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—— Abstract

We consider the classical single-source shortest path problem in directed weighted graphs. D. Eppstein
proved recently an Q(n?®) lower bound for oblivious algorithms that use relaxation operations to
update the tentative distances from the source vertex. We generalize this result by extending this
Q(n3) lower bound to adaptive algorithms that, in addition to relaxations, can perform queries
involving some simple types of linear inequalities between edge weights and tentative distances. Our
model captures as a special case the operations on tentative distances used by Dijkstra’s algorithm.
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1 Introduction

We consider the classical single-source shortest path problem in directed weighted graphs. In
the case when all edge weights are non-negative, Dijkstra’s algorithm [8], if implemented
using Fibonacci heaps, computes the shortest paths in time O(m + nlogn), where n is the
number of vertices and m is the number of edges. In the general case, when negative weights
are allowed (but not negative cycles), the Bellman-Ford algorithm [20, 2, 19, 12] solves this
problem in time O(nm).

Both algorithms work by repeatedly executing operations of relazations. (This type
of algorithms are also sometimes called label-setting algorithms [7].) Let £,, denote the
weight of an edge (u,v). For each vertex v, these algorithms maintain a value D[v] (that we
will refer to as the D-value at v) that represents the current upper bound on the distance
from the source vertex s to v. A relaxation operation for an edge (u,v) replaces D[v] by
min {D[v], D{u] + £y, }. That is, D[v] is replaced by D[u] + £y, if visiting v via u turns out
to give a shorter distance to v, based on the current distance estimates. When the algorithm
completes, each value D[v] is equal to the correct distance from s to v. Dijkstra’s algorithm
executes only one relaxation for each edge, while in the Bellman-Ford algorithm each edge
can be relaxed ©(n) times.
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We focus on the case of complete directed graphs, in which case m = n(n — 1). For
complete graphs, the number of relaxations in Dijkstra’s algorithm is ©(n?). In contrast,
the Bellman-Ford algorithm executes ©(n?) relaxations. This raises the following natural
question: is it possible to solve the shortest-path problem by using asymptotically fewer than
O(n?) relazations, even if negative weights are allowed?

To make this question meaningful, some restrictions need to be imposed on allowed
algorithms. Otherwise, an algorithm can “cheat”: it can compute the shortest paths without
any explicit use of relaxations, and then execute n — 1 relaxations on the edges in the
shortest-path tree, in order of their hop-distance from s, thus making only n — 1 relaxations.

Eppstein [9] circumvented this issue by assuming a model where the sequence of relax-
ations is independent of the weight assignment. Then the question is whether there is a
short “universal” sequence of relaxations, namely one that works for an arbitrary weight
assignment. The Bellman-Ford algorithm is essentially such a universal sequence of length
O(n?). Eppstein [9] proved that this is asymptotically best possible; that is, each universal
relaxation sequence must have Q(n?) relaxations. This lower bound applies even in the
randomized case, when the relaxation sequence is generated randomly and the objective is to
minimize the expected number of relaxations.

The question left open in [9] is whether the Q(n?) lower bound applies to relaxation-based
adaptive algorithms, that generate relaxations based on information collected during the
computation. (This problem is also mentioned by Hu and Kozma [15], who remark that
lower bounds for adaptive algorithms have been “elusive”) We answer this question in the
affirmative for some natural types of adaptive algorithms.

In our computation model, an algorithm is allowed to perform two types of operations:
(i) queries, which are simple linear inequalities involving edge weights and D-values, and (ii)
relazation updates, that modify D-values. The action at each step depends on the outcomes
of the earlier executed queries. Such algorithms can be represented as decision trees, with
queries and updates in their nodes, and with each query node having two children, one
corresponding to the “yes” outcome and the other to the “no” outcome.

Specifically, we study query/relazation-based algorithms that can make queries of three
types:

D-comparison query: “D[u] < D[v]?”, for two vertices u, v,
Weight-comparison query: “/,,, < £,,7”, for two edges (u,v), (z,y),
Edge query: “Dlu] + £y, < D[v]?”, for an edge (u,v),

and can update D-values as follows:

Relaxation update: “D[v] + min {D[v], D[u] + £y, }”, for an edge (u,v).

Throughout the paper, for brevity, we will write “D-query” instead of “D-comparison
query” and “weight query” instead of “weight-comparison query”.

We assume that initially D[s] = 0 and D[v] = /s, for all vertices v # s. This initialization
and the form of relaxation updates ensure that at all times each value D[v] represents the
length of some simple path from s to v. Thus D-queries and edge queries amount to comparing
the lengths of two paths from s. Further, the D-values induce a tentative approximation of
the shortest-path tree, where a node u is the parent of a node v if the last decrease of D[v]
resulted from a relaxation of edge (u,v). So the algorithm’s decision at each step depends on
this tentative shortest-path tree.

Our contributions. We start by considering algorithms that use only edge queries. For such
algorithms we prove the following Q(n?3) lower bound:
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» Theorem 1. (a) Let A be a deterministic query/relazation-based algorithm for the single-
source shortest path problem that uses only edge queries. Then the running time of A is
Q(n?), even if the weights are non-negative and symmetric (that is, the graph is undirected).
(b) If A is a randomized algorithm then the same Q(n3) lower bound holds for A’s expected
running time.

We first give the proof of Theorem 1(a), the lower bound for deterministic algorithms. In
this proof, (in Section 3), we view the computation of A as a game against an adversary who
gradually constructs a weight assignment, consistent with the queries, on which most of the
edge queries performed by A will have negative outcomes, thus revealing little information
to A about the structure of the shortest-path tree.

Then, in Section 4, we show how to extend this lower bound to all three types of queries
if negative weights are allowed, proving Theorem 2(a) below.

» Theorem 2. (a) Let A be a deterministic query/relaxation algorithm for the single-source
shortest path problem that uses the three types of queries: D-queries, weight-queries, and edge
queries, as well as relazation updates. Then the running time of A is Q(n®). (b) If A is a
randomized algorithm then the same Q(n3) lower bound holds for A’s expected running time.

Our query /relaxation model captures as a special case the operations on tentative distances
used by Dijkstra’s algorithm, because D-queries are sufficient to maintain the ordering of
vertices according to their D-values. More broadly, Theorem 2 may be helpful in guiding
future research on speeding up shortest-path algorithms for the general case, when negative
weights are allowed, by showing limitations of naive approaches based on extending Dijkstra’s
algorithm.

The proof of Theorem 2(a) is essentially via a reduction, showing that the model with all
three types of queries can be reduced to the one with only edge queries, and then applying the
lower bound from Theorem 1(a). This reduction modifies the weight assignment, making it
asymmetric and introducing negative weights. As a side result, we also observe in Theorem 4
that this reduction works even for arbitrary (not necessarily complete) graphs, giving a
lower bound that generalizes the one in [9], as it applies to adaptive algorithms in our
query/relaxation model.

Finally, in Section 5 we extend both lower bounds to randomized algorithms. The
proofs are based on Yao’s principle [22]; that is, we give a probability distribution on weight
assignments on which any deterministic algorithm performs poorly.

Our lower bound results are valid even if all weights are integers of polynomial size. In the
proof of Theorem 1 all weights are non-negative integers with maximum value #;,,,x = O(n).
The proof of Theorem 2 uses Golomb rulers [21, 10, 4] (also known as Sidon sets) to construct
weight assignments with maximum value fy.x = O(n4). In the randomized case, these
bounds increase by a factor of O(n).

As explained near the end of Section 5, the lower bounds for expectation in Theorems 1(b)
and 2(b) can be quite easily extended to high-probability bounds.

Related work. As earlier mentioned, the Bellman-Ford algorithm can be thought of as a
universal relaxation sequence. It consists of n — 1 iterations with each iteration relaxing all
edges in some pre-determined order, so the length of this sequence is (1+0(1))n3. The leading
constant 1 in this bound was reduced to % by Yen [23], who designed a universal sequence
with (3 + o(1))n? relaxations. Eppstein’s lower bound in [9] shows in fact a lower bound of
% on the leading constant, and just recently Hu and Kozma [15] proved that constant % is in

6
fact optimal.
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Bannister and Eppstein [1] showed that the leading constant can be reduced to % with
randomization, namely that there is a probability distribution on relaxation sequences for
which a sequence, drawn from this distribution, will compute correct distances in expected
time (3 4 o(1))n® (or even with high probability). Eppstein’s lower bound proof [9] for
randomized sequences shows that this constant is at least %

Some of the above-mentioned papers extend the results to graphs that are not neces-
sarily complete. In particular, Eppstein [9] proved that for n-vertex graphs with m edges,
Q(mn/logn) relaxations are necessary.

The average-case complexity of the Bellman-Ford and Dijkstra’s algorithms has also been
studied. For example, Meyer et al. [18] show that the Bellman-Ford algorithm requires (n?)
steps on average, if the weights are uniformly distributed random numbers from interval [0, 1].

Some work has been done on improving lower and upper bounds in models beyond
our query/relaxation setting. Of those, the recent breakthrough paper by Fineman [11] is
particularly relevant. It gives a randomized O(mns/ 9)-expected-time algorithm for computing
single-source shortest paths with arbitrary weights. Fineman’s computation model is not far
from ours in the sense that the weights are arbitrary real numbers and the only arithmetic
operations on weights are additions and subtractions, but it also needs branch instructions
that cannot be expressed using our queries.

The special case when weights are integers is natural and has been extensively investigated
(see [6, 13, 3], for example). In the integer domain one can extract information about the
weight distribution, and thus about the structure of the shortest-path tree, using operations
other than linear inequalities involving weights. The state-of-the-art in this model is the
(randomized) algorithm by Bernstein et al. [3] that achieves running time O(m log® nlog W)
with high probability for weight assignments where the smallest weight is at least —W
(and W > 2).

Some lower bounds have also been reported for related problems, for example for shortest
paths with restrictions on the number of hops [5, 14, 17] or k-walks [16].

2 Preliminaries

The input is a weighted complete directed graph G. The set of all vertices of G is denoted
by V, and s € V is designated as the start vertex. The set of all edges of G is denoted by E
and a weight assignment is a function £: E — Z. (While real-valued weights are common in
the literature, in our constructions we only need integers.) We will use notations £(u,v) and
£y, for the weight of an edge (u,v). By max we denote the maximum absolute value of an
edge weight, that is {nax = max(y,v)ep [fuvl-

Whenever we write “path” we mean a ”simple path”, that is a path where each vertex is
visited at most once. The distance from x to y is defined as the length of the shortest path
from x to y. We will assume that the input graph does not have negative cycles. Note that
this assumption gives an algorithm additional information that can potentially be used to
reduce the running time.

The edges in the shortest paths from s to all other vertices form a tree that is called the
shortest-path tree. The root of this tree is s. (There is a minor subtlety here related to ties.
A more precise statement is that there is a way to break ties, so that the shortest paths form
a tree.)

Formalizing query/relaxation models. We now formally define our computation model.
We assume that each vertex v has an associated value D[v], called the D-value at v. Initially
Dl[s] =0 and D[v] = 4, for v # s. A query is a boolean function whose arguments are edge
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weights and D-values. A query model Q is simply a set of allowed queries. For example,
the model that has only edge queries is Q = {1D[v]<D[u]+2w (u,v) € E}, where 1¢ is the
indicator function for a predicate £. The query/relaxation model in Theorem 1 has query
model Q consisting of all D-queries, weight-queries, and edge queries. (The reduction in

Section 4 is actually for an even more general query model.)
An algorithm A using a query/relaxation model Q is then a decision tree, where each
internal node corresponds to either a query from Q (with one “yes” and one “no” branch)

or a relaxation operation (which has one branch), and each leaf is a relaxation operation.

(These leaves have no special meaning.) With this definition, at any step of the computation,
D[v] represents the length of a path from s to v. This decision tree must correctly compute
all distances from s; that is, for each weight assignment £, when the computation of A reaches
a leaf then for each vertex v the value of D[v] must be equal to the distance from s to v.
The running time of A for a weight assignment ¢ is defined as the number of steps
performed by A until each value D[v] is equal to the correct distance from s to v. Notice
that this is not the same as the depth of the decision tree, which could be greater. (This

definition matches the concept of “reduced cost” used in [9] for non-adaptive algorithms.

For deterministic algorithms we could as well define the running time as the maximum tree
depth, but this definition wouldn’t work in the randomized case.)

Edge weights using potential functions. We define a potential function as a function
¢V — Z with ¢(s) = 0. (These functions are also sometimes called price functions in the
literature.) To reduce clutter, we will sometimes write the potential value on v as ¢, instead
of ¢(v).

A potential function induces a weight assignment A¢ defined by A¢(u,v) = ¢, — @y,
for each (u,v) € E. Such potential-induced weights satisfy the following path independence
property: For any two vertices u, v, all paths from u to v have the same length, namely
A¢(u,v). Note that A¢ will have some negative weights, unless ¢ is identically 0, but it does

not form negative cycles. Also, every spanning tree rooted at s is a shortest-path tree for Ag.

Any weight assignment ¢ can be combined with a potential function ¢ to obtain a new
weight assignment ¢/ = £ + A¢. Such ¢ satisfies the following distance preservation property:
For any two vertices u, v and any path P from u to v, we have ¢/(P) = {(P) + ¢, — du.

Due to the above properties, potential functions have played a key role in the most
recent single-source shortest path algorithms [3, 11], in particular being used to transform
a negative weight assignment into a non-negative one so that Dijkstra’s algorithm can be
applied. However, in this paper we will use them for an entirely different purpose, which is to
construct difficult weight assignments in Section 4. Roughly, a potential-induced assignment
A¢ can act as a “mask” on top of existing weights that renders D-queries and weight queries
useless.

3 Lower Bound for Deterministic Algorithms with Edge Queries

This section gives the proof of Theorem 1(a). That is, we prove that every deterministic
algorithm that uses relaxations and edge queries needs to make Q(n?®) operations to compute
correct distances. This lower bound applies even if all weights are non-negative and the
weight assignment is symmetric. (One can think of it as an undirected graph, although we
emphasize that in the proof below we use directed edges.)

For the proof, fix an algorithm A. We will show how to construct a weight assignment
such that only after Q(n®) operations the D-values computed by A represent the correct
distances from the source vertex.

8:5
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Each weight assignment considered in our construction is symmetric and is uniquely
specified by a permutation of the vertices. The weight assignment corresponding to a
permutation © = xg, 1, ..., Tn_1, Wwhere xg = s, is defined as follows: for any 0 <7 < j <mn,

2 ifj=i+1
le(2s,25) = S L—5i/2 ifj>i+2andiiseven
L ifj>14+2andis odd

where L is some sufficiently large integer, say L = 5n. Then the shortest path tree is just a
Hamiltonian path zg,x1,...,x,_1. Note that the distance between any two vertices is less
than 2n, while each edge not on this path has length larger than 2n.

The proof is by showing an adversary strategy that gradually constructs a permutation
of the vertices in response to A’s operations. The strategy consists of (n — 1)/2 phases.
(For simplicity, assume that n is odd.) When a phase k starts, for k =1, ..., (n — 1)/2, the
adversary will have already revealed a prefix X1 = xg, %1, ..., Tog_o of the final permutation.
The goal of this phase is to extend X3 _1 by two more vertices, responding to A’s queries and
updates so as to force A to make as many operations as possible within the phase, without
revealing anything about the rest of the permutation.

To streamline the proof, we think about the initial state as following the non-existent
0’th phase, and we assume that the D-values for all vertices other than s are initialized to
L + 1, instead of L.

We now describe the adversary strategy in phase k, by specifying how the adversary
responds to each operation of A executed in this phase. Let Yy_1 =V \ Xj;_1, let A be set
of the edges from xo;_o to Yi_1 and B be the set of edges inside Y;_1. The adversary will
maintain marks on the edges in A U B, starting with all edges unmarked. We will say that
A accesses an edge (u,v) if it executes either an edge query or a relaxation for (u,v).

The idea is this: because of the choice of edge weights and the invariants on the D-values
(to be presented soon), each edge query for an edge (zar_2,y) € A not yet relaxed in this
phase will have a positive outcome. This way, these responses will not reveal what the
next vertex xop_1 on the path is. The adversary waits until A relaxes all these edges, and
keeps track of these relaxations by marking the relaxed edges. At the same time, A may be
accessing edges in B. The adversary waits until the last access of A to an edge (u,v) € B
for which edge (zar_2,u) is already marked. Until this point, all queries to edges in B have
negative outcomes. Only this last edge will have a positive outcome to an edge query, if
it’s made by A, and the adversary will further make sure that this edge gets relaxed, before
ending the phase.

To formalize this, let (u,v) be the edge accessed by A in the current operation. We
describe the adversary’s response by distinguishing several cases:

(s1) (u,v) = (war—2,v) € A. If this is a relaxation, mark (u,v). If this is an edge query do
this: if (u,v) is unmarked, respond “yes”, else respond “no”.
(s2) (u,v) € B. We have two sub-cases depending on the type of access.

Relaxation: If (zo;_2,u) is marked, mark (u,v). If all edges in AU B are marked, end
phase k.

Edge query: If (zop_o,u) is not marked, respond “no”. So suppose that (zor_o,u) is
marked. In that case, if (u,v) is not the last unmarked edge in AU B, mark it and
respond “no”. If (u,v) is the last unmarked edge, respond “yes” (without marking).

(s3) (u,v) ¢ AU B. If this is an edge query, respond “no”. If this is a relaxation for (u,v),
do nothing.
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( @) , E=D = Tkt 1)
S=2q 2 - A S/

Figure 1 The state of the game right after phase k& ends. Framed numbers next to vertices
represent their D-values.

Let (u*,v*) be the edge marked last in this phase. This is the edge (u,v) € B from rule (s2)
that becomes marked when it gets relaxed with all other edges in B already marked, ending
the phase. At this point the adversary lets xo;—1 = u* and @9 = v*, and (if £ < (n — 1)/2)
starts phase k + 1.

For any permutation 7w of V starting with s, through the rest of the proof we denote
by D, the variable D-values produced by A when processing weight assignment ¢,. For
each k =0,1,...,(n —1)/2, the (2k + 1)-permutation zg, z1, ..., 2 chosen by the adversary
following the strategy above will be called the kth cruel prefiz.

Invariant (I). We claim that the following invariant holds for each £ =0,1,...,(n — 1)/2.

Let xg, z1, ..., xor be the adversary’s kth cruel prefix. Then for each permutation 7 starting

with xq, 1, ..., T2k, the following properties hold when phase k of the adversary strategy ends

(see Figure 1 for illustration):

(10) All adversary’s answers to A’s queries in phases 1,2, ..., k are correct for weight assign-
ment /.

(11) Dglz;]=2j for j =0,1,...., 2k.

(12) If w € V\ {zo, 21, ..., x2x} then Dy[w] =L —k + 1.

We postpone the proof of this invariant, and show first that it implies the Q(n?) lower
bound. Indeed, from Invariant (I2) we conclude that the D-values will not represent the
correct distances until after the last step of phase (n — 1)/2. Since in each phase k all edges
in the set AU B for phase k will end up marked, the number of edge accesses in this phase is
at least |AU B| = |A| + |A|(|A] = 1) = |A|?> = (n — 2k + 1)2. Thus, adding up the numbers
of edge accesses in all phases k = 1,2, ..., (n — 1)/2, we obtain that the total number of steps
in algorithm A is at least (n — 1)2 + (n — 3)% 4+ ... + 22 = in(n? — 1) = Q(n?), giving us the
desired lower bound.

It remains to prove Invariant (I). The invariant is true for k = 0, by the way the D-values
are initialized. To argue that the invariant is preserved after each phase k > 1, we show that
within this phase a more general invariant (J) holds, below.

Invariant (J). Let 7 be a permutation with prefix g, z1, ..., Zag, let Xx—1 = x0, 21, ..., Tog_2,
and Yy_1 =V \ Xi_1. We claim that the following properties are satisfied during the phase,
including right before and right after the phase.

(JO) All adversary’s answers to A’s queries up to the current step are correct for ¢.

(J1) Dxlz;] =25 for j =0,1,...,2k — 2.

L—k+2 if (xor—2,w) unmarked

J2.1) fweY,_ u*,v*} then D |w] =
( ) AN } ] {L—k—i—l if (22—2,w) marked

8:7
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L—-k+2 if _o,u* ked
(J2.2) If w = u* then Dﬂ[u*]{ +2 if (wop_2,u") unmarke

4k — 2 if (zog—_2,u*) marked

L—k+2 if (xgr_2,v*) unmarked
(J2.3) Ifw =v*then Di[v*]=9 L —k+1 if (z2x_2,v*) marked and (u*,v*) unmarked
4k if (u*, v*) marked
When phase k starts, these properties are identical to Invariant (I) applied to the ending of
phase kK — 1. We now show that these invariants are preserved within a phase k. Assume that
the invariants hold up to some step, and consider the next operation when A accesses an
edge (u,v). If w # v then D, [w] is not affected, so assume that w = v. In the case analysis
below, if the current step is a relaxation, we will use notation D,[v] for the D-value at v
before this step and D’ [v] for the D-value at v after the step.

Case (s1). (u,v) = (xo5—2,v) € A. We consider separately the cases when this step is a

relaxation or an edge query.

Relaxation: Suppose first that v # u*. Then we have Dy [zor_a] + l(22p—2,v) = (4dk —
4)+ (L — 5k +5) = L — k + 1. Thus, using (J2.1) and (J2.3), if (x9x—2,v) was already
marked then nothing changes, and if (zo;_2,v) wasn’t marked then D/ [v] =L — k + 1,
preserving (J2) because (x2r_2,v) gets marked. (Note that in the special case v = v*,
edge (u*,v*) is not marked yet.)

For v = u* the argument is similar, except that now we use (J2.2): We have Dy [zar_2] +
xop—2,u*) = (4k —4) + 2 = 4k — 2, so either (xox_2,u*) is already marked and nothing
changes, or D/ [u*] = 4k — 2 and (x2r_2,u*) gets marked.

Edge query: The reasoning here is analogous to the case of relaxation above. If v # u*, then
Dy [xop—o] + €(x2k—2,v) = L—k+1 and the correctness of the adversary’s answers follows
from (J2.1) and (J2.3), If v = w*, then Dy[wop_2] + l(xop—2,u*) = (dk —4) +2 = 4k — 2,
and the correctness of the adversary’s answers follows from (J2.2).

Case (s2). (u,v) € B. We consider separately the cases when this step is a relaxation or

an edge query.

Relaxation: Suppose first that v # u*. Then Dr[u] > L — k + 1, by (J2.1) and (J2.3).

(This is true for the special case u = v*, because (u*,v*) is not yet marked.) Since also
£(u,v) > 2, this relaxation will not change the value of D, [v].
Next, consider the case u = u*. If (xo5_2,u*) is unmarked then (J2.2) also implies (as
in the previous sub-case) that the value of D, [v] will not change. So assume now that
(22k—2,u*) is marked, in which case D.[u*] = 4k — 2. If v # v* then the relaxation
will not change the value of D, [v] because ¢(u*,v) = L. For v = v*, we have D/ [v*] =
Dy [u*] + £(u*,v*) = (4k — 2) + 2 = 4k, preserving (J2.3), because this relaxation will
mark (u*,v*).

Edge query: If (z2—2,u) is not marked then, by (J2.1)-(J2.3) we have D,[u] =L — k + 2,
and £(u,v) > 2, so the “no” answer by the adversary is correct.

Next, assume that (rar—2,u) is marked and v # uw*. Then D, [u] = L — k + 1, by
conditions (J2.1) and (J2.3) (since (u*,v*) is still not marked). So in this case the answer
“no” is also correct.

The final case is when v = v* and (z25—2,v*) is marked, so D,[u*] = 4k — 2. Now, if
v # v* then the adversary responds “no”, and since ¢(u*,v) = L, this is correct. For
v = v* we have D, [u*]+£(u*,v*) = (4k —2) + 2 = 4k < D, [v*], where the last inequality
is true because (u*,v*) is not marked. So the “yes” answer is also correct.
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Case (s3). (u,v) ¢ AUB. In this case we claim that D, [u]+ ¢(u,v) > Dy[v], which implies
the correctness for both cases, when this operation is a relaxation and edge update. The
argument involves a few cases.

The first case is when u € Y1 and v € Xj_1. Then we have D [u]4 £y, > (4dk—2)+2 >
D, [v], applying (J1)-(J2.3).

If u € X1 \ {zorp—2} and v € Yj_1 then there are two sub-cases, and in both we
apply (J1) and (J2.1)-(J2.3). If u = zg5_3 in which case ¢(xox_3,v) = L, the claim
is trivial. If u = z; for j < 2k — 4, then D;[z;] = 2j and {(zj,v) > L — 55/2, so
Dy [u] + £(u,v) > (2§) + (L —=5j/2)=L—j/2>L—k+2> D;[v].

The final case is when u,v € Xj_1, say u = «; and v = z;. Here we use condition (J1).
If i > j then Di[z;] > Dxlz;]. If ¢ < j —1 then ¢(x;,x;) > 2n. If i = j — 1 then
Dylxzj—1] =2j — 2, Drx;] = 2j and ¢(xj_1,x;) = 2. In each of these sub-cases, the claim
holds.

The case analysis above completes the proof of invariants (J0)-(J2.3). By applying these
invariants to the end of the phase, when all edges in A U B are marked, gives us that
invariant (I) holds after the phase, as needed — providing that the phase ends at all.

To complete the analysis of the adversary strategy we need to argue that phase k must
actually end, in order for the D-values to represent correct distances from s. This follows
directly from invariants (J1)-(J2.3), because they imply that before the very last step of the
phase there is at least one vertex in Y,,_; with D-value at least L — k + 1, which is larger
than its distance from s.

It now only remains to remove the assumption that the D-values are initialized to L + 1.
According to our model, they need to be initialized to edge lengths from s, which are:
l(s,x1) =2 and {(s,v) = L for v # x; (since s = ). With this initialization, we only need
to modify the first phase by marking all edges of the form (zp,v) immediately. Invariant (J)
then applies without further modification.

4 Lower Bound for Deterministic Algorithms with Three Types of
Queries

In this section, we prove Theorem 2(a), an (n3) lower bound for deterministic algorithms
using all three types of queries. Our argument is essentially a reduction — we show that any
algorithm A that uses D-queries, weight queries, edge queries and relaxation updates can be
converted into an algorithm B that has the same time complexity as A and uses only edge
queries and relaxations. Our lower bound will then follow from Theorem 1(a).

We start with some initial observations that, although not needed for the proof, contain
some useful insights. Since edge weights do not change, an algorithm can use weight queries
to pre-sort all edges in time O(n?logn), and then it doesn’t need to make any more weight
queries during the computation. This way, the algorithm’s running time is not affected
as long as it’s at least Q(n?logn). Similarly, the algorithm can use D-queries to maintain
the total order of the D-values using, say, a binary search tree, paying a small overhead
of O(logn) for each update operation. Then the algorithm’s decisions at each step can as
well depend on the total ordering of the vertices according to their current D-values. These
changes will add at most an O(logn) factor to the running time.

Potential-oblivious model. Instead of working just with edge queries, we generalize our
argument to potential-oblivious query models. We say that a query model Q is potential-
oblivious if it satisfies the following property for each weight assignment ¢ and potential ¢:
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for any sequence of relaxations and queries from Q (with the D-values initialized as described
in Section 2), the outcomes of the queries for weight assignments ¢ and £ + A¢ are the same.
By routine induction, any algorithm using a potential-oblivious model will perform the same
sequence of queries and relaxations on assignments ¢ and ¢ + A¢. Also, it will compute
the correct distances on £ if and only if it will compute them for £ 4+ A¢, and in the same
number of steps. (To see this, note that for each vertex v the invariant D'[v] = D[v] 4+ ¢(v)
is preserved, where we use notations D and D’ to distinguish between the D-values in the
computations for ¢ and ¢. The respective distances ¢(s,v) and ¢'(s,v) satisfy the same
equation.)

For example, the edge query only model is potential-oblivious. Due to our initialization
and properties of relaxations, each value D|[v] always corresponds to the length of some path
from s to v. Then the query is equivalent to comparing the length of two paths with the same
start and end points, and the query outcome is the same after adding A¢, by the distance
preservation property. Using these facts, potential-obliviousness follows from induction on
the number of operations performed.

Golomb-ruler potential. For our proof, we need a potential function ¢ for which in the
induced weight assignment A¢ all edge weights are different. (This naturally implies that
all values of ¢ are also different.) Such an assignment is equivalent to a Golomb ruler
(also known as a Sidon set), which is a set of non-negative integers with unique pair-wise
differences. A simple Golomb ruler can be constructed using fast growing sequences, such as
{2i — 1};:017 but we are interested in sets contained in a small polynomial-in-n range. The
asymptotic growth of Golomb rulers is well studied; it is known that there are n-element
Golomb rulers that are subsets of {1,2,..., N}, for N =n?(1+ o(1)) [10, 21], and that this
bound on N is essentially optimal. Since the Golomb-ruler property is invariant under shifts,
we can assume that a Golomb ruler contains number 0. For our purposes, this means that
there exists a potential function ¢ that induces distinct edge weights with absolute maximum
weight O(n?). ([4] shows that it is possible to obtain smaller maximum weights for certain
classes of non-complete graphs, but this is not relevant to our constructions.) We will call
this function a Golomb-ruler potential.

» Theorem 3. Let A be a query/relaxation-based algorithm that uses relazation updates,
D-queries, weight queries and any queries from a potential-oblivious model Q, and let T'(n)
be the running time of A. Then there is an algorithm B with running time O(T (n)) that uses
only relaxation updates and queries from Q.

The idea of the proof is to convert a given weight assignment ¢ into another assignment
¢’ such that, if only queries from Q (and relaxations) are used, then (i) ¢ is indistinguishable
from ¢ using the queries from Q, and (ii) in ¢’ the ordering of weights and the ordering of all
D-values are independent of £ and, further, the ordering of the D-values is fized throughout
the computation, even though the D-values themselves may vary. B can do this conversion
“internally” and simulate A on ¢, and then it doesn’t need to make any D-queries and weight
queries, because their outcomes are predetermined.

Proof. Let A be a query/relaxation algorithm for that uses D-queries, weight queries, queries
from Q, and relaxation updates. We construct B that uses only queries from Q and relaxation
updates. Let ¢ be the Golomb-ruler potential defined before the theorem. When run on a
weight assignment ¢, B will internally simulate A on weight assignment ¢/ = £ + cAg, for
¢ = 20paxn + 1. We use notation D’ for the D-values computed by A. The actions of B
depend on the execution of A on ¢, as follows:
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When A executes a weight query “# < E;y?”, B directly executes the “yes” branch from
the query if A¢(u,v) < Ag(z,y), or the “no” branch otherwise.

When A executes a D-query “D’[u] < D'[v]?”, then B executes the “yes” branch if
Ou < ¢y, else it executes the “no” branch.

This simulation can be more formally described as converting the decision tree of A into
the decision tree of B. The tree of B is obtained by splicing out each node ¢ representing a
D-query or weight query. This splicing consists of connecting the parent of ¢ to either the
“yes” or “no” child of ¢, determined by the appropriate inequality involving ¢, as explained
above.

It remains to prove the correctness of B. We argue first that B will produce correct
distances if run on ¢ instead of £. For this, we observe that ¢’ satisfies the following properties:
(p1) For any two edges e, f, we have £; < {; if and only if Ad(e) < Ad(f).

(p2) For any three vertices u,z,y, any u-to-r path P, and any u-to-y path P,, we have

U'(P,) < U'(Py) if and only if ¢, < ¢y.

Indeed, both properties follow from the choice of ¢ and straighforward calculation. For (pl),
l, < 0} if and only if £ — £y < c[A¢(f) — Ad(e)], and because | — £¢| < c this inequality is
determined by the sign of A¢(f) — A¢(e), which is always non-zero, by the Golomb-ruler
property. (Note that here we only use that ¢ > 2¢,,x.) The justification for (p2) is similar:
we have ¢/(P,) = €(Py) + c(¢y — @) and £(P,) = U(Py) + c(py — ¢u), so ' (P,) < U'(P,)
if and only if ¢(P,) — ¢(P,) < c[¢y — ¢,], and since |((P,) — {(P,| < c this inequality is
determined by the sign of ¢, — ¢,.

Properties (pl) and (p2) imply that when we run A on ¢, in each weight query we can
equivalently use assignment A¢ instead of £/, and instead of using a D-query we can compare
the corresponding potential values. Therefore B works correctly for £'. But since now B uses
only relaxations and queries from Q, that are potential-oblivious, and ¢’ is obtained from £
by adding a weight assignment induced by potential c¢, B’s computation on ¢ will also be
correct. <

Theorem 3, together with Theorem 1 implies the Q(n?) lower bound for query/update-
based algorithms that use D-queries, weight queries, any set of potential-oblivious queries,
and relaxation updates. Since the edge update is potential oblivious, Theorem 2(a) follows.

Further, using the construction from Theorem 2(a), where a weight assignment with
maximum weight O(n) was used, the proof of Theorem 3 shows that Theorem 2(a) holds
even if all weights are bounded by O(n?).

A side result for general graphs. The reduction in the proof of Theorem 3 extends naturally
to arbitrary graphs. In particular, we can extend a result from Eppstein [9]:

» Theorem 4. For any n and m where n < m < n(n — 1), there exists a graph with n
nodes and m edges where any deterministic algorithm A using D-queries, weight queries,
and relazation updates has worst-case running time Q(nm/logn). If m = Q(n'**e) for some
e > 0, the lower bound can be improved to Q(nm).

Proof sketch. We focus on the case where m is arbitrary. First note that the model using
no queries and relaxation updates is equivalent to non-adaptive algorithms (that is, universal
relaxation sequences) described in [9]. (It’s also obvious that the query model using no
queries is potential-oblivious.) Let G be the graph construction described in the proof of [9,
Theorem 3]. In particular, G has n nodes and m edges, and for every non-adaptive algorithm
on G, there is weight assignment that forces Q(nm/logn) relaxations. If there exists an
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algorithm A for G using D-queries, weight queries, and relaxation updates that runs in T'(n)
time, then by the same construction as in Theorem 3, there also exists an algorithm B using
only relaxation updates that runs in time O(T'(n)). Then an o(nm/logn) running time on
G would contradict the lower-bound on non-adaptive algorithms. The proof for the case
m = Q(n!*e) is identical. <

As explained in Section 5, the reduction also applies to randomized algorithms, and
because [9] proves the same lower bounds for expected running time for randomized non-
adaptive algorithms, the above bounds also apply to the randomized case.

5 Lower Bounds for Randomized Algorithms

In this section, we extend the proofs in Sections 3 and 4 to obtain (n?) lower bounds for
randomized algorithms, proving Theorem 1(b) and Theorem 2(b). The proofs are based on
Yao’s principle [22]: we give a probability distribution on weight assignments for which the
expectation of each deterministic algorithm’s running time is Q(n?).

We fix the value of n. Let £;,,x be the maximum absolute value of weights used in the
proof, whose value will be specified later. Let L be the family of all weight assignments
£: E = [—lmax; lmax)- Denote by A the (finite) set of all deterministic query/relaxation-based
algorithms with running time at most 2n3. We only need to consider algorithms in A, because
any other algorithm in our model can be modified to run in time at most 2n3. To see why,
consider this algorithm’s decision tree. For any node at depth n?, replace its subtree by the
Bellman-Ford relaxation sequence. The resulting tree remains correct, and its depth is at
most 2n3.

For a deterministic algorithm A € A and weight assignment ¢ € L, denote by T'(A, ¢) the
running time of 4 on assignment ¢. Let II(A) be the set of all probability distributions on A
and II(IL) be the set of all probability distributions on L. Any randomized algorithm R is
simply a probability distribution on A, so R € II(A). Denote by Exp, o f(x) the expected
value of f(z), for a random variable = from distribution . The lemma below is a restatement
of Yao’s principle [22] in our context:

» Lemma 5. The following equality holds:

i E T(A,¢) = in Exp,_,T(A,0).
ity B PP T A = g R Fen (A0

In this lemma, both sides involve the expected running time, with the difference being
that on the left-hand side we consider randomized algorithms and their worst-case inputs,
while the right-hand side involves the probability distribution on input permutations that is
worst for deterministic algorit hms.

Proof of Theorem 1(b) (Sketch).! We give a probability distribution o on weight assign-
ments ¢ for which every deterministic algorithm needs Q(n?) steps in expectation to compute
correct distances. This is sufficient, as then Lemma 5 implies that each randomized algorithm
R makes Q(n?) steps in expectation on some weight assignment.

LA detailed proof will appear in the full version of this paper.
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Recall that in the proof of Theorem 1(a) in Section 3 we used weight assignments associated
with permutations of vertices. This is also the case here, although this assignment needs
to be modified. For any permutation m = xq, z1, ..., £p_1 of the vertices, the corresponding
weight assignment is

n ifj=i+1
lr(zi,25) = ¢ L—(n+2%)i ifj>i+2andiiseven
L if j > i+ 2andiis odd

where L is sufficiently large, say 5n%. (We explain later why larger weights are necessary.)
In our argument here, the adversary chooses the uniform distribution ¢ on all (n — 1)!
permutations 7 starting with s.

In a certain sense, our goal now is simpler than in Section 3, as the adversary’s job, which
is to choose o, is already done. We “only” need to lower bound the expected running time of
algorithms from A if the weights are distributed according to o. The challenge is that this
argument needs to work for an arbitrary algorithm from A.

So fix any deterministic algorithm A € A. We need to prove that Exp,_,T(A,£) = Q(n?).

A high-level approach in our proof is similar to the proof in Section 3: we partition the
computation of A into (n — 1)/2 phases, and show that the expected length of each phase
k=1,2,....(n—1)/2is Q((n — 2k)?).

For a specific permutation m = xg, 21, ..., t,—1 with zg = s and k = 1,2,...,(n — 1)/2, let
ti(m) be the first time step such that in steps 1,2, ..., tx(7) the edges (o, x1), ..., (Tar—1, Tak)
have been accessed by A (that is, relaxed or queried) in this particular order. We refer to
the time interval (tx—1(7),tx(7)] as phase k for permutation .

The proof idea is this: In each phase k of the strategy in Section 3 the adversary was able
to force the algorithm to relax all edges from zor_o to Y before revealing edge (xox—1,2x),
thus ensuring that at all times all D-values differ at most by 1. This is not possible anymore,
because now the algorithm can get “lucky” and relax edges (zax—2,22k—1) and (zar—1, Tak)
before all edges (zar—2,u) for u € Y are relaxed, and then the D-values for such vertices
u will reflect the relaxations that occurred in some earlier phases. But we can still bound
the differences between D-values. Namely, by our choice of the length function above, any
two D-values will differ by at most n/2. Thus, since all edge lengths are at least n, the
negative answers to all edge queries inside Y are still correct, independently of the suffix
Lok—1y ey Tn—1 of 7.

More specifically, the analysis is based on establishing two invariants, captured by the
claim below (formal proof omitted here).

> Claim 6. The following invariants are satisfied when each phase k starts:

(R1) The computation of A up until phase k starts is independent of the suffix
Tk 1, X2y ey Ty_1 Of 7.

(R2) The D-values have the following form: Dlz;] = jn for j < 2k — 2, and D[z,] €
[L—k+1,L]) for j > 2k —1.

Next, define f to be a random variable whose values are t;(m) for permutations 7
distributed randomly according to o. We refer to the time interval (f,_1,%x] as phase k, and
let Ot =ty — tr—1 be the random variable equal to the length of this phase.

We then prove the following claim:

> Claim 7. Exp,.,[0t;] > 2(n — 2k + 1)(n — 2k + 2).
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Let Z = zg, 21, ...22x—2 be some fixed (2k — 1)-permutation of V with zy = s. Let H be
the event that 7 starts with z. It is sufficient to prove the inequality in Claim 7 for the
conditional expectation Exp,. [0tk H].

So assume that event H is true. Let Y =V \ {0, ..., 225—2}. Now the argument is this:
The suffix xog—1, ..., 2,1 of 7 is a random permutation of ¥ and the edge (xor—1,x2x) is
uniformly distributed among the edges in Y. Algorithm A is deterministic and all edge
queries for edges inside Y, except for edge (z2r—1, o) (and only if (zor—2, ar—1) has already
been relaxed), will have negative answers. Similarly, all queries to edges from za;_o to Y
will have positive answers. So 4 will be accessing these edges in some order that is uniquely
determined by the state of A when phase k starts. Since there are (n — 2k + 1)(n — 2k + 2)
edges in Y, this implies that on average it will take (n — 2k + 1)(n — 2k + 2) steps for A
to access (x2p—1,Z2r), even if we don’t take into account that (xep_o,22;r—1) needs to be
accessed first. This will imply Claim 7.

We now continue the proof of Theorem 1(b). For the algorithm to be correct, if the
chosen permutation 7 is xg, 1, ..., n—1, then the algorithm needs to relax the edges on this
path in order as they appear on the path. So its running time is at least t(,,_1/2(7). Since

5(n—1) /2 = Z,(C":_ll)/ 2 Ot, using Claim 7 and applying the linearity of expectation we obtain
that BExp,,T(A,0) > Expy,[tn_1)/2] = 5::_11)/2 Expy...[0tr] = Q(n?), completing the
proof. |

Proof of Theorem 2(b). There is not much to prove here, because the reduction described
in Section 4 applies with virtually no changes to randomized algorithms. Indeed, just like in
the proof of Theorem 2(a) (or more specifically the proof of Theorem 3), suppose that R is
a randomized algorithm that uses all three types of queries: D-queries, weight-queries, the
queries from model Q, as well as relaxation updates, and let T'(n) be R’s expected running
time. We can convert R into a randomized algorithm R’ with running time O(T'(n)) that
uses only the queries from Q and relaxation updates. With this, Theorem 2(b) follows from
Theorem 1(b). <

High-probability bounds. Using standard reasoning (see [9], for example), our lower bound
results for expectation imply respective high-probability bounds, namely that there are no
randomized algorithms in the models from Theorems 1 and 2 that compute correct distance
values in time o(n3) with probability at least 1 — o(1).

To justify this, suppose that R is a randomized algorithm that computes correct distance
values in time T'(n) = o(n?®) with probability 1 — o(1). Consider the algorithm R’ obtained
from R by switching to the Bellman-Ford relaxation sequence right after step T(n). The
expected running time of R’ is then at most T'(n) 4+ o(1)n® = o(n?), but this would contradict
our lower bounds in Theorems 1(b) and 2(b).

6 Final Comments and Open Problems

Our reduction in Section 4 introduces negative weights, raising a natural question: Is it
possible to use o(n3) relazations with only weight-queries for instances with non-negative
weights? (This question is of purely theoretical interest, because O(n?) relaxations can be
achieved, using Dijkstra’s algorithm, if D-queries are used instead.) Our proof techniques do
not work for this variant. The reason is, in the instances we construct the shortest-path tree
is a Hamiltonian path, and for such instances this path can be uniquely determined by the
weight ordering: start from s, and at each step follow the shortest outgoing edge from the
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current vertex to a yet non-visited vertex. So only n — 1 relaxations are needed. It is unclear
what is the “hard” weight ordering in this case. It can be shown that in the two extreme
cases: (i) if the weight orderings of outgoing edges from each vertex are agreeable (that is,
they are determined by a permutation of the vertices), or (ii) if they are random, then there
is a relaxation sequence of length only O(n?%) (and this likely can be improved further).

A natural extension of our query/relaxation model would be to allow unconditional edge
updates of the form D[v] - D[u] + £y,,. A combination of such edge updates and D-queries
allows an algorithm to check for properties that are impossible to test if only relaxation
updates are used. For example, by applying edge updates repeatedly around cycles, such an
algorithm would be able to determine, for any given rational number ¢, whether one cycle is
at least c times longer than some other cycle.

A more open-ended question is to determine if there are simple types of queries, say some
linear inequalities involving weights and the D-values (with a constant number of variables),
that would be sufficient to yield an adaptive algorithm (possibly randomized) that makes
o(n?®) relaxations.

The case of random universal sequences is also not fully resolved. While it is known that
the asymptotic bound is ©(n?), there is a factor-of-4 gap for the leading constant, between
- and £ [9, 1].

We remark that our proofs are somewhat sensitive to the initialization of the D-values.
Recall that in our model we assume that initially D[v] = £, for v # s. This is natural, and
it guarantees that at all times the D-values represent lengths of paths from s. It also has
the property of being language- and platform-independent. However, some descriptions of
shortest-path algorithms initialize the D-values to infinity, or some very large number. The
proof of Theorem 1 in Section 3 can be modified to work if the D-values were initialized
to some sufficiently large value M (the adversary can then use L = M — 1 in her strategy).
However, then the edge lengths are no longer polynomial, and the proof of Theorem 2 in
Section 4 does not apply in its current form. Initializing to infinity would also affect the
proofs. The reduction in Section 4 can be modified to account for infinite D-values, but we
don’t know how to adapt the proof in Section 3 to this model. We leave open the problem of
finding a more “robust” lower bound proof, that works for an arbitrary valid initialization
and uses only polynomial weights.
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