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—— Abstract

We consider the problem of linearly ordered (LO) coloring of hypergraphs. A hypergraph has
an LO coloring if there is a vertex coloring, using a set of ordered colors, so that (i) no edge is
monochromatic, and (ii) each edge has a unique maximum color. It is an open question as to whether
or not a 2-LO colorable 3-uniform hypergraph can be LO colored with 3 colors in polynomial time.
Nakajima and Zivny recently gave a polynomial-time algorithm to color such hypergraphs with
5(711/ 3) colors and asked if SDP methods can be used directly to obtain improved bounds. Our
main result is to show how to use SDP-based rounding methods to produce an LO coloring with
6(n1/5) colors for such hypergraphs. We show how to reduce the problem to cases with highly
structured SDP solutions, which we call balanced hypergraphs. Then we discuss how to apply classic
SDP-rounding tools in this case to obtain improved bounds.
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1 Introduction

Approximate graph coloring is a well-studied “promise” optimization problem. Given a
simple graph G = (V| E) that is promised to be k-colorable, the goal is to find a coloring
of G using the minimum number of colors. A (proper) coloring is an assignment of colors,
which can be represented by positive integers, to the vertices of G so that for each edge ij in
G, the vertices ¢ and j are assigned different colors. The most popular case of this problem
is when the input graph is promised to be 3-colorable. Even with this very strong promise,
the gap between the upper and lower bounds are quite large: the number of colors used by
the state-of-the-art algorithm is 0] (n0419996) [19], while it is NP-hard to color a 3-colorable
graph with 5 colors [4]. There is also super constant hardness conditioned on assumptions
related to the Unique Games Conjecture [11]. More generally, when we are promised that
the graph G is k-colorable, it is NP-hard to color it using (|_k31;2 j) — 1 colors [25]. Regarding
upper bounds, we note that almost all algorithms for coloring 3-colorable graphs use some
combination of semidefinite programming (SDP) and combinatorial tools [17, 2, 19].
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Approximate hypergraph coloring is a natural generalization of the above problem to
hypergraphs. Here, we want to assign each vertex a color such that there are no monochro-
matic edges, while using the minimum number of colors. In the case of hypergraph coloring,
we know that for every pair of constants £ > k > 2, it is NP-hard to ¢-color a k-colorable
3-uniform hypergraph [12]. Even in the special case, when the 3-uniform hypergraph is
promised to be 2-colorable, there is a large gap between the best algorithm, which uses at
most O (n'/?) colors [20, 1, 10] and the aforementioned (super constant) lower bound.

In this paper, we study a variant of the hypergraph coloring problem known as linearly
ordered coloring, introduced in several different contexts by [18, 9, 3]. A linearly ordered
(LO) k-coloring of an r-uniform hypergraph assigns an integer from {1,...,k} to every vertex
so that, in each edge in the hypergraph, there is a unique vertex assigned the maximum
color in the (multi)set of colors for that edge. Recently, there has been a renewed interest in
studying this problem. This is because this problem constitutes a gap in the understanding
of the complexity of an important class of problems called promise constraint satisfaction
problems (PCSPs). To elaborate, [13, 7] classified the complexity of all (symmetric) PCSPs
on the binary alphabet, showing that these problems are either polynomial-time solvable or
NP-complete. Subsequently, [3] gave a complete classification for PCSPs of the form: given a
2-colorable 3-uniform hypergraph, find a 3-coloring. Here, the notion of “coloring” can have
several definitions. As highlighted by [3], the only PCSP of this type whose complexity is
unresolved is that of determining whether a 3-uniform hypergraph is 2-LLO colorable or is
not even 3-LO colorable. In contrast, it was recently shown that it is NP-complete to decide
if a 3-uniform hypergraph is 3-LO colorable or not even 4-LO colorable [14].

The work [22] addresses the corresponding optimization problem by giving an algorithm
to compute an LO coloring using at most 9] (nl/ 3) colors for a 2-LO colorable 3-uniform
hypergraph. [22] leave open the question of finding an LO coloring for such a hypergraph
using fewer colors. Moreover, they state that they do not know how to directly use SDP-
based methods! and remark that SDP-based approaches seem “less suited for LO colorings”.
In this paper, one of our main contributions is to show how to use SDP relaxations to
give an improved bound for coloring such hypergraphs. Our main result improves this
bound significantly by using at most 9] (nl/ 5) colors to LO color a 2-L.O colorable 3-uniform
hypergraph.

» Theorem 1. Let H be a 2-LO colorable 3-uniform hypergraph on n vertices. Then there
exists a (randomized) polynomial-time algorithm that finds an LO coloring of H using
O (n'/3) colors.

The SDP relaxation that we use is similar to the natural SDP used in the case of 2-
colorable 3-uniform hypergraphs [20]. In fact, the upper bound on the number of colors used
in Theorem 1 is the same as the upper bound given by [20] to color 2-colorable 3-uniform
hypergraphs. It is the same SDP used by [8] who show that a straightforward hyperplane
rounding algorithm yields a solution to the PCSP (1-IN-3-SAT, NAE-3-SAT), in which we
are given a satisfiable instance of the first problem and we want to find a feasible solution for
the second. Notice that a satisfiable (1-IN-3-SAT) instance on all positive literals is exactly
a 2-LO colorable 3-uniform hypergraph.

! However, they do use [15] which is an indirect use of SDP-based methods.
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General Framework for (Hyper)Graph Coloring

Most algorithms for coloring graphs and hypergraphs proceed iteratively, producing a partial
coloring of the remaining (uncolored) vertices at each step. This was formalized by [5],
following [23]. The goal is to color a significant number of vertices with few colors in each
step, ensuring that the number of iterations and therefore, the overall number of colors used,
is small. Typically, in each step, the method used to color the vertices is chosen according to
the degree of the graph (or hypergraph) induced on the remaining vertices. In particular, if
the induced graph (or hypergraph) has a low degree, then most algorithms use an SDP-based
method to find a large independent set, which can be assigned a single color [17, 6, 2]. The
algorithm for LO-coloring presented in [22], as well as ours, uses this general framework,
except that in [22], they did not use an SDP-based method directly, and instead used [15] to
find a large independent set. The improved upper bound on the number of colors output by
our algorithm comes from using an SDP and rounding methods tailored to LO coloring.

Overview of our SDP-Based Approach

As noted, we first solve a natural SDP relaxation for 2-L.O coloring. Then our rounding
proceeds in two steps. In the first step we look at the projection of the vectors to a particular
special vector (the vector vy in Proposition 2) from the solution of the SDP, which signifies the
color that is unique in all edges in the promised 2-LO coloring. For each of the three vertices
in an edge, all three of the corresponding vectors can have a projection onto this special
vector with roughly the same value (a balanced edge), or they can have very different values
(an unbalanced edge). Tt is also possible to classify vertices into balanced and unbalanced
(see Definition 4 for formal definitions) so that balanced edges contain only balanced vertices.
We use a combinatorial rounding procedure to color all the unbalanced vertices with a
small number of colors, leaving only a balanced (sub)hypergraph to be colored. Since this
number of colors is much smaller than the bound stated in Theorem 1, this can be viewed
as a reduction of the problem to the balanced case. To the best of our knowledge, this
rounding method is not present in previous works on LO-coloring and thus, this tool can
be considered a main contribution of this paper. We note that [20] showed that the vectors
can be “bucketed” with respect to their projection onto a special vector, and used a simple
argument to show that there is a large bucket on which they can focus. Our approach allows
us to focus on a single bucket containing vectors with projection ~ —1/3 with the special
vector, which have useful geometric properties.

In the second step we color the hypergraph containing the balanced edges. In this step,
we produce (following [22]) an “even” independent set or an “odd” independent set at each
round. An even independent set is one which intersects each hyperedge two or zero times,
while an odd independent set intersects each hyperedge one or zero times. To find an even
independent set, we use the same approach used by [22]. To find an odd independent set, we
use a variant of the standard threshold rounding for a coloring SDP [15, 20]. As in [20] rather
than use the vectors output by the SDP solution, we use a modified set of vectors, which
have properties useful to obtain better bounds from the threshold rounding. Specifically,
the set consists of the normalized projections of the vectors from the SDP solution onto
the space orthogonal to the special vector; in the balanced case, the special vector seems to
provide no information that is useful to construct a coloring. Combining all the colorings
requires some technical care, since we need to always maintain an LO coloring, but it can be
done and some of the work has already been done in [22].
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Update on Independent and Subsequent Work

After the initial conference submission of our paper, the work [16] appeared on the arXiv.
The second version appeared after we posted our paper to arXiv and pointed out that in fact
we do not need to consider the balanced case. Indeed, the observation in Section 3 of [16]
can be interpreted as giving an alternative and better SDP rounding in the balanced case,
directly reducing the balanced case to the unbalanced case. We discuss this more at the end
of Section 4.

2 Tools for LO Coloring and Proof of the Main Theorem

In this section, we give an overview of our approach to color a 2-LO colorable 3-uniform
hypergraph H = (V, E) with few colors. Following [22], we assume that the input hypergraph
H is a linear hypergraph, which is defined as follows.

» Definition 2. A S-uniform hypergraph is linear if every pair of edges intersects in at most
one vertez.

This is not a restriction because we can construct an equivalent 3-uniform hypergraph.

» Proposition 3 (Proposition 3 in [22]). There is a polynomial-time algorithm that, if given
an 2-LO colorable 3- uniform hypergraph H, constructs an 2-LO colorable linear 3-uniform
hypergraph H' with no more vertices than H such that, if given an LO k-colouring of H',
one can compute in polynomial time an LO k-colouring of H.

Given an 2-LO colorable 3-uniform hypergraph H = (V, E), one can consider LO coloring
it with {—1,+1}, with the natural ordering. Then we have z, + x, + . = —1 for each edge
{a,b,c} € E, where z, is the color assigned to vertex a € V. Relaxing this constraint to a
vector program we get SDP 2.2 SDP

Vg +Vp + Ve = —vp V{a,b,c} € E, (1)
Ival® =1 Va e VU {0}. (2)

For any a € V, we now define ~, def {Va,Vvg). The values {74}, might not be integral
and could even be perfectly balanced (i.e., va = 7 = 7. = —3 for an edge {a,b,c} € E).
Hence, these values might not contain any information as to how the colors should be assigned
to the vertices, and they might not even reveal information as to which vertex in an edge
should receive the largest color. However, when all edges contain balanced vertices (i.e.,
Vo R —% for all vertices), threshold rounding will be used. Formally, we have the following
definition.

» Definition 4. For e > 0, we say a vertex v € V is e-balanced if vy, € [-1/3 —¢,—1/3 +¢].

For the rest of this paper, we fix ¢ = 1/n'% where n is the number of vertices in the
(fixed) hypergraph that we are trying to LO color. This is an abuse of notation, but simplifies
our presentation. If a vertex is not e-balanced, we say that it is unbalanced. If all vertices of
a hypergraph H are e-balanced, we say that H is an e-balanced hypergraph.

We observe that there is a combinatorial method to color all unbalanced vertices using
relatively few colors. This rounding method uses a bisection-like strategy on {7a},cy to
color the unbalanced vertices and outputs a partial LO coloring, which we define as follows.

2 Observe that SDP 2 can equivalently be written in terms of dot products using the following constraints:
(1) (Va + Vb + Ve +Vg,Va + Vo +ve+vg) =0 V{a,b,c} € E, and (ii) {va,va) =1 Va eV U{0}.
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» Definition 5. A partial LO coloring of a 3-uniform hypergraph H = (V, E) is a coloring
of a subset of vertices Vi C V using the set of colors C' such that for each edge e € E, the set
e NV1 has a unique mazimum color from C.

The next lemma is proved in Section 3.

» Lemma 6. Let H = (V, E) be a 2-LO colorable 3-uniform hypergraph and let € > 0. Then
there exists a polynomial-time algorithm that computes a partial LO coloring of H using
0] (log (%)) colors that colors all unbalanced vertices.

We remark that the previous lemma can be viewed as a reduction from LO coloring in
2-LO colorable 3-uniform hypergraphs to LO coloring in 2-LO colorable 3-uniform balanced
hypergraphs. To formalize this, let V;; denote the vertices that are colored in a partial LO
coloring produced via Lemma 6. Let Vg = V' \ V;. Notice that Vp contains only e-balanced
vertices, while V; contains all the unbalanced vertices but might also contain some e-balanced
vertices. Thus, the induced hypergraph Hp = (Vz, E(Vp)) is a balanced hypergraph.® We
now show that we can combine a partial LO coloring for H = (V, E') which colors Vi; and an
LO coloring for Hg = (Vp, E(Vg)) to obtain an LO coloring of H.

» Proposition 7. Let H = (Vg UV, E) be a 2-LO colorable 3-uniform hypergraphs, let
€ > 0. Let cy be a partial LO coloring of H using colors from the set Cy that only assigns
colors to Viy and let cg be an LO coloring of Hg = (Vi, E(Vg)) using colors from the set
Cp. Then we can obtain an LO coloring of H using at most |Cy| + |Cpg| colors.

Proof. We assume that the colors in the set Cy are larger than the colors in the set Cp.
We want to show that the given assignment of colors from Cy for vertex set Vy and Cp for
vertex set Vg taken together forms a proper LO coloring of H.

Any edge e € E with |[eN Vg| = 3 or |[e N V| = 3 has a unique maximum color by
assumption since cp is an LO coloring of Hp and ¢y is a partial LO coloring of H. Suppose
leNVy| = 2. Then, by definition of partial LO coloring, it has a unique maximum in Cy
and will have a unique maximum in the output coloring. If |e N Vi;| = 1, then e has a unique
maximum color, because all colors in Cy are larger than the colors in C'z. <

Thus, if our goal is to LO color 2-LO colorable 3-uniform hypergraphs with a polynomial
number of colors, we can focus on LO coloring balanced 2-LO colorable 3-uniform hypergraphs.
The next corollary follows from Lemma 6 and Proposition 7.

» Corollary 8. Let o € (0,1). Suppose we can LO color an e-balanced 2-LO colorable 3-
uniform hypergraph H with O(n®) colors. Then we can LO color a 2-LO colorable 3-uniform
hypergraph with O(n®) colors.

Now we can focus on balanced hypergraphs. We capitalize on the promised structure to
prove the next lemma, in which we show that we can find an LO coloring for a balanced
hypergraph, in particular for Hg = (Vg, E(Vp)).

» Lemma 9. Let Hg = (Vp, Ep) be an e-balanced 2-LO colorable 3-uniform hypergraph.
Then there exists a polynomial-time algorithm that computes an LO coloring using at most
O(|VB[*®) colors.

3 Note that for a hypergraph H = (V, E) and S C V, we say H' = (S, E(S)) contains the edges induced
on S, meaning an edge belongs to H' if all of its vertices belong to S. In other words, an induced
subhypergraph of a 3-uniform must also be 3-uniform (or empty). Notice that S can contain vertices
that do not belong to any edge in E(S). These vertices can receive any color in a valid LO coloring of
H'.
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We recall our main theorem.

» Theorem 1. Let H be a 2-LO colorable 3-uniform hypergraph on n vertices. Then there
exists a (randomized) polynomial-time algorithm that finds an LO coloring of H using
0] (n1/5) colors.

The proof of Theorem 1 follows from Corollary 8 and Lemma 9. It remains to prove
Lemma 9, which we discuss next.

Coloring by Finding Independent Sets

In many graph coloring algorithms, we “make progress” by finding an independent set and
coloring it with a new color [5, 17, 6, 20, 22]. When LO coloring a hypergraph, a similar idea
may be used, but we need to consider certain types of independent sets. With the standard
notion of independent set in a 3-uniform hypergraph, in which the independent set intersects
each edge of the hypergraph at most twice, it is not clear how to obtain a coloring in which
each edge contains a unique maximum color. Thus, for a 3-uniform hypergraph H = (V, E),
following the approach of [22], we consider the following two types of independent sets.*
Odd Independent Set: We call S C V an odd independent set if |S Ne| < 1 for each edge
ec k.
Even Independent Set: We call S CV an even independent set if |S Ne| € {0,2} for each
edge e € F.
In Lemma 10, we show that we can make progress by coloring an odd independent set
with a “large” color or by coloring an even independent set with a “small” color. This is
formally stated in a proposition from [22]. Since we modify the presentation slightly to
ensure compatibility with our framework, we include the statement and the proof here for
the sake of completeness.

» Lemma 10 (Corollary of Proposition 5 in [22]). Let H = (V, E) be a hypergraph, let S; CV

be an odd independent set and let So CV be an even independent set. Let Hy = (V4, Ey),

Hy = (Va, E3) be the hypergraphs induced by Vi = V\ Sy and Vo = V'\ Sa, respectively. Then,

1. An LO coloring of Hy using a set of colors Cy can be extended to an LO coloring of H by
assigning a color ¢y that is strictly larger than all the colors in C1 to the vertices in Sy.

2. Analogously, an LO coloring of Hy using a set of colors Cy can be extended to an LO
coloring of H by assigning ca to the vertices in Sy where ¢y is strictly smaller than all
the colors in Cs.

Proof. In the proposed extension of the coloring from H; to H, there is no edge e € E;
where the maximum color in e occurs more than once in e; otherwise, the promised coloring
of H; using C; is not valid. Consider any edge {u,v,w} € E'\ E;. By definition of S, we
have |{u,v,w} N S;| < 1. Note that |[{u,v,w}NSi| # 0 as {u,v,w} ¢ E;. Therefore, we
must have [{u,v,w} N S;| = 1. Without loss of generality, assume that u € S; and v, w ¢ 5.
Then, in the proposed coloring, ¢; is only used for u, while v, w are colored using some
color(s) from C;. So, ¢ is the largest color in {u,v,w} and occurs exactly once. Hence, for
every edge, the corresponding (multi)set of colors has a unique maximum, and we conclude
that the proposed coloring is a proper LO coloring of H.

4 We remark that what [22] refer to as an “independent set” is what we refer to here as an “odd independent
set”.
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Similarly, in the proposed extension of coloring from Hs to H there is no edge e € Fs
where the maximum color in e occurs more than once in e. Again, consider any edge
{u,v,w} € E\ E5. In this case, we have [{u,v,w} N S| = 2. Without loss of generality,
assume that u,v € Sy and w € So. Then, in the proposed coloring, co is only used on u, v,
while w is colored using some color ¢ from Cy. So, ¢ is the largest color in {u,v,w} and
it occurs exactly once. Hence, for every edge, the corresponding (multi)set of color has a
unique maximum, and the proposed coloring is therefore a proper LO coloring of H. <

The following proposition is essentially Lemma 1 in [5] and follows in a straight-forward
manner from Lemma 10.

» Proposition 11 (Proposition 5 in [22]). Let H = (V, E) be an e-balanced, 2-LO colorable
S-uniform linear hypergraph on m vertices. Suppose we can find an odd independent set of
size at least f(m) in H or an even independent set of size at least f(m) in H (where f is
nearly-polynomial® ), then there exists a polynomial-time algorithm that colors any -balanced,
2-LO colorable 3-uniform linear hypergraph on n vertices with n/f(n) colors.

Following this standard notion of “making progress” from [5], we simply need to show
that we can find an even or an odd independent set of size at least f(m) in a 2-LO colorable
3-uniform e-balanced hypergraph on m vertices. This will imply that we can color Hg with
\Vs|/f(Vs) colors. We will show that we can set f(m) = ©(m*/5), which will yield the
bound in Lemma 9.

As is typical, our coloring algorithm makes progress using two different methods and
chooses between the two methods depending on the degree. In the high-degree case, we use
the method from [22] to find a large even independent set. The method to find a large even
independent from [22] requires the input hypergraph to be a linear hypergraph, which, as
discussed previously, we can assume by Proposition 3.

» Proposition 12 (Proposition 11 in [22]). Let H = (V, E) be a linear 2-LO colorable 3-
uniform hypergraph and A be such that |E| = Q(A|V]). Then there is a polynomial-time
algorithm that finds a even independent set of size at least Q(\/|V|A).

In the low-degree case, we show how to use an SDP based rounding method to find a
large odd independent set. Here, we capitalize on the assumption that our input hypergraph
is e-balanced to obtain an improvement over the analogous lemma from [22]. In Section 4,
we prove Lemma 13.

» Lemma 13. Let H = (V, E) be a |V‘%—bal(mced 2-LO colorable 3-uniform hypergraph
H = (V, E) with average degree at most A. Then there exists a (randomized) polynomial-time

algorithm to compute an odd independent set of size at least () (W).

Finally, we are now ready to prove Lemma 9.
Proof of Lemma 9. We need to show that on a linear 2-L.LO-colorable 3-uniform e-balanced
hypergraph on m vertices, we can always find either an even independent set or an odd

independent set of size at least f(m) = ﬁ(m"‘/ ®). By Lemma 10, this will imply we can color
Hp with |Vg|/f(|VEB]) colors.

5 Definition 1 in [5]. A function f(m) = m®polylogm for o > 0 is nearly-polynomial.
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Take A be a parameter (fixed later) so that we say we are in the high-degree regime if
the average degree is higher than A. Otherwise, we say that we are in the low-degree regime.
In the high degree-regime, use Proposition 12 to find an even independent set S of size at
least Q(M) In the low-degree regime, we invoke Lemma 13 to find an odd independent
set S of size at least Q(m/A/3). Setting A = m3/® implies that the independent set we find
has size at least m*/5. Finally, by Proposition 11 we have the desired bound on the number
of colors used. |

3 Combinatorial Rounding for Unbalanced Vertices

In this section, we prove Lemma 6. In other words, we show that for any € > 0, Algorithm 1
outputs a partial LO coloring using O (log (%)) colors so that all the unbalanced vertices are
assigned a color.

» Lemma 6. Let H = (V, E) be a 2-LO colorable 3-uniform hypergraph and let € > 0. Then
there exists a polynomial-time algorithm that computes a partial LO coloring of H using
0] (log (é)) colors that colors all unbalanced vertices.

To prove this lemma, we give an algorithm, which given the value {v,} for each vertex v
(from SDP 2), is then combinatorial. The algorithm also takes as input the value of €, which
is the parameter we use to define e-balanced.

Algorithm 1 Combinatorial Rounding.

Input: A 2-LO colorable 3-uniform hypergraph H = (V, E), € > 0, the values {v,} for all
a € V and set C' of linearly ordered colors.
Output: A partial LO coloring of all unbalanced vertices in V.
1. Set j:=0,4y := —1,ug := 1, Iy := [€o, ug]-
2. While I; ¢ [-1/3 —¢,-1/3 + ¢] do:
a. If j is even then set I;y; to the lower half of I;, if j is odd then set ;1 to be the
upper half of I;. More precisely, set

Oidtu; .. Citu; .-
, iU s odd St s even
1= . Ujt1 = .

45 otherwise Uj otherwise

and set Ij+1 = [€j+1,’u,]’+1].

b. Set Sjt1 :={a € V|y, € I; \ I;11} and color S;1 using the largest unused color from
C.

c. Set ji=j+1.

We will use the following observation.
» Observation 14. For any {a,b,c} € E, we have v, + 75 + 7. = —1.
Proof. From constraint (1), we get o + 7 + Ve = (Vo + Vb + Ve, vg) = (—vg,vp) = —1. <

On a high level, the algorithm partitions the interval [—1,1] and assigns colors to vertices
depending on where their corresponding -, values fall in this interval. For example, in the
first iteration of the algorithm, we set S; to contain all vertices whose 7, values fall into
the interval (0,1]. Notice that by Observation 14, at most one vertex from an edge will
qualify. Now, all remaining vertices have 7, values in the interval [—1,0]. Next, we consider
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all vertices whose 7, values fall into the interval [—1,—1/2). Again, an edge with all three
values in [—1, 0] can not have more than one vertex with v, value in [-1,—1/2), and so on.
We now formally analyze the algorithm.

» Lemma 15. For even j > 2, the interval [¢;, u;] is

[—(2971—2)/3 -1 —(20-1 —2)/3]
9j—1 ) 9j—1 :

For odd j > 1, the interval [(;,u;] is

[—(2971—1)/3—-1 —(2-1—1)/3]
91 ’ 21

Proof. For j = 1 the interval is [-1,0] and j = 2 the interval is [-1/2,0]. For odd j, we have

Gitu _ —(27-1)/3-1-(2 1 —1)/3 _ —(27-2)/3-1

bn="5—= 27 27 ’
and
—(2j_1—1)/3 —(2j—2)/3
Ujy1 = 9i—1 = Y] .

For even j, we have

o litu;  —(271—2)/3-1—(271—2)/3  —(27-1)/3
W= Ty T 2 TR

and

~(2 =231 (P -4)3-2 (P +1-3)3 -2/ -1)3-1 _

lir1 = 2i—1 2 27 2

As a consequence of Lemma 15, we immediately get a bound on the number of iterations
in form of Corollary 16.
» Corollary 16. For j > log (s), we have I; C [-1/3 —¢,—1/3 +¢].

Proof. By Lemma 15 we have the following bounds on I;. For even j > 2, the interval
Iy = [, uy] is
S S S
3 3.20-17 3 3.2071|°

For odd j > 1, the interval I; = [¢;, u;] is

IS T S O
3 3.2 3 3.2i-1)|°

1 4

Setting ¢ = 59— = 357

we have [; C [*%*8,*%+5}. Thus,j:]og(;—e), <

In Lemma 17 we show that in each iteration Algorithm 1 colors an odd independent set.
Lemma 17 also follows from Lemma 15.

» Lemma 17. For each j > 0, let H; = (S}, E;) be a hypergraph with E; = {e € E: e C S,}.
Then for any j > 0, the set Sj11 is an odd independent set (i.e., we have |Sj11 Ne| < 1 for
any e € E;).
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Proof. Let {a,b,c} € E;. Suppose a,b € Sj1. If j is odd, then v4,75 € [(;,£;41). Therefore,
we get v, + 7 < 2€;41. This implies, by Observation 14, v, > —1 — 2¢; ;. Therefore, we
have

%>—1—2€j+1:_1_2(_(2j_23)/3_1>:_1+2<(2j_2/3+1>

32422 -2)+6 -2 +2
- 3.2 BEE TR

which is a contradiction since 7. € [¢;, u;].
Similarly, if j is even, then vq, v € (w;j11,u;] as a,b € Sj11. Therefore, we get vq + 75 >
2uj41. This implies, by Observation 14, v, < —1 — 2u;1. Therefore, we have

73~2ﬂ'+2~2jf27f2jf27€
3.9 3.9

Ye < -1 - 2’[1,j+1 =
which is again a contradiction to the fact that 7. € [¢;, u;]. <

Proof of Lemma 6. By Corollary 16, Algorithm 1 runs for O (log (é)) iterations. In each
iteration, it uses exactly one color, which yields the stated bound on the number of colors
used. To show that the output coloring is a partial LO coloring, we apply Lemma 17, which
states that each color corresponds to an odd independent set.

Now, we need to show that any edge with at least one colored vertex will have a unique
maximum color. Consider such an edge e = {a,b,c}. If only one vertex in e is colored,
then we are done. First, assume exactly two vertices in e (say a,b) were colored. Let a be
colored in the j,-th iteration and b be colored in the j,-th iteration. Assume (without loss of
generality) that j, > jp. Then, by Lemma 17 we have j, # jp (i-e., jo > J»). As the color
used in the iteration j is the j-th largest color in C' (by a simple induction) color assigned to
a is strictly larger than the color assigned to b. Finally, if all the vertices, a, b, ¢ were colored
at iterations j, = jp = j., respectively. Then, again by the same arguments we have j, > 7
and j, > j., so the maximum color is assigned to only a. |

4 SDP Rounding for Balanced Hypergraphs

In this section we show that Algorithm 2 outputs an odd independent set in an e-balanced
2-L.O colorable 3-uniform hypergraph Hg = (Vg, Eg). Thus, we will prove Lemma 13.

» Lemma 13. Let H = (V,E) be a |V‘#mo—balanced 2-LO colorable 3-uniform hypergraph
H = (V, E) with average degree at most A. Then there exists a (randomized) polynomial-time

algorithm to compute an odd independent set of size at least ) (W).

Recall that we have a solution for the SDP 2. Let u, be the unit vector along the
component orthogonal to vy (if the orthogonal component is zero, then we define u, to be
any arbitrarily chosen unit vector). Therefore,

Va — YaVp Va — YaVp Vg — YaVp (3)

Ug = =

= — - - — 2’
IVa = Yavoll \/Hva|\2+7§—2%<va,\/@> VI=a

Let function @ : R — [0, 1] be defined as ® (t) &f Pgn(o,1) lg = 1.
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Algorithm 2 Randomized Rounding.

Input: Hp a e-balanced 2-LO colorable 3-uniform hypergraph and a parameter « (see
Lemma 20 for values of € and « to be used).

Output: An odd independent set.

1. Let ¢ be such that a = ® (¢).

2. Sample g NN(O,l)WB‘ and set S(t) := {a € Vg : {uq,9) > t}.

3. Set S'(t) := S(t) \ U e
ecEp
lenS(®)[>2

4. Output S'(t).

In case of an edge {a,b,c} with perfectly balanced vertices (i.e., if we have v, = v, =
ve = —1/3), one can observe that the component orthogonal to vy of the corresponding
vectors sum to 0 (i.e., we have u, + up + u. = 0). In Lemma 18 we show a generalization of
this observation for an e-balanced hypergraph. Recall that in an e-balanced hypergraph, we
have v, € [-1/3 — ¢, —1/3 + €] for each vertex. The proof of the next lemma can be found
in Appendix C.

» Lemma 18. Let {a,b,c} be an edge in an e-balanced hypergraph Hp. Then
llug + up + ue® < 18e.

When all the vertices in {a,b,c} are perfectly balanced then the event that both a and
b belong to S(t) is equivalent to (u.,g) < —2t as u, + up + u. = 0. Therefore, we can use
bounds on Gaussians to bound the probability of the aforementioned event. Again, Lemma 19
generalizes this to e-balanced vector for small enough ¢.

» Lemma 19. Tuke e = W and let a,b be adjacent vertices in Hg. Then

Plae S)Abe SH)] <P (2t) + —5=-

[0 € S() Ab € S(E)] <P 0+ g
Proof. Suppose e = {a, b, ¢} is an edge in Hp containing both a and b. If both a and b belong
to S(t), then (us, g) >t and {(up, g) > t. Note that ||u, + up + u.|| < 3v/2¢ by Lemma 18. If

we additionally assume that ||g|| < |[Vz[?® (this assumption is violated with low probability)
we have
3v2e|VB|*® > (ug + up + ue, g) (Cauchy-Schwarz)
= <uaag> + <Ub,g> + <Uc,g>
> 2t + (uc, ) ({ua,g) =t and (up, ) > 1)

we get (ue, g) < —2t + 3\/%\VB|25.
Thus, we can upper bound P [((ua,g> >t) A ({up,g) 2 1) A (Hgll < |VB‘25)} by

P [((veg) < —21+ 8V2=IV5) A (gl < Vo)

N

P [(uc,g> < 72t+3\/27e|VB|25}
o (2t - 3\/£|VB|25)
< (2t) + Ve VBIP (Fact 21)

_ 1 1
D (2t _ =
@)+ ( |vB|10°>

N
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Now, in the following step we look at the case when the assumption ||g|| < |V|?® is violated.
P [({uasg) = ) A ((un g) > ) A (llgll > [VaI*)] <P [llgll > [Va|*)

<P [lgl* > 1Val*]

1

< A (E [HQHQ] = |VB| and Markov bound)

Adding up the two disjoint cases we get the required bound. |

» Lemma 20. Let A > 4 be an upper bound on the average degree of a vertex in Hp (i.e.,
AlV
|Ep| < %) Take o = %m ande = W Then, we have E [|S'(t)|] = 3 |Vp].
Proof. To lower bound the expected size of S’(t) we lower bound the expected size of S(t)
and upper bound the expected number of vertices participating in a bad edge (i.e., an edge e
such that |[e N S(t)| > 2) separately.
First, we lower bound the size of |S(¢)| as follows.

E[S®] =Y Pluag) 21 =a|Vs|.

a€Vp

Now, to get an upper bound we note that each bad edge can contribute at most 3 vertices
in the total number of vertices participating in some bad edge. Formally, we have the

following.
U el < Z le] (Union Bound)
ecEp ecEp
lensS(t)[>2 lensS(t)[>2

<3l{e€ Epst. lenS(t)] > 2} (le| = 3)

If an edge {a, b, ¢} is bad, i.e., we have | {a,b,c} NS(t)| > 2, then either {a,b} C S(¢) or
{a,c} € S(¢t) or {b,c} C S(t). Therefore, by union bound E [|[{e € Ep s.t. |en S(t)] = 2}|]
is at most

3 (P e S Abe SH)]+Plac St Ace SH)]+PlceSt)Abe S(t)])
{a,b,c}E€Ep

<> 3~<<I>(2t)+%225>

ecEp
6|Ep|
Vg|25

=3|Ep|- ®(2t) +

where the second inequality follows from Lemma 19. Let us now upper bound the first term
as follows.

= _ _ A
3| Ep|® (2t) < A[Vp| - 5128 (1) (In(1/® (1)))*/ <|EB < L;/B' and Corollary 25)
< A|Vp| - 51204 - (In(1/a))*/? (@ (t) = )
1 In(1/a))*? .
< —
S 804‘VB| ( AnA ) (Substituting «)

1
< salVs| (A>4)



A. Louis, A. Newman, and A. Ray

Note that in the first inequality above we could use Corollary 25 as A > 4 implies ¢t > 1. It

is easy to show that “Sv‘fgl, < $a|Vp|. Therefore, we get

1
E[|{e € Ep s.t. |enS(t)] =2} < Za|VB"

Thus, by combining the two bounds we get that

1 3
E[|S =E t)|] — E > (1--— Z - .
Iswi=elswl €| U (1-1)alvel> Jalva «
lenS ()32

Proof of Lemma 13. This follows from Lemma 20 and the proof is standard Markov bound
followed by an amplification argument where you repeat Algorithm 2 polynomially many
times and choose the best odd independent set among all repetitions. The probability of
even the best odd independent set not being of the required size is then inverse exponential
with respect number of iterations. We refer the reader to Section 13.2 of [24] for further
reference. |

A Better SDP Rounding

Here we note that there is in fact a better way to round the SDP in the balanced case,
which follows from [16] and essentially reduces the balanced case to the unbalanced case. Let
H = (V, E) be an e-balanced hypergraph on n vertices. Recall that e < 1/n00.

As in Algorithm 2, we sample a gaussian g ~ N (0,1)". For each (unit) vector u, for
a €V, let (. = (ua,g). Observe that |(,| € [1/n?,n?] with probability 1 — O(1/n?). Now for
all a € V, set ¢, = (,/n? and set v, = v, + (.. Thus, with probability at least (roughly)
1—0(1/n), for all vertices a € V, we have

il € [1/n*,1] and ~, & (~1/3 = 1/n'®, —1/3+ 1/n'®").

Since for every hyperedge {a, b, c} € E, we have ¢/, + ¢ + ¢, = 0 (because u, + up +u. =0,
which implies (uq, g) + (up, g) + (uc, g) = 0).

Then for every hyperedge {a,b,c} € E, we have v, + v, + v, = —1. Thus, we can
run Algorithm 1 on the inputs {7, }.ecv and € = 1/n!%. By Lemma 6, it will output an
LO-coloring of H using at most O(log %) colors.

5 Conclusion

We have presented an improved bound on the number of colors needed to efficiently LO
color a 2-LLO colorable 3-uniform hypergraph, and demonstrated that SDP-based rounding
methods can indeed be applied to LO coloring. A natural question is if we can do better
than O(logn) colors in the balanced case; this might be a step towards improving on the
bound of O(logn) colors for the general case given in [16].
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A Properties of Gaussian

Let function ® : R — [0, 1] be defined as ® (¢) et Pyn(0,1) [9 < t], and let function @ : R —
[0,1] be defined as ® (t) et Pon0,1) l9 = t].
» Fact 21. For any a < b, we have ® (b) — ® (a) = Pyp0.1) g € [a,b]] < 222.

5

Proof. The statement follows from the following computations.

Plg € [a,b] /be' v L [ superizp = 120 <
a,b]= | ———dex<— | supe = :
g a V2m V21 Ja yEIR) V2T
» Fact 22 (Folklore). For everyt > 0,
t 142 - 1 142
—e 2" <P (1) < e 2
V2or(t2 + 1) (¥ V2mt

» Corollary 23 (Folklore). Fizt > 1 and let 3 = ® (t). Then we have

\/QIH;—lnln;—lnl&rgt \/21n—1n1n1 \/2111

In fact, t < 21n holds even if t € (0,1).

Proof. Let t > 0 (note here we allow ¢ € (0,1)) and let 8 = ® (). By taking logarithm and
multiplying by —2, the inequalities in Fact 22 imply

2In (;) > %+ 2In (x/%t) , (4)
21n<;)<t2+21n<x/§<t2:1>>. (5)

We can now use (4) to get
1
21n (ﬂ> > 12420 (Vart) > ¢

Hence, we have ¢t < \/K for any t > 0. Again, by multiplying by 1 5 and taking logarithms,
the (4), (5) imply

Inln (;) > 1n (t2/2 +In (J%t)) : (6)

InIn (;) <In (t2/2+ln (x/%(tgtﬂ))) (7)
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From hereon we assume t > 1. (4) — (7) gives us

1 1 2 27t? TN 4rt?
2In <6>—lnln </3> > t*+1In <t2/2+1n(\/%(f231))> ="+l <t2+2m(m(t2tﬂ))> (8)

> Claim 24. 47t2 > 12 + 2In (\/ﬂ (%))

Proof. Note that the above inequality is equivalent to (%) t2 > Inv27r+In (t + %) Indeed
we have

1
Inv27 + In (t+t> <Inv2r+In(t+ 1) (t>=1)
<InV2r +t (In(1+z) < x)
< In V27 + 2 (t>=1)
A — A —
< (F3) 4p I e
2 2
A —1
<( ”2 >t2 (t>1) 4

Using this claim and (8) we get

t2 < 21nl —lnlnl.

B B

Hence, we have t < 21n% —Inln % For the remaining inequality, we again see that (5) —

(6) gives us
1 1 dr (t+ 1)
2ln— —Inln= <*+In | ———L—
"B n<t2+2ln(\/ﬂt)

t+1)2
<t? +Indn +1n <<J;2>> (t>1)

1
<t?+Indr+2In (1+ t)

<t? +Indn+2In2 =t +In 167 (t>1)

\/ 2 1n% —1In ln% —In167 < t follows from the above inequality. Hence, we have all the

required inequalities. |

» Corollary 25 (Folklore). Fizt > 1. Then, we have

® (2t) < 512 <ln (i)l(t))f/z o (1),
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Proof. For any ¢t > 1 and § € (0, 1) the following holds.

5 1 —2t?

O (2t) < Wor? (Fact 22)
1 e+t -, ¢ e
< NorTR " - D (¢) (\/ﬁ(ﬁ n 1)6 < @ (t) by Fact 22)
4

= (27r)3/22it <t+ 1) o (t)*

< (2m)¥2(20°8 (1) (t>1)
3

< (4y/m)? (ln <<I>1(t))) B (t)! (by Corollary 23)

1 5,
< 512 (ln ((I)(t)) P (1) (Vm < 2).

B Coloring of 2-LO Colorable 3-Uniform Hypergraphs

In this section, we show how to color a 2-L.O colorable 3-uniform hypergraph with 2 colors.
For simplicity, we define balanced vertices to be those with -, = —1/3. It is straightforward
to extend to the case of e-balanced for small but (strictly) positive .

Algorithm 3 2-Coloring Algorithm.

Input: A solution to SDP 2.

Two-Sided Combinatorial Rounding

1. Set S; .= {aeV’7a<—%}, S, = {aEV”ya>—%},andSb:: {a€V|7a:—%}.
2. Color S; using color 1 and S, using color 2.

Two-Sided Hyperplane Rounding

resume Choose a uniformly random unit vector r over the sphere.

resume Set H, :={a € Sy | (r,u,) >0} and H; :=={a € S | (r,u,) < 0}.

resume Color H; using 1 and H, using 2.

» Lemma 26. Let S;, S, be as defined in Algorithm 3. Then, for any edge e € E, we have
SiNe# 0 if and only if S, Ne # 0.

Proof. Fix an edge {a,b,c} = e € E. Observation 14 states that v, + 7 + 7. = —1 Suppose
that eN Sy # 0 and e C S; U S,. Then, we get v, + 7 + v < —1, a contradiction. Hence,
eN Sy # () implies e N S, # () The proof of the converse is similar. <

» Lemma 27. Let r be unit vector distributed uniformly over the sphere and let H;, and
H, be defined as in Algorithm 3. Then, for any edge e € E, we have |H;Ne| < 2 and
|H, Ne| <2 (with probability 1).

Proof. We can assume that H, = {a € Sp| (r,u,) > 0}, as this is true with probability 1.
Fix any e € E. Assume that {a,b,c} = e C Sp; otherwise, we are done. Using Lemma 18
with € = 0 we get |lug, + up + uc||2 = 0, which implies u, + up + u, = 0. Therefore, we have
(ryuq) + (ryup) + (r,u.) = 0. But, if e C Hj, then we have (r,u,) + (r,up) + (r,u.) < 0, a
contradiction. Similarly, if e C H,., then we have a contradiction in form of (r, ug) + (r,up) +
(ryuc) > 0. <
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» Theorem 28. There is a polynomial-time algorithm that, if given a 2-LO colorable 3-
uniform hypergraph H with n vertices, finds an 2-coloring of H.

Proof. Solve SDP 2 and use Algorithm 3. Counsider any edge e = {a,b,c}. If e is not
completely contained in Sj, then by Lemma 26 we at least one vertex each from S; and S,;
hence, e is non-monochromatic. Otherwise, e is non-monochromatic by Lemma 27. |

C Omitted Proofs

Proof of Lemma 18

Before we proceed to prove Lemma 18 we need the following lemma.

» Lemma 29. Let {a,b,c} € E and v, = —1/34+ ¢4, 7o = —1/3+¢€p, ve = —1/3 + .. Then
the following hold.

1. e +ep+e.=0.
2. (Va,Vp) = —1/3+ ¢, (Vo,Ve) = =1/3+ 4, and (ve,ve) = —1/3 + &p.

Proof. Using Observation 14 we get
—1/34¢e,—1/34¢,—1/34+¢c.=—1,

which implies €, +¢&p+e. = 0. Taking inner products with v,, vy, v. on both sides of constraint
(1) of SDP 2 we get

1+ <Vaavb> + <Va7Vc> = 1/3 — Ea,
(Vby Va) + 1+ (vp,ve) = 1/3 — gy,
<VC7Va> + <V07Vb> +1= 1/3 — Ec,

which imply

(Va, Vo) + (Va, Ve) = —(2/3 + €4), 9)
<Vb7Va> + <Vbavc> = _(2/3 + 5b)7 (10)
(Ves Vo) + (Ve,vp) = —(2/3 + &¢). (11)

(9)4+(10)—(11) gives us
2 (Vg,Vp) = —2/3 — e, —€p + €.

Using Item 1 of this lemma and dividing by 2 we get (vq,vp) = —1/3+¢. as needed. Similarly,
we get (Vq,Ve) = —1/3 + &y, (Ve, V), = —1/3 + 4. <

Proof of Lemma 18. Note that

(0, up) = Va—=YaVo Vb= Vo \ _ (VasVb) — Ya (o, Vb) — Vb (v, Va) + Ya Wb (V0, Vo)
VI=72 1-77 VA =93)1-99)
_ (Va,ve) = vam

VA =72)1=+2)
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First let us upper-bound the denominator in the above expression using v,,v, € [—1/3 —
€, —1/3 + €] as follows.

\/(1 =12 (1=7) < V- (1/3-€e?)(1~(1/3-¢)?)

8, 2%
“9 3 ¢
3, %
S99 37
This implies that
1 1
2 228 e
V=32 M-~ 50+5)
%2
/9 1_£+ (4)96>
8 4 (1+5)
L9(, e
8 4

By Lemma 29, we have (vq,vp) € [-1/3 —€,—1/3 + €]. So, we can also bound the numerator
in the expression for (u,,up) by using the fact that (va,Ve),7a,w € [-1/3 —€,—1/3 + € as
follows.

1 1 2
(Va, Vo) —Ya b S —= +e— [ = —¢
3 3
4 5
—§+§—€
_4 . 5
S 9 37

Finally, for the edge {a,b, c} we get

lua + up + vell* = [Jual® + lus]* + [Juell* + 2 (ua, up) + 2 (up, ue) + 2 (ue, ua)
=342 (<ua7 ub> + <Ub, Uc> + <UC7 ua))
< 18¢

where the last inequality follows from the fact that (ua,up), {up, u.), and {uc, u,) are all at
most —% + 3e. <
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