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—— Abstract

Given a Boolean function f : {0,1}" — {0, 1}, the goal in the usual query model is to compute f on

an unknown input x € {0,1}" while minimizing the number of queries to z. One can also consider a
“distinguishing” problem denoted by fsab: given an input # € f~*(0) and an input y € £ (1), either
all differing bits are replaced by a %, or all differing bits are replaced by 1, and an algorithm’s goal is
to identify which of these is the case while minimizing the number of queries.

Ben-David and Kothari [ToC’18] introduced the notion of randomized sabotage complexity of
a Boolean function to be the zero-error randomized query complexity of fsab. A natural follow-up
question is to understand the Q(fsb), the quantum query complexity of fsb. In this paper, we
initiate a systematic study of this. The following are our main results for all Boolean functions
f:{0,1}" — {0,1}.

If we have additional query access to z and y, then Q(fsab) = O(min{Q(f), /n}).

If an algorithm is also required to output a differing index of a O-input and a 1-input, then

Q(fsab) = O(min {Q(F)*?,v/n}).

Q(fsab) = Q(+/fbs(f)), where fbs(f) denotes the fractional block sensitivity of f. By known

results, along with the results in the previous bullets, this implies that Q(fss) is polynomially

related to Q(f).

The bound above is easily seen to be tight for standard functions such as And, Or, Majority

and Parity. We show that when f is the Indexing function, Q(fsb) = O (fbs(f)), ruling out the

possibility that Q(fsab) = O(4/fbs(f)) for all f.
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1 Introduction

Given a Boolean function f : {0,1}" — {0, 1}, the goal in the standard query complexity
model is to compute f(z) on an unknown input x € {0,1}" using as few queries to = as
possible. One can also consider the following distinguishing problem: given z € f~1(0) and
y € f~1(1), output an index i € [n] such that z; # y;. This task can be formulated as follows:
Consider an arbitrary z € f~1(0), an arbitrary y € f~!(1), and then either all indices where
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x and y differ are replaced by the symbol *, or all such indices are replaced by the symbol f.
The goal of an algorithm is to identify which of these is the case, with query access to this
“sabotaged” input. A formal description of this task is given below.

Let f: D — {0,1} with D C {0,1}" be a (partial) Boolean function. Let Dy = f~1(0)
and Dy = f~1(1). For any pair (z,y) € Dy x Dy, define [z,y, *] € {0,1,%}" to be

2,y 4]i = xi, if 2 =y,
T *, otherwise.

Similarly, for any pair (z,y) € Dy x D1, define [x,y,1] € {0,1,7}" to be

[ _H Ly if T = Yi,
z,y, Tl =
B 1, otherwise.

Let S. = {[z,y,%] | (z,y) € Do x D1} and Sy = {[z,y,1] | (z,y) € Do x D1}. That is, S, is
the set of *-sabotaged inputs for f and S; is the set of f-sabotaged inputs for f. Finally, let
fesab 1 S« U Sy = {0,1} be the function defined by

0, z€S8,,
sablZ) =
Joan(2) {1, z € 5;.

That is, fsip takes as input a sabotaged input to f and identifies if the input is *-sabotaged
or if it is t-sabotaged.

Ben-David and Kothari [10] introduced the notion of randomized sabotage complexity
of a Boolean function f, defined to be RS(f) := Ro(fsab), where Rq(+) denotes randomized
zero-error query complexity. It is not hard to see that RS(f) = O(R(f)) (where R(-) denotes
randomized bounded-error query complexity); this is because a randomized algorithm
that succeeds with high probability on both a O-input z and a 1-input y must, with high
probability, query an index where x and y differ. Ben-David and Kothari also showed that
randomized sabotage complexity admits nice composition properties. It is still open whether
RS(f) = ©(R(f)) for all total Boolean functions f. If true, this would imply that randomized
query complexity admits a perfect composition theorem, a goal towards which a lot of
research has been done [5, 16, 14, 8, 6, 9, 13, 24]. This motivates the study of randomized
sabotage complexity.

In the same paper, they mentioned that one could define QS(f) := Q(fsab) (here, Q(-)
denotes bounded-error quantum query complexity), but they were unable to show that it
lower bounds Q(f). In a subsequent work [11], they defined a quantum analog, denoted
QD(f), and called it quantum distinguishing complezity. QD(f) is the minimum number
of queries to the input x € D to produce an output state such that the output states
corresponding to 0-inputs and 1-inputs are far from each other. Analogous to their earlier
result, they were also able to show that QD(f) = O(Q(f)) for all total f. Additionally, using
QD(f) as an intermediate measure, they were able to show a (then) state-of-the-art 5th-power
relationship between zero-error quantum query complexity and bounded-error quantum query
complexity: Qo(f) = O(Q(f)?) for all total f. We note here that a 4th-power relationship
was subsequently shown between D(f) and Q(f) [2], also implying Qo(f) = O(Q(f)?) for all
total f. The proof of this relied on Huang’s celebrated sensitivity theorem [19].

Our results

In this paper, we initiate a systematic study of the natural quantum analog of randomized
sabotage complexity alluded to in the previous paragraph, which we call quantum sabotage
complexity, denoted by QS(f) := Q(fsab)- Slightly more formally, we consider the following
variants:
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We consider two input models. In the weak input model, the oracle simply has query
access to an input in z € S, U S;. In the strong input model, the oracle additionally has
access to the original inputs z € Dy and y € D; that yield the corresponding input in
S, U S;. The model under consideration will be clear by adding either weak or str as a
subscript to QS.

We also consider two different output models: one where an algorithm is only required to
output whether the input was in S, or in St, and a stronger version where an algorithm
is required to output an index ¢ € [n] with z; € {*,1}. The model under consideration
will be clear by adding either no superscript or ind as a superscript to QS.

ind

weak (f) denotes the quantum sabotage complexity of f under the weak

As an example, QS

input model, and in the output model where an algorithm needs to output a differing index.

One can also consider these nuances in defining the input and output models in the
randomized setting. However, one can easily show that they are all equivalent for randomized
algorithms. We refer the reader to Section 3 for a proof of this, and for a formal description
of these models.

An immediate upper bound on QS(f), for any (partial) Boolean function f, follows
directly from Grover’s search algorithm [17]. Indeed, for any sabotaged input, we know that
at least one of the input symbols must be either a * or {. Thus, we can simply use the
unstructured search algorithm by Grover to find (the position of) such an element in O(y/n)
queries. This immediately tells us that for Boolean functions where Q(f) = w(y/n), QS(f) is
significantly smaller than Q(f).

As mentioned earlier, Ben-David and Kothari left open the question of whether QS(f) =
O(Q(f)), the quantum analog of randomized sabotage complexity being at most randomized
query complexity. We first observe that in the strong input model, this holds true.

» Lemma 1. Let n be a positive integer, let D C {0,1}". Let f: D — {0,1} be a (partial)
Boolean function. Then, QSq, (f) = O(Q(f)).

The proof idea is simple: consider an input z € S*UST obtained by sabotaging = € f~1(0)
and y € f~1(1). Run a quantum query algorithm for f on input z, such that:

Whenever a bit in {0, 1} is encountered, the algorithm proceeds as normal.

Whenever a * is encountered, query the corresponding bit in x.

Whenever a t is encountered, query the corresponding bit in y.
The correctness follows from the following observation: if z € S*, then the run of the
algorithm is exactly that of the original algorithm on z, and if z € ST, then the run is the
same of the original algorithm on y.

This procedure does not return a */{-index, and it is natural to ask if QS™(f) = O(Q(f))
as well. While we are unable to show this, we make progress towards this by showing the
following, which is our first main result.

» Theorem 2. Let n be a positive integer, let D C {0,1}", and let f : D — {0,1} be a
(partial) Boolean function. Then, QS (f) = O(Q(f)'5).

Our result is actually slightly stronger than this; our proof shows that QSLrt'f' (f) =
O(QD(f)'%). This implies Theorem 2 using the observation of Ben-David and Kothari that
QD(f) = O(Q(f)) for all (partial) f.

In order to show Theorem 2, we take inspiration from the observation that randomized
sabotage complexity is at most randomized query complexity. This is true because with
high probability, a randomized query algorithm must spot a differing bit between any pair of
inputs with different output values. However, this argument cannot immediately be ported
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to the quantum setting because quantum algorithms can make queries in superposition. We
are able to do this, though, by stopping a quantum query algorithm for f at a random time
and measuring the index register. We note here that it is important that we have oracle
access not only to a sabotaged input z € S, U S, but also the inputs (z,y) € Dy x Dy that
yielded the underlying sabotaged input. Using arguments reminiscent of the arguments in the
hybrid method [12], we are able to show that the success probability of this is only 1/Q(f).
Applying amplitude amplification to this process leads to an overhead of \/Q(f), and yields
Theorem 2.

We remark here that this proof idea is reminiscent of the proof of [11, Theorem 1].
However, there are some technical subtleties. At a high level, the main subtleties are the
following: in the strong oracle model that we consider, it is easy to check whether or not a
terminated run of a Q algorithm actually gives us a /1 index. This is not the case in [11,
Proof of Theorem 1]. This allows us to save upon a quadratic factor because we can do
amplitude amplification.

Our proof approach modifies a core observation by Ben-David and Kothari [11, Lemma 12].
In their setting, they consider a T-query algorithm A that computes a function f with high
probability. Take two inputs x and y such that f(z) # f(y), and let B C [n] be the indices
on which x and y differ. Suppose we run this algorithm on x, interrupt it right before the
tth query, and then measure the query register. The probability that we measure an index
i € B, we denote by p;. Then, [11, Lemma 12] shows that

T
1

>n=a(z)-

t=1

We show that by adding the probabilities that come from running the algorithm at input

y, we can replace the lower bound of Q(1/T) by a much stronger lower bound of £(1). We
state this observation more formally in the following lemma.

» Lemma 3. Let x € {0,1}" be an input and let B C [n]. Let A be a T-query quantum
algorithm that accepts x and rejects xp with high probability, or more generally produces
output states that are a constant distance apart in trace distance for x and xg. Let ps, resp.
pE, be the probability that, when A is run on x, Tesp. xg, up until, but not including, the
t-th query and then measured, it is found to be querying a position i € B. Then,

T
> (pe+ ) = Q(1).
t=1

» Remark 4. We remark here that a stronger statement than that in Lemma 3 has already
been shown in [21, Lemma 3.1]. We thank an anonymous reviewer for pointing this out to us.

We find this lemma independently interesting and are confident that it will find use in future
research, given the use of such statements in showing quantum lower bounds via the adversary
method, for example (see [26, Chapters 11-12] and the references therein). Note that this
lemma is very amenable to our “strong” sabotage complexity setup: imagine running an
algorithm simultaneously on inputs « and xp that have different function values. Lemma 3
says that on stopping at a random time in the algorithm, and choosing one of x and xp at
random, the probability of seeing an index in B (i.e., a *-index or a 7-index) is a constant.
Indeed, this lemma is a natural quantum generalization of the phenomenon that occurs in
the randomized setting: a randomized algorithm that distinguishes x and xp must read an
index in B with constant probability (on input either x or z5).
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We now discuss our remaining results. Given Theorem 2, it is natural to ask if QS19(.) is
polynomially related to Q(-). Using the positive-weighted adversary lower bound for quantum
query complexity [4], we are able to show that QSs, (f) = Q(1/fbs(f)) for all total f (and
hence the same lower bound holds for QS (f), and QS (f), and QSH(f) as well).

» Theorem 5. Let f:{0,1}" — {0,1} be a Boolean function. Then QSe.(f) = Q(/fbs(f)).

Fractional block sensitivity is further lower bounded by block sensitivity, which is known
to be polynomially related to R(:) and Q(+) [23, 7]. Using the best-known relationship of
Q(f) = O(bs*(f)) [1], Theorem 2 and Theorem 5 implies the following polynomial relationship
between QSe.(f), QSM(f) and Q(f) for all total Boolean functions f.

QSar(f) = 0Q(f),  Q(f) = O(QSs(f)°). (1)
QS () =0QNY), Q) = 0(QSE (f)°)- (2)
In the weakest input model, we have QSyeak(f) = O(QS™%, (f)) = O(R(fsap)) = O(R(f)) =

O(Q(f)*) (where the last inequality follows from [2]). Thus, in the weakest input model for
sabotage complexity, Theorem 5 implies the following polynomial relationship with Q(f):

steak(f) = O(Q(f)4)’ Q(f) 6(steak(f)6)' (3)

QSnei(f) = 0Q(NHY), Q) = O(QSieic(£)°). (4)

It would be interesting to find the correct polynomial relationships between all of these
measures. In particular, we suspect that QS"(f) = O(Q(f)) for all total f, but we are
unable to show this.

As mentioned in the discussion before Theorem 2, it is easy to show that QS (f) = O(y/n)
for all f: {0,1}" — {0,1}. Thus, the lower bound in terms of block sensitivity given by
Theorem 5 is actually tight for standard functions like And, Or, Parity and Majority. Given
this, it is natural to ask if QSHe(f) = ©(+/fbs(f)) for all total Boolean f. We show that
this is false, by showing that for the Indexing function IND,, : {0, 1}"+2n — {0, 1} defined by
IND,, (2, %) = Ybin(z) (Where bin(x) denotes the integer in [2"] with the binary representation
z), QS"Y(IND,,) = O(fbs(IND,,)) = O(n).

str

» Theorem 6. Let n be a positive integer. Then, QSI(IND,,) = O(n).

In order to show this, we use a variation of Ambainis’ basic adversary method [3, Theorem 5.1,
also presented in the same paper [3, Theorem 6.1] (see Lemma 19).
Finally, we summarize the relations we proved in Figure 1.

2 Preliminaries

All logarithms in this paper are taken base 2 unless mentioned otherwise. For a positive
integer n, we use the notation [n] to denote the set {1,2,...,n} and use [n]o to denote

{0,1,...,n—1}. Let v € C%, the |jv|, = \/Z?ﬂ |vi]2. Let A, B be square matrices in

C¥*?, We use AT to denote the conjugate transpose of matrix A. The operator norm of a

matrix A, denoted by || A[, is the largest singular value of A, i.e., [[A] = max,.|,,=1 [|Av|,-

The trace distance between two matrices A, B, denoted by ||A — B||,, = 3 [|A — B||; where
|| Al|; = Tr(VATA). For two d x d matrices A, B, Ao B denotes the Hadamard, or entry-wise,
product of A and B.

We refer the reader to [26, Chapter 1] for the relevant basics of quantum computing.
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Q32 RS vn
[11, Proposition 6}\
QD3/2 stgak
Theorem 17

Lemma 1

VRS

Lemma 23 Theorem 5

Figure 1 Overview of the relations proved in this work. If nodes A and B are connected, and A
is below B, then A = O(B). All the red edges are reasonably straightforward inclusions, and they
are proved in Proposition 16.

Let D C {0,1}", let R be a finite set, and let f C D x R be a relation. A quantum query
algorithm A for f begins in a fixed initial state |¢) in a finite-dimensional Hilbert space,
applies a sequence of unitaries Uy, Oy, Uy, Oy, ...,Ur, and performs a measurement. Here,
the initial state |¢p) and the unitaries Uy, Uy, ..., Ur are independent of the input. The
unitary O, represents the “query” operation, and does the following for each basis state: it
maps |7) |b) to i) |b+ x; mod 2) for all ¢ € [n]. The algorithm then performs a measurement
and outputs the observed value. We say that A is a bounded-error quantum query algorithm
computing f if for all z € D the probability of outputting r such that (z,r) € f is at least
2/3. The (bounded-error) quantum query complezity of f, denoted by Q(f), is the least
number of queries required for a quantum query algorithm to compute f with error at most
1/3. We use R(f) to denote the randomized query complezity of f, which is the worst-case
cost (number of queries) of the best randomized algorithm that computes f to error at most
1/3 on all inputs.

We recall some known complexity measures.

» Definition 7 (Block sensitivity). Let n be a positive integer and f : {0,1}" — {0,1} be a
Boolean function. For any x € {0,1}", a block B C [n] is said to be sensitive on an input
x € {0,1}" if f(z) # f(z ® B), where x ® B (or x) denotes the string obtained by taking x
and flipping all bits in B. The block sensitivity of f on x, denoted bs(f,z), is the mazimum
number of pairwise disjoint blocks that are sensitive on x. The block sensitivity of f, denoted

by bs(f), is max,e 0,13~ bs(f, z).

The fractional block sensitivity of f on x, denoted fbs(f,x), is the optimum value of the
linear program below. We refer the reader to [15, 20] for a formal treatment of fractional
block sensitivity and related measures, and we simply state its definition here.

» Definition 8 (Fractional block sensitivity). Let n be a positive integer and f : {0,1}" — {0,1}
be a Boolean function. Let x € {0,1}" and let Y, = {2 € {0,1}" : f(x) # f(2)}. The
fractional block sensitivity of f on x, denoted by fbs(f,x), is the optimal value of the
following optimization program.
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max E Wy,

yeYy
subject to Z wy <1, Vi € [n],
yeYy
T 7Y;
wy > 0, Yy eY,.

The fractional block sensitivity of f, denoted by fbs(f), is max,eo,1yn fos(f,z)."

We also state the non-negative weight adversary bound. It appears in many forms in
the literature. We refer to the form mentioned in [18] which is equivalent to the following
definition.

» Definition 9 (Non-negative weight adversary bound). Let n be a positive integer, ¥ and 11
finite sets, D C ()™, and f: D — II. The adversary bound is the following optimization
program.

max ||T|
st T od] <1, Vi € [n],
[lz,y] =0, if f(z) = f(y).

Here, the optimization is over all symmetric, entry-wise non-negative adversary matrices
I € RP*P. The matriz A; € {0, 1}DXD has entries Ajlx,y] =1 if and only if x; # y;. The
optimal value of this optimization program is denoted by ADV+(f),

Sometimes, the optimal value of the non-negative weight adversary bound is also written
as ADV(f). However, one can also consider the general adversary bound, in which the entries
of the matrix I' are not constrained to be non-negative. To clearly differentiate between the
optimal values of these optimization programs, we distinguish between them by explicitly
writing ADVT(f) and ADVE(f).

» Definition 10 (Quantum distinguishing complexity). Let n be a positive integer. The
quantum distinguishing complezity of a (partial) Boolean function f : D — {0,1} (where
D C {0,1}"), denoted by QD(f), is the smallest integer k such that there exists a k-query
algorithm that on input x € D outputs a quantum state p, such that

VmuyEDa ||px_py||tr21/67

whenever f(x) # f(y).

The non-negative weight adversary bound is known to be a lower bound to the quantum
distinguishing complexity, which in turn is a lower bound on the quantum query complexity,
by [11, Proposition 6]. We state it below.

» Theorem 11 ([11]). Let n be a positive integer, D C {0,1}", and f: D — {0,1}. Then,
ADV*(f) = O(QD(f)) = O(Q(/)))-

The relation ADVT(f) = O(Q(f)) holds in the non-Boolean case as well, which follows
directly from the definition and known results about the non-negative weight adversary
bound, as can be found in [22], for instance.

! The block sensitivity of f on  is captured by the integral version of this linear program, where the
variable wy € {0,1} enforces that the blocks must be disjoint.
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3 Sabotage complexity

In this section we first define sabotage variants of a Boolean function f that are convenient
to work with. Specifically, these variants are useful because they enable us to work with the
usual quantum query complexity model in the quantum setting, allowing us to use known
results in this setting. After this, we analyze some basic properties of quantum sabotage
complexities.

3.1 Formal setup of sabotage complexity

We start by formally defining the sabotage function of f.

» Definition 12 (Sabotage functions and relations). Let n be a positive integer, D C {0,1}".
Let f : D — {0,1} be a (partial) Boolean function. For any input pair x € f~(0) and
y € f71(1), we define [z, y, %], [x,y,1] € {0,1,% 1}" by

T, if ;=Y T, ifxr; =y
ERTRITS S AT B PO P S A
x,  otherwise, 1, otherwise.

We let Sy = {[z,y,*] :x € f71(0),y € f~H 1)}, St ={[z,y,1) : 2 € fF71(0),y € f71(1)}, and
we let Dgyp = S US; C{0,1, %, t}™.
The sabotage function of f is defined as fsab : Dsab — {0, 1}, where fon(z) =1 iff z € Sy.
The sabotage relation of f is defined as fi"d C Dgyp, % [n], where (2, ) € find iff z; € {*,1}.

sab
For every x € f~1(0) and y € f~'(1), we let (z,y,*) denote ((x;,y;,2;))—,, where
z = [z,y,%]. Similarly, for every x € f~%(0) and y € f~1(1), we let (z,y,1) denote
((z,95.2j)) =1, where z = [z,y,1]. For b € {x1}, let S = {(z,y,0) : x € [71(0),y €
JH(1)}, and D3, = 537U S5,

We define the strong sabotage function of f as fa : DL — {0,1}, where fop(w) =1 iff
w € 3.

. trind
We define the strong sabotage relation of f as fo" C Dt
iff zj € {x,1} where w = ((z5,y;,2))7—;-

L % [n], where (w,j) € f:atL’ind

If we want to compute fs,,, we need to consider how we are given access to the input
of fsap. To that end, we consider two input models, the weak and the strong input model.

Both can be viewed as having regular query access to the inputs of the function fg,, and

str

b, respectively.

» Definition 13 (Weak sabotage input model). Let n be a positive integer, D C {0,1}", and
f:D —{0,1} be a (partial) Boolean function. Let Dgap be as in Definition 12. In the weak
sabotage input model, on some input z € Db, we are given access to an oracle OV that
when queried the jth position returns z;. In the quantum setting, this means that the oracle
performs the mapping

O - |j) [b) = [5) [(b+2;) mod 4), Vb e [4]o,Vj € [n],
where * is identified with 2 and T is identified with 3.

We also consider a stronger model.
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» Definition 14 (Strong sabotage input model). Let n be a positive integer, D C {0,1}", and
f:D —{0,1} be a (partial) Boolean function. Let Dy be as in Definition 12. In the strong
sabotage input model, on some input w = ((z;,y;,2;))}—1, we are given access to an oracle
O3" that when queried the jth position returns the tuple (xj,y;,2;). In the quantum setting,

this means that the oracle performs the mapping
O+ 17) 1bz) by) [b2) = 17) [bs @ @) [by B y;) |(bs + 2;) mod 4),

for all by,b, € {0,1}, b, € [4]o and for all j € [n]. As in the previous definition, * is
identified with 2 and } is identified with 3.

Note that in the stronger model, we are implicitly also given the information which of
the two inputs = and y are the 0- and 1-inputs of f. Indeed, we assume that the bits queried
in the first entry of the tuple, always correspond to the O-input that defined the sabotaged
input z. We remark here that we can always remove this assumption if we allow for additive
overhead of O(Q(f)), after all we can always run a quantum algorithm that computes f on
the first bits from all our queried tuple, to compute f(x), and thus finding out whether it
was a 0- or 1-input to begin with.

Having defined the sabotage functions/relations and the input models we now define four
different notions of quantum sabotage complexity of f.

» Definition 15 (Sabotage complexity). Let n be a positive integer, D C {0,1}", and let
f:D —{0,1} be a (partial) Boolean function. Define,

QSyeak (f) = Qfaab), QSuenic(f) = Q(fi5), QSer(f) = Q(f3), QSH(f) = Q(f™).
Analogously, define
RSweak (f) = R(fsab), RSmen(f) == R(fI3), RSsr(f) == R(fr), RSHI(f) == R(firind).

3.2 Quantum sabotage complexity

In Appendix A we show that the randomized sabotage complexity of a function is (asymp-
totically) the same in all of the four models we consider. In the quantum case, we have not
been able to prove such equivalences. However, we can still prove some bounds between
them. We refer the reader to Figure 1 for a pictorial representation of all relationships.

» Proposition 16. Let n be a positive integer, D C {0,1}", and let f : D — {0,1} be a
(partial) Boolean function. Then,

QSsr(f) = O(QSHY(f)) = O(QSyesi (f)) = O(min{RS(£)), Vn}),

and

QSstr(f) = O(steak(f)) = O(Q wgak(f))'

Proof. Just as in the randomized case, QS (f) = O(QSweax(f)) and QSNY(f) =
O(QS™. ) (f), because the input model is stronger, i.e., we can simulate a query to the weak
oracle with O(1) queries to the strong oracle. Furthermore, QSg (f) = O(QSH(f)) and
QSuwear(f) = O(QS™., (f)), because once we have found a j € [n] where z; # y;, we can
query that index with one more query to find figure out whether we have a %-input or a
f-input.

In the strong input model, we can always simply run Grover’s algorithm to find a position
j € [n] where z; € {*,{}. This takes O(y/n) queries. Thus, it remains to show that
QS (f) = O(RS(f)). We showed in the previous proposition that RS(f) is the same up to
constants to RS"™., (f), and since the quantum computational model is only stronger than

the randomized one, we find QS (f) = O(RS™, (f)) = O(RS(f)). <
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4 Upper bounds on QS

In this section, we prove upper bounds on the complexity measures introduced in Section 3.
We start by showing that the quantum sabotage complexity in the strong model is upper
bounded by the regular bounded-error quantum query complexity. Thereby, we prove that
QSstr(f) has the property that was sought for in [10], i.e., in this model computing fsap
indeed costs at most as many queries as computing f itself.

» Lemma 1. Let n be a positive integer, let D C {0,1}". Let f : D — {0,1} be a (partial)
Boolean function. Then, QSq. (f) = O(Q(f)).

Proof. Let A be a bounded-error quantum query algorithm that computes f. We construct
a quantum query algorithm B that computes fsp in the strong input model.

Recall that in the strong input model (as in Definition 14), our input is viewed as
w = ((7;,Y5,2;))j=1 where f(z) =0, f(y) =1 and z is the sabotaged input constructed from
x and y. A query on the jth position to the oracle O3 returns a tuple (z;,y;, z;). Now, we
define B to be the same algorithm as A, but whenever A makes a query, it performs the
following operation instead:
1. Query O3, denote the outcome by (z;,y;, 2;).
2. If z; € {0, 1}, return z;.
3. If z; = *, return z;.
4. If z; = 7, return y;.

Note that this operation can indeed be implemented quantumly making 2 queries to
O, The initial query performs the instructions described above, and the second query
uncomputes the values from the tuple we don’t need for the rest of the computation. Note
here that (OSt)* = I, and thus (O")? = (Ost")~1, which is what we need to implement for
our uncompute operations.

We observe that the above operation always returns x; whenever we have a *-input, and
y; whenever we have a f-input. Thus, if we run algorithm B with this oracle operation (in
superposition, including uncomputation), then we output f(x) = 0 on a *-input, and f(y) =1
on a f-input, with the same success probability as that of A. As this query operation can
be implemented with a constant number of calls to the query oracle OS5, we conclude that

sttr(f) = O(Q(f)) <

It is not obvious how we can modify the above algorithm to also output the index where
x and y differ. However, we can design such an algorithm using very different techniques,
and give an upper bound on QS"(f) in terms of QD(f). To that end, we first prove a
fundamental lemma that is similar to [11, Lemma 12] and [21, Lemma 3.1].

» Lemma 3. Let x € {0,1}" be an input and let B C [n]. Let A be a T-query quantum
algorithm that accepts x and rejects xp with high probability, or more generally produces
output states that are a constant distance apart in trace distance for x and xp. Let py, resp.
pE, be the probability that, when A is run on x, Tesp. xg, up until, but not including, the
t-th query and then measured, it is found to be querying a position © € B. Then,

MH

bt +pt =Q(1).
t:l
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Proof. We write y = zp, and we let L) and ‘1/);> be the states right before the th query,
when we run A on inputs = and y, respectively. We also let |¢;) and |¢,) be the final states
of the algorithm run on z and y, respectively. Since A can distinguish x and y with high
probability, we observe that |¢;) and |1),) must be far apart, i.e., their inner product must
satisfy

L= [(galthy) | = Q(1).

For every j € [n], let H; be the subspace of the state space of A that queries the jth
bit of the input. In other words, we let H; be the span of all states that pick up a phase
of (—1)%, when the algorithm A calls the oracle O,. We let II; be the projector on this
subspace.

Next, we let Hp be the subspace that contains all H;’s with j € B. In other words, we
write Hp = ®jepH,;. We immediately observe that the projector onto Hp, denoted by Ilp,
satisfies TIg = > jeB IT;. Note that it is exactly the subspace Hp on which the oracles O,
and O, act differently. So, intuitively, if a state |¢) has a big component in Hp, then O, |¢)
and O, |¢) will be far apart from each other.

Now, we define p, ¢ := ||lIp |¢;)H2, i.e., the squared overlap of the state [¢!) with the
subspace Hp. Intuitively, if we were to interrupt the algorithm A run on input z right before
the tth query, and we were to measure the query register, then the probability of measuring
ajEBispg,.

The crucial observation that we make is that

()] = [ [y PO < [(ealwy) — et oy )] = [(ealwy) — (e 010y vy
= [(v| (I = 0L0y) [¥y)| = 2 || s |v)] < 2|15 [45) ]| - |5 |5 |
= 2\/px,t * Dyt < Pzt + Dy,t-

Here, we used the triangle inequality, the Cauchy-Schwarz inequality, and the AM-GM
inequality, in order. Finally, we observe that the initial states for algorithm 4 run on x and
y are the same, and so | (¢3¢} ) | = 1. Thus, identifying |2 *!) with [¢,), and similarly for
Y, we obtain that

T T
| () | Z RO A A R CT e TUARSY szt+pyt <

We now show how the above lemma can be used to prove a connection between QS (f)

and QD(f).
» Theorem 17. Let f: {0,1}" — {0,1}. We have QSM(f) = O(QD(f)3/2).

Proof. Suppose we have an algorithm A that distinguishes between input z € f~1(0) and
y € f~(1) with high probability in T queries. Then, we construct an algorithm B that
works in the strong sabotage input model, and finds an index j € [n] where x; # y;.

First, consider the following procedure. We pick an input x or y with probability 1/2,
and we pick a time step ¢ € {1,...,T} uniformly at random. We run A4 until right before
the tth query, and then we measure the query register to obtain an index j € [n]. From
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Lemma 3, we obtain that the probability that x; # y; is lower bounded by Q(1/T).2 Thus,
running this algorithm O(T') times would suffice to find a j € [n] such that z; # y;, with
high probability.

However, we can do slightly better than that. Note that once the algorithm gives us
an index j € [n], it takes just one query (to z) to find out if z; € {*,1}. Thus, we can use
amplitude amplification, and use O(v/T) iterations of the above procedure, to find a j € [n]
such that z; € {*,1} (equivalently, z; # y;). Each application of the procedure takes O(T’)
queries to implement in the worst case. Thus, the final query complexity is O(T 3/ 2. |

Combining the above result with [11, Proposition 6], which states that QD(f) = O(Q(f)),
immediately yields the following theorem.

» Theorem 2. Let n be a positive integer, let D C {0,1}", and let f : D — {0,1} be a
(partial) Boolean function. Then, QSM(f) = O(Q(f)"?).

5 QS (f) vs. \/M

So far we have shown upper bounds on quantum sabotage complexity. In this section we show
our lower bounds. We first show that QSg,(f) (and hence QS (f), QSuear(f), QS (f) as
well) is bounded from below by +/fbs(f). This is a generalization of the known bound of
Q(f) = Q(+/bs(f)) [7]. In particular, this already implies that quantum sabotage complexity
is polynomially related to quantum query complexity for all total Boolean functions f. Next
observe that, unlike in the usual quantum query setting, this y/fbs(f) lower bound is tight
for standard functions such as Or, And, Majority and Parity because of the Grover-based
O(+/n) upper bound on the quantum sabotage complexity of all functions. This suggests the
possibility of the quantum sabotage complexity of f being O(y/fbs(f)) for all total f. In the
next subsection we rule this out, witnessed by f as the Indexing function, for which we show
the quantum sabotage complexity to be O(fbs(f)).

5.1 A general lower bound

In the appendix we show that RS(f) = Q(fbs(f)), as well as the quantum bound of Q(f) =
Q(y/fbs(f)). We now wish to follow the same approach as in the proof of the latter bound
for proving a lower bound on QSg,(f). To that end, we know that QSs,(f) = Q(f) =

sab

Q(ADVT(f5tr)) [4], so it remains to show that ADVT(f3) = Q(y/fbs(f)). Thus, we adapt

sab sab

the proof of Lemma 24 in the sabotaged setting.

» Lemma 18. Let n be a positive integer, D C {0,1}" and f : D — {0,1}. Then,
ADVT(fst) = Q(+/fbs(f)).

sab

Proof. Let « be the instance for which fbs(f) = fbs(f,x), and let (w,)yecy be the optimal
weight assignment (see Definition 8). Similar to the proof of Lemma 24, we generate a (non-
negative weight) adversary matrix, I' € RP=6%D5 . We define T to be the all-zeros matrix,
except for the instances where ((z,y,*), (z,v,1)) and ((z,y,7), (z,y',*)), with y,¢/ € Y,

where we define it to be

F[(Iay; *)7 (Ivyla T)] = F[(‘Tﬂ y/a T); (I7y7 *)] =V Wy Wy -

2 Tt is important to remark here that we have access to our strong sabotage oracle now (Definition 14).
Recall that there are four registers: |j),|bz),|by),|bz). When we say “run .A” with this oracle, we mean
all operations act as identity on the last register.
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Again T" has a simple sparsity pattern. Only the rows and columns that are labeled by
(z,y,%) and (z,y,7), with y € Y, are non-zero. Additionally, observe from the definition of
the matrix entries that for any y,y" € Y, we have

F[($,y,*)7 (x7yl7T>] = V wywy = F[(‘T7y= T)’ ({E7y/,*)].

Thus, in every 2 x 2-block formed by rows (z,y,*) and (x,y, 1) and columns (z,y’, *) and
(x,y,1), we have that the two diagonal elements are 0, and the two off-diagonal elements are
equal. Hence, by removing unimportant rows and columns that are completely zero, we can
rewrite ' as

0 1

r=r
ofi o

} , where I e RY*Y, with My, y'] = Jwywy .

It now becomes apparent that I is of rank 1. Indeed, it is the outer product of a vector
Vw € RY | that contains the entries ,/w, at every index labeled by y. From some matrix
arithmetic, we now obtain

el = )1 = || vava" || = [[vaol* = 3 w, = fbs(r).
yey

Thus, it remains to prove that ||I'o Aj|| = O(y/fbs(f)), for all j € [n]. Indeed, then
we can scale our matrix I' down by ©(4/fbs(f)) so that it is feasible for the optimization

program in Definition 9, and the objective value will then become O (/fbs(f)) as predicted.

Let j € [n]. To compute ||I" o A, we look at its sparsity pattern. Observe that whenever

we query the jth bit of (z,y,*) and (z,y', 1), we obtain the tuples (z;,y;,z;) and (z;,y}, 2}).

Ify; # yé-, then it is clear that these tuples are not the same. Similarly, if z; # y; = y;-, then
both z;’s will be different, as one will be a * and the other will be a f. Thus, the queried
tuples are only identical whenever z; = y; = y;-, which implies that we can rewrite

0 1

roAj_F;@o[l 0

0, ify, =y =,
, where I, e R™*Y with T)fy,y] = Yi=¥; =25
/Wyw,, otherwise.

We now let Yo = {y € Y : x; # y;} and Y1 = {y € Y : ; = y;}. We interpret I} as a
2 x 2-block matrix, where the first rows and columns are indexed by Y and the last ones

4 B} with A € RYoxXYo and

are indexed by Yi. Then, I'; takes on the shape I'; = [BT 0

B € RYoXY1 defined as

Aly,y'] = Jwywy, and Bly,y'] = Jwyw,:.
We observe that

IT o Ajll = |15 -1 < Al + 1B,
and hence it remains to compute ||A|| and || B||.

We now define the vectors /wg € RY and \/w; € RY1, defined by (,/wy), = /Wy, and
(w/wl)y = ,/wy. We observe that A = ./wm/on, and B = ./wm/wlT. Thus, we obtain

2
2

141 = vy || = vl = | S w| = | 3 w| <1,

Yy€EYy yey
wjgéwj
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and similarly

T|? 2
1817 = ||vassva” || = vl vl = | 32 w,| | 3 w,| <1-fos(h). <
yeY yey
©;#y; T5=Y;
The proof of Theorem 5 now follows as a simple corollary from this lemma and the
fact that QSe (f) = Q(f) = Q(ADVT(f5tr)), where the last bound follows from the
positive-weighted adversary lower bound of Ambainis [4].

5.2 A stronger lower bound for Indexing

As observed in the discussion following Theorem 2, we have QS"™., () (and hence QSyeax(f)
and QS"Y(f) and QS (f)) is O(y/n) for all f: {0,1}" — {0,1}. In particular, the \/fbs(f)
lower bound for QSg,(f) is tight for standard functions like AND, OR, Parity, Majority. In
view of this it is feasible that QS (f) = O(y/fbs(f)) for all total f : {0,1}" — {0,1}. In
the remaining part of this section, we rule this out, witnessed by the Indexing function.
We use Ambainis’ adversary method to prove lower bounds on quantum query complex-

ity [3].

» Lemma 19 ([3, Theorem 6.1]). Let f : {0, 1, %, ]L}k — {0,1} be a (partial) Boolean function.
Let X, Y C {0,1, *,T}k be two sets of inputs such that f(x) # f(y) if x € X andy €Y. Let
R C X XY be nonempty, and satisfy:

For every x € X there exist at least mx different y € Y such that (x,y) € R.

For every y € Y there exist at least my different x € X such that (z,y) € R.
Let £, ; be the number of y € Y such that (z,y) € R and z; # y;, and similarly for £, ;. Let
lmax = MaX;e (k] MAX (4 y)e R,z 2y; Laily,i- Then any algorithm that computes f with success

probability at least 2/3 uses € (1 /%) quantum queries to the input function.

Define the Indexing function as follows. For a positive integer n > 0, define the function
IND,, : {0,1}" x {0, 1}2n —{0,1} as IND,,(a,b) = byin(a), Where bin(a) denotes the integer
in [2"] whose binary representation is a.

We first note that the fractional block sensitivity is easily seen to be bounded from
below by block sensitivity, and bounded from above by deterministic (in fact randomized)
query complexity. Both the block sensitivity (in fact, sensitivity) and deterministic query
complexity of IND,, are easily seen to be n + 1, implying fbs(IND,,) = n + 1.

» Theorem 20. Let n be a positive integer. Then, QSyeak(IND;,) = Q(n).

Proof. Recall from Definition 15 that QSyeak(IND;,) = Q(IND,, sap). We construct a hard
relation for f = IND,, sap and use Lemma 19. Recall that this relation must contain pairs of
inputs. For each pair, the function must evaluate to different outputs. For ease of notation
we first define the pairs of inputs (a1,b1), (a2, b2) in the relation, and then justify that these
inputs are indeed in S, and S, respectively.
Define (a1,b1), (az,b2) € R if and only if all of the following hold true:
1. (a1,b1) € £71(0) (ie., (a1,b1) € S for IND,,), (z2,92) € f71(1) (ie., (az,b2) € Sy for
IND,,),
2. |a; ® ag| = 2, i.e., the Hamming distance between a1 and ag is 2,
by is all-0, except for the bin(aj)’th index, which is ,
4. by is all-0, except for the bin(az)’th index, which is .

il
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First note that (ay,b1) = [(a1,0%"), (a1, eq, ), %], where eq, € {0, 1}2n is the all-0 string except
for the bin(a;)’th location, which is a 1. Similarly, (as,b2) = [(a2,0%"), (a2, €a,), 1]. Thus,
(a1,b1) and (ag, be) are in S, and Sy, respectively. In particular, in the language of Lemma 19
we have

X = {(a7 b) € {0,1}" x {0,1,%}>" : b is all-0 except for the bin(a)’th index, which is *} . (5
Similarly,
Y = {(a7 b) € {0,1}" x {0,1,1}*" : b is all-0 except for the bin(a)’th index, which is T} . (6)

We now analyze the quantities mx, my and £y .y from Lemma 19.

1. mx = my = (3): Consider (a,b) € X. The number of elements (a’,b’) € Y such that
((a,b),(a’,b') € R) is simply the number of strings o’ that have a Hamming distance of 2
from a, since each such o’ corresponds to exactly one &’ with ((a,b), (¢’,0’) € R), where
V' is the all-0 string except for the bin(a)'th location which is a . Thus mx = (). The
argument for my is essentially the same.

2. lmax = min { (g), (n— 1)2}: We consider two cases.

a. i € [n]: Fix ((a,b),(a’,V")) € R with a; # aj. Recall that £(4); is the number of
(a”,b") € Y such that ((a,b), (a”,b")) € R and a; # af. Following a similar logic as in
the previous argument, this is simply the number of ¢” that have Hamming distance
2 from a and additionally satisfy a; # a}/. There are n — 1 possible locations for the
other difference between a and a”, so La,p),i = n — 1 in this case. Essentially the same
argument shows i,y ; =n — 1, and s0 g p) ;- L(ar 1y, = (0 — 1)

b. i € [2"]: Fix ((a,), (¢/,V’)) € R with b; # b}. By the structure of R, b is the all-0 string
except for the bin(a)’th location which is a *, and b’ is the all-0 string except for the
bin(a’)’th location which is a f. Thus ¢ € {bin(a), bin(a’)}. Without loss of generality,
assume 7 = bin(a), and thus byin(,) = *. For each o’ with Hamming distance 2 from
a, we have ((a,b), (a”,b")) € R where b" is all-0 except for the a”th index which is

7. In particular, b’ = 0. So we have {(,3),; = (Z) On the other hand, we have

bin(a)
b{)in(a) = 0. So the only (a”,b"”) with ((a”,b"),(a’,b')) € R and with bgin(a) + b{)in(a) is

(a”,b") = (a,b). Thus {(g ) = 1.

Lemma 19 then implies

QSweak(INDn) = Q(INDn,sab) = Q(f) =

proving the theorem. |

This proof can easily be adapted to also yield a lower bound of QSg, (IND,,) = Q(n). We
include a proof in the appendix for completeness. As a corollary we obtain the following.

» Corollary 21. Let n be a positive integer. Then, QS(IND,,) = Q(n) and QS (IND,,) =
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6 Open questions

In this paper we studied the quantum sabotage complexity of Boolean functions, which we
believe is a natural extension of randomized sabotage complexity introduced by Ben-David
and Kothari [10]. We note here that in a subsequent work [11] they also defined a quantum
analog, but this is fairly different from the notion that we studied in this paper.

We argued, by showing several results, that it makes sense to consider four different models
depending on the access to input, and output requirements. While it is easily seen that the
randomized sabotage complexity of a function remains (asymptotically) the same regardless
of the choice of model (see Proposition 22), such a statement is not clear in the quantum
setting. In our view, the most interesting problem left open from our work is to prove or
disprove that even the quantum sabotage complexity of a function is asymptotically the same
in all of these four models. It would also be interesting to see tight polynomial relationships
between the various quantum sabotage complexities and quantum query complexity.
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A Randomized sabotage complexity

By comparing the definitions in Definition 15 to those in [10], we observe that RS = RSyeak.
However, we argue that for all functions, the other randomized complexity measures are
equal up to constants.

» Proposition 22. Let n be a positive integer, and D C {0,1}". Let f : D — {0,1} be a
(partial) Boolean function. Then,

RS(f) = RSueak(f) = O(RSsue(f)) = O(RSie, (f)) = O(RSEI (£)).

Proof. It is clear that we have RSqr(f) < RSueak(f), and RSHY(f) < RS, (f) because
the input model is strictly stronger. For the opposite directions, suppose that we have an
algorithm A in the strong input model. Let € f~1(0) and y € f~*(1). Note that for every
J € [n] on queries where z; = y;, the oracle outputs (0,0,0) or (1,1,1). Thus, on these
indices, the same algorithm in the weak model would yield the outputs 0 or 1, respectively.
Moreover, with high probability A must query a j € [n] where x; # y; at some point,

ind

since otherwise it cannot distinguish [z, y, *] and [z, y, {]. This gives us the following RSy,

algorithm: run A constantly many times (with strong queries replaced by weak queries) until
we query a j € [n] where z; # y;. At that point, we can interrupt the algorithm and we have
enough information to solve the sabotage problem, in both the decision and index model.
Thus steak(f) = O(Rsstr(f))a and stgak(f) = O(ngf(f))

It remains to show that RSe,(f) = ©(RSMY(f)). By the definitions of the models, we

str
have RSe(f) < RSMY(f). On the other hand, suppose that we have an algorithm B that
figures out whether we have a - or {-input. Then, by the same logic as given in the previous
paragraph, with high probability, B must have encountered at least one * or {, so we can
read back in the transcript to find out at which position it made that query. Repeating B a

constant number of times this way yields RS™(f) = O(RSsw(f))- <

Note that we did not do a formal analysis of success probabilities in the above argument,
but this is not hard to do. We omit precise details for the sake of brevity.

B Lower bounds on QS(f) and RS(f) in terms of fbs(f)

To the best of our knowledge, the only lower bound on randomized sabotage complexity
RS(f) in the existing literature is Q2(QD(f)) [11, Corollary 11]. We remark that RS(f) can
also be lower bounded by fbs(f). This result was essentially shown in [10, Theorem 7.2], but
we include a proof here for completeness.

» Lemma 23. fbs(f) = O(RS(f)).

Proof. From [10, Theorem 3.3], we find that R(fsp) = ©(RS(f)), and so it suffices to show
that fbs(f) < 10R(fsab). By Yao’s minimax principle, it suffices to exhibit a distribution over
inputs for which any deterministic algorithm fails to compute fs,, correctly with probability
at least 2/3 in less than fbs(f)/10 queries.

Without loss of generality, let 2 € f~1(0) be the instance for which fractional block-
sensitivity is maximized, let Y = f~!(1), and let (wy)yey be the optimal weight assignment
in the fractional block sensitivity linear program (see Definition 8). We can similarly think
of every y € Y as obtained by flipping the bits in = that belong to a sensitive block B. We
denote y = xp, and write w, = wp.
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Let T be a deterministic algorithm for fsp with query complexity less than fbs(f)/10,
and let u be a distribution defined as follows: for all B C [n] that is a sensitive block for f,
let p([z, zp,#]) = p([z, 2, 1]) = wp/(2fbs(f)). Since 3, wp = fbs(f) where the sum is
over all sensitive blocks for f, u forms a legitimate probability distribution.

Consider a leaf L of T, and suppose that the output at L is b € {0,1}. By the definition
of fractional block sensitivity, we know that for any j € [n], we have >y .. pwp < 1. Thus,
by a union bound, the p-mass of inputs supported by our distribution (of the form [z, x g, *]
or [z,zp,T]) reaching L, and such that no bit of B has been read on this path is at least

1— (fbi(of) Np— ) > 9/10. Note that for each such B, both the input [z, 25, %] and [z, zp, {]

fbs(f)
reach L. Since p allotted equal mass to each such pair, this means an error is made at L for
inputs with p-mass at least 9/20 > 1/3, concluding the proof. |

We now turn to lower bounding QS (f) by Q(1/fbs(f)). To that end, recall that for any

Boolean function f, we have the chain of inequalities Q(f) = Q(ADV+(f)) Q(+/fbs(f)).

The first inequality can be found in [25], for example. While we believe the second inequality
is known, we were again unable to find a published proof of it. We include a proof here for
completeness.

» Lemma 24. Let n be a positive integer, D C {0,1}", and f : D — {0,1} be a (partial)
Boolean function. Then, \/fbs(f) = O(ADVT(f)).

Proof. Recall the definition of fractional block sensitivity, Definition 8. Let z be the input

to f for which fbs(f,z) = fbs(f). Let (wy)yecy be the optimal solution of the linear program.

We now define an adversary matrix I', that forms a feasible solution to the optimization
program in Definition 9. In particular, we define I' € RP*P as the all-zeros matrix, except
for the entries (z,y) and (y,z) where y € Y, which we define to be

[lz,y] =Ly, z] = \/w,.

The matrix I' we constructed is very sparse. It is only non-zero in the row and column
that is indexed by x. Moreover, I'[z, ] = 0 as well. In particular, this makes computing its
norm quite easy, we just have to compute the f>-norm of the column indexed by .

For any j € [n], we thus find

Do A;*= > Ty = > w, <1,

yey yey
T AY; T #Y;

and so I is a feasible solution to the optimization program in Definition 9. Finally, we have

ADVH(£)? > T)* =) Tz, y)* = Y w, = fbs(f) <
yey yey

C Missing proof

In Theorem 20 we showed using the adversary method that QSyeak(IND;,) = 2(n). We now
show that the same proof can be adapted to show the same lower bound on QSg,(IND,,) as
well.

» Corollary 25. Let n be a positive integer. Then, QSs, (IND,) = Q(n).
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Proof. Let N = n + 2". In the proof of Theorem 20 we constructed a hard relation R for
f = IND,, sab to show a §2(n) lower bound in the weak sabotage model. Using R we construct
a hard relation for IND‘;tfsab, which we denote by R*" in the strong sabotage model, and use
Lemma 19. Define ((x,y,*), (2/,y,1)) € R** if and only if all of the following hold true:?
L (2,y,%) = (2,45, 2))2, € ST for IND,,, (2, 9/, 1) = (2,4}, 2})) =, € S for IND,,,
2. (z,7') € R.

Following the language of Lemma 19 we have

X ={(z,y,*) = ((z;, v, zj))évzl : z € X as defined in Equation 5}. (8)
Similarly,
Y ={(z,y,1) = (x},y;, zj))j-vzl : 2z € Y as defined in Equation 6}. (9)

We now analyze the quantities m s, mys and £p,,x from Lemma 19.

1. As described above, the way we construct R" using elements of R ensures that mys > mx
and mys- > my. Additionally, for every z € X UY there is exactly one pair in
IND™"(0) x IND™"(1) for which z is the sabotaged input. Hence, my= = mx = (}) and
Mystr = My = (Z)

2. lpax = max { (2‘), (n— 1)2}: we consider two cases.

a. i € [n]: Fix an (z,y,%), (¢/,y', 1) € R differing at an index ¢ € [n]. Recall that
L(g,y,+),i denotes the number of (2,4, 1) € Y™ such that (z,y, ), (z,%',1) € R*" and
(4, Yir 2i) # (2}, y}, 21). The construction of sets X", Y (which is in turn based on
X, Y, respectively) ensures that for all ¢ € [n] we have x; = y; = z; and o} =y} = z..
Hence, directly using the same arguments as in Item 2a, we get £, , .); =n — 1 and
K(z’,y’f[),i =n — 1, hence g(x’y,*“ . E(x’,y’f(),i =(n-— 1)2.

b. i€ [Tl + 1’N]: Fix an (.13, Y, *) = ((xﬁyj? Zj));'vzla (xlvylv T) = ((l‘;, y;'7 Z;))évzl € RY
differing at an index ¢ € [n+ 1, N|. By the structure of R and by extension of R, for
strings z := (a,b) and 2’ := (a’, ') the string b is all-0 string except for the bin(a)’th
location which is a *, and string b’ is all-0 string except for the bin(a’)’th location
which is a . Thus the only important case is for ¢ € {n + bin(a),n + bin(a’)}. Without
loss of generality, assume i = n + bin(a), and thus z; = bpjn(q) = *. Moreover, for every
z € X UY there is exactly one pair in IND™!(0) x IND™*(1) that sabotage as z. So,
we have 0, ; = (Z) and £, ; =1as 2] = b;in(a,) = 0. Therefore, £, ;- £, ; = (72’)

Lemma 19 then implies

QSs (IND,,) = Q(INDS_,) = Q

n,sab

max{(g), (= 1)2} = Q(n). (10)

3 Recall that (z,y,*) denotes ((xj,yj72j))§\7:1 where z = [z,y, ] and (z,y,t) denotes ((Qﬁj,yj,Zj))évzl
where z = [z,y, {]; see Definition 12.
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