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—— Abstract

In Two-SETs CUT-UNCUT, we are given an undirected graph G = (V, E) and two terminal sets S
and T'. The task is to find a minimum cut C in G (if there is any) separating S from T under the
following “uncut” condition. In the graph (V, E \ C), the terminals in each terminal set remain
in the same connected component. In spite of the superficial similarity to the classic problem
MINIMUM s-t-CuT, TWO-SETS CUT-UNCUT is computationally challenging. In particular, even
deciding whether such a cut of any size exists, is already NP-complete. We initiate a systematic study
of Two-SETs CUuT-UNCUT within the context of parameterized complexity. By leveraging known
relations between many well-studied graph parameters, we characterize the structural properties of
input graphs that allow for polynomial kernels, fixed-parameter tractability (FPT), and slicewise
polynomial algorithms (XP). Our main contribution is the near-complete establishment of the
complexity of these algorithmic properties within the described hierarchy of graph parameters.

On a technical level, our main results are fixed-parameter tractability for the (vertex-deletion)
distance to cographs and an OR-cross composition excluding polynomial kernels for the vertex cover
number of the input graph (under the standard complexity assumption NP Z coNP /poly).
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The Parameterized Complexity Landscape of Two-Sets Cut-Uncut

1 Introduction

We study Two-SETS CUT-UNCUT, a natural optimization variant of 2-Di1SJOINT CONNEC-
TED SUBGRAPHS. In 2-DisJOINT CONNECTED SUBGRAPHS, we are given an undirected
graph G and two disjoint sets S,7T of vertices. The question is whether there are two
disjoint sets R, B of vertices such that S C R, T'C B, and both G[R] and G[B] (the graphs
induced by R and B, respectively) are connected. 2-Di1SJOINT CONNECTED SUBGRAPHS
is the special case of DI1SJOINT CONNECTED SUBGRAPHS with two sets of terminals (a
problem that played a crucial role in the graph-minors project by Robertson and Sey-
mour [20]). Consequently, 2-D1sJOINT CONNECTED SUBGRAPHS has received considerable
research attention, particularly from the graph-algorithms and the computational-geometry
communities [7, 12, 13, 15, 18, 22]. In Two-SETS CUT-UNCUT, we not only want to decide
whether there are disjoint connected sets containing terminal sets S and T, respectively,
but also minimize the size of the corresponding cut (if it exists). Formally, TwWO-SETS
Cut-UNcur is defined as follows. Therein, an S-T-cut (R, B) is a partition of the set of
vertices into R and B with S C R and T' C B. The set cutg(R) contains all edges in G with
exactly one endpoint in R (and the other in B).

Two-SETs CuT-UNCUT

Input: A connected undirected graph G = (V, E), two sets S,T C V, and an integer £.

Question: Is there an S-T-cut (R, B) of G with |cute(R)| < £ such that the vertices of S
are in the same connected component of G[R] and the vertices of T are in the
same connected component of G[B]?

We mention in passing that we assume the input graph to be connected as it becomes
trivial if there are at least two connected components containing terminal vertices (vertices
in SUT) and if all terminals belong to one connected component, then we can discard all
other connected components. When G is connected, it is also easy to see that any optimal
solution for TwO-SETS CUT-UNCUT cuts the graph in exactly two connected components
as any connected component not containing any terminal can be merged with any other
connected component reducing the size of the cut in the process. Finally, if SNT # ), then
the instance is a trivial no-instance.

Related work. 2-DisJOINT CONNECTED SUBGRAPHS was intensively studied and its com-
plexity is quite well understood. Gray et al. [12] showed that 2-Di1sJOINT CONNECTED
SUBGRAPHS is NP-hard on planar graphs and van 't Hoft et al. [13] showed NP-hardness even
if |S| = 2 and on Ps-free split graphs. Note that the problem becomes trivial if |S| = 1. Since
split graphs are chordal, their results also show that 2-DISJOINT CONNECTED SUBGRAPHS
is NP-hard on split graphs. They also complemented the NP-hardness on Ps-free graphs by
providing a polynomial-time algorithm for Py-free graphs (also known as cographs). Kern et
al. [15] generalized this result by showing that for each graph H, 2-DISJOINT CONNECTED
SUBGRAPHS is polynomial-time solvable on H-free graphs if and only if H is a subgraph
of a P, together with any number of isolated vertices (and otherwise NP-hard). Cygan et
al. [7] studied the parameterized complexity with respect to the number k =n — [SUT)| of
non-terminal vertices in the graph. They showed that 2-D1SJOINT CONNECTED SUBGRAPHS
cannot be solved in O*((2 — ¢)*) time for any ¢ > 0 unless the strong exponential time
hypothesis fails. Moreover, they showed that it does not admit a polynomial kernel for this
parameter unless NP C coNP /poly. As 2-D1sJOINT CONNECTED SUBGRAPHS is the special
case of TWO-SETS CUT-UNCUT where ¢ = m, all of the above hardness results directly
transfer to Two-SETS CUT-UNCUT.
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The problem Two-SETS CUT-UNCUT was introduced by Bentert et al. [2] who showed
that the problem is W[1]-hard parameterized by |T| even if |S| = 1 in general graphs but
fixed-parameter tractable when parameterized by |SUT| in planar graphs. They also showed
fixed-parameter tractability on planar graphs, when parameterized by the minimum size
of a set of faces in any planar embedding such that each terminal is incident to one of the
faces in the set. Moreover, TWO-SETS CUT-UNCUT is a special case of MIXED MULTIWAY
CuT-UNCUT. In this problem, one is not restricted to two sets of terminals and one is given
two integers k and £ as input. The question is whether one can delete at most k vertices
and at most £ edges to separate all terminals in different sets while maintaining connectivity
within each terminal set. Rai et al. [19] showed that this problem is fixed-parameter tractable
when parameterized by k + ¢ which immediately implies that Two-SETS CUT-UNCUT is
fixed-parameter tractable when parameterized by /.

Another related problem is called LARGEST BOND. Here, we are looking for a largest cut
that cuts a connected graph into exactly two connected components (and no terminal sets
are given). Duarte et al. [9] showed that the problem is NP-hard on bipartite split graphs,
fixed-parameter tractable when parameterized by treewidth, does not admit a polynomial
kernel when parameterized by the solution size, can be solved in f (k)no(k) time, where k is
the clique-width of the input graph, but not in f (k)no(k) time unless the exponential time
hypothesis fails. In particular, this also excludes fixed-parameter tractability.

Last but not least, TwoO-SETS CUT-UNCUT is closely related to NETWORK DIVERSION,
which has been studied extensively by the operations-research and networks communit-
ies [5, 6, 10, 14, 16]. In this problem, we are given an undirected graph G, two terminal
vertices s and t, an edge b = {u, v}, and an integer ¢. The question is whether it is possible
to delete at most ¢ edges such that the edge b will become a bridge with s on one side and ¢
on the other. Equivalently, is there a minimal s-t-cut of size at most ¢ + 1 containing b.
While this problem seems very similar to the classic MINIMUM s-t-CUT, the complexity
status of this problem (polynomial-time solvable or NP-hard) is widely open. This problem
is a special case of TwO-SETS CUT-UNCUT where |S| = |T| = 2 as there are only two cases.
Either s is in the same component as u or s is in the same component as v. These two
cases correspond to instances of TwWO-SETS CuT-UNCUT with S = {s,u} and T = {¢t, v}
and S = {s,v} and T = {t,u}, respectively.

Our contribution. We provide an almost complete tetrachotomy for Two-SETS CUT-
Uncur distinguishing between parameters that allow for polynomial kernels, fixed-parameter
tractability, or slicewise polynomial (XP-time) algorithms. Our results are summarized in
Figure 1. The rest of this work is organized as follows. In Section 2, we introduce concepts
and notation used throughout the paper. In Section 3, we present fixed-parameter tractable
and slicewise polynomial (XP-time) algorithms. In Section 4, we exclude the possibility for
further fixed-parameter tractable or XP-time algorithms by presenting W[1]-hardness and
para-NP-hardness results, respectively. Section 5 is devoted to both positive and negative
results regarding the existence of polynomial kernels and we conclude with Section 6.

2 Preliminaries

For a positive integer n, let [n] = {1,2,...,n}. We use standard graph-theoretic terminology
and all graphs in this work are undirected. In particular, for an undirected graph G = (V, E)
we set n = |V] and m = |E|. For a subset V/ C V of the vertices, we use G[V'] to denote the
subgraph of G induced by V' and denote by G — V' the subgraph G[V \ V’]. Moreover, for
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Figure 1 Overview of our results. An edge between two parameters a and 3, where « is above £,
indicates that in any instance, the value of 3 is upper-bounded by a function only depending on
the value of . Any hardness result for o immediately implies the same hardness result for 8 and
any positive result for 8 immediately implies the same positive result for o (where we additionally
require that the dependency is polynomial if we show or exclude a polynomial kernel). Green
boxes indicate the existence of polynomial kernels, yellow boxes show that the parameter admits
fixed-parameter tractability but no polynomial kernel, an orange box indicates polynomial-time
algorithms for constant parameter values (XP) but no fixed-parameter tractability, and a red box
shows that the parameter is NP-hard for some constant parameter value. We mention that the
status of Two-SETS CUT-UNCUT parameterized by distance to interval graphs, number of terminals
(XP/para-NP-hard), and clique-width (fixed-parameter tractable/W/[1]-hard) remain open.

an edge set ' C F, we denote by G — E' = (V, E'\ E’) the graph resulting from deleting the
edges in E’ from G. The degree degq(v) of v is the number of vertices adjacent to v in G.
A path P = (v1,va,...,vp) on £ vertices is a graph with vertex set {v1,va,...,ve} and edge
set {{vi,vit1} | @ € [€ — 1]}. The vertices v and vy are called endpoints. The length of a path
is its number of edges. A connected component in a graph is a maximal set V' of vertices
such that for each pair u,v € V', there is a path in the graph with endpoints u and v. A cut
in a graph is the set of edges between any partition of the vertices of a graph into two disjoint
subsets. A separation in a graph G = (V, E) is a pair (X,Y") of sets of vertices with XUY =V
and no edges between X \'Y and Y \ X. The size of the separation is X NY. The disjoint
union of two graphs G = (V1, E1) and Gy = (V3, Es) results in the graph (V3 U Vs, By U Es).
The join of G1 and G2 results in the graph (V3 U Va, By U By U {{u,v} | u € Vi Av € Va}),
that is, we first take the disjoint union and then add all possible edges between the two
graphs. We refer to the Bachelor’s thesis of Schroder [21] for an overview over how the
different parameters are related to one another.

To streamline some of our arguments, we use the following natural reinterpretation of
Two-SETS CuT-UNcuUT. The task is to color each vertex in the graph red or blue such that
all vertices in S are red, all vertices in T are blue, the graphs induced by the set of all red
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vertices (and all blue vertices, respectively) are connected, and there are at most ¢ edges with
a red and a blue endpoint. We call such edges multicolored. We often keep sets R and B of
red and blue vertices, respectively, and we use the notation N% (v) and N%(v) to denote all
red and blue neighbors of v in a set X of vertices, respectively.

Parameterized complexity. A parameterized problem is a set of instances (I, k) where I € X*
is a problem instance from some finite alphabet ¥ and the integer k is the parameter.
A parameterized problem L is fized-parameter tractable if (I,k) € L can be decided
in f(k) - |[I|°") time, where f is a computable function only depending on k. We call (I, k)
a yes-instance (of L) if (I, k) € L. The class XP contains all parameterized problems which
can be decided in polynomial time if the parameter k is constant, that is, in f(k)- |[I|9¢*) time
for computable functions f and g. It follows from the definition that each fixed-parameter
tractable problem is contained in XP. To show that a problem is not contained in XP, one
can show that the problem remains NP-hard for some constant parameter value. To show
that a parameterized problem L is presumably not fixed-parameter tractable, one may use
a parameterized reduction from a W[1]-hard problem to L [8]. A parameterized reduction
from a parameterized problem L to another parameterized problem L’ is an algorithm that,
given an instance (I,k) of L, computes an instance (I’, k') of L’ in f(k) - |[I|°M) time such
that (I,k) is a yes-instance if and only if (I’, k') is a yes-instance and &' < g(k) for two
computable functions f and g. A kernelization is an algorithm that, given an instance (I, k)
of a parameterized problem L, computes in |I|°(") time an instance (I’, k") of L (the kernel)
such that (I,k) is a yes-instance if and only if (I’, k') is a yes-instance and |I'| + k' < f(k)
for some computable function f only depending on k. We say that f measures the size
of the kernel. If f is a polynomial, then we say that P admits a polynomial kernel. A
problem is fixed-parameter tractable if and only if it admits a kernel of any size. Assuming
NP ¢ coNP /poly, one can show that certain parameterized problems do not admit a polyno-
mial kernel. This can for example be done via OR-cross-compositions. For the definition
of OR~cross-compositions, we first need the following. Given an NP-hard problem L, an
equivalence relation R on the instances of L is a polynomial equivalence relation if one can
decide for any two instances in polynomial time whether they belong to the same equivalence
class, and for any finite set S of instances, R partitions the set into at most (maxeg |I])°™
equivalence classes.

» Definition 1 (OR-cross-composition [3]). Given an NP-hard problem Q, a parameterized
problem L, and a polynomial equivalence relation R on the instances of Q, an OR-cross-
composition of Q into L (with respect to R) is an algorithm that takes t instances I, Io, ..., Iy
of @ belonging to the same equivalence class of R and constructs in time polynomial
in 22:1 |I5] an instance (I, k) of L such that k is polynomially upper-bounded by max;cpy |1;|+
log(t) and (1,k) is a yes-instance of L if and only if there exists an i € [t] such that I; is a
yes-instance of Q.

If a parameterized problem admits an OR-cross-composition, then it does not admit a
polynomial kernel unless NP C coNP /poly [3].

Graph parameters and classes. We give an overview of the different graph parameters
and graph classes used throughout the paper. To this end, let G = (V, E) be a graph.
The mazimum degree of G is the largest degree of any vertex in V. The distance to II for
some graph class II is the minimum number of vertices needed to be removed from G such
that it becomes a graph in II. A cograph is a graph without induced paths of length three.

14:5

IPEC 2024



14:6

The Parameterized Complexity Landscape of Two-Sets Cut-Uncut

Equivalently, a cograph is a graph that can be represented by a cotree. A cotree is a rooted
binary tree in which the leaves correspond to the vertices in the cograph and the internal
nodes correspond to taking the disjoint union or the join of the cographs corresponding
to the two children. A join of two graphs G; = (V4, E1) and Gy = (Va, E») results in the
graph (V1 U Va, By U B U {{u,v} | u € Vi Av € Va}), that is, we first take the disjoint union
and then add all possible edges between the two graphs. An interval graph is a graph where
each vertex can be represented by an interval of real numbers such that two vertices are
adjacent if and only if their respective intervals overlap. An independent set in a graph is a
set of pairwise non-adjacent vertices. The vertex set of a bipartite graph can be partitioned
into two independent sets. The vertex cover number of G is the distance to an independent
set. A clique in a graph is a set of pairwise adjacent vertices. The minimum clique cover
of G is the minimum number of cliques needed to partition V. A dominating set in a graph
is a set of vertices such that each vertex not contained in the set has at least one neighbor in
the set. A tree decomposition of G is a tree T' with nodes X1, X»,..., X}, where each X is a
subset of V' such that each vertex in V' and both endpoints of each edge in E are contained
in some X; and all X; that contain some vertex v form one connected component in 7. The
width of a tree decomposition is the size of its largest set X; minus one and the treewidth
of G is the minimum width of any tree decomposition of G. The clique-width of G is defined
as the minimum number of labels needed to construct G using the following operations in
which ¢ and j are some arbitrary labels: Creating a single vertex with label ¢, the disjoint
union of two graphs, adding all possible edges between the vertices of label 7 and the vertices
of label j, and changing the label of all vertices of label 7 to label j. The feedback edge
number of G is the minimum size of a set F' of edges such that G — I is a forest. Given an
injective function f that maps the vertices in V' to distinct integers, the bandwidth cost of f
for G is defined as maxy, ,yep | f(u) — f(v)|. The bandwidth of G is the minimum bandwidth
cost for G over all possible injective functions. The bisection width of G is the minimum size
of a set F' of edges such that the vertices of G — F' can be partitioned into two parts of equal
size (or with a difference of one in case n is odd) with no edges between the two parts.

3 Parameterized Algorithms

In this section, we present some parameterized algorithms for Two-SETs CuT-UNcuT. We
start with the distance to cographs.

» Theorem 2. Two-SETS CUT-UNCUT parameterized by the distance k to cographs can be
solved in kK°F)In3 time.

Proof. Let (G = (V, E),S,T,{) be an instance of Two-SETS CuT-UNCUT. We transform G
into a weighted graph by assigning a weight of one to each edge in G. We denote the weight
of an edge e by w(e). We first compute in O(3.303%(m + n)) time a set X C V of size at
most k such that G’ = (V', E’) = G — X is a cograph [17]. A cotree T of G’ is a rooted
binary tree where each vertex of G’ corresponds to a leaf node of 7 and an inner node ¢ of T
either represents taking the disjoint union or the join of the cographs corresponding to the
two children of t. Each cograph has a cotree which can be computed in linear time. For each
node ¢ of T, let T; be the subtree of T rooted in ¢, let Gy = (V;, E;) be the graph represented
by T, and let n; = |V4|. For technical reasons, we want to assume that X contains at least
one red and one blue vertex in an optimal solution. Hence, if X does not contain a terminal
from S already, then we add an arbitrary vertex from S to X. We do the same for T.
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We begin by guessing! the coloring of X. Then, we remove all edges between a red and a
blue vertex in X. Let ¢/ be the number of edges that we removed. We then contract each
component of X into a single vertex. If the resulting (multi)graph has j edges with the same
endpoints (with one endpoint in X and one in V”), then we remove all but one of the edges
and set its weight to j.

We compute a coloring for the remaining vertices of G by computing optimal solutions
for partial instances for each node of 7 via dynamic programming. A partial instance is a
tuple (¢, r, C,., Cy) where t is a node of T, r is an integer at most n; and C,., C, are partitions
of subsets of X including §). For each partial instance, we want to store in a table D the
minimum number of edges between blue and red vertices in G[V; U X] after all vertices in V;
are colored and exactly r vertices are colored red. Additionally, we require that for each
set C' € C,, there exists a connected component with vertex set Z in G[(V; U X) N R] such
that ZN X N R = C. Analogously for each set C' € (Y, there has to exist a connected
component with vertex set Z in G[(V; U X )N B] such that ZN X N B = C. We will use these
sets to store whether the red vertices are connected in G[V; U X|, while also storing which
vertices of X N R are connected to the same connected component in G¢[R]. We use this
information to ensure that in a coloring for the entire graph G, the graph G[R] is connected.
We do the same for the blue vertices with the set Cp.

In the end, the optimal solution (minus the ¢’ edges we already removed between vertices
in X) will be stored in D[w,r, C,., Cy] for some value of r, where w is the root of 7 and C,. = ()
if r =0 and C, = {X N R}, otherwise. Similarly, C, = 0 if r = n,, and C, = {X N B},
otherwise. Note that this corresponds to a solution where all vertices of either color form a
single connected component as all vertices are connected to all vertices of the same color
in X (which is at least one vertex as constructed above).

Before we present the algorithm, we first define two operations on sets of sets. For two
sets A, B of sets of vertices, if there exists a € A and b € B with aNb # ), then we recursively
define AW B as ((A\ a) W (B\b))wW{aUb} and as AU B otherwise. This operation can be
seen as taking the union of the connected components of two subgraphs. If there are two
connected components (one in A and one in B) which share a vertex, then both components
are merged into one. The components that do not share a vertex with any other component
remain as they are. We also define AUB as A if B=10, as Bif A=0 and as {Uxcau5 X}
otherwise. With these definitions at hand, we compute the entries of D based on the type of
node t as follows.

Leaves. Let ¢t be a leaf node and let a be the vertex of G corresponding to t. We set

Z w({a7v})7 ifT:I»Cr:{N}}(a)},Cb:@anda¢T

vENY (a)

D[t,r,C,,Cp] = > wl{a,v}), ifr=0,C.=0,C,={N%(a)} anda ¢ S
vENY (a)
00, else.

We show that the solutions for all partial instances are computed correctly. It is easy to
verify that whenever a table entry of D is set, then this corresponds to a valid solution for
the partial instance. So it remains to show that each optimal solution for any partial instance
is considered. Let (¢,r,C,,Cy) be a partial instance and consider an optimal solution for

! Whenever we pretend to guess something, we actually iterate over all possibilities and consider for the
presentation/proof an iteration leading to an optimal solution.
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it. Note that the partial instance only has a valid solution if r € {0,1}. If » = 1, then the
vertex a has to be colored red. This is only possible if a ¢ T since all vertices in T have
to be colored blue. The red vertices of X which are adjacent to vertices of G;[R] are the
vertices in N% (a). If a is not adjacent to any red vertices of X, then C, = {0} or there is
no solution to the partial instance. Since G; cannot have any blue vertices, (', has to be
the empty set (and not the set containing the empty set). Note that all edges between a
and blue neighbors of @ in X are multicolored and this is precisely what we computed above.
The argument for r = 0 (coloring a blue) is symmetric.

Disjoint union. Let t be a disjoint-union node with children ¢; and t5. We set

D[t,r,C,,Cp] = H;}D(D[tl, 71, Cry, Cp, | + Dta, r — 11, Cyy, Ch,]).

C,=Cy, 6O,
Ch :Cbl L+JCb2

We again show that each optimal solution for any partial instance is considered. To
this end, we assume that the table entries for the children ¢; and t2 are computed correctly.
Let (t,r,C,,Cy) be a partial instance and consider an optimal solution for it. Since the
disjoint union of two graphs does not create any edges, it holds that all multicolored edges
in the solution are contained in G[V;, U X] and G[V;, U X]. This gives a partitioning
of the multicolored edges in the solution as there are no edges between vertices in X.
Let r1 be the number of red vertices in V;, in the solution and consider the connected
components in G[(V;, U X) N R]. Denote the respective partitioning by C,, and do the
same for Cp,,C,,, and Cp,. Note that C, corresponds to the union of the connected
components corresponding to Cy, and C,, (and the same for Cy). Hence, it holds that C, =
Cr, W Cy, and C, = Cp, W Cp,. It now also holds that the size of the considered solution
is D[t1,71,Cr,, Cp,| + Dlta, 7 — 11, Cr,, Ch,], which is precisely what we computed.

Join. Let ¢t be a join node with children ¢1,t5. We set (with ro =7 —rq)

Dit, 7, Cr, Co] = min{D[tr, 71, Cry, Oy, + Dlt2, 72, Cry, Cpp] + 11 (n2 = 72) +r2(n1 — 11)}-
Cr=Cry UChy

Cy=Cy, UGy,

We show a final time that each optimal solution for any partial instance is considered
when the table entries for the children ¢ and o are computed correctly. Let (¢,r, C,.,Cp) be a
partial instance and consider an optimal solution for it. Similar to the disjoint union, we can
partition all multicolored edges of the solution. In this case, we partition the multicolored
edges into four parts, the edges in G[V;, U X|, G[V;, U X], the newly created edges between
red vertices in V4, and blue vertices in V;, and similarly between blue vertices in V;, and
red vertices in V;,. Let r1 be the number of red vertices in V4, in the solution and again
consider the connected components in G[(V;, U X) N R]. Denote the respective partitioning
by C,, and do the same for C,, C,,, and Cp,. If there is at least one red vertex in each of V4,
and V;,, then all red vertices of G; will be connected in G¢[R]. Thus the red vertices of X
which where connected to any vertex of G;[R] will be in the same set in C,. If either V4, or
V:, do not contain any red vertices in the considered solution, then no edges between two red
vertices are added and the connected components of G;[R] are the same as of G, [R] UG}, [R]
(as at least one of the two sets is the empty set). This is precisely what the U operator
computes and the argument for the blue vertices is analogous. Hence, the optimal solution
is D[t1,71,Cry, Cp, ] + D[ta, 7 — 11, Cry, Cp,| + 71(n2 — (r —r1)) + (r — r1)(ny — 1), which is
what we compute in the dynamic program.
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It remains to analyze the running time. Note that both W and U can be computed
in O(k?) time. The number of possible guesses for the coloring of X is at most 2¥. The number
of partial instances is at most O(n?(k +2)**2) as there are at most n possibilities for ¢ and r
each and both C; and Cj, are partitions of subsets of X which have size at most k 4 2 (as we

added a terminal of S and of T to X). Computing each entry takes O((k+2)**+2+2.p) time.

Thus, the overall runtime is in O(2% - (k + 2)6k+14 . p3) C KOK) . 3, <

We next show fixed-parameter tractability for the parameter treewidth. We mention

that the algorithm is a simple adaptation of a dynamic program for LARGEST BOND [9].

In essence, each entry in the dynamic program over the tree decomposition (except for the
leaves) are computed by combining the solutions for the children using a maximum over
all combinations of solutions that color the vertices in the given bag in a certain way and
ensure certain connectivity conditions. By replacing the maximum with a minimum, we can
solve a version of Two-SETS CUT-UNCUT without terminals (which is not a hard problem
to solve). However, we can also incorporate terminals by setting the value of all leaf nodes
corresponding to a vertex v to infinity whenever v € S and the given coloring of the bag

colors v blue (or analogously v € T and the coloring for v is red). This yields the following.

» Observation 3. Two-SETS CuT-UNCUT is solvable in nk®*) time when parameterized
by treewidth k.

We now turn towards XP-time algorithms, that is, polynomial-time algorithms for constant
parameter values. We show that Two-SETS CUT-UNCUT parameterized by the maximum
size of an independent set is in XP. The main idea is to first observe that the graphs induced
by the vertices in S (and in T, respectively) cannot have too many connected components
as this would imply a large independent set in the input graph. Next, these connected
components cannot be too far apart from one another as any long induced path contains a
large independent set. Based on these two observations, it is enough to guess a small number
of vertices to ensure connectivity between all vertices in S and in T, respectively. For each
guess, we can then compute a minimum cut between the vertices we already colored red and
blue to find an optimal solution.

» Proposition 4. Two-SETS CUT-UNCUT parameterized by the size k of a maximum
independent set in the input graph can be solved in O(n4k2) time.

Proof. Let (G = (V,E),S,T,¢) be an instance of TwWO-SETS CUT-UNCUT where G has a
maximum independent set of size k. Let S1,S2,...S, be the connected components of G[S]
and let 11,75, ... T, be the connected components of G[T]. Note that p < k and ¢ < k as we
can otherwise chose one vertex from each component to get an independent set of size k + 1,
a contradiction. In the beginning only the vertices of S are colored red and the vertices
of T are colored blue. We claim that in any solution, at most (k — 1)(2k — 2) additional
red vertices are needed to connect all vertices of S and at most (k — 1)(2k — 2) additional
blue vertices are needed to connect all vertices of T'. To show this, consider any solution. To
connect two connected components S; and S; of G[S], there has to exist a path between S;
and S; such that all vertices of the path are colored red. Note that this also implies that
there is an induced path between them where all vertices are colored red. It is now possible
to bound the length of this path by the size of the maximum independent set. Any induced
path between S; and S; contains at most 2k vertices as any induced path of length 2k + 1
contains an independent set of size k + 1. Hence, to connect S; and S; in any solution at
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most 2k — 2 additional red vertices are needed. Since there are p connected components and
p < k, at most (k — 1)(2k — 2) vertices have to be colored red to make G[R] connected. The
argument for the vertices of T' is analogous.

Our algorithm now guesses two sets R, B’ C V, each of size at most (k — 1)(2k — 2).
We discard any guess where TN R’ # () or SN B’ # (). Additionally, we discard all guesses
where G[SUR'] or G[T'U B’] are not connected. Finally, we color all remaining vertices of V'
by computing a minimum S U R’-T' U B’-cut. If there are at most ¢ multicolored edges in G,
then (G, ) is a yes-instance.

We next show that the running time is in O(n4k). Note that for £ = 1, we do not need to
guess any vertices and therefore the running time is O(m!*°™1)) C O(n*) as we only need to
find a minimum cut [4]. For k > 2, we need to guess 2(k —1)(2k —2) = 4k? — 8k +4 < 4k? —4
vertices. Hence, there at most nik*—4 possible guesses and for each guess finding a minimum
cut can be done in m!'+°() € O(n*) time. Thus, the overall runtime is in O(n4k2). <

Finally, we show that Two-SETS CUT-UNCUT parameterized by clique-width is in XP.
We note that it remains open whether this parameter allows for fixed-parameter tractability.
Our algorithm is an adaptation of an algorithm for LARGEST BOND due to Duarte et al. [9].
They use dynamic programming over a k-expression of the input graph where they store the
size of a largest cut with exactly s; red vertices of each label i under certain connectivity
conditions. As in the case of treewidth, we can replace a maximum in their calculation by
a minimum to solve a version of TwoO-SETS CUT-UNCUT without any terminals. We can
then incorporate terminals by first modifying the k-expression into a 3k-expression where all
vertices in S of label ¢ get label ig instead and all vertices in T' of label i get label it instead.
We then simply discard any table entry in which the number of red vertices of label ig does
not equal the number of vertices of label ig or where there are any red vertices of label ip.
Since their algorithm runs in O(n2k+436'2k) time, this yields the following.

» Observation 5. Two-SETS CUT-UNCUT can be solved in O(n6k+436'8k) time when
parameterized by the clique-width k.

4 Parameterized Hardness

In this section, we show a number of hardness (both para-NP-hardness and W{[1]-hardness)
results for Two-SETS CuUT-UNCUT and 2-DISJOINT CONNECTED SUBGRAPHS. As 2-
Di1sjoINT CONNECTED SUBGRAPHS is a special case of Two-SETS CUT-UNCUT, all hardness
results for the former directly translate to the latter. First, 2-Di1SJOINT CONNECTED
SUBGRAPHS remains NP-hard even in bipartite graphs of bisection width one. The idea for
the reduction is to first add a copy of the graph (without any terminals) and connect one
vertex of the graph to a vertex in S. Note that all vertices in the copy can be colored red
and hence the size of an optimal solution remains the same. Next, we can make the graph
bipartite by subdividing each edge once. This results in an equivalent bipartite instance of
bisection width one and shows the following.

» Observation 6. 2-DiSJOINT CONNECTED SUBGRAPHS is NP-hard in bipartite graphs with
bisection width one.

Next, we show that TwWO-SETS CUT-UNCUT is W[1]-hard when parameterized by the
clique cover number even if the size of a smallest dominating set is one. Our reduction is
based on a reduction by Bentert et al. [2] and we prove a couple of additional properties of
the reduction that will be useful when excluding polynomial kernels for the solution size.
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to

t3

Figure 2 Illustration of the reduction by Bentert et al.. The dashed edges represent n + 2m
parallel Ps’s as indicated between s and v;.

» Proposition 7. Two-SETS CuT-UNCUT is W/[1]-hard when parameterized by the clique
cover number of the input graph even if the input graph contains a dominating set of size one,
when |S| =1, and when there exist constants ¢y > 0,co > |T| such that (i) ¢ = c1+|T|(c2—|T)
and (ii) any cut that keeps any set of j terminals in T connected to at least one other terminal
in T while separating the terminal in S from all terminals in T has size at least c1 + j(ca — 7).

Proof. Our proof is based on a reduction by Bentert et al. [2]. We first summarize their
reduction, which shows that Two-SETS CUT-UNCUT is W[1]-hard when parameterized by
the number of terminals even if |S| = 1. Starting from an instance (G, k) of REGULAR
MuLTICOLORED CLIQUE, a version of MULTICOLORED CLIQUE where each vertex in the
input graph has degree exactly d for some d, they construct an equivalent instance (H, S, T, ¢)
of Two-SETS CUT-UNCUT as shown next and depicted in Figure 2. They start with an
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induced copy of G, set S = {s} and T = {t1,%2,...,t;}, and make t; adjacent to all vertices
of color ¢ in G. Moreover, they add vertices vf for each vertex v; in G and each j € [n + 2m),
where n and m are the number of vertices and edges in G, respectively. Each vertex vf is
made adjacent to v; and s. Finally, they set £ =n —k+k(n+2m) + k(d -k +1).

We next modify the construction to make s adjacent to all vertices in the induced copy
of G in H and adjacent to all vertices in T. Next, we assume that there are the same
number n/k of vertices of each color in G as this version of the problem is also known to
be NP-hard. We further modify the reduction to make each vertex v; in H adjacent to
all other vertices that have the same color (in G) and all vertices of the form vg pairwise
adjacent. We adjust the value of £ = 2n+ k(n+2m+d — k+1). Note that the new graph H
has a dominating set of size one (the vertex s is adjacent to everything) and has a clique
cover number of at most k 4+ 1. The latter holds as all vertices of one color in G form a

clique together with one vertex from T and all other vertices (s and all vertices v]) form one
clique Cs. Moreover, observe that £ = ¢; +|T'|(co —|T|) for ¢; = 2n and ¢z = (n+2m+d+1).

It remains to prove that the adjusted instance is equivalent to the input instance of
REGULAR MULTICOLORED CLIQUE and that any cut that keeps a set of j terminals in T’
connected to at least one other terminal in 7" while separating all terminals in 7" from s
has size at least ¢; + j(ca — j). We start with the latter. First note that any cut of size at
most ¢ cannot cut through the clique Cs. Moreover, in order for any set of j vertices T/ C T
to be connected to at least one other vertex in T, we need to add at least one neighbor
of t; to the connected component of ¢; for each t; € T’. Since the neighborhoods of two
vertices t; and t; are by construction disjoint, this also implies that we need to separate
at least j of the original vertices in G from C,. Moreover, any such cut is minimized
when we pick exactly one neighbor of each t; as each neighbor is adjacent to n + 2m
vertices in Cy and only "/k + d < n + 2m vertices outside of C. So consider any cut that
separates all of T" and j additional vertices from Cs. Observe that the size of the cut is at
least n+k—j+j(n+2m+d—j+ 14 n/k) as the vertices in T are incident to n + k edges
and all but j of them are in the cut. Moreover, each of the j additional vertices are adjacent
to 7/k — 1 vertices of the same color (which are not separated from Cy), at least d — j + 1
vertices of different colors that are not separated from Cy, and n + 2m + 1 vertices in Cj.
Since we may assume that 7/k > k (otherwise there is a simple k¥ time algorithm), it holds
that n+k—j+jn+2m+d—j+1+7/k) <2n+jn+2m+d+1—j)=c1+ jlea —j).

To show that the constructed instance is equivalent to the original instance of REGULAR
MULTICOLORED CLIQUE, we closely follow the proof by Bentert et al. [2]. If the constructed
instance is a yes-instance, then we separate exactly one neighbor of each vertex in T from Cj
as shown above. Let C be the set of these vertices. In order for a cut between T'U C
and the rest of the graph to be of size at most ¢, we show that C' needs to induce a
clique in G. First, each vertex in T is incident to exactly 7/k edges in the cut, that is, the
vertices in T are incident to exactly n edges in the cut. This leaves a remaining budget
of n+k(n+2m+d—k+ 1) for edges incident to the vertices in C. Hence, each of these
vertices can be adjacent to (n+2m +d — k + 1 + /&) edges in the cut on average. Note
that every vertex is adjacent to exactly n + 2m + 1 vertices in C; and to exactly n/k — 1
vertices of the same color (which are all not separated from Cj). Hence, on average each
vertex in C' can be incident to at most d — k + 1 edges to vertices of other colors in G that
are not separated from C,. As all of these edges are exactly the edges in G and since G
is d-regular, each vertex needs to be incident to k — 1 edges to other vertices in C, that is, C
needs to be a clique of size k.
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Figure 3 An illustration of the reduction behind Proposition 8 with C1 = (21 V 22 V Tn).

If there is a (multicolored) clique C' of size k in G, then consider the cut in H between TUC
and the rest of the graph. Each vertex in T is incident to 7/k + 1 edges and adjacent to

one other vertex in T'U C. Hence, the cut contains k(7/k) edges incident to vertices in T

Moreover, it contains k(7"/k — 1+ d — (k — 1)) edges between the original vertices in G in H
and k(n + 2m + 1) edges between vertices in C' and vertices in Cs. In total, the cut has
size k(2n/k+d—k+n+2m+1)=2n+k(n+2m+d—k+ 1) = £. This concludes the
proof. <

Finally, we show that 2-D1SJOINT CONNECTED SUBGRAPHS remains NP-hard on graphs
of maximum degree three based on a reduction due to van 't Hof et al. [13]. Note that both
2-D1sJoINT CONNECTED SUBGRAPHS and TwO-SETS CUT-UNCUT become trivial on graphs
of maximum degree at most 2 as the input graph is then restricted to a path or a cycle.

» Proposition 8. 2-DisjoINT CONNECTED SUBGRAPHS is NP-hard even if the input graph
has mazximum degree three.

Proof. We give a reduction from 3,4-SAT, which is known to be NP-hard [23]. Therein, one
is given a Boolean formula ¢ in which each clause contains at most three literals and each
variable appears in at most four clauses. Let X = {x1,72,...,2,} and X = {T | x € X} be
a set of all positive and negative literals in ¢ and let C = {C},Cq,...,Cy,} be the set of
clauses in ¢. We construct an instance (G,S,T) of 2-DisJOINT CONNECTED SUBGRAPHS
as follows. For each clause C;, we add a vertex ¢; to G and for each variable z;, we add

paths P; = (x},22,...,20) and P; = (z},7%,...,7%) to G. If a literal x; € X U X appears in

the clause Cj, then we add an edge between c; and one vertex of {z?, 23, z}, 22} which is not
adjacent to any other vertex c;s. Such a vertex always exists as each variable appears in at
most four clauses. Finally, we add edges {z§,7z},,}, {=¢, 2}, }, {2, 2l 1} and {z0, 7}, } for
all i € [n — 1] and vertices f; and fo with edges {f1, 21}, {f1,Z1}, {f2, 25} and {f2,28}. We

conclude the construction by setting S = {f1, fo} and T' = C. See Figure 3 for an illustration.

We next show that the maximum degree in G is three. Note hat each vertex ¢; has degree
at most three as each clause in ¢ contains at most three variables. For each path P;, the
vertices xz with 2 < j <4 have degree at most 3 because each xf is only adjacent to acz -
and xz 1 and at most one vertex of C. The vertices ! and 2% have degree 3 since they are
not adjacent to any vertices in C' and only have edges to 2% |, 7% | 22 and J;%H,E}H, x?,
respectively (or to fi or fo in the case of z1, 71, 28, and #%). The vertices f; and f, each

only have degree two and the entire graph has therefore maximum degree three.

14:13

IPEC 2024



14:14

The Parameterized Complexity Landscape of Two-Sets Cut-Uncut

Since the reduction can clearly be computed in polynomial time, it only remains to show
that the constructed instance is a yes-instance of 2-DI1SJOINT CONNECTED SUBGRAPHS
if and only if ¢ is satisfiable. To this end, first assume that the constructed instance is
a yes-instance and let (R, B) be a coloring of G such that G[R] and G[B] are connected
and S C R and T C B. We set each variable x; to true if and only if any vertex of P; is
colored blue. We next prove that this is a satisfying assignment. The vertices f; and fs
are both colored red. Any path that connects f; to fo in G[R] cannot contain any vertices
of C' as C'=T. Hence, any path between f; and f> has to contain all vertices of P; or all
vertices of P; for each i € [n]. As a result, all vertices of P; or all vertices of P; are colored
red. Since the vertices of C' =T are independent, one neighbor z of each vertex c; has to
be colored blue by the solution. If z = J;f for some i € [n] and 2 < p < 5, then we set x;
by construction to true and ¢; is satisfied. If z = Z¥ for some i € [n] and 2 < p < 5, then
coloring one vertex of P; blue forces all vertices of P; to be colored red and thus x; was by
construction set to false. The vertex ¢; is only adjacent to a vertex of ﬁj if Z; appears in C;
and therefore setting x; to false satisfies C;. This proves that ¢ is satisfiable.

Now assume that there is a truth assignment 3 that satisfies ¢. We color all vertices of P;
blue and all vertices of P; red if x; is set to true by 8 and we color all vertices of P; red and
all vertices of P; blue, otherwise. Next, we color the vertices of C' blue and f; and f red. In
this coloring exactly one path of P; and P; is colored red and the other is colored blue. All
paths P; and P; are connected to P;_1, P;_1,P;_1, and P;;1 (which the exception of P;, P,
and P,, P,, which are connected to f; and f instead). Hence, all red vertices in the paths
are connected and all blue vertices in the paths are connected as well. The vertices f; and f
are by construction adjacent to one red vertex in one of the paths Finally for each ¢; € C,
since [ satisfies C;, there has to be a blue neighbor of ¢; in one of the paths. This shows
that both G[R] and G[B] are connected in the constructed coloring and this concludes the
proof. |

5 Polynomial Kernels

In this section, we analyze which parameters allow for polynomial kernels. Note that we
can restrict our attention to parameters that allow for fixed-parameter tractability as this is
equivalent to having a kernel of any size [8]. We first show that Two-SETs CuT-UNCUT
does not admit a polynomial kernel when parameterized by the vertex cover number of
the input graph plus the number of terminals. Note that for this parameter, 2-DISJOINT
CONNECTED SUBGRAPHS has a simple kernel of size O(k®). We can 2-approximate a vertex
cover in polynomial time by repeatedly taking both endpoints of any uncovered edge into
the solution. We can then, for each pair of vertices in this vertex cover, mark k£ non-terminal
vertices in the common neighborhood (or all such vertices if there are less than k). Removing
all unmarked non-terminal vertices that do not belong to the approximated vertex cover
results in a cubic kernel as we keep at most 2k vertices in the approximate vertex cover and
at most (2k)? - k = 4k3 marked vertices.

» Theorem 9. Two-SETS CUT-UNCUT parameterized by vertex cover number plus number
of terminals does not admit a polynomial kernel unless NP C coNP /poly.

Proof. We present an OR-cross composition from VERTEX COVER in 3-regular graphs, which
is known to be NP-hard [11]. We start with ¢ instances, all with the same number n of
vertices and the same solution size k. Note that since all graphs have the same number of
vertices and are 3-regular, they also have the same number m of edges.
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Figure 4 An illustration of the construction in the proof of Theorem 9. The solid boxes indicate
cliques and the dashed boxes indicate independent sets.

Our OR-cross composition consists of three different gadgets. The first gadget is called
the instance-selection gadget and it consists of one vertex v; for each input instance and ¢
additional dummy vertices D. These 2t vertices all form an independent set. Next, we add a
vertex s and make it adjacent to all vertices v; and a set W of 4(2) vertices and make them
adjacent to each vertex in the instance-selection gadget. We add s to S and W to T

The second gadget is called a vertex-selection gadget. We start with a clique of (n +1) - k
vertices z/ for each i € [n+ 1] and each j € [k]. All vertices a7, 41 are contained in 7. Next,
for each pair 2 and x with p # ¢ € [k] and each i € [n], we add a vertex y?"?, add it to T and
make it adjacent to z¥ and x!. We do the same for each pair m% and xg for each p # ¢ € [n]
and each j € [k] and call the constructed terminal 37 . Finally, for each j € [k], we create a
vertex z;, add it to S, and make it adjacent to each vertex xf for i € [n].

The third and final gadget is called the verification gadget and it consists of a clique
of 3(3) vertices al fori e [(3)] and j € [3]. For each i € [(})], we add four additional
vertices b;, ¢!, 2, ¢3. The vertex b; is added to S and the other three are added to T. We

2, CHL G5
make b; adjacent to all vertices ag for j € [3]. Moreover, ¢} is adjacent to a} and a?, vertex c?
is adjacent to a! and a3, and ¢} is adjacent to a? and a.

It remains to connect the different gadgets. We arbitrarily order the vertices in each input
instance and assign them numbers in [n]. Next, we pick an arbitrary bijection f between

numbers in [(})] and pairs {p, ¢} with p # ¢ € [n]. For each i € [(})], the vertex a} is adjacent
1

to v, if and only if f(¢) is not an edge in the instance corresponding to v;. Moreover, a;
is adjacent to some arbitrary vertices in D to ensure that it has exactly ¢ neighbors in the
instance-selection gadget. The vertices a? and a3 are adjacent to the ¢ vertices in D.

Next, for each i € [(})], we make a} adjacent to ), 41 in the vertex-selection gadget for
all j € [k]. Let f(i) = {p,q} with p < ¢. Then, we make a7 adjacent to zJ and a adjacent
to 27 for all j € [k]. Finally, we set £ = 2(;)2—}— (5)t+k+7)+k*n+k(Bn+2k—4)+t—m—1.

Note that the instance-selection gadget contains an independent set of size 2¢ which does
not contain any terminals. There are only 1+ 4(%) + k(n +2) + k(3) +n(5) +7(3) < 14n®
other vertices. Thus, the vertex cover number and the number of terminals of the resulting
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graph is in O(n?). Since the instance can be computed in polynomial time (in n +t), it only
remains to show that the constructed instance is a yes-instance if and only if at least one of
the input instances of VERTEX COVER is a yes-instance.

To this end, first assume that one of the ¢ instances of VERTEX COVER is a yes-instance,
that is, the respective graph G contains a vertex cover K = {p1,pa,...,pr} of size k. Let v;
be the vertex in the instance-selection gadget corresponding to that instance. We show that
the constructed instance is also a yes-instance by describing the connected component Cg
containing S. This component contains all the vertices of S as well as v;, i, for each i € [k],
and the following vertices of the verification gadget. For each i € (3), if f(i) = {p.q}
(with p < ¢) is not an edge in G;, then we add a} to Cs. Otherwise, at least one of the
endpoints p or ¢ is contained in K and we add a? if p € K and a3 if p ¢ K. Note that
we added exactly one vertex of each column in the vertex-selection gadget and exactly one
vertex in each row of the verification gadget. It remains to show that the cut between Cg
and the rest of the graph is of size at most 4.

We first analyze the sizes of cuts within each of the gadgets. Note s is incident to exactly ¢
edges and exactly one of the neighbors (v;) is contained in C's. Hence, s is incident to ¢t — 1
edges in the cut between Cs and the rest of the graph. Next, observe that v; is incident
to 4(%) vertices in W (which are not contained in Cs). Each vertex z; in the vertex-selection
gadget is incident to n vertices exactly one of which is in Cg. Each of the other k vertices
in Cg in the vertex-selection gadget are adjacent to (n+1)k—1)+(n—1)+ (k—1)+1 other
vertices in the vertex-selection gadget, exactly k of which belong to C's. Next, each vertex b;
is adjacent to exactly two vertices not contained in C's and each vertex a{ in Cyg is adjacent
to exactly 2(;) + 2 vertices in the verification gadget that are not contained in Clg.

We next analyze the number of edges in the cut between C's and the rest of the graph that
go between different gadgets. Note that there are no edges between the instance-selection
gadget and the vertex-selection gadget. Hence, we only need to consider edges leaving the
verification gadget. We start with the size of such a cut assuming that no vertex in the
verification gadget belongs to Cs. Note that v; has (Z) — m edges to the verification gadget
and each of the k vertices z] in the vertex-selection gadget that belong to C's have n — 1
edges to the verification gadget. This leads to a baseline cut of size (g) —m+k(n—1). Now
notice that adding any vertex in the verification gadget to Cs increases the described cut
by (t + k) if none of the neighbors of the vertex in other gadgets are contained in Cg and
by t + k — 2 if one neighbor belongs to Cs. By construction, it never happens for a vertex
in the verification gadget that two neighbors outside the verification gadget are contained
in C's. Moreover, we constructed the solution such that one neighbor is always contained
in Cg. Hence, the overall size of the described cut is (3) —m + k(n — 1)+ (5)(t + k — 2).
Combined with the size of the cuts within each gadget, the total cut size is

t1er(Z)(tk+5)+k(nk+3n+2k4)+(Z>(2(Z>+2)

2
:2(Z> —|—(Z)(t+k+7)+k2n+k(3n+2k—4)+t—m—1:K

Note that both C's and the rest of the graph induce a single connected component each.
For the reverse direction, suppose that the constructed instance of Two-SETs CUT-
UNCUT is a yes-instance. Let Cs O S be the set of vertices in the connected component
containing S after removing the edges of a solution (a cut of size at most £). First, we will
argue that we can assume without loss of generality that Cs\ S contains exactly one vertex v;,
exactly one vertex from the set {a},a?,al} for each i € (}), exactly one vertex from the
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set {al,a3,... 2]} for each j € [k], and at most one vertex from each set {z}, 22, ... zF}
for each i € [n]. Note that this also implies that C's \ S contains exactly (5) + k + 1 vertices
as all other vertices belong to S or T'. Assume that Cg\ S contains at least two vertices from
the instance-selection gadget. If connectivity within Cg is not of concern, then removing
one of the two vertices from Cyg will always decrease the size of the cut as each vertex in the
instance-selection gadget is adjacent to at most 3(72’) vertices in C's but also to 4(2) vertices
in W (which are contained in T' and therefore not in Cg). Moreover, since all vertices in
the verification gadget that have neighbors in the instance-selection gadget (all a-vertices)
form a clique and vertices in the instance-selection gadget are only incident to such vertices
and s, two vertices are never required to ensure connectivity within C's. On the other hand,
at least one vertex from the vertex-selection gadget needs to be contained in C's in order to
connect s € S with the rest of S.

Next, assume that two vertices from a set {a},a?,a}} are contained in Cg. Then, these
two vertices have a common neighbor ¢! for some j € [3] which is contained in T' but only
has these two neighbors. This contradicts the fact that we started with some solution to
Two-SETS CUT-UNCUT. Again, at least one such vertex needs to be included in Cg in order
to connect b; € S with the rest of S. The same arguments apply to the sets {x]l, 9:%, co @l }
and {z},22,..., 2%} with the exception that there is no vertex in S enforcing that at least
one vertex of {z}, 22 ... ¥} belongs to Cs.

We next show that the vertices K encoded by the set of vertices in Cg \ S in the vertex-
selection gadget form a vertex cover in the instance corresponding to the vertex v; € Cs\ S in
the instance-selection gadget. As in the forward direction, the size of the cut between Cs and
the rest of the graph has size at least £ = 2(;)2—1— (5)t+k+T7)+k*n+k(3n+2k—4)+t—m—1
and this bound is only achieved if each vertex in Cg \ S in the verification gadget (each
a vertex in Cg) has exactly one neighbor in Cg \ S outside the verification gadget. We
call such a neighbor the buddy of the vertex. For each i € [(})], if a} is in Cs and has a
buddy, then this buddy must be v; indicating that f(¢) is not an edge in v;. If a? or a? is
contained in Cs and has a buddy, then at least one of the endpoints of f(¢) is contained
in K. This implies that for each pair {p, q} of vertices it holds that {p, ¢} is not an edge in
the instance corresponding to v; or p or g is contained in K, that is, K is a vertex cover in
this instance. Note that the set K has size k as Cg \ S does not contain two vertices from
the set {a7,z},..., 23} for any j € [k]. This concludes the proof. <

We can make the instance-selection gadget into a clique in the above proof without
changing any of the proof details except for the fact that the size of an optimal solution
increases by exactly 2t —1 (as we still need to include exactly one vertex of the vertex-selection
gadget in the connected component containing S). This gives the following.

» Corollary 10. Two-SETS CUT-UNCUT parameterized by distance to clique plus the number
of terminals does not admit a polynomial kernel unless NP C coNP /poly.

We next show that Two-SETS CUT-UNCUT admits a linear kernel in the feedback edge
number of the graph by simple data reduction rules for vertices of degree one and two.

» Proposition 11. Two-SETS CuT-UNCUT parameterized by feedback edge number k admits
a kernel with at most 5k vertices and 6k edges.

Proof. We present data-reduction rules that eliminate all degree-1 vertices and bound the
length of maximal induced paths, that is, paths whose internal vertices have degree two in
the input graph. Using standard arguments, this will result in a kernel with O(k) vertices
and edges [1].
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First, note that since the input graph is connected, we can assume without loss of
generality that there are no isolated vertices (vertices without any neighbors). Next, consider
a vertex u with exactly one neighbor v. If u ¢ S UT, then we can simply remove u as in
any optimal solution, we will color v with the same color as v and therefore v will not be
incident to any solution edges. If u € SUT (we assume without loss of generality in 5),
then there are two cases. If S = {u}, then the instance is trivial as if ' = ), then it is a
yes-instance and if T' # (), then the instance is a yes-instance if and only if £ > 1 as deleting
the edge {u, v} is an optimal solution (as the input graph is connected). If |S| > 2, then u
needs to be in the same connected component as v in any optimal solution. Hence, we can
remove u and add v to S instead. If v was already contained in 7', then we return a trivial
no-instance.

After applying the above procedure exhaustively, we are left with a graph without any
vertices of degree at most one. Consider any maximal induced path, that is, a path P =
(vg,v1, ..., vp) for some p such that deg(vo), dege(vp) > 2 and degy (v;) = 2 for all i € [p—1].
Let I = {v; | i € [p — 1]} be the set of internal vertices of P. We consider the following cases
based on whether INS=0and INT =0. fINS=0and INT =0, then we remove all
vertices in I except for v; and add the edge {v1,v,}. Let P’ = (vg,v1,vp) be the resulting
maximal induced path. Note that if vy and v, are colored with the same color, then the
internal vertices of P can be colored with the same color and therefore do not increase the
solution size. If vyp and v, are colored differently, then we need to remove exactly one of
the edges in P and this also holds true for P’. If INS # ) and I NT = (), then we again
replace P by P’ but this time we add v; to S. In this case, we can assume without loss of
generality that all vertices in I are colored red as we need to delete at least one edge for each
of vy and v, that are colored blue and we can assume without loss of generality that these
edges are {vg,v1} and/or {v,_1,vp}. The case where I NS = () and I NT # () is analogous.
Finally, assume that I NS # 0 and I NT # (. Then let v; € S and v; € T such that no
vertex between v; and v; is contained in S UT. Note that such a pair of vertices always
exists. We assume without loss of generality that ¢ < j. Since some edge between v; and v;
has to belong to any solution, we can remove the edge {v;,v; 11} without loss of generality
and reduce ¢ by one. Note that both v; and v;11 now have degree one and applying the
above procedure for degree-1 vertices exhaustively removes all vertices in I (or produces a
trivial kernel).

Hence, we can now assume that the graph does not contain any degree-1 vertices and
all maximal induced paths have at most one internal vertex. Using standard arguments,
the graph contains now at most 5k vertices and at most 6k edges, where k is the feedback
edge number of the constructed graph [1, Lemma 2]. Note that the feedback edge number
of the graph never increases in the above procedures. Hence, the produced instance has at
most 5k vertices and 6k edges, where k is the feedback edge number of the input graph. This
concludes the proof. <

We next show that the solution size does not allow for a polynomial kernel. Therein, we
use Proposition 7 to construct an OR-cross composition in which a solution to the entire
instance can only consist of a solution to one of the input instances.

» Proposition 12. Two-SETS CUT-UNCUT parameterized by solution size £ does not admit
a polynomial kernel unless NP C coNP /poly.

Proof. We present an OR~cross composition from Two-SETS CuT-UNCUT, where |S| =1
and there exist constants ¢; > 0,¢o > |T| such that £ = ¢; + |T|(cz — |T|) and any cut
that keeps any set of j terminals in 7" connected to at least one other terminal in 7" while
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Figure 5 An illustration of the reduction behind Proposition 12.

separating the terminal in S from all terminals in T has size at least ¢; + j(c2 — j). This
variant is NP-hard by Proposition 7. We consider the polynomial equivalence relation
where all instances in the same equivalence class have the same solution size ¢/, the same
constants ¢p,ce, and the same number k& = |T| of terminals in 7. We assume that the
number ¢ of input instances is 27 for some integer q. Note that this can be achieved by
duplicating one of the input instances at most ¢ times.

Given t instances I} = (G1, 51, T1,¢), I = (Ga, S2, T2, 0'), ..., I = (G, St, Tt ') of the
same equivalence class, we construct an instance (H,S,T,¢) of Two-SETS CUT-UNCUT as
follows. We start with H being the disjoint union of all graphs G; and S being the union
of all S;. Let w = klog(t) + 1. We replace each edge {u,v} in the current graph by w
paths of length two, that is, we add a set W,, ,, of w new vertices and for each p € W, ,,
we add the edges {u,p} and {p,v}. Next, we add k binary trees of depth log(t), add the
roots of these trees to T, and identify the i*" leaf of each of these trees with one vertex
in T; in such a way that each vertex in T; is identified with the leaf of exactly one tree. See
Figure 5 for an illustration. Finally, we add edges between each pair of vertices in .S and
set £ = wl' + klog(t). This concludes the construction.

Since the solution size £ is by construction polynomially upper-bounded by n + log(¢) and
the reduction can be computed in polynomial time (in n + t), it only remains to show that
the constructed instance is a yes-instance if and only if at least one of the input instances

is a yes-instance. To this end, first assume that one input instance I; is a yes-instance.

We construct a solution of size at most ¢ in the constructed instance as follows. For each
edge {u, v} in the solution, we add all edges between vertices in W, ,, and u to our solution
cut. Note that this cut has size at most w¢’. Next, for each of the k binary trees, we separate
the path from the root to the vertex in G; from the rest of the tree. Note that this cuts
exactly one edge in each layer and hence exactly log(t) edges per tree. Thus, the constructed
cut has size at most wl’ + klog(t) = ¢. Note that all vertices in T' (the roots of the binary
trees) are connected to one another through the graph G; and are separated from all other
graphs G; with j # ¢ as they are separated from all other leaves in the binary tree and
within G; they are separated from S;. Since all vertices in S are connected by construction,
this shows that the constructed instance is a yes-instance.
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Git1

Figure 6 A connection gadget in the proof of Proposition 13.

For the reverse direction, assume that the constructed instance is a yes-instance and
let F' be a solution cut of size at most £ in H. First note that if for some pair u, v of vertices,
an edge incident to a vertex in W, , is contained in F, then we can assume without loss of
generality that for each vertex in W, ,, exactly one incident edge is cut. Since w > klog(t),
this means that we can assume that F' contains edges incident to at most ¢’ sets W, ,,. Let F’
be the set of edges in the ¢ original graphs corresponding to these ¢ sets. Note that if
some set of j terminals in T" are connected through some graph G; in H — F', then they are
connected through a path in their respective binary trees and the j corresponding terminals
in G; have to be separated from S;. By assumption, such a cut (in the original graph G;)
has size at least ¢; + j(c2 — j) and in H, this corresponds to a cut of size w(c; + j(ca — 7)).
In order to connect all terminal pairs, we have to connect all k£ through one graph G; as if
we use at least two graphs to connect sets of size ji, jo,...,Jp with > _.°_, j; > k, then this
cut has size at least

p
wler+i(ca—=74i)) = Y wler+ji(ca—k)) > wlper+k(ca—k)) > w(er+1+k(ca—k)) > ¢,
i=1 i=1
a contradiction. If all terminals are connected through a single graph G;, then the vertices
in T; remain connected to one another in H — F and are separated from S;. That is, there
is a set of ¢’ edges in G; to separate all vertices in T; from S; while keeping all vertices
in T; connected. Since |S;| = 1, this shows that instance I; is a yes-instance of TWO-SETS
Cur-UncuT and this concludes the proof. <

Finally, we show that 2-D1sSJOINT CONNECTED SUBGRAPHS does not admit a polynomial
kernel parameterized by bandwidth.

» Proposition 13. 2-DisjoINT CONNECTED SUBGRAPHS parameterized by bandwidth does
not admit a polynomial kernel unless NP C coNP /poly.

Proof. We present an OR-cross composition from 2-DisJOINT CONNECTED SUBGRAPHS.
Given ¢ instances Iy = (G1,51,T1), s = (G2, S2,T3), ..., It = (G, St, T¢), we construct a
new instance (H, S, T) as follows. Initially H is the disjoint union of all G; and S and T are
the unions of all S; and T; respectively, where we put graph G;;1 to the right of graph G;.
We then use the gadget depicted in Figure 6 to connect G; and G;; for all ¢ € [t — 1]. We
call this gadget a connection gadget and it simply consists of two vertices u and v. We
make u adjacent to all vertices in S; and T; 1 as well as one arbitrary vertex in 7; and one
arbitrary vertex in S;;1. The vertex v is adjacent to all vertices in T; and S;11 as well as
one arbitrary vertex in each of S; and T;y;. This concludes the construction.

Since the instance can be computed in polynomial time, it only remains to show that the
bandwidth of the constructed instance is polynomial in the maximum number n of vertices in
any of the instances and that the constructed instance is a yes-instance if and only if at least
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one of the input instances is a yes-instance. For the former, note that placing all vertices
of G; (in any ordering) first, then the two vertices of the connection gadget between G,
and (g, then all vertices of G5 and so on results in an ordering where each edge within one
of the graphs has length at most n — 1 and each edge incident to a vertex in the connection
gadget has length at most n + 1. Since this covers all edges in the constructed instance, this
shows that the bandwidth is upper-bounded by n + 1.

We next show that the constructed instance is a yes-instance if and only if one of the input

instances is a yes-instance. To this end, first assume that one instance I; is a yes-instance.

We construct a cut in the constructed instance as follows. We start with the solution cut
in G; that leaves both S; and T; connected and separates the two within G;. Next, for the
connection gadget between G; and Gj4; for all j > i, we color v blue and v red. For all
other connection gadgets, we color u red and v blue. Finally, in each graph G; with ¢ # j,
we compute a minimum S;-Tj-cut (ignoring connectivity) and add it to the solution. Note
that all terminals in S; and T} for all j # ¢ are connected to one another by a vertex in a

connection gadget and also connected to one vertex of the same color in the next graph Gj1.

Hence, the constructed instance is a yes-instance.

For the reverse direction, assume that the constructed instance is a yes-instance. Note that
in each connection gadget, any optimal solution colors both vertices of the gadget differently
as otherwise at least one set of terminals is separated. Consider the set of connection gadgets
in which wu is colored red. If this set is empty, then we consider I; and otherwise we consider
the instance directly to the right of the last connection gadget in the set. We claim that the
considered instance I; is a yes-instance. As we assume that the u vertex in the connection
gadget between G;_1 and G; is colored red (if it exists) and the u vertex in the connection
gadget between G; and G,y is colored blue (again assuming it exists), each vertex in a
connection gadget is adjacent to one terminal of the same color in G;, that is, they do not
provide any additional connectivity between vertices in S; and 7T;. Hence, the solution for
the constructed instance contains a cut in G; such that all vertices of S; remain connected,
are separated from all vertices in T;, which in turn remain connected to one another. That
is, the instance I; is a yes-instance. This concludes the proof. <

6 Conclusion

In this work, we studied the parameterized complexity of Two-SETS CUT-UNCUT, a natural
optimization variant of 2-Di1SJOINT CONNECTED SUBGRAPHS. We gave an almost complete
tetrachotomy in terms of the existence of polynomial kernels, fixed-parameter tractability,
and XP-time algorithms. We conclude with a couple of open questions. First, the complexity
with respect to the distance to interval graphs remains unclear, with everything between
fixed-parameter tractability and para-NP-hardness still being possibilities. In particular,
the complexity of TwoO-SETS CUT-UNCUT on interval graphs (polynomial-time solvable
or NP-hard) is unknown. Second, we showed that there is an XP-time algorithm for the
parameter clique-width. Moreover, it is known that LARGEST BOND is W[1]-hard when
parameterized by the clique-width. We conjecture that the same holds true for TWO-SETS
Cut-UnNcuT. Finally, it is known that Two-SETS CuT-UNCUT is W[1]-hard parameterized
by the number of terminals (vertices in SUT) [2]. However, it is not known whether there is
an XP-time algorithm and in particular, even whether NETWORK DIVERSION, a special case
of Two-SETS CUT-UNCUT with four terminals, is polynomial-time solvable or not has been
a long-standing open question, which we repeat here.
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