2d.

Consider a NIC-planar drawing D of Gy. Since the yellow edge can be crossed at most once
and all other con-graphs have width at least 2, a crossing on the yellow edge covers at most %
of the KC-subdivisions. Any red-gray crossing can cover at most 2%, of the KC-subdivisions. As
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Figure 3 A fan-crossing-free but not NNIC-planar graph. The red edges cannot be crossed in any
FCF drawing. The depicted fan-crossing-free subembedding of the non-gray edges is unique (up to
mirroring), but not NNIC-planar: arrows point to two crossings that share three (shaded) vertices.

each of the three red edges is involved in at most one crossing, such crossings cover at most
2% of the K-subdivisions in total. Therefore, at least 1 — % — 2%, > % of the K-subdivisions
have to be covered by crossings involving only gray and blue edges. Any such crossing covers

at most 7 of the K-subdivisions, yielding crxic(Ge) € (%) = Q(n). <

A non-NIC-planar drawing has at least 2 crossings, and cric(G) < m/2, as each crossing
requires two edges not involved in any other crossing. Since NIC-planar graphs have at most

8n edges [4], we have onic(n) < s5n and together with Theorem 8:

» Corollary 9. The NIC-planar crossing ratio onic(n) is in ©(n).

4.5 NNIC-Planar and k-Fan-Crossing-Free: gnnic(n) and gy g.s (1)

A simple drawing is NNIC-planar (nearly nearly independent crossings, shorthand “NNIC”),
if any two crossings share at most two vertices. This beyond planarity concept has seemingly
not been investigated before, but it is closely related to fan-crossing-free (FCF) drawings [10]:
simple drawings where we disallow a single edge to cross over a fan, i.e., multiple edges
that share a common incident vertex. Observe that if an edge {z,y} would cross two edges

incident to a common vertex z, these two crossings would share the three vertices x,y, 2.

Thus, NNIC may at first sight seem identical to FCF. However, while every NNIC-planar
graph is clearly also FCF, the inverse is not necessarily the case:

» Theorem 10. There exist fan-crossing-free graphs that are not NNIC-planar.

Proof sketch. Figure 3 shows an FCF graph that is not NNIC-planar. We refer to the
arXiv-version [11] for a detailed proof of that fact. A central idea is that copies of K5 can be
used as “blocking walls” as they cannot be crossed in an FCF drawing. |

More generally, we can consider the generalization of FCF graphs, the k-fan-crossing-free
(shorthand “k-fcf”) graphs, k > 2, where any edge may cross at most k£ — 1 edges of a fan in
a simple drawing [10]. Standard FCF is thus identical to 2-fcf.
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» Theorem 11. For every ¢ > 109, there exists a k-fan-crossing-free graph G, with n € ©(¢k)
vertices such that cry_get(Ge) € Q(n?) and cr(Gy) € O(k). Thus okfet(n) € Q(%z)

Proof. Let Gy be a framework graph, where the red con-graph is a (2k,2)-bundle, blue
con-graphs are (¢k,3)-bundles, and gray con-graphs are (¢k,2)-bundles, so n € ©(¢k). A
red-yellow standard drawing shows cr(Gy) € O(k). Observe that in a blue con-graph, the
“middle” edges of all the ¢k paths are pairwise non-adjacent. We can thus obtain a fan-
crossing-free drawing by considering a blue-blue standard drawing where all middle edges
of the paths of one blue con-graph cross all middle edges of the paths of the other blue
con-graph, cf. Figure 2e.

Let D be a k-fan-crossing-free drawing of Gy. Each red or gray edge is adjacent to one of
the six frame nodes. Therefore, the yellow edge e can cross at most 2(k — 1) of the red edges,
so there exists an s-t-path R in S;eq not crossed by e. Let D’ be the R-restriction of D; it
does not have any red-yellow crossings. Consider some edge e in D’. Let ¢ = {s,t} be the
connection with e € E(c). For each of the four frame nodes a € N \ {s,t}, edge e can have
at most k — 1 crossings with gray edges incident to a. The crossings of e with any gray edge
cover at most 4(k—1)- w(sgraly)-w(c) = Z(ckw_(lc)) of the Kp/-subdivisions (recall that the width of
the red con-graph here in D’ is 1). As all con-graphs are bundles, there are ) ..~ w(¢) - h(t)
choices for e, so crossings involving a gray edge can cover at most ) .~ %:Egh(f) of
the Kps-subdivisions. Since |C| =9, maxzec{h(¢)} = 3, and ¢ > 109, this simplifies to at
most 9 - 4(]7,:)'3 < 108(k—1) 108 Thus, blue-blue crossings have to cover at least 1—(1)9 of

100k = 109°
the Kp/-subdivisions. As each such crossing covers at most O(ﬁ) of the Kps-subdivisions,

we have cry gt (Gy) € Q((€k)?) = Q(n?). <

In a non-k-fan-crossing-free drawing there has to be an edge that crosses k € O(n) edges
of a fan, so there are at least k crossings. The k-fan-crossing-free drawing may require O(m?)
crossings, as by definition k-fan-crossing-free drawings are simple. Therefore, Theorem 11

sparse

together with 0,"¢7"(n) € (9("72) in the context of Observation 1(a), yields:
» Corollary 12. The k-fan-crossing-free crossing ratio op_gee(n) is in @(%2) and 1-jumping.

Since NNIC-planarity is more restrictive than fan-crossing-free (which is k-FCF for k = 2),
but on the other hand NNIC-planar drawings are also necessarily simple, we also have:

» Corollary 13. The NNIC crossing ratio oxnic(n) is in ©(n?).

A straight-line RAC (right-angle crossings) drawing [14] is a drawing where edges are
represented by straight lines and all crossings have to be at 90 degrees. Consider any Gy
from Theorem 11. In a straight-line RAC drawing, there can be no edge crossing over two
fan edges, so crg.rac(Ge) > croset(Gy). However, as witnessed by the blue-blue standard
drawing (Figure 2e), each Gy is straight-line RAC drawable. A straight-line RAC graph
can have at most 4n — 10 edges [14], and thus no more than O(n?) crossings in any simple
drawing. Therefore, our proof automatically also confirms [28, Corollary 15], without the
need of an individual construction or proof:

» Corollary 14. The straight-line RAC crossing ratio og.rac(n) is in ©(n?).

4.6 Fan-Planar and Variants: g,.(n), 9¢(1), Owtp (1), Ostp(T2)

A drawing is adjacency-crossing [8], if no edge crosses two independent edges. In other words,
whenever an edge e crosses some edges f1, fo, the latter two have to have a common incident
vertex. A drawing is fan-crossing [8], a slight further restriction of the former, if all edges
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F ={f1, fa,...} that cross e are incident to a common vertex; observe that the only difference
to before is whether e may cross all edges of a triangle. A drawing is weakly fan-planar,
if all edges from F' furthermore cross e “from the same side”; it is strongly fan-planar, if
also furthermore no endpoint of e is enclosed by e and the edges from F, see [9,19] for
details. In our notations, we use the shorthands “ac”, “fc”, “wip”, and “sfp” for the above
concepts, where crac(G) < cre(G) < cryp(G) < crgp(G) for any graph G by definition.
When considering straight-line drawings, all four concepts are identical.

» Theorem 15. For every £ > 1, there exists a strongly fan-planar graph Gy with n € ©(£)
vertices such that ctac(Ge) € Q(n?) and cr(Gy) € O(1). Thus gac(n), 0tc(n), owep(n), 0stp(n) €
Q(n?).

Proof. Let Gy be a framework graph, in which the red and gray con-graphs are complete
graphs on seven vertices (K7) and the blue con-graphs are (¢,2)-bundles, so n € ©(¢). We
need to describe how a K7 con-graph is drawn in a standard drawing, see Figure 2f: Let
¢ = {s,t} be the connection corresponding to a K7 con-graph; as per definition, we draw the
K7 in a small neighborhood of ¢’s curve such that s,t are on the local outer face. Observe
that K7 can then still be drawn strongly fan-planarly. However, any adjacency-crossing
drawing of a K7 contains at least one s-t-path P where every edge in P is crossed by another
edge of the K7 [7]'. We may call this property (P). A red-yellow standard drawing shows
that cr(Gy) € O(1). A blue-blue standard drawing, where all blue-blue crossings are adjacent
to the same two frame nodes shows that the graph is strongly fan-planar, cf. Figure 2g.
Consider an adjacency-crossing drawing D of G4. By property (P), we know that each
red or gray K7 con-graph gives rise to a pole-connecting path that cannot be crossed by any
edge outside of its con-graph. Since the yellow edge is adjacent to both blue con-graphs, all
K-subdivisions need to be covered by blue-blue crossings. Since each such crossing covers at
most 7 of the K-subdivisions, we have cra.(Ge) € Q(¢2) = Q(n?). <

For G € Gyfp(n), the upper bound cryf, (G) € O(m?), is attained by a simple drawing [20,
21]. In strongly fan-planar drawings, edges cannot cross multiple times (and there can be at
most O(m?) crossings between adjacent edges, if they exist at all), so the same asymptotic
upper bound holds. Therefore, Theorem 15 together with Observation 1(a) yields:

» Corollary 16. The weakly and strongly fan-planar crossing ratios owip(n), osip(n) are in
O(n?).

There are no results for the number of crossings a non-simple adjacency-crossing or fan-
crossing drawing may have. Since a simple drawing has at most O(m?) crossings, Theorem 15
together with Observation 1(a) yields:

» Corollary 17. The adjacency-crossing and fan-crossing crossing ratios oS¢ (n), Qfﬁmple(n)

are in ©(n?) for simple drawings.
4.7 k-Edge-Crossing: 9.oc(n)
A drawing is k-edge-crossing (shorthand “k-ec”) if at most k edges have crossings [16,18].

» Theorem 18. For every £ > 1, there exists a k-edge-crossing graph Gy with n € ©(¢k)
vertices such that cry_e.(Gy) € Q(k?) and cr(Gy) € O(k). Thus gg-ec(n) € Q(k).

1 We note that [7, Lemma 7] is stated in terms of (weak) fan-planarity, but it is simple to see that the
same argument even holds for fan- and adjacency-crossing drawings.
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Figure 4 Drawings of the differently colored frame used in Theorems 20, 23, and 25 for the
k-gap-planar, k-apex-planar, and skewness-k crossing ratios, respectively.

Proof. Let Gy be a framework graph, where the red con-graph is a (k, 2)-bundle, the gray
con-graphs are (¢k,2)-bundles, and blue con-graphs are (£,2)-bundles, so n € ©(¢k). A
red-yellow standard drawing shows that cry_e.(G¢) € O(k). A blue-blue standard drawing
shows that Gy is k-edge-crossing, cf. Figure 2g.

Consider a drawing D of G, with at most k crossed edges. A con-graph is cut if all paths
between its poles are crossed. There are at least two cut con-graphs in D, as otherwise, it
would contain non-covered IC-subdivisions. Each cut con-graph contains at least its width
many crossed edges. Only yellow and blue con-graphs have widths less than k, so only they
can be cut without exceeding k crossed edges. Therefore, at least % + 1 crossed edges are blue
or yellow. Consequently, at most g — 1 crossed edges are red or gray. Any crossing of these
red or gray edges with the unique yellow edge can cover at most % of the KC-subdivisions, so
they together cover at most (g — 1)% < % of the K-subdivisions. The remaining at least % of
the KC-subdivisions have to be covered by other crossings, but they cover at most O(kl—z) of
the K-subdivisions each. This yields cry_e.(Gy) € Q(k?). <

In a non-k-ec drawing there are at least g crossings as there are at least k + 1 crossing

edges. In a k-ec drawing there are less than k—; € O(mk) crossings as each of the at most k

k-ec

the context of Observation 1(b); together with Theorem 18 we yield:

crossing edges can cross each other crossing edge, leading to ¢, o >%(n) € (9(’2—2) = O(k) in

» Corollary 19. The k-edge crossing crossing ratio ok-oc(n) is in (k) and 1-jumping.

4.8 k-Gap-Planar: gy gappi1(12)

Let FE(x) denote the two edges involved in a crossing x. A drawing is k-gap-planar (shorthand
“k-gap-pl”) if there exists a mapping from each crossing = to one of E(x), such that any edge
e € E(G) is mapped to at most k times overall [5,6]. The intuition (and reason for the name)
is that we may want to visualize crossings by drawing a “gap” on one of the two involved
edge curves, but each edge curve may not attain too many gaps.

» Theorem 20. For every £ > 5, there exists a k-gap-planar graph Gy with n € ©(Lk) vertices
such that cry_gap-p1(Ge) € Q(nk) and cr(Gy) € O(k?). Thus ok-gap-p1(n) € Q).

Proof. Consider a coloring of the frame F where a blue connection is adjacent to two
independent red connections, and all other connections are gray, see Figure 4. Let Gy be a
framework graph, where the blue and red con-graphs are (5k,2)-bundles, and the gray con-
graphs are (¢k,5)-bundles, so n € ©(¢k). A red-red standard drawing shows cr(Gy) € O(k?).
A Dblue-gray standard drawing shows that Gy is k-gap-planar, cf. Figure 2h.
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Let D be a k-gap-planar drawing of G,. A red-red crossing covers at most @ = ﬁ

of the K-subdivisions, but the 2 - 2 - 5k red edges can have at most 20k - k = 20k? crossings
between each other. As the blue connection is adjacent to the red connections, at least

1 - gg’;z = é of the KC-subdivisions have to be resolved by crossings involving a gray
edge. Since such a crossing can cover at most O(ﬁ) of the K-subdivisions, we have
Crk_gap_pl(Gg) S Q(EkZ) = Q(nk) |

A non-k-gap-planar drawing has over k2 crossings, since there is an edge that has at least
k41 crossings mapped to it, and all the corresponding crossing edges have at least k crossings
mapped to them. In a k-gap-planar drawing, there can be at most mk crossings as at most
k crossings can be mapped to each of the m edges, leading to ¢;":." (1) € O( mE) = 0(%)
in the context of Observation 1(b); together with Theorem 20 we yield:

» Corollary 21. The k-gap-planar crossing ratio gk-gap-p1(n) is in O(F).

4.9 k-Apex-Planar and Skewness-k: gy apex(12) and Qgkew-1 (1)

A drawing is k-apez-planar (skewness-k) — with shorthand “k-apex” (“skew-k”) — if there are
k vertices, called apez vertices (edges, called skewness edges, respectively), whose removal
yields a planar subdrawing. Let B (k) be either of the two concepts. To prove crossing ratio
upper bounds, [28] furthermore needs to assume that a crossing minimal B(k)-drawing is
simple (which is, unfortunately, not true in general). We do not want to impose the simplicity
requirement, and for our bounds it suffices:

» Lemma 22. Let B(k) € {k-apex,skew-k}. All B(k)-graphs allow simple B(k)-drawings.

Thus, the (non-simple) B(k)-crossing number is always upper bounded by a well-defined
simple B(k)-crossing number.

Proof. Let R be the edges whose removal leaves a planar subgraph G’ (we retain apex
vertices, all of which now have degree 0). Draw G’ planar with straight lines. Now add all
edges R as straight lines. The resulting straight-line drawing (possibly after e-perturbations
to avoid collinearities) is a simple k-apex-planar (or skewness-k) drawing by definition. <«

» Theorem 23. For every { > 1, there exists a k-apex-planar graph G, with n € ©(¢k)
vertices such that cry_apex(Ge) € Qn?) and cr(Gy) € O(k). Thus ok-apex(n) € Q(";)

Proof. Consider a coloring of the frame F' where a blue connection is adjacent to two
independent red connections, and all other connections are gray, see Figure 4. Let Gy be
a framework graph, where the red con-graphs are single edges, the gray con-graphs are
(¢k, 2)-bundles, but the blue con-graph is more involved: Start with a (k,2)-bundle B and
let A be its k degree-2 vertices; replace every edge of B with a (¢,2)-bundle; finally, for each
v € A, add four new vertices that form a K5 together with v. This yields n € ©(¢k). For
standard drawings, we draw the blue con-graph without the Kss planarly and then, for each

v € A, we draw its K5 in a small neighborhood of v with one crossing that is adjacent to v.

In such a drawing, there are k crossings and we have to remove k vertices (for example A)
to obtain a planar subdrawing. A red-red standard drawing shows that cr(Gy) < k+1. A
blue-gray standard drawing with all crossings incident to a vertex of A shows that Gy is
k-apex-planar, cf. Figure 2i.

Consider a k-apex-planar drawing D of Gy. Each of the k disjoint K5 subgraphs in Spue
needs to be covered by a crossing. Thus, all £ apex nodes are in Sy and so all of the
K-subdivisions are covered by blue-gray crossings. As each such crossing can cover at most
ﬁ of the K-subdivisions, we have cri_apex(Ge) € Q((Ck)?) = Q(n?). <
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Any non-k-apex-planar drawing has at least k + 1 crossings; by Lemma 22 we have
CHATS 2 2
Opoapex(M) € O(-) = O(*;) in the context of Observation 1(a). With Theorem 23 we yield:
» Corollary 24. The k-apez-planar crossing ratio gk-apex(n) is in @(%2) and 1-jumping.

» Theorem 25. For every £ > k, there exists a skewness-k graph Gy with n € O(Lk) vertices
such that crskew-k(Ge) € Q(nk) and cr(Ge) € O(k). Thus gskew-k(n) € Q(n).

Proof. Consider the same coloring of the frame F' as in Theorem 23, see Figure 4. Let Gy
be a framework graph, where the red con-graphs are single edges, the gray con-graphs are
(¢k, 2)-bundles, but the blue con-graph is more involved: Start with a (k,2)-bundle B and
let A be its k degree-2 vertices and s and t its poles; for each v € A, add three new vertices
W, that form a K5 together with v and s, but remove the edge {s,v}. This yields n € ©(¢k).
Let @ be the ¢k edge-disjoint s-t-paths of gray edges in Gy. We observe k edge-disjoint Kj5
subdivisions, one for each v, induced by the vertices {s, v} UW,, together with the edge {v,t}
and a path of ) to establish the v-s-Kuratowski path. In standard drawings, we draw the
blue con-graph with k& crossings, one for each v € A, such that {v,t} is crossed by an edge
between vertices of W,,. We can remove the k blue edges incident to ¢ to obtain a planar blue
subdrawing. A red-red standard drawing shows that cr(Gy) < k+ 1. A blue-gray standard
drawing, where each crossing involves a blue edge incident to t, shows that G is skewness-k,
cf. Figure 2j.

Consider a skewness-k drawing D of Gy. For each v € A, consider the £k K5 subdivisions
that differ only by the chosen path of Q). Since there cannot be ¢k (gray) skewness edges,
we have a blue skewness edge per v, which is not in any considered K5 subdivision for any
other vertex in A. Thus, all k£ skewness edges are blue and all of the K-subdivisions have
to be covered by blue-gray crossings. As each such crossing can cover at most ﬁ of the
K-subdivisions, we have cry_apex(Ge) € Q(0k?) = Q(nk). <

A non-skewness-k drawing has at least k + 1 crossings. A simple skewness-k drawing has
at most mk crossings, attained when each of the k edges we want to remove crosses all other
edges. Via Lemma 22, this leads to olrew,(n) € O(™) = O(n) for Observation 1(b). Thus

skew-k

» Corollary 26. The skewness-k crossing ratio oskew-k(n) is in ©(n) and I-jumping.

4.10 Rectilinear Crossing Ratios: 0y ;) (1)

The rectilinear crossing number ¢r(G) > cr(G) is the minimum number of crossings in a
straight-line drawing of G' [1]. Analogously, we can define ¢To(x)(G) > cros)(G) as the
minimum number of crossings over all straight-line drawings of G subject to the beyond
planarity concept B(k). We naturally yield the rectilinear crossing ratio 0g 1 (n), defined
analogously to gg(r)(n) but w.r.t. the rectilinear crossing numbers.

All previous crossing number lower bounds still hold in the straight-line setting. Further,
we establish the crossing number upper bounds via straight-line drawings in nearly all above
theorems — only for the fan-planar variants, its Krs require non-straight edges. Thus:

» Corollary 27. The rectilinear crossing ratio bounds for k-planar, k-vertez-planar, IC-planar,
NIC-planar, NNIC-planar, k-fan-crossing-free, k-gap-planar, k-edge-crossing, skewness-k,
and k-apex-planar graphs coincide with those of the above crossing ratios.
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5 Conclusion

We presented a framework to yield (short) proofs for the crossing ratios of many different
beyond-planarity concepts, summarized in Table 1. We also included straight-line and
non-simple variants of these concepts. Most importantly, and in contrast to most previous
approaches, this allows us to attain asymptotically tight bounds. The key idea is to consider
graphs arising from a single K3 3 by “thickening” edges via subgraphs, and than count how
many of the arising K3 3-subdivisions can be resolved by certain crossings, yielding a lower
bound on the total number of crossings in beyond-planarity-restricted drawings.

There are only three beyond-planarity concepts which we did not discuss although their
crossing ratios (on simple drawings) have previously been studied: For planarly connected
graphs, the tight bound ©(n?) is already known [28]. For k-quasi-planar graphs, our
Observation 1(a) easily yields the improved upper bound gy qp(n) € O(n?/k?) instead of
O(f(k) - n?(logn)?) [13] for some growing function f. A (k,l)-grid-free drawing, | < k,
can have at most O(kY! . m?~/!) crossings [22]. Thus, for (k,)-grid-free graphs, our
Observation 1(a) yields the upper bound o(x )_grid-tree(n?) € O(n?~ !/ (Ik*=1/1)) C O(n?/1)
instead of O(g(k,1) - n?) [28], where g is exponential in [. The idea of counting crossings that
resolve certain percentages of Kuratowski subdivisions seems to allow us to also improve, at
least slightly, the known crossing ratio lower bounds for both. However, this cannot easily
be done purely within our framework and the lower bounds remain linear in n and therefore
far from matching the upper bounds.

Interestingly, for every but one considered beyond-planarity concept B(k), we were able
to show that the ratio is 1-jumping, i.e., we can observe the worst-case crossing ratio already

for graphs that would attain the optimal crossing number if we were to increase k by just 1.

Only for the k-gap-planar crossing ratio, our construction does not yield 1-jumping; it is
unclear whether this is a limitation of our framework or if the k-gap-planar crossing ratio is
indeed not 1-jumping.
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