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—— Abstract

This paper presents a distributed algorithm in the CONGEST model that achieves a (1 + €)-
approximation for row-sparse fractional covering problems (RS-FCP) and the dual column-sparse
fraction packing problems (CS-FPP). Compared with the best-known (1 + €)-approximation CON-
GEST algorithm for RS-FCP/CS-FPP developed by Kuhn, Moscibroda, and Wattenhofer (SODA’06),
our algorithm is not only much simpler but also significantly improves the dependency on e.
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1 Introduction

A fractional covering problem (FCP) and its dual fractional packing problem (FPP) are
positive linear programs (LP) of the canonical form:

min ¢’z (FCP, the primal LP) max bly (FPP, the dual LP)
x Y
st. Ax>0b s.t. ATy <ec
x>0 y >0,

where all A;;,b;, and c; are non-negative. This paper particularly focuses on k-row-sparse
FCPs (k-RS-FCP) and k-column-sparse FPPs (k-CS-FPP). These are FCPs and FPPs in
which the matrix A contains at most k& non-zero entries per row. They are still fairly general
problems and can model a broad class of basic problems in combinatorial optimization, such
as the fractional version of vertex cover, bounded-frequency weighted set cover, weighted
k-uniform hypergraph matching, stochastic matching, and stochastic k-set packing.

This paper studies distributed algorithms for FCPs and FPPs in the CONGEST model.
The CONGEST model features a network G = (V, E), where each node corresponds to a
processor and each edge (u,v) represents a bidirectional communication channel between
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processors v and v. The computation proceeds in rounds. In one round, each processor first
executes local computations and then sends messages to its neighbors. Each of the messages
is restricted to O(log [V']) bits. The algorithm complexity is measured in the number of
rounds it performs.

For an FCP/FPP instance with m primal variables and n dual variables (i.e., A has
dimensions n x m), the network is a bipartite graph G = ([m], [n], E). Each primal variable
x; is associated with a left node j € [m], and each dual variable y; is associated with a right
node i € [n]. An edge (i, ) exists if and only if A;; > 0. At the beginning of a CONGEST
algorithm, each left node j only knows its corresponding cost c¢; and the column vector
(Aij i € [n]), and each right node i only knows b; and the row vector (A;; : j € [m]). At
the end of the algorithm, each left node j is required to output a number Z; and each right
node ¢ to output a ¢;, which together are supposed to form approximate solutions to the
FCP and FPP respectively.

Let 1; denote the k-dimensional all-ones vector. The subscript k£ will be dropped if it
is implicit. Without loss of generality, this paper considers FCP and FPP instances of the
following normal forms:

min 17z st. Az >1landz >0 (1)
and
max 17y st. ATy <1landy>0 (2)
Y

where A;; is either 0 or > 1. The reduction to the normal form proceeds as follows:
First, we can assume that each b; > 0 since otherwise we can set y; to zero and delete
the i-th row of A;
similarly, we can assume each c; > 0 since otherwise we can set x; to +00 and delete the
Jj-th column of A, and then set y; to zero and delete the i-th row for all ¢ with A;; > 0.
Then, we can replace A;; by flij = %’ replace b and ¢ by all-ones vector, and work
with variables £; = c;x; and ; = b;y;.

m and work with fj = .f?j : min{fli/j/ ‘

Ai’j’>0} and §; = §; - min{ A, | Ai’j’>0}-

Finally, we replace flij with /Lj =

Papadimitriou and Yannakakis [12] initiated the research on approximating FCPs/FPPs in
the CONGEST model. Bartal, Byers, and Raz [3] proposed the first constant approximation
ratio algorithm with polylog(m + n) rounds. After designing a distributed algorithm for
a specific FCP/FPP scenario, namely the fractional dominating set problem [10], Kuhn,
Moscibroda, and Wattenhofer [8] finally developed an efficient (1+¢)-approximation algorithm
for general FCP /FPP instances, running in O(log I',-log I'y/€*) round for normalized instances
where

Fp = HlJE_%XZAij, and Fd = m?xZA”

i=1 =1

Particularly, for RS-FCPs/CS-FPPs, the round complexity becomes O (log Amax - logT',/ 64).
Later, Awerbuch and Khandekar [2] proposed another (1 4 €)-approximation algorithm for
general normalized FCP/FPP instances running in O(log*(nAmax ) 10g” (nm Apax ) /€®) rounds,
which has worse bound than [8] but enjoys the features of simplicity and statelessness.
Several works studied the lower bound for CONGEST algorithms to approximate linear
programming. Bartal, Byers, and Raz [3] showed that (1 + €)-approximation algorithms for
general FCPs/FPPs require at least Q(1/¢) rounds. Kuhn, Moscibroda, and Wattenhofer
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proved that [5, 6, 7, 8, 11] no constant round, constant-factor approximation CONGEST
algorithms exist for the LP relaxation of minimum vertex cover, minimum dominating set,
or maximum matching in general graphs. Later, they improved this lower bound by showing
that [9] no o(y/log(m + n)/loglog(m + n)) rounds CONGEST algorithms can constant-
factor approximate the LP relaxation of minimum vertex cover, maximum matching, or by
extension, the general binary RS-FCPs or CS-FPPs (i.e., 4;; € {0,1}) as well.

In this paper, we propose a CONGEST algorithm (Algorithm 1) for approximating general
RS-FCP/CS-FPP instances, which is much simpler than the algorithm of [8]. Moreover,
our algorithm exhibits a worse dependency on Ap.x but improves the dependency on e.
In particular, for the binary RS-FCPs or CS-FPPs, which include LP relaxations of many
combinatorial problems such as minimum vertex cover, minimum dominating set, maximum
matching, and maximum independent set, our algorithm runs in O(logI',/€?) rounds, which
is a 1/€? factor improvement over the algorithm of [8].

» Theorem 1 (Main Theorem). For any € > 0, Algorithm 1 computes (1 + €)-approzimate
solutions to RS-FCP and CS-FPP at the same time, running in O(Amax - logT'p/€?) rounds.

» Remark 2. In 2018, Ahmadi et al. [1] proposed a simple (1 + €)-approximation distributed
algorithm for the LP relaxation of minimum vertex cover and maximum weighted matching
problems, which are special classes of 2-RS-FCPs and 2-CS-FPPs. They claimed the algorithm
runs in O(log ', /€?) rounds, an O(Amax) factor faster than our algorithm. Unfortunately,
there is a flaw in their proof!, and we do not know how to correct the proof to achieve the
claimed bound.

2  Algorithms

In this section, we present our algorithm (Algorithm 1) and the analysis. Indeed, our
algorithm applies to general FCP/FPP instances, and we will prove the following theorem:

» Theorem 3. For any e > 0, Algorithm 1 computes (1 + €)-approzimate solutions to (1)
and (2) at the same time, running in O (Tq -logT,,/€?) rounds.

Our algorithm is based on the sequential fractional set cover algorithm by Eisenbrand et
al. [4] and the fractional weighted bipartite matching by Ahmadi et al. [1]. It will be helpful
to view (1) as a generalization of the fractional set cover problem. Specficially, there is a
universe U = {ej1, -+ ,e,} of n elements, a collection S = {S1,52, -+, S} of subsets of U,
and a matrix {A.s : e € U, S € S} indicating the covering efficiency of S on e. We say e € S
if Acs > 0. Then (1) can be recast as the following generalization of the fractional set cover
problem:

. e
2121101 Z zg s.t. ZASS xs > 1 for any e. (3)
Ses S3e

The dual (2) can be recast as:

1;1%( Z Yo S.t. ZAES <y, < 1 for any S. (4)
ecU ecS

! In the proof of Lemma 5.2 in the full version, Y, should be defined as yJ /we rather than yJ;
allve <=5 seems doubtful since L

al/we—1 = w,

> 1 in their setting.

45:3

ISAAC 2024



45:4 Distributed Algorithm for Sparse Fractional Covering/Packing

Algorithm 1 An (1 + €)-approximation algorithm for the normalized FCP/FPP.

1 Parameter: «, f € R>¢ and L € N defined as in (5);
2 Initialize g := 0 for any S, and y. := 0 and r. := 1 for any e;
3 for/{=1to L do

4 for each all S in parallel do

5 if ps > é ‘maxgngp P then
6 rs:i=xg5+1;

7 for alle € S do

8 L Ye := Ye + Aes T/ (ZEES Acs ~1"e) and 7, := 1, /ates;
9 if r. <o~ f then r, := 0;

10 Return: x/f and y/(f - (1 + €)) as the approximate solutions to (3) and (4)
respectively.

Our algorithm maintains a variable xg for each subset S, and two variables y. and r,
for each element e. xg and y. are initially 0 and their values can only increase throughout
the algorithm; the variable r, is initially 1 and its value can only decreases. Intuitively,
re denotes the “requirement” of element e. Furthermore, we define the efficiency of S as
PS =D ecg Aes *Te-

Our algorithm consists of L phases. a and f are two other algorithmic parameters. The
values of L, a, f will be determined later. In the /-th phase, the algorithm picks all subsets
S with

1
> = . max pjs.
ps = o S'NS#D Ps

and update the primal variable
rs:=xg+ 1,

as well as: for each e € S,

AeS ‘Te

= = ¢ and re = r./a’tes.
Ye Ye + Zees Ao 1o e e/

In other words, let E4(e) := {S > e | S is selected in the ¢-th phase}, then after the ¢-th
phase, we have

Aes T Ac
Ye = Ye + AYe = ye + Z S , and re 1= Te/OéZSEEUc) s,
sémie) 2ees Aes T

Besides, we set r, = 0 as soon as r, < o /. Finally, the algorithm returns x/f and
y/((L+¢)- f) as the approximation solutions. See Algorithm 1 for a formal description.

» Remark 4. The two algorithms in [8] and [1] both have a similar greedy fashion: it
starts with all xg set to 0, always increases the xg whose “efficiency” is maximum up to a
certain factor, and then distributes the increment of zg among its elements and decreases
the requirements r.. Our algorithm and the two algorithms of [8] and [1] differ in specific
implementations: the definition of efficiency, the distribution of increments, and the reduction
of requirements. In particular, the algorithm of [8] consists of two levels of loops: the goal of
the first-level loop is to reduce the maximum “weighted primal degree”, and one complete
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run of the second-level loop can be seen as one parallel greedy step. This two-level structure
complicates the algorithm of [8]. The algorithm of [1] only works for the LP relaxation
of minimum vertex cover and maximum weighted matching problems, which are special
classes of 2-RS-FCPs and 2-CS-FPPs. The distribution of increments and the reduction of
requirements in our implementation is similar to [1], and the main difference is the definition
of efficiency.

Before analyzing the correctness and efficiency of the algorithm, we present some helpful
observations about its behavior.

» Proposition 5. Throughout the algorithm, we always have

(a) ZS Is = Ze ye'

(b) For any S, the value of ps is non-increasing, and lies within (a=f,T',] U {0}.
(c) After each phase, maxg ps decreases by a factor of at least a.

Proof.

Part (a). Initially, > g5 =),y = 0. Then, whenever we increase g by 1, we increase
Aes Te —
Ze Ye by ZSES ZCGS Apgre L.

Part (b). Since 7. is non-increasing, so is pg := Zees A.s - .. Besides, the initial value
of ps is > ,cg Aes, which is upper-bounded by I',. Furthermore, for any non-zero r. where
e € S, it should be strictly greater than a~7, since otherwise it will be set to 0. Recalling

that A.g > 1, we have pg > a~/ or pg = 0.

Part (c). Define ppax := maxg ps. Note that every S with pgs > pmax/a will be picked.

Ae
Then for any such S, r. will decrease by a factor of azs’eiﬂe) >t >qaforanye e S
S0 pg = ZeES Ags - e decreases by a factor of at least « as well. <

7

By Proposition 5 (b) and (c), it is easy to see that after [log, I', + f] phases, all pg and
r. will become zero. We choose 2

€

2
, and f:= p -InT)p, and L := [log, T, + f7]. (5)

a:=1+
e-In

C'Fd

where c is a sufficiently large constant. Note that each phase can be implemented in constant
rounds. So the following lemma holds.

» Lemma 6. Algorithm 1 runs in O(Ly -logT',/€?) rounds. When it terminates, all re =0
and all ps = 0.

What remains is to prove its correctness. Let 2’ and y” denote the values of  and y right
after the L-th phase. We first prove the feasibility.

» Theorem 7. == /f and y*/ ((1 +¢€) - f) are feasible solutions to (3) and (4) respectively.

Proof. We first show the feasibility of &¥/f. Obviously, ¥/f are non-negative. Given
any e, whenever we increase zg by 1 for some S 3 e, we divide r. by a factor a?<s. The

2 The reason behind the choices of parameters is that o should sufficiently close to 1 and f should
sufficiently large, such that alet! =1+ O(e) and Il « f. See the proof of Theorem 7 for details.

In
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initial value of . is 1; and by Lemma 6, finally 7. becomes < a7, and then is set to 0. We
therefore have

Z AeS : xé Z f7

S>e
and then conclude the feasibility of 2/ f.

In the following, we prove the feasibility of y*/f. Obviously, y/((1 + €) - f) are
non-negative. What remains is to show that for any S

ZAeS'y£§(1+€)'f-

ecS

For the convenience of presentation, define Ys :=>"__o Aes - Ye, which only increases during

eeS
the algorithm’s execution. The idea is to upper bound the increment AYg of Yg in terms of
the decrement Apg of pg in each phase.

On the one hand, recalling that the increment of y, is

Ay, = Z _ Aesrre Z 1 Aegr - Te,

57€Z4(e) Dcess Aesr e srezo(e) PS5
we have
1 «
AYS:ZAeS'Aye:Z Z /'AeS'AeS"TeSZ Z 7'AeS'AeS"Te
ees c€s s'egy(e) PS ces s'egy(e) S
:gz Z AeS'AeS’ *Te.
PS €5 s1ezy(e)

On the other hand,

Aps = ZASS . A/]"e :ZA@S CTe - (1 _ 1/0[25/63[(6) AeS/)

ecS ecsS
1 A

= E Aes - 7e - S AL, QESIEEE(G) e 1
ecs aZS’EEe(e> es’
Z 1 Z

Z AeS M Te M Z—A an[ . Aesl
ecS al—stegy(e) e S’'€E,(e)
Ina

> T § E AeS’ : AeS/ *Te
ot d

e€S S/ € (e)

Combining the two inequalities above, we get

OéFd+1 APS

Ina  ps

AYs <

Then, summing this inequality up over all phases, we have

initial

stmd _ Z AYS - aFd+1 Z % < aFdJrl /Ps 7dp
each phase lna s phase S Ina Joema p
= alet] . (hlpinitia1 —In Cnd) < o ‘(Ina- f+1InT))
Ina o Ps) = Ina na te
:ard+1f+w§(l+e)f. <

In o
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By Proposition 5 (a), we have Y gz5 =", yZ, which means
D v/ (e )<+ wb/f.
e S

We therefore conclude that z'/f and y~/((1 +¢)- f) are (1 + €)-approximate solutions
to (3) and (4) respectively. By putting it and Lemma 6 together, we finish the proof of
Theorem 3.

3 Conclusion

This paper proposes a simple (1 + €)-approximation CONGEST algorithm for row-sparse
fractional covering problems and column-sparse fractional packing problems. It runs in
O (Amax -log Fp/EQ) rounds, where I'), = max; ), A;; and I'y = max; Zj A;j. Our algorithm
is simpler than the algorithm of [8], worsens the A,,q,-dependency, but improves the e-
dependency. For future work, it is an intriguing open problem, proposed by Suomela [13],
whether constant round, constant-factor approximation CONGEST algorithms exist for
row-sparse, column-sparse FCP/FPP instances — a special kind of RS-FCP/CS-FPP where
the number of nonzero entries in each column of A is also bounded. Our algorithm and the
algorithm of [8] are both such algorithms for instances where Ay,.x is bounded.
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