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—— Abstract

In this paper, we begin the exploration of vertex-ordering problems through the lens of exponential-
time approximation algorithms. In particular, we ask the following question: Can we simultaneously
beat the running times of the fastest known (exponential-time) exact algorithms and the best known
approximation factors that can be achieved in polynomial time? Following the recent research
initiated by Esmer et al. (ESA 2022, IPEC 2023, SODA 2024) on vertex-subset problems, and by
Inamdar et al. (ITCS 2024) on graph-partitioning problems, we focus on vertex-ordering problems.
In particular, we give positive results for FEEDBACK ARC SET, OPTIMAL LINEAR ARRANGEMENT,
CuTtwiDTH, and PATHWIDTH. Most of our algorithms build upon a novel “balanced-cut” approach —
which is our main conceptual contribution. This allows us to solve various problems in very general
settings allowing for directed and arc-weighted input graphs. Our main technical contribution is
a (1 4 e)-approximation for any € > 0 for (weighted) FEEDBACK ARC SET in O*((2 — 6:)") time,
where 6. > 0 is a constant only depending on ¢.
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1 Introduction

Many NP-hard problems admit algorithms running in time O*(2")!. Moreover, for funda-
mental problems like SATISFIABILITY or SET COVER, there are plausible conjectures, namely
Strong Exponential Time Hypothesis (SETH) or the Set Cover Conjecture, respectively,

! Throughout the introduction, n will have the “natural” meaning, e.g., number of variables/vertices/ele-
ments, and the O*-notation hides polynomial factors. See Section 2 for more details about the latter.
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which state that these problems do not admit algorithms running in time O*((2 — €)™) for
any € > 0. Although these conjectures have been used as a source of analogous running-time
lower bound for other problems, many graph problems are not covered by such results. Indeed,
quite a few long-standing exponential-time barriers have finally been overcome in recent
years [33, 37, 34], giving new life to the field of moderately exponential-time algorithms [22].

Improving upon the trivial O*(2")-time algorithm for “vertex-subset problems” on graphs,
Fomin et al. [21] designed a general framework called monotone local search (MLS). This
framework enables the creation of state-of-the-art exact exponential algorithms for a wide
range of such problems by leveraging the corresponding parameterized algorithms as black-
box components. On the other hand, for graph partitioning and vertex-ordering problems,
even the O*(2™)-time algorithm does not follow from a trivial brute force of the search space.
Nevertheless, many such problems do admit O*(2™)-time algorithms via advanced techniques
such as Held-Karp-style dynamic programming [23, 6] or speeding up the natural dynamic
program via fast subset convolution [26]. For these latter two classes of problems, beating
the O*(2™) barrier has proven to be challenging, with the notable exception of k-CuT for
which Lokshtanov et al. [31] designed an O*((2 — )™)-time algorithm for some fixed € > 0.
Due to the lack of any progress for many of these intensively studied vertex-ordering problems,
we think it is the right time to relax the question just slightly in the following way.

Can we show or exclude (1 + €)-approximations for vertex-ordering problems that run
in O((2 —6)") time?

We show that this question can be answered affirmatively for FEEDBACK ARC SET, but we
were not able to achieve the same for any other problem. However, the methods we develop
for FEEDBACK ARC SET allow us to answer another natural (weaker) relaxation:

Can we simultaneously beat the running times of the fastest known (exponential-time)
exact algorithms and the best known approximation factors that can be achieved in
polynomial-time for vertex-ordering problems?

Given the difficulty in surmounting the current-best exact exponential-time algorithms, there
has been a growing research interest in answering the latter relaxation. This is also justified
given the fact that most of the problems are known to be APX-hard — they do not admit
arbitrarily good approximations. In some cases, problems do not even admit constant-factor
approximations in polynomial time assuming P # N P. To the best of our knowledge, the
first exponential-time approximation algorithms were given by Williams [36] who showed
how to generalize O*(2+™/3)-time algorithms for (unweighted) Max CUT and MAX 2-SAT
to (1 4 &)-approximations for the weighted variants using “rounding tricks”; here w denotes
the fast matrix multiplication constant. Quite recently, Alman et al. [1] showed that MaAX
SAT can also be approximated faster than O*(2"), that is, they showed that for each ¢ > 0,
there is a (1 + ¢)-approximation in O*((2 — §.)™) time where d. > 0 is a constant only
depending on . Moreover, the monotone local search framework of Fomin et al. [21] was
extended to give exponential-time approximation schemes for vertex-subset problems in
the works of Esmer et al. [15, 16, 17]. Even more recently, Inamdar et al. [26] gave a
framework for designing exponential-time approximation schemes for graph partitioning (i.e.,
cut) problems and a few more examples for specific problems are known [8, 9, 4]. However,
none of these techniques seem applicable to vertex-ordering problems, where the objective is
to find an ordering of vertices that satisfies some polynomial-time satisfiable predicate, such
as FEEDBACK ARC SET, OPTIMAL LINEAR ARRANGEMENT, CUTWIDTH, and PATHWIDTH.
For all of the above except PATHWIDTH, the O*(2")-time dynamic programming remains the
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Table 1 An overview of our results for unweighted input graphs. For each problem in the left
column, we show an algorithm with approximation factor in the middle column and the running
time is shown in the right column. The value w < 2.373 is the fast matrix multiplication exponent
and ¢ > 0 is a constant that depends on ¢.

problem approximation factor running time
FEEDBACK ARC SET 1+e¢ o ((2-9)")
DIRECTED CUTWIDTH 2 0*(2%")
OPTIMAL LINEAR ARRANGEMENT 15+¢ o ((2—-9)")
DIRECTED OPTIMAL LINEAR ARRANGEMENT 2+4¢ o ((2—9)")
DIRECTED PATHWIDTH 2 0" (1.66™)

best known algorithm—even including constant-factor approximations. Moreover, the question
whether e.g., FEEDBACK ARC SET or CUTWIDTH can be solved faster than O*(2™) have been
explicit open problems for a long time [22, 24, 25, 12]. This reinforces our belief that it is
time to study exponential-time approximation algorithms for vertex-ordering problems. The
only example of such a study is in the case of (directed or undirected) bandwidth [13, 28].
Our results are summarized in Table 1. We believe that working on these vertex-ordering
problems from a new angle will further enhance our understanding of them and we hope that
there might be some interesting connections to find that use ideas from the vast knowledge
acquired on these problems both from the world of polynomial-time approximations and
from the world of exact exponential-time algorithms.

In the rest of this section, we survey a few different vertex-ordering problems and previous
work related to them. Afterwards, we give an overview of our results and a high-level intuition
of our main conceptual contribution.

Problem Definitions and Related Work

We now introduce the different problems used in this paper and briefly state relevant related
work for each of them.
We start with a directed version of MINIMUM CUT with an additional size constraint.

DIRECTED MINIMUM (k,n — k)-CuT

Input: A directed graph G and an integer k.
Task: Find a set L of exactly k vertices such that the number of arcs from V' \ L
to L is minimized.

The undirected version of this problem was introduced by Bonnet et al. [7], who showed
fixed-parameter tractability of the problem when parameterized by k& + OPT, where OPT is
the minimum number of arcs from V' \ L to L for any set L of size k. We are not aware of any
mentioning of the directed problem anywhere. We also study a weighted generalization where
we are given an additional non-negative arc-weight function w and instead of minimizing the
number of arcs from V' \ L to L, we instead minimize the weight of the arc set from V' \ L
to L. DIRECTED MINIMUM (k,n — k)-CUT will be at the heart of most of our algorithms.

We continue with FEEDBACK ARC SET. It can be defined both in terms of a subset of
arcs of an input graph and as a vertex-ordering problem. The former definition asks for a
given directed graph G = (V, A) to find a minimum-size set of arcs whose removal turns G
into a directed acyclic graph (DAG). We give the definition as a vertex-ordering problem as
this will turn out to be more useful for us later.
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FEEDBACK ARC SET

Input: A directed graph G = (V, A).

Task: Find an ordering = of V minimizing the number of backward arcs with
respect to .

FEEDBACK ARC SET can be solved in O(2"n?) time by the Held-Karp algorithm [23].
The weighted version of this problem asks for an ordering such that the sum of weights
of all backward arcs is minimized. The best known polynomial-time approximaiton algo-
rithm (for both the weighted and unweighted variants) achieves an approximation factor
of O(log(n)loglog(n)) [18] and any approximation better than 1.36 in polynomial time would
refute P # NP [29, 14]. As stated above, we achieve a (1 + ¢)-approximation for FEEDBACK
ARC SET faster than O(2") for any € > 0. We mention that some of the methods used for
this result can also be applied to other vertex-ordering problems (to obtain constant-factor
approximations). We list a few such problems in the following.

In OPTIMAL LINEAR ARRANGEMENT (also known as MINIMUM LINEAR ARRANGEMENT),
one is asked for an ordering of a graph that minimizes the sum of stretches of all (backward)
arcs. Equivalently, the problem asks for an ordering minimizing the sum of cut sizes over
all positions. In the following, we denote by cut? for an ordering 7 of the vertices and an
integer 4, the set of all edges (or arcs) from a vertex after position i to a vertex at position at
most 4.

OPTIMAL LINEAR ARRANGEMENT
Input: An directed or undirected graph G with vertex set V.
Task: Find an ordering 7 of V' minimizing Z;:ll | cut? |.

In the weighted setting, we want to minimize E?:_ll > eccuti W(€). OPTIMAL LINEAR
ARRANGEMENT can be solved in O*(2") time [6] and the best known polynomial-time
algorithm achieves an approximation factor in O(y/log(n)loglog(n)) [20, 10]. It remains
NP-hard even when restricted to interval graphs but there it can be 2-approximated in
polynomial time [11].

In the problem DIRECTED CUTWIDTH?, we are looking for an ordering that minimizes
the maximum size of any cut’. Formally, it is defined as follows.

DIRECTED CUTWIDTH
Input: A directed graph G = (V, A).
Task: Find an ordering 7 of V' minimizing max;e[,_1) | cut? |.

In the weighted setting, we want to minimize the weight max;ep,—1 ZeeCut; w(e) instead
of the cardinality. DIRECTED CUTWIDTH can be solved in O(2"n?) time and the weighted
version can be solved in O(2"n? log(wmax)) time by the Held-Karp algorithm [23]. The best
known approximation factor achieved by a polynomial-time algorithm is O(log*®(n)) [3]. A
quantum algorithm running in O(1.817") time is also known [2] and if the input graph is
undirected, then the problem admits a log'*°") (n)-approximation [5).

Finally, we study DIRECTED PATHWIDTH. It is a directed generalization of PATHWIDTH
which itself is variation of treewidth where the tree decomposition is restricted to being a
path. It is known that PATHWIDTH has an equivalent definition in terms of vertex orderings

2 We mention in passing that there is some inconsistency in the existing literature regarding the name
DiRECTED CUTWIDTH. An alternative definition takes a directed acyclic graph as input and searches
for a topological ordering of the vertices minimizing the (undirected) cutwidth.



M. Bentert, F. V. Fomin, T. Inamdar, and S. Saurabh

and this remains true also for the directed variant [30]. For a position 4, consider the number
of vertices v that appear before position i that have in-neighbors that appear after position 7.
The equivalent definition of DIRECTED PATHWIDTH asks for an ordering that minimizes the
maximum quantity over all positions. The formal definition in terms of vertex orderings is as
follows.

DIRECTED PATHWIDTH
Input: A directed graph G = (V, A).
Task: Find an ordering w of V' minimizing

An[laxu HveV|rw) <iA(FueV.n(u)>iA (u,v) € A)}.
1€|ln—

The fastest exact algorithm for DIRECTED PATHWIDTH runs in O(1.89™) time [30] and the
best known approximation factor of a polynomial-time algorithm is O(log"®(n)) [19]. The
undirected pathwidth can be logHO(l)(n)—approximated in polynomial time [5].

Overview

In this work, we initiate the study of exponential-time approximation algorithms for vertex-
ordering problems. A recurring theme in our algorithms is a “balanced-cut” strategy, which
results in a running time that is strictly faster than O*(2") and which we consider our main
conceptual contribution. We briefly describe the main idea here. We first show how to find
a partition of the set of vertices in a graph into two sets L and R of given sizes such that
the number of arcs from R to L is (approximately) minimized, that is, we solve DIRECTED
MiNiMuM (k,n — k)-CuT.? Depending on the specific problem at hand, we then either solve
the two instances induced by these sets of vertices exactly or approximately. Finally, we
show how to combine the two partial solutions with the computed cut between R and L.
For FEEDBACK ARC SET, we design an additional “self-improving” (1 + £)-approximation
algorithm by combining the above approach with a novel bootstrapping strategy.

The rest of this work is structured as follows. In Section 2, we introduce notation and
concepts used in this work. We show our results for unweighted problems in Section 3 and
for weighted problems in Section 4. We conclude with Section 5.

2 Preliminaries

For a positive integer n € IN, we denote by [n] the set {1,2,...,n}. We use standard
graph-theoretic notation. In particular, for a given graph G = (V, E) and a set V' C V
of vertices, we use G[V’] to denote the subgraph of G induced by V’. To avoid confusion,
we will use the term edges for undirected graphs and the term arcs for directed graphs.
Moreover, we will refer to the edge set of an undirected input graph by E and the arc set of
a directed input graph by A. All graphs in this work are simple, that is, they do not contain
self-loops or parallel edges/arcs (but we allow in the directed case both the arc (u,v) and
the arc (v, u) to be present at the same time for a pair of vertices u # v). We always denote
the number of vertices in the input graph by n and the number of edges/arcs by m. We
say that a graph is edge-weighted (respectively arc-weighted) if we are given an additional
weight function w: E — IN (w: A — IN). The weight of an edge e € F is then w(e) and the
weight of a set B/ C E of edges is the sum of edge weights of edges in E.

3 We mention that we do not always just consider a single partition. Sometimes, we iterate over many
such partitions and return the best solution over all considered partitions.
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Figure 1 An example for cut, in the directed setting. The vertices are ordered by some ordering 7
from left to right. The cuts cutl and cut® are depicted by dashed lines. The cut cutl is empty and
the cut cut® consists of all the red arcs. The stretch of both red arcs is 3.

A ordering w of the vertices of a graph G with vertex set V is a bijection between V'
and |V|. For a directed graph G = (V, A) and an ordering 7 of V, we say that an arc (u,v) is
forward with respect to 7 if m(u) < w(v) and the arc is backward with respect to m otherwise.
The stretch of an edge {u,v} (or an arc (u,v)) is |7w(u) — w(v)|. For an integer i € [n], we say
the cut at position i with respect to 7 is cut’ = {{u,v} € E | n(u) > i A7w(v) <i}. In the
directed case, we use the definition cut! = {(u,v) € A | 7(u) > i A7w(v) <i}. See Figure 1
for an example.

We assume familiarity with the Bachmann-Landau notation (also known as big-O
notation) and we use O* to hide polynomial factors in the input size. We note, that this on
the one hand hides polynomial factors in log(wmax), where wmax is the largest weight in the
input graph. On the other hand, O*(a™) C O((a + €)™) for any a > 1 and any € > 0.

3 Unweighted Problems

In this section, we present our algorithms for unweighted input graphs. We present all
algorithms for the directed case but mention that it is straight-forward to adapt all of these
algorithms to the undirected case. Most of our results are based on the following faster
algorithm for DIRECTED MINIMUM (k,n — k)-CUT which is a generalization of a similar
algorithm for MAXiMuM CuUT by Williams [36]. Here and in the following, w < 2.373 is the
matrix-multiplication exponent.

» Proposition 1. DIRECTED MINIMUM (k,n — k)-CUT can be solved in O*(min(2°5", n**))
time.

Proof. Let (G = (V, A), k) be an input instance of DIRECTED MINIMUM (k,n — k)-CUT.
We partition V' arbitrarily into three sets Vi, Vs, and V3 of (roughly) equal size. Next,
we guess in O(n?) time how many vertices of Vi, Vs, and V3 belong to an optimal solu-
tion L. Let these numbers be ki, ks and k3 = k — k; — k. Next, we build a graph H as
follows. For each ¢ € [3], we introduce a vertex v} for each subset Vji C V; with |V]Z| = k.
Let 6(v;) = {(u,w) € A[u € V;\ V] Aw € V/}| be the number of arcs from V; \ V}/ to V.
Note that H contains O(min(2"?, (nlés))) vertices. For each pair of vertices v, v;/, with ¢ # ¢/,
we add an edge between them. We set the weight of this edge to

{(u,w) e AlueVi\VjAweV}}

+|{(u,w)€A|u€Vi/\Vji,l/\w€Vf}|+ 5

Note that each edge weight is at most n?. Next, for each pair i # 7', we guess the weight of the

edge {vi,v,} in a minimum-weight triangle in H (without guessing the indices j and j"). Note

that there are n® possible guesses. For each guess, we compute in time linear in the size of H
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Figure 2 An example of FEEDBACK ARC SET. The input graph is given on the left and the
middle/right show two optimal solutions for DIRECTED MINIMUM (k,n — k)-CUT with k = 3 (red
arcs). The optimal solution to FEEDBACK ARC SET is shown in blue (and coincides with the red
arc on the right). If we use the cut in the middle picture, then we can only find a 2-approximation
while the cut on the right leads to an optimal solution.

a subgraph which only contains the edges corresponding to the current guess. We then check
whether this subgraph contains a triangle in O*((min(2%, ("43)))‘”) = O*(min (23", n**))
time [27]. The algorithm also finds a triangle if one exists. After going through all possible
guesses, we report the triangle of minimum weight. Note that this weight corresponds by
construction to a minimum directed (k,n — k)-cut such that |L N V;| = k; for all ¢ € [3]. Since
we iterate over all possible choices of k;, we always find a minimum-weight directed (k,n — k)-
cut. The total running time is in O*(min(2°3", n*¥)). <

3.1 Feedback Arc Set

We next show how to use Proposition 1 to design a (1 + ¢)-approximation for FEEDBACK ARC
SET for any € > 0 that is faster than the O*(2")-time Held-Karp algorithm. We first show how
to find a 2-approximation in O*(2%") time and then show how to use a (1+ )-approximation
to find a (1 + %_H)—approximation.

» Lemma 2. FEEDBACK ARC SET can be 2-approzimated in O*(2°5") time.

Proof. Let G = (V, A) be an input graph for FEEDBACK ARC SET. We first compute an
optimal solution L C V' of the instance (G, %5 ]) of DIRECTED MINIMUM (k,n — k)-CUT
in O*(2%") time using Proposition 1. Observe that |L| = | 2], and that the number of arcs
from V' '\ L to L is a lower bound for the size of a minimum feedback arc set in G. Let
this set of arcs be A’ and let the set of arcs from L to V' \ L be A”. Next, we solve the
two instances G[L] and G[V \ L] of FEEDBACK ARC SET optimally in O*(2%) time [23].
See Figure 2 for an example. Since a feedback arc set in a graph is also a feedback arc set
in any subgraph, it holds that the optimal solutions in G[L] and G[V \ L] are combined a
lower bound for the size of a feedback arc set in G. Hence, placing the vertices of L in the
computed order before the vertices of V'\ L in the computed order yields a 2-approximation
as each arc in A’ contributes one and the arcs in A” do not contribute anything. The running
time is in O*(2%" +2%) = 0*(2%"). <

We next show how to use any constant-factor approximation for FEEDBACK ARC SET
that is faster than O*(2™) to compute a better constant factor approximation that is also
faster than O*(2™). This “boosting technique” results in the following approximation scheme.

» Theorem 3. For each constant € > 0, there is a 6. > 0 such that FEEDBACK ARC SET
can be (1 + €)-approximated in O((2 — 0:)™) time.

Proof. We prove this statement by showing via induction that for each k > 1, there is
a 6, > 0 such that FEEDBACK ARC SET can be (1 + 4)-approximated in O((2 — &)™) time.
Since any constant ¢ > 0 is larger than % for some constant value of k, this will prove the
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theorem. Note that the base case k = 1 is proven by Lemma 2. It remains to show the
induction step, that is, assuming that the statement is true for some value of k, we need
to show that the statement is also true for £ 4+ 1. To this end, let k£ be arbitrary but fixed
and assume that FEEDBACK ARC SET can be (1 + )-approximated in (2 — &;)" time for
some §; > 0. Let v be the solution to the equation

ylog(vy) — (v — 1)log(y — 1)
v—1

= 1—log(2 — &),

where all logarithms use base 2, and let o = %.4 Note that v > 2 exists for each 0 < § < 1 as
the right side of the equations is some value between zero and one and the left side evaluates
to 2 for v = 2 and tends towards 0 for increasing values of v as shown next. Note that the
left side of the previous equation is equivalent to (log(y) —log(y — 1)) + logm The first
summand describes the derivative of the logarithm (which is ﬁ) and therefore tends
towards 0 for increasing values of «. The second summand also clearly tends towards zero as
the logarithm grows sublinearly.

We next describe the (1 + %ﬂ)—approximation for FEEDBACK ARC SET. Let G = (V, A)
be the input graph and let n be the number of vertices in V. For the sake of simplicity, we
will assume that an is an integer to avoid dealing with rounding issues (which will vanish
in the Bachmann-Landau notation anyway). Bodlaender et al. [6] showed how to solve
FEEDBACK ARC SET exactly in O*(2") time. Importantly, their algorithm iterates over
all induced subgraphs (in order of increasing size), and computes the optimal solution for
each induced subgraph in polynomial time for each subgraph. We use their algorithm for
all induced subgraphs with at most an vertices. Let V be the set of all sets of vertices
of size exactly an. Using the algorithm by Bodlaender et al. [6] to compute the optimal
solution for all graphs induced by sets in V takes O*(( )) time. In the same time, we can
also compute for each V/ € V the number of arcs in {(u,v) |u € V\ V' Av € V'}. Let a(V’)
denote this number and let V* € V be a set minimizing a(V*). We then use the algorithm by
Bodlaender et al. [6] to solve the instance G[V'\ V*] optimally in O*(2(1=®)") time and for all
other V' € V, we use the (1 + )-approximation for G[V'\ V'] that runs in O((2 — &;)(! = )
time. Finally for each V' € V, we compute the sum of the optimal value for G[V'] plus a(V")
plus the size of the computed solution for G[V \ V’]. We return the smallest number found
(or the set associated to the smallest number if we want to return the feedback arc set).

It remains to show that our algorithm always produces a (1 + %_H)—approximation and
to analyze the running time. For the approximation factor, let F' be a feedback arc set
of G of minimum bize and let OPT = |F| We distinguish between the following two cases.
Either a(V*) < k+1 OPT or a(V*) > k+1 OPT. In the first case, note that the solution we
computed for V* consists of optimal solutions for G[V*] and G [V \ V*] plus a(V*). Since the
first two summands are combined at most OPT and a(V*) < = OPT, we indeed return
a feedback arc set of size at most (1 + k+1) OPT. If a(V*) > k+1 OPT then note that for
each V' € V it holds that (V') > k+1 OPT. Moreover, since the graph G' = (V, A\ F)
is acyclic, it has a topological ordering. Let V" be the set of the first an vertices in that
topological ordering. Let d be the size of a minimum feedback arc set in G[V \ V"] and
let ¢ = OPT Note that ¢ < 7. Finally, the solution we compute for V" has size

4 W(— 2=t (-los20))
We note that v is roughly — = 10g(2 5 , where W is the Lambert W function (also known

as the product logarithm). It is known that this function cannot be expressed in terms of elementary
functions.
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1 1 k 1
1—¢)OPT+(14 =-)cOPT < OPT —cOPT +cOPT+-——OPT = (1+ ——) OPT.
(1—c¢) +( —|—k)c < c +c R ( +k+1)
Thus, we also return a (1 + k%rl)—approximation in this case.
Let us now analyze the running time. Recall that ¥ = 1. Computing V, a(V’), and the

optimal solution for G[V'] for each V' € V take O*(( ")) time. Solving the instance G[V \ V*]
optimally takes O* (2(1_‘")") time. Computing the approximate solutions for all sets in V' takes

overall O*(( ) - (2 — 6x)'=®)") time. By standard arguments, () € O((#)a”) [35].

Hence

0(< . > (2 = §)(memy = 02O ) | gles((2-60)1
an

c O(gan(log(v”)—log((ﬂf—l)”“))ﬂl—a)nlog(2—5k))

c O(Q(ka)n(ﬁ(vlog(v)*(vfl)10%(7*1))“03‘(2*%)))
c 0(2(1—a)n(“"g“)*(jj)1°g<”*1)+1og(275k)))

C 0201y

where again all logarithms use base 2. The last equality is due to the definition of ~. Thus,
the total running time of our algorithm is O*(2(*=®)"). This is in O((2 — 6x41)") time for
any 0 < 6xq1 < 2 — 2172, This completes the induction step and concludes the proof. <

3.2 Cutwidth

We continue with DIRECTED CUTWIDTH. We again show how to use Proposition 1 to
compute a 2-approximaiton.

» Proposition 4. DIRECTED CUTWIDTH can be 2-approzimated in O*(2°5") time.

Proof. Let G = (V, A) be an input to DIRECTED CUTWIDTH. We first find an optimal
solution L to the instance (G, |2]) of DIRECTED MINIMUM (k,n — k)-CUT in O*(2%") time

using Proposition 1. Let R = V'\ L and let A* be the set of arcs (u,v) with w € R and v € L.

Note that the size of A* is by definition a lower bound for the directed cutwidth of G. Next,
we can solve G[L] and G[R] optimally in O*(2%) time [23]. Since adding a vertex and/or
arc to a graph cannot decrease its directed cutwidth, we have that the cutwidth of G[L]
and G[R] are both at most the cutwidth of G. Hence, placing all vertices in L according to
the computed solution for G[L] and then all vertices in R according to the solution for G|[R]
gives an ordering for the graph G’ = (V,; A\ A*) that shows that the cutwidth of G’ is
at most the cutwidth of G. See Figure 3 for an example. Adding the set A* to G’ can
increase the cutwidth by at most |A*| and adding arcs (u,v) with v € L and v € R does
not increase the directed cutwidth. Thus, the computed ordering is a 2-approximation as
the size of A* is at most the cutwidth of G as shown above. Note that the running time is
in O*(2%" 4+2%) = 0*(2%"). This concludes the proof. <

Unfortunately, due to the inherent maxima nature of DIRECTED CUTWIDTH, we do not
know how to apply a boosting technique similar to Theorem 3 to get an approximation factor
smaller than 2.
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Figure 3 An example of DIRECTED CUTWIDTH. The input instance is depicted on the left with
the exception that all vertices in the left triangle have arcs towards all vertices in the right triangle
unless the respective reverse arc is present. We decided to not show these arcs for the sake of
readibility. On the right, two optimal solutions to DIRECTED MINIMUM (k,n —k)-CUT with k = 3 are
shown (red arcs) with optimal orderings for the two respective subproblems of DIRECTED CUTWIDTH
are depicted. The ordering shown on the top has a directed cutwidth of 3 (e.g. at positions 4 and 5)
and the ordering on the bottom has a directed cutwidth of 2.

3.3 Optimal Linear Arrangement

In this section, we study OPTIMAL LINEAR ARRANGEMENT. We show how to compute
a (2 + e)-approximation for DIRECTED OPTIMAL LINEAR ARRANGEMENT for each & > 0
in O((2 — 4.)™) time for some 0. > 0 only depending on . We then show how to improve
the algorithm in the undirected setting to achieve a (% + €)-approximation in the same time.

» Proposition 5. For every 0 < a < 1, there is a (1 + ﬁ)—appmximation for DIRECTED
OPTIMAL LINEAR ARRANGEMENT that runs in O*(2%5" + 207=2)") time, where w is the

matriz-multiplication exponent.

Proof. Let G = (V, A) be an input to DIRECTED OPTIMAL LINEAR ARRANGEMENT. We
use Proposition 1 to solve DIRECTED MINIMUM (k,n — k)-CuUT for each 5 <k <n — 5.
This takes O*(2%") time. Let k' be a value where the number of arcs from V \ L to L
are minimum for some set L of size k. Let L’ be a set of vertices of size ¥’ minimizing
the number of arcs from R’ = V \ L’ to L’ and let A’ be the set of arcs from R’ to L'.
By the pigeonhole principle, the size of A’ is at most % where OPT is the optimal
directed-optimal-linear-arrangement value for G (the value we want to minimize in DIRECTED
OPTIMAL LINEAR ARRANGEMENT). Note that [L'[,|R'| < (1 — §)n. Next, we solve the
instances G[L] and G[R] optimally in O*(2(}~%)") time using the algorithm by Bodlaender
et al. [6]. To get an approximation for the whole graph G, we first order all vertices in L
according to the computed solution for G[L] and then all vertices in R according to the
computed solution for R. Note that this is an optimal solution for the graph G’ = (V,; A\ A’).
It remains to add the arcs between L and R. Note that each edge in A’ can contribute at
most n and therefore the edges in A’ can contribute at most Cl)_% in total. Arcs from L to R
do not contribute as they are forward arcs in the computed ordering. Added to the cost
for G’ (which is at most OPT), this yields the claimed approximation factor. The running
time is in O*(2%* 4 2(1=3)), <

We mention that the above result yields a 2.72-approximation in O*(25") time, assuming
the currently known value of w < 2.372. We next show how to improve the approximation
factor to (% + ¢£) in the undirected setting. The general strategy is the same but in the end,
we use the fact that an ordering and its reverse have the same value in terms of OPTIMAL
LINEAR ARRANGEMENT and leverage this fact to argue that contribution of each edge
between the two parts is at most § on average.
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Figure 4 An example of OPTIMAL LINEAR ARRANGEMENT where the vertices are divided into
two parts L' and R’ with two edges between the two parts and some ordering within the two parts
is fixed. For the sake of simplicity, we do not show edges within the two parts. The two orderings
only differ in that we reverse the ordering of the vertices in R’. The average length within L’ of
the two edges between L’ and R’ is 1.5 in both orderings. The average length within R’ is 3 in the
above ordering and 2’ in the below ordering.

» Proposition 6. For each constant 0 < o < 1, there is a (1 + ﬁ)-appmm’mation for
OPTIMAL LINEAR ARRANGEMENT that runs in O*(25" 4 20=3)") time, where w is the

matriz-multiplication exponent.

Proof. Let G = (V, E) be an input graph for OPTIMAL LINEAR ARRANGEMENT. We
start the same as in Proposition 5, that is, we solve MiNniMuM (k,n — k)-CuT for
each ¢ <k < 7, define sets L', R/, and E’ and value OPT, and solve G[L'] and G[R']
optimally in O*(2°3* 4 2(1=3)") time overall. Let i = |L’|. We next test for both L’ and R’
whether the average length of edges in E’ is smaller if we order the vertices according to the
computed solution or in the reverse order. To this end, we pretend that the endpoint outside
the respective part is fixed at position i. See Figure 4 for an example. We pick for each of the
two the ordering which results in shorter average lengths and observe that the average length
of an edge in E’ is now at most # as the average length “in L'” is at most ‘L/‘fl, the average
length “in R'” is at most |R/2‘+17 and |L'| + |R’| = n. The combined cost for all edges in E’ is
therefore at most % 5= % and added to the cost for G’ (which is at most OPT),
this yields the claimed approximation factor. The running time is in O*(2%* 4 2(1-2)7), <

The above results yields a 1.86-approximation in O*(2%") time using the currently known
value of w ~ 2.372.

3.4 Pathwidth

We conclude this section with a 2-approximation for DIRECTED PATHWIDTH in O(1.66™)
time. We point out that this result stands out from the previous in two ways: DIRECTED

PATHWIDTH can be solved in O(1.89™) time and our algorithm is not based on Proposition 1.

» Theorem 7. DIRECTED PATHWIDTH can be 2-approzimated in O(1.66™) time.

Proof. Let G = (V, A) be the input graph for which we want to approximate the pathwidth,
let o &~ 0.204 be the solution to the equation 1.89'~ = (1)*(:1-)1=* and let OPT be the
(unknown) directed pathwidth of G. We first use the algorithm by Bodlaender et al. [6] to
find a set V' of an vertices (and an ordering of these vertices) such that independent of the

ordering of the remaining (1 — a)n vertices, it holds for each position 4 that at most OPT
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vertices before position min(i,an) have in-neighbors after position ¢. This can be done
in time O*((1)on(:25)1~9") = 0*(1.89(1=®)"). Next, we solve the instance G[V \ V']
of DIRECTED PATHWIDTH optimally in O*(1.8911=®)") time [30]. We return the ordering
that places the vertices in V' first (in the order that was computed before) and then all
vertices in V'\ V' in the order corresponding to the solution for G[V '\ V']. Note that it holds
for each position 7 > an that at most OPT vertices before position an have in-neighbors
after position ¢ and at most OPT vertices between position an + 1 and ¢ have in-neighbors
after position i, that is, the computed ordering is a 2-approximation. The running time is
in O*(1.8911=®") ~ 0*(1.89(0-796)7) C 0(1.66™). This concludes the proof. <

4 Weighted Problems

In this section, we consider weighted generalizations of the problems studied in the last section.
We denote the largest weight in the input by wpax. We mention that if wyax is polynomially
upper-bounded in n, then all of our previous results generalize in a straight-forward way.
Hence, we mainly focus on cases where wy,ay is large compared to n. An assumption that
is often made when dealing with weighted problems is that all numbers can be added and
subtracted in constant time. However, in the realm of very large weights, this assumption is
highly unrealistic as even reading the weight from input takes O(log(wmax)) time (which we
sometimes hide in the O*-notation). We decided to not make the above assumption which
basically adds an additional O(log(wmax)) factor to all running times.

We mention that we do not study a weighted version of DIRECTED PATHWIDTH. To
the best of our knowledge, this problem has only been studied once [32] and our algorithm
behind Theorem 7 computes a 2-approximation even in the weighted setting if we have an
exact (slower) algorithm. We suspect that the O(1.89™)-time algorithm by Kitsunai et al. [30]
generalizes to the weighted setting but this was never proven and proving it here would go
beyond the scope of this paper.

We start with an arc-weighted generalization of DIRECTED MINIMUM (k,n —k)-CuT. We
mention that if this generalization can be solved in O*(23") time, then our previous algorithms
for FEEDBACK ARC SET, DIRECTED OPTIMAL LINEAR ARRANGEMENT, and DIRECTED
CUTWIDTH can all easily be generalized to the weighted setting. Unfortunately, even for
(undirected) WEIGHTED MAX CUT, no such algorithm is known. However, Williams [36]
showed how to compute a (1 + ¢)-approximation for WEIGHTED Max CuT in O*(2%" (2)?)
time. We will generalize this result to WEIGHTED DIRECTED MINIMUM (k,n — k)-CUT and
show how to use this approximation for the other problems.

» Proposition 8. For any ¢ > 0, WEIGHTED DIRECTED MINIMUM (k,n — k)-CUT can
be (1 + )-approzimated in O(2°3" - log(wWmax) - (2)* - k?) time.

Proof. Let (G = (V, A), k) be an input instance and let € > 0 be an arbitrary but fixed value.
We partition V arbitrarily into three sets Vi, Vs, and V3 of (roughly) equal size. Next, we
guess in O(k?) time how many vertices of Vi, Vo, and V3 belong to an optimal solution A. Let
these numbers be k1, ks and k3 = k — k1 — k3. Next, we build an undirected graph H with
edge weights as follows. For each 4 € [3], we introduce a vertex 1];- for each subset V]z cV
with [V/| = k;. Note that the number of vertices in H is in O(2"/*). For each vertex v,
let d(v}) denote the sum of weights of all arcs from vertices in V} to vertices in V; \ V) in G.

For each pair of vertices vé, v;l, with i # 4/, we add an edge between them of weight

d(vi) + d(vi,
w + 3 w((u, w)).

{(u,w)€A|u€V,f/\w€Vi/\V;,/ }U{(u,w)eA\ueV;,/ AwEV\V/}
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Using an algorithm by Zwick [38] (see also Williams [36]), we find a (1 + ¢)-approximation for
the minimum-weight triangle in H in 0(2%%log("27‘;&)) C 025" (1) log(wmax)) time.
Note that log(n?wmax) < 10g(Wmax") < 310g(Wmax) as We assume wpayx > n. Moreover, each
triangle in H corresponds to a directed (k,n — k)-cut in H of the same weight and each
directed (k,n — k)-cut with k; vertices in V; for each ¢ € [3] corresponds to a triangle of the
same weight in H. Hence, we compute a (1 + €)-approximation for WEIGHTED DIRECTED
MINIMUM (k,n — k)-CuT. The total running time is in O(2%" log(wmax)(2)?k?) and this
concludes the proof. <

4.1 Feedback Arc Set

We next show how to use Proposition 8 to get faster approximation algorithms for the weighted
variants of the other vertex-ordering problems we consider. We start with WEIGHTED
FEEDBACK ARC SET. Similar to the unweighted case, we first show a constant factor
approximation and then show a boosting technique to achieve any (1 + ¢)-approximation.

» Proposition 9. WEIGHTED FEEDBACK ARC SET admits a 3-approximation that can be
computed in O(2°5" log(wmax)k?) time.

Proof. Let G = (V, A) be an input graph for WEIGHTED FEEDBACK ARC SET. We first
compute a 2-approximation L for the instance (G, [5]|) of WEIGHTED DIRECTED MINIMUM
(k,n — k)-CUT in O(2%5" log(wmax)k?) time using Proposition 8 with ¢ = 1. Note that half
the sum of weights of arcs from R =V \ L to L is a lower bound for the size of a minimum
feedback arc set. We refer to Figure 2 for an illustration and mention that this time the weight
of all red arcs is a 2-approximation for an optimal cut. Next, we solve the two instances G[L]
and G[R] of WEIGHTED FEEDBACK ARC SET optimally in O(2%n?log(wmax)) time [23].
Placing the vertices of L in the computed order before the vertices of R in the computed
order yields a 3-approximation as the weights of the feedback arcs within both instances are
combined also a lower bound for the weight of a minimum-weight feedback arc set in G. The
running time is in O(2%" log(wmax)k?) as & > 1. <

We next present the boosting technique in the weighted setting. It is very similar to the
unweighted setting with two minor adjustments: the formulas change slightly due to the fact
that we start with a 3-approximation rather than a 2-approximation and an additional factor
of O(log(wmax)) is used when using the algorithm by Bodlaender et al. [6]. We present the
entire proof for the sake of completeness.

» Theorem 10. For each € > 0, there is a § > 0 such that WEIGHTED FEEDBACK ARC SET
can be (1 + g)-approximated in O((2 — 0)™ - log(wmax)) time.

Proof. We prove this statement by showing via induction that for each k > 1, there
is a 0 > 0 such that WEIGHTED FEEDBACK ARC SET can be (1 + 2)-approximated
in O((2 = 6)" log(wmax)) time. Since any & > 0 is larger than Z for some value of k, this will
prove the theorem. Note that the base case k = 1 is proven by Proposition 9. It remains to
show the induction step, that is, assuming that the statement is true for some value of k,
we need to show that the statement is also true for k£ + 1. To this end, let k& be arbitrary
but fixed and assume that WEIGHTED FEEDBACK ARC SET can be (1 + £)-approximated
in (2 — %)™ time for some J; > 0. Let v be the solution to the equation

vlog(y) — (v —1)log(y — 1)
v—1

= 1—log(2 — &),

where all logarithms use base 2, and let o = %
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We next describe how to get the (1+ kiﬂ)—approximation for WEIGHTED FEEDBACK ARC
SET. Let G = (V, A) be the input graph and let n be the number of vertices in V. For the
sake of simplicity, we will again assume that an is an integer. Let V) be the set of all vertices
with exactly an vertices. Using the algorithm by Bodlaender et al. [6], we compute the
optimal solution for all graphs induced by sets in V. This takes O((_) poly(n) log(wmax))
time. In the same time, we can also compute for each V' € V the sum of weights of
arcs in {(u,v) |[u € V\V'Av € V’'}. Let a(V’) denote this number and let V* € V be a
set minimizing a(V*). We then use the algorithm by Bodlaender et al. [6] to solve the
instance G[V'\ V*] optimally in O(21 =" poly(n) log(wmax)) time and for all other V' € V,
we use the (14 2)-approximation for G[V \ V'] that runs in O((2 — 6x)2=)") time. Finally,
we for each V' € V, we compute the sum of the optimal value for G[V’] plus a(V’) plus the
size of the computed solution for G[V \ V’]. We return the smallest number found.

It remains to show that our algorithm always produces a (1 + %H)—approximation
and to analyze the running time. For the approximation factor, let F' be a feedback
arc set of G of minimum weight OPT. We distinguish between the following two cases.
Either a(V*) < kil OPT or a(V*) > k+1 OPT. In the first case, note that the solution
we computed for V* consists of optimal solutions for G[V*] and G[V \ V*] plus a(V*).
Since the first two summands are combined at most OPT and a(V*) < 2 7 OPT, we indeed
return a feedback arc set of size at most (1 + k+1) OPT. If a(V*) > kil OPT, then note
that for each V' € V it holds that a(V') > k+1 OPT. Moreover, since the graph G’ =
(V,A\ F) is acyclic, it has a topological ordering. Let V" be the set of the first an
vertices in that topological ordering. Let d be the weight of a feedback arc set of minimum
weight in G[V \ V”]. Note that d < ’Z‘l OPT. The solution we compute for V' has

size (OPT —d) + (1 + 2)d < (1+ igZJrP )OPT < (1+ k+1) OPT. Thus also in this case, we

return a (1 4 3 )-approximation.

We conclude with analyzing the running time. Recall that v = 1. Computing V, a(V’),
and the optimal solution for G[V'] for each V' € V takes O(( )poly( ) log(wmax)) time.
Solving the instance G[V \ V*] optimally takes O(2(!=®)" poly(n) log(wmax)) time. Approxi-
mating the solutions for all sets in V takes O(()) - (2 — ;)" - log(wnax)) time in total.
As shown in the proof for Theorem 3, it holds that O(() - (2 — 6z)1 =) C O(2(—)m).
Thus, the total running time of our algorithm is in O*(2=®)") and in O((2 — )" log(wmax))
for any 0 < 6 < 2 — 2!, This concludes the proof. <

4.2 Cutwidth and Optimal Linear Arrangement

In this final part, we generalize our algorithms for DIRECTED CUTWIDTH and DIRECTED
OPTIMAL LINEAR ARRANGEMENT to the weighted setting. Since all generalizations follow
the same simple structure, we only show the result for DIRECTED CUTWIDTH.

» Proposition 11. WEIGHTED DIRECTED CUTWIDTH admits a (2 + €)-approzimation in
time O(2%5" log(wmax)(2)?k?).

Proof. The proof is similar to the proof of Proposition 4. Let (G = (V,A),w) be the
input instance to WEIGHTED DIRECTED CUTWIDTH. We find a (1 + ¢)-approximation
for the instance (G,w,|%]) of WEIGHTED DIRECTED MINIMUM (k,n — k)-CUT using
Proposition 8. This takes 0(2 5" log(Wmax)(2)%k?) time. Let L be the set of vertices returned
by Proposition 1, let R = V' \ L, and let A’ C A be the set of arcs from R to L. Note
that w(A ) ig by definition a lower bound for the weighted directed cutwidth of G. Next,
we can solve G[L] and G[R] optimally in O*(2% log(wmay)) time [23]. Since adding a vertex
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and/or arc to a graph cannot decrease its cutwidth, we have that the weighted directed
cutwidth of G[L] and G[R] are both at most the weighted directed cutwidth of G. Adding
the edges from L to R also does not increase the cutwidth. Hence, placing all vertices
in L according to the computing solution for G[L] and then all vertices in R according to
the solution for G[R] gives an ordering for the graph G’ = (V, A\ A’) that shows that the
weighted directed cutwidth of G’ is at most the weighted directed cutwidth of G. Adding the
set A’ to G’ can increase the cutwidth by at most w(A’) and hence the computed ordering is
a (2 + £)-approximation. The running time is in O(2°%" log(wmax)(2)?k?) as & > 1 and this
concludes the proof. <

The generalizations for OPTIMAL LINEAR ARRANGEMENT and DIRECTED OPTIMAL
LINEAR ARRANGEMENT are basically the same and are hence omitted. We just mention that
the slightly weaker running time (1 — ) instead of (1 — §) in the exponent comes from the
fact that we only have a (1+4¢)-approximation for WEIGHTED DIRECTED MINIMUM (k, n—k)-

Cur (where we set € = § and then compute the approximation for all n <k < (1 — §)n
in order to compensate. The correctness then follows from the fact that ﬁ—é < ﬁ for
2

all o > 0.

» Proposition 12. For each constant 0 < o < 1, there is a (1 + ﬁ)—approximation for

DIRECTED OPTIMAL LINEAR ARRANGEMENT that runs in O*(2°3" 4+ 200=9)") time.

» Proposition 13. For each constant 0 < o < 1, there is a (1 + 5 L_)-approzimation for

1—a)
OPTIMAL LINEAR ARRANGEMENT that runs in O* (25" +20-9)7) time.

5 Conclusion

In this work, we initiated the study of faster exponential-time approximation algorithms for
vertex-ordering problems. For FEEDBACK ARC SET we designed an approximation scheme
using a novel self-improving technique. For other problems, we showed how to compute a
constant-factor approximation. We mention that the best known polynomial-time algorithms
do not achieve a factor better than O(y/log(n)).

We conclude with a few open problems. One obvious direction is to design a faster
exponential-time algorithm for DIRECTED MINIMUM (k,n — k)-CUT— exact or approximate —
which would immediately yield faster approximation algorithms for almost all of the problems
considered in this paper. Next, there are a lot more (vertex-ordering) problems that are also
interesting to study. Examples include TREEWIDTH, SUBSET FEEDBACK VERTEX/ARC SET
(here also the restriction to tournament graphs is often studied), TRAVELLING SALES PERSON,
BANDWIDTH, or MINIMUM FILL-IN. Second, can our constant-factor approximations be
improved to (1 + ¢) as in the case of FEEDBACK ARC SET? On a related note, we are
not aware of any tool to show lower bounds for exponential-time approximations and most
known hypotheses like SETH seem to weak to base such lower bounds on. In particular,
a reasonably sounding candidate one could call Gap-SETH (a combination of SETH and
Gap-ETH) is not true as shown by Alman et al. [1]. Hence, we ask the following question:

What would be a sensible hypothesis to exclude (1 + ¢)-approximations in O((2 —d.)™)
time for some 6. > 0 depending only on ¢ for different problems?

Finally, all our algorithms use exponential space (here, the bottleneck is our exact algorithm
for DIRECTED MINIMUM (k,n — k)-CUT, which first builds an exponential-size graph). Can
this be reduced to polynomial space while still beating the fastest known exact algorithms?
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