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—— Abstract

It is well known that quantum, randomized and deterministic (sequential) query complexities are
polynomially related for total boolean functions. We find that significantly larger separations between
the parallel generalizations of these measures are possible. In particular,

1. We employ the cheatsheet framework to obtain an unbounded parallel quantum query advantage
over its randomized analogue for a total function, falsifying a conjecture of [Jeffery et al. 2017].

2. We strengthen 1 by constructing a total function which exhibits an unbounded parallel quantum
query advantage despite having no sequential advantage, suggesting that genuine quantum
advantage could occur entirely due to parallelism.

3. We construct a total function that exhibits a polynomial separation between 2-round quantum
and randomized query complexities, contrasting a result of [Montanaro. 2010] that there is at
most a constant separation for 1-round (nonadaptive) algorithms.

4. We develop a new technique for deriving parallel quantum lower bounds from sequential upper
bounds. We employ this technique to give lower bounds for Boolean symmetric functions and
read-once formulas, ruling out large parallel query advantages for them.

We also provide separations between randomized and deterministic parallel query complexities

analogous to items 1-3.
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1 Introduction

Quantum query complexity is a widely studied model for understanding the capabilities
and limitations of quantum computers. Many of the important quantum algorithms and
quantum-classical separation results are expressed in this model. For instance, the quantum
period finding algorithm, a major ingredient in Shor’s factoring algorithm [32], was first
developed in the query model. There are many other examples of query problems for
which quantum algorithms provably achieve exponential query advantage over their classical
counterparts [33, 18].

However, these problems have partial domains, meaning they are not defined on most
inputs. For functions whose domain includes all inputs (total functions), it is known that the
quantum, randomized and deterministic query complexities are all polynomially related [10, 4].
Grover’s seminal algorithm [24] for unstructured search achieves a quadratic speed-up over
classical algorithms, and Ambainis et al. [6] and Aaronson et al. [3] construct functions that
separate quantum and deterministic query complexities by a 4th power, and quantum and
randomized query complexities by a 3rd power respectively.! These separations cannot be
significantly improved in the sequential query model [10, 4].

A natural question is whether these algorithmic limitations are robust against generaliza-
tions of sequential query complexity. In this work, we consider a parallel model where an
algorithm is allowed to make many queries at each step, as introduced in [27]. In particular,
the p-parallel quantum query complexity, denoted by QP ”, of a function is the minimum
number of steps needed to compute it with bounded error, if at each step the algorithm
is allowed to make p non-adaptive quantum queries.? We will also refer to this quantity
by p-query depth, p-query rounds and p-query layers interchangeably. Notice that, for any
function f and any parallelism p, Q(f)/p < Q(f) < Q(f) since any g-round p-parallel
algorithm can be simulated by a pg-query sequential algorithm, and any g-query sequential
algorithm can be simulated by a g-round p-parallel algorithm.3

This model is motivated by the fact that fault tolerant quantum computers must be
inherently parallel: a large scale quantum computer which cannot do many gates at once
cannot correct local errors faster than they occur. Therefore, quantum computers will
necessarily be able to perform operations in parallel, meaning one should design algorithms
to take maximum advantage of this capability. Further, near term quantum computations
are limited to low depth due to short decoherence times. These factors make the parallel
query model a more natural abstraction of real devices than a purely sequential model.

Prior work addressing parallel query complexity has indicated that quantum advantage
tends to disappear as parallelism increases. Zalka [37] showed the parallel complexity for

searching an unstructured list of size N is © ( N/ p). This was generalized by Grover

and Radhakrishnan [25], who proved that S} (\/ Nt/(p - min{t, p})) p-parallel queries are
necessary and sufficient to find ¢t marked elements in a list of size N. Along with providing a
systematic study of parallel quantum query complexity, Jeffery, Magniez and de Wolf [27]
showed that the p-parallel quantum query complexity of k-suM is © ((N /p)*/ ’“H).

E [3] originally showed a 2.5th power separation, which was boosted to a 3rd power via tight lower bounds
on k-fold Forrelation shown in [8, 31].

2 We define the deterministic parallel query complexity D?l and randomized bounded error parallel query
complexity RP! similarly.

3 Similar bounds hold for R?! and DP!l.
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Figure 1 A parallel quantum algorithm with k = 2 adaptive steps and p = 3 queries per step; the
last two wires are for workspace. In general, p denotes the number of non-adaptive queries per step,
and k denotes the number of steps. The measure Q° I denotes the minimal k needed to compute a
function for a fixed p, while the measure Q** denotes the minimal p needed to compute a function
for a fixed k.

Furthermore, [27] introduce the following conjecture:

» Conjecture 1 ([27]). For any total function f : {0,1}" — {0,1} and any p, there is at
most a polynomial quantum advantage for p-parallel query algorithms. That is,

Dl (f) = poly(Q*I(f)).

In fact, [27] proved this conjecture for all p polynomially smaller than the block sensitivity
(bs), generalizing a result of Beals et al. [10].

The notion of p-parallel query complexity captures the minimum “depth” needed to
compute some function for a given “width” (see Figure 1). An alternative complexity measure
relevant to parallelism is the minimum “width” needed to compute some function for a fixed
“depth”, which we call the k-adaptive query complexity, and denote by le( f) (respectively
RFL(f), DM (f)). Precisely, we define k-adaptive query complexity as the minimum p such
that there is a p-parallel quantum (respectively randomized, deterministic) algorithm which
makes k many p-parallel queries and computes f. This complexity measure is not widely
studied for total functions. However, a result of Montanaro [28] fully characterizes the
relevant 1-adaptive (or non-adaptive) query complexities, up to a factor of 2: for any total
f:{0,1}N = {0,1}, Q" (f) > D'*(f))/2. In the context of partial functions, a result by
Girish et al. [22] characterized the maximal separation between Q** and Q"'+,

In this paper, we present the high level overview of our work. See the full version on
arxiv [14].

1.1 Main results

1.1.1 Unbounded parallel separations for total functions

Our first result involves adapting the cheatsheet framework of Aaronson et al. [3] to the
parallel query setting, and using it to exhibit total function separations between parallel query
complexity measures. In particular, we show that the canonical cheatsheet function of [3]
exhibits unbounded separation between quantum and randomized parallel query complexities,
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falsifying Conjecture 1. Further, we observe that this function demonstrates that 3-adaptive
quantum algorithms can be more efficient in terms of total queries than even fully sequential
randomized algorithms. More formally, we prove the following theorem.

» Theorem 2. There exists a (total) Boolean function h : {0,1}" — {0,1} such that for
some p = O(bs(h)) and some constants €,6 > 0, we have

() Rel(h)=Q(Ne), (i) @I(r) <3, (i) Q*(h) =0 (R(h)').

It is worth noting that the large separation in parallel query complexity occurs when the
parallelism almost exactly equals the block sensitivity bs(f), contrasting a result of Jeffery et
al ([27], Theorem 12) which eliminates this possibility for p = O(bs(f)!~) for any constant
€ > 0. Furthermore, the separation between QBJ‘( f) and R(f) contrasts Montanaro’s result
([28], Theorem 1) that for total functions, 1-adaptive quantum algorithms cannot be more
than twice as efficient as the trivial 1-adaptive deterministic algorithm.

We also show a total function that achieves a similar separation between randomized and
deterministic parallel query complexities. We do this by modifying the canonical cheatsheet
function to instead embed a partial function with a large randomized-deterministic separation.

It is worth noting that this result is also sufficient to falsify Conjecture 1.

These results provide a recipe for achieving exponential parallel query advantages (from
quantumness or randomness) for total functions by amplifying a polynomial sequential
advantage for such functions. However, it is unclear whether an advantage can originate
entirely from a quantum or randomized algorithm’s ability to utilize parallelism more
effectively than a randomized or deterministic algorithms. In other words, is there a function
which has no sequential quantum query advantage, yet a large parallel quantum query
advantage? We answer this question in the affirmative, even for total functions.

1.1.2 Unbounded genuine parallel separations

Our starting point is a partial function with the desired property. That is, we construct a
partial function with (almost) equal randomized and quantum sequential query complexities,
that does not admit any parallel advantage for randomized algorithms, yet admits near-
maximal parallel advantage for quantum algorithms. In particular, we show the following
theorem.

» Theorem 3. There exists a (partial) Boolean function f : D — {0,1} with D C {0,1}V
such that for some p = O(Q(f)) and some constant € > 0, we have

() R(f) =6, (i) Q) =QR()), (i) RI(F) =QR(), (iv) (5 =1.

Note that the function f in the above theorem perfectly parallelizes quantumly but does
not parallelize at all classically. We discuss the construction of f in more detail in the
technical overview. We totalize f using the cheatsheet framework to give a total function
with no sequential quantum advantage but unbounded parallel quantum advantage, giving
rise to the following theorem.

» Theorem 4. There exists a (total) Boolean function h : {0,1}" — {0,1} such that for
some p and some constants €,6 > 0 (with § < €), we have

() R(h) = O(N°), (i) Q(h) = Q(R(R)), (i) R (h) = Q(N?),  (iv) QI(h) <33,

We also obtain analogous separations between the randomized and deterministic query
complexities using the same techniques.
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1.1.3 Separations with two layers of adaptivity

We earlier noted (in Theorem 2) that for some total function h, QSL(h) can be polynomially
smaller than R**(h) (and even R(h)), however Q'*(h) = ©(D'*(h)) for all total functions
h. A natural question to ask is whether it is possible for Q**(h) to be much smaller than
Ru(h) for some total h? We answer this question in the affirmative by presenting a general
framework that transforms an (at least) polynomial separation between Q'*(f) and R**(f)
for some partial f to a polynomial separation between Q**(h) and R**(h) for some total h
constructed from f. Since there exists a partial function f (such as FORRELATION in [2])
with Q(f) =1 (so Q' (f) = 1) and R(f) = Q(N¢) (so R™(f) = Q(N¢)) for some ¢ > 0,

we get a total function h exhibiting a polynomial separation between Q**(h) and R**(h).

Precisely, we show the following theorem:

» Theorem 5. Let f : D — {0,1} with D C {0,1}" be a (partial) function that satisfies
Q' (f) = O(N€) and R™(f) = Q(N) for some constants e < 8. Then there exists a total
h:{0,1}M — {0,1} (with M = ©(N3)) and constants € < & such that Q**(h) = O(M¢)
and R**(h) = Q(M?").

We also obtain a similar separation between R?* and D?*.

1.1.4 Quantum parallel lower bound framework and applications

Finally, we develop a new method for deriving parallel quantum query lower bounds from
sequential quantum query upper bounds. It is simpler to reason about sequential algorithms

than parallel algorithms, and upper bounds are often easier to give than lower bounds.

Thus, our result allows reducing the hard problem of lower bounding parallel quantum query
complexity to the potentially easier problem of upper bounding its sequential analogue. Our
technique is based on the parallel spectral adversary method [27], and is especially well suited
to problems with optimal adversary matrices that only distinguish input pairs that differ
at a single index. We also show that, for any total function f, the combinatorial parallel

adversary method [25, 13] fails to show a lower bound better than ( FOTE”-I [Cl]gf)—D

where C, denotes the bth certificate complexity of f. Moreover, we show that our method
surpasses this barrier and provides a better lower bound, for instance, to the AND o OR
problem.

We let A(f) denote the spectral sensitivity of f, as defined in [4]. Let ]-"Igli )res denote the
set of all functions obtained from restricting f to p input bits, and fixing the rest. We call
this a p—restriction of f.

» Theorem 6. For any total Boolean function f : {0,1}V — {0,1}, we have

1

maxge}_(f) /\(g)

p—res

Q@) =2 (A

Recalling that A(f) = O(Q(f)), as shown by Aaronson et al. [4], we can write this as
Q=0 ()\(f) . (maxgefpf) Q(g))*l)7 where we note that the second term can be lower

bounded by giving a (sequential) quantum algorithm for any p—restriction of f. We apply
Theorem 6 to the following classes of well-studied functions.
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1. Read-once formulas: While the combinatorial adversary method [5] is sufficient to lower
bound the sequential quantum query complexity of the two-layer AND o OR tree by
Q(vV/'N) [9], the best lower bound the parallel combinatorial adversary method can give
for the Read-once formula problem And o Or /5 is Q(v/N/p). Using Theorem 6, we

show a 2 (\/ N/ p) lower bound for any read-once formula.

2. Symmetric functions: From Theorem 6, we get the tight lower bound of

Q (s/Nt/p . min{t,p}) where ¢t is the largest hamming weight less than N/2 such that
the function value either differs on inputs of hamming weight ¢ and t 4+ 1 or differs on

inputs of hamming weight N — ¢ and N —t — 1. This result recovers the combinatorial
adversary lower bound implicit in [25] using an arguably simpler proof.

1.2 Related work

Prior work on parallel quantum algorithms in the query model has primarily demonstrated
the need for quantum depth in solving certain problems.

Cryptography

There has been a recent line of work studying problems which can only be efficiently solved
by quantum algorithms with high depth [15, 7, 16, 17, 21|, constructing cryptographic
proofs of quantum depth. In this vein, Chung et al [19] and Blocki et al [11] show parallel
quantum lower bounds against producing the output of an iterated hash function to give a
cryptographic proof of sequential work that is secure against quantum computers.

Partial functions

Burchard [13] gives a characterization of parallel quantum approximate counting, showing

that, approximating to multiplicative error €, the number K of marked elements in a list of

size N requires {2 <\\7V7<> p-parallel quantum queries. Girish et al [22] constructs a partial
e\/p

function which exhibits a large total query separation between r-adaptive and r — 1-adaptive

quantum algorithms for any constant r.

Circuit complexity

Another setting one could study the intersection of quantum and parallelism is in the circuit
model. For instance, Cleve and Watrous [20] show how to implement the quantum fourier
transform on n qubits in O(logn) depth, allowing for a highly parallel implementation of
Shor’s factoring algorithm. There are known examples of relational problems which can be
computed in constant quantum depth, yet require at least logarithmic depth for classical
circuits [12, 35, 36]. More generally, quantum circuit classes such as QAC,, and QNC,, have
been extensively studied [23, 26, 34].

2 Technical overview

In this section, we outline the techniques used in showing our main results. For our results
involving separations between query complexity measures, we will primarily describe the
techniques involved in separating quantum from randomized query complexity measures
unless the techniques for separating randomized and deterministic query complexity measures
are significantly different.



J. Carolan, A.S. Gilani, and M. Vempati

7 7777777777777)
7222277777777
7727227727777

Certificate

foAND o OR foANDo OrR foANDo Or

Figure 2 The canonical cheat sheet function f..s which lifts a partial function f to a total
function, while retaining some of the speedup of f.

2.1 Unbounded parallel separations for total functions

The cheatsheet framework [3] lifts a partial function f, potentially with an exponential
quantum query advantage to a total function that retains some of the advantage (although
now polynomial). The natural way to do this is to define a total function such that when
the input is in the domain of f, answer as f does, and when it is not answer 0. The cheat
sheet framework does this “domain check” in a clever way so that the quantum advantage is
not lost in the process. As shown in Figure 2, the input for the total function f is divided
into two components, the Address section and the Data section. The partial function f is
composed with a total function that has low certificate complexity, which in this case is
AND o OR. This composition f o AND o OR produces a single bit. This is repeated such that
enough bits to address a block in the data component are obtained. If this block contains
the certificate (or “cheatsheet”) for the AND o OR’s, and these certify that the input of f
is in its domain, then the output of f is 1, else, the output is 0. As the data component
is large, an algorithm is forced to solve the partial function f to obtain the address of the
block, and can use the certificate present there to check whether the input of f is in the
domain (and thus does not need to read the full Address to perform the domain check).
Thus, computing a cheatsheet function involves
1. Solving f o AND o OR to get the certificate location,
2. Reading out the certificate,
3. Checking the validity of the input of f.

For concreteness, consider the canonical cheatsheet function defined by Aaronson et
al [3] composing f = FORRELATION [1, 2] on N bits with AND o OR on N? bits. This
function was originally constructed to exhibit a superquadratic separation between sequential
quantum and randomized query complexities. Observe that with p = N2 parallelism, solving
any given instance of the internal AND o OR can be done in a single p-parallel query by
reading out all the inputs. A quantum algorithm can utilize this to quickly solve the whole
composition, as Forrelation is quantumly easy. However, any classical algorithm would seem
to need R(FORRELATION) p-parallel queries to solve this composition since it requires at least
p-R(FORRELATION) sequential queries. Thus, with p parallelism, step (1) is quantum efficient
but not classically efficient. We show that for the canonical choice of parameters, steps (2)
and (3) are also possible with few p-parallel queries, resulting in the desired separation.

The same technique can be used to give an exponential total function separation between
randomized and deterministic parallel query complexity.

31:7
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\\\y FORRELATION FORRELATION FORRELATION
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Figure 3 Partial function that admits unbounded genuine parallel separation.

Our result, combined with an aforementioned result of [27], which states that DP!l(h) =
poly(Q!l(h)) for all total h and p = O(bs(h)'~¢) with ¢ > 0, provides a new way of upper
bounding the block sensitivity of total Boolean functions. In particular, using our separation
and a lower bound argument for the canonical cheatsheet function, we characterize its block
sensitivity.

2.2 Unbounded genuine parallel separations

Is some polynomial sequential separation necessary for unbounded parallel quantum speedup,
or can the advantage emerge purely from a quantum algorithm’s ability to utilize parallelism
(which we call a genuine parallel advantage)? We argue that the latter can indeed be the case,
by first describing our construction for the partial function /A that allows proving Theorem 3.
As shown in Figure 3, the input to A here involves two components X and Y. The function
f requires a sequence of adaptive queries to solve (in either model) whereas the function g
achieves quantum-randomized separation and can be fully parallelized. We are promised
that the output of both will be the same, so any algorithm can choose to solve either. We
then argue that any algorithm will require solving at least one of f and g.

For concreteness, let € > 0 and suppose that Q(f) = O(R(f)) = O(N¢) and RPI(f) =
Q(N¢), and Q*l(g) = O(N)/p and RPl(g) = O(N2)/p for small enough p.* Then, a
randomized sequential algorithm can choose to solve f, while a quantum sequential algorithm
will not benefit from choosing to solve either f or g. Thus, R(h) = O(N€) and we would
have Q(h) = Q(N€). Similarly, for p = Q(g), a p-parallel quantum algorithm can choose to
solve g, while a p-parallel randomized algorithm will not benefit from choosing to solve either
f or g. Therefore, Q”!l(h) = 1 and we would have RPI = Q(N€).

To show our desired randomized parallel and quantum lower bounds, we consider the
general problem, which we call COR, where we are given inputs X and Y to arbitrary
functions f and g respectively along with the promise that f(X) = g(Y), our goal is to
output f(X) = g(Y). We use the hybrid argument to establish that any randomized parallel
algorithm that solves COR(f, g) will be able to either distinguish an input sampled from a
hard O-distribution for f from an input sampled from a hard 1-distribution for f, or will
succeed at a similar distinguishing task for g. Therefore, we must have R? ”(COR( f,9) =
Q(min(RP!(f),RP(g))). For the quantum lower bound, we show that that for any adversary

4 For more concreteness, one may think of f as the pointer chasing function with chain length N€ and g¢
as the composition of parity on N€ bits composed with FORRELATION on N2¢ bits as shown in Figure 3.
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Figure 4 A framework that converts a partial function separation with one layer of adaptivity to
a total function with two layers of adaptivity.

matrices T) and T'9) for f and g respectively, the matrix I' = I'/) @ I'¥) is an adversary
matrix for COR(f,g) and max; ||I';|| = max (maxi I‘Ef)H,maxi HFEQ) )5 It follows that

Adv (COR(f, g)) = Q(min(Adv(f), Adv(g))), which implies the desired lower bound.
Next, we describe a way to totalize the partial function h that we constructed in the

previous section while maintaining some of its properties. We will use the cheatsheet
framework. However, we will need a function with relatively small certificate complexity that
does not admit any significant quantum speed-up so AND o OR will not work. Fortunately,
[3] found a function, which they called BKK, that satisfies Q(BKKy) = O(BKKy) = O(N)
and C(BKKy) = O(v/N). We compose h on N bits with BKK on N? bits, and then plug
it into the cheatsheet framework. The desired upper bounds for Q? I'and R in Theorem 4
are relatively straightforward and follows from the discussion in the previous sections. The
quantum lower bound follows from quantum query complexity composition theorem and
results in [3]. For the randomized parallel lower bound, we show a composition theorem
where the inner function is BKK.

The same lower bound techniques do not follow for the analogous separation between the
randomized and deterministic query complexity measures. In particular, there is no general
randomized composition theorem. Fortunately, for our constructions, the known randomized
composition theorems suffice. For the deterministic parallel lower bound, we show a general
composition theorem when the degree of the inner function is almost full, which might be of
independent interest.

2.3 Separations with two layers of adaptivity

As we noted earlier (see Theorem 2), the cheat sheet framework can be employed to
show a polynomial separation between Q% and R**. We modify this framework to show
a polynomial separation between Q?** and R*. As shown in Figure 4, our strategy is
essentially to separate the cheatsheet into two parts: the first part contains the certificate,
and the second just contains a long data string with one relevant index. Let f be a partial
function with a polynomial separation between QM‘( f) and R“‘( f). Informally, embedding
f in our framework results in a function that requires (1) verifying the input to the f is in
the domain (using the certificate) and if so, (2) outputting the bit of the data string present
at the address obtained by solving the f.

5 All the max are over relevant indices.
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The quantum algorithm easily succeeds as follows. In the first round, it can read the
certificate as well as solve f to obtain the address. In the second round, it verifies the
certificate and queries the bit at the right address in the data string, hence is able to output
the result. The randomized algorithm is unable to succeed in the same amount of parallelism
because after the first round, it cannot compute f, so it would not find the right address by
the first round, and can only make a query to the right address by the second round if it
guesses the location correctly, which happens with very low probability. We also note that
there is a caveat: the structure of a zero-certificate might be easy to distinguish from the
structure of a one-certificate, allowing the algorithm to infer the inputs to the partial function
from just the structure of the certificates. In that case, the randomized algorithm can use
this to compute the partial function in the first round itself. To prevent this from happening,
we use “bi-certificates” instead of certificates, where a “bi-certificate” corresponds to a set
of indices that could certify both a zero and a one instance. This prevents the randomized
algorithm from learning any information just by knowing the certificate.

Therefore, we present a framework to lift a partial function Q'* vs R'* separation to
a total function Q* vs R*t separation. The analogous result holds for randomized vs
deterministic algorithms.

2.4 Quantum parallel lower bound framework and applications

There are few known techniques for lower bounding parallel quantum query complexity.
Consider for instance lower bounding the quantum parallel query complexity for the balanced
AND o ORr function,

which is an example of a read-once formula. It is well known that this function has
sequential quantum query complexity ©(v/N) [9, 29]. Since both Q”!(AND) and Q”(ORr)
are ) ( N/p), a natural guess for Q”l(AND o OR) is Q («/N/p).

The bound Q(AND o OR) = Q(v/N) was shown using the (sequential) combinatorial
adversary method. However, as mentioned in Section 1.1.4, the corresponding parallel version

fails to show a lower bound better than 2 ( [COT(”-‘ [Cléf)-D for any function f. This

means that the best lower bound this method could help prove for AND o OR is Q(v/N /p),
since Co(AND 0 OR) = C;(AND 0 OR) = V/N.

We use the parallel spectral adversary method of [27], which is known to be optimal, to
derive a method that is easier to apply and is sometimes stronger than the combinatorial
adversary method (see Theorem 6). For the case of read-once formulas, we use the adversary
sets of [9] to construct an adversary matrix I'. Tt is easy to lower bound ||T|| by a simple
counting argument, but upper bounding ||I's|| for all S C [N] with |S| = p can be challenging.
We show that if T' satisfies the property that T'[z,y] = 0 for all z,y that differs in more than
1 bit, then all the induced I's can be rearranged to form block-diagonal matrices with blocks
of size 2P x 2P. Moreover, each of these blocks are adversary matrices for some restricted
function g € ]-'éf )res (Figure 5), where a restricted version of f is one where all but p input
bits are fixed and known by the algorithm. Thus, we know that the spectral norm of these

blocks is upper bounded by Q(g) (up to the normalizing factor of max;eor) [|Ts||, and with
a max taken over all g € féi)res), which we can use to upper bound the spectral norm of
any I's. In our case, noting that g is a read-once formula of size p, we have Q(g) = O(y/p)

and we obtain the desired lower bound of (\/N / p). Hence, we are able to reduce the task

of finding parallel lower bounds to the potentially easier task of finding sequential upper
bounds.



J. Carolan, A.S. Gilani, and M. Vempati

L)

7077777

NN
NN
=
=)
s

NNNANNNNNNNNY

7777777777777
2770727777777
1077777777777
ey

577 77
. 7
2 1(g1) %
. 77
77 77

70011 s 0077
1770727777777
7077777777777
1770777777777

7777777777777

////////////

2222222222227

77277777
77777777

Figure 5 Nearest neighbor adversaries can be block-diagonalized, where the blocks are adversary
matrices for restricted versions of the function f.

3 Conclusion

In this work, we have presented a few results on parallel quantum query complexity (See [14]
for the full version). A priori, it seems unintuitive that an exponential advantage in number
of rounds is possible for total functions, and also seems like lower bounding a simple function
like AND o OR in the parallel setting should be possible by standard techniques. Our results
in Section 1.1.1 and Section 1.1.4 show that former is indeed true, and the latter is not
the case and in fact requires “parallel-specific” thinking. Thus, one of our contributions is
highlighting that there are still several fundamental query complexity questions unanswered
in the parallel setting. We conclude by discussing a couple of these.

Limitations of parallel speedup

Can classical (randomized or deterministic) query algorithms simulate quantum query
algorithms when allowed both a polynomial overhead in parallelism as well as number of
rounds (as opposed to just a polynomial overhead in number of rounds as in Conjecture 1)?
We conjecture that this is true:

» Conjecture 7. For all total functions f : {0,1}™ — {0,1} and parallelism p, we have

DPYPI () = poly(QPI(f)).

When p < bs(f)1~¢ for any € > 0, [27] prove that this is true.

When p > bs(f) = Q(M¢€) for any € > 0, clearly this is true. This is the case in our
result as well, where the canonical cheat sheet function was used to show Theorem 2 has
bs(f) = Q(M'/6) and p7**Il = O(Q?!(f)?) for any p.

Thus, the conjecture must be proven/falsified in the regime where bs and p are subpoly-
nomial but superconstant. Moreover, what is the smallest power of p required to show

this for all total f? Analogous questions remain open for D? I'vs RPI as well.
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Parallel composition theorem

It is known that Q(fog) = O(Q(f) - Q(g)) for boolean decision functions, a widely applicable
and powerful result [30]. Is there an analogous theorem for p-parallel query complexity? In
particular, do we have

Qp”(f 0g) =0 <min Qa\l(f) . Qh}/tﬂl(g))

q€[p]

for boolean f,g? Such a result would suffice to reproduce our lower bound for AND o OR,
and likely be widely applicable for understanding parallel quantum query complexity. A
straightforward attempt to show composition of the p-parallel adversary quantity using
the reduction in [25] fails. This is because the partial function f’ whose sequential query
complexity characterizes the p-parallel complexity of f is no longer boolean.

Natural functions giving unbounded separation in rounds

Our results in Section 1.1.1 and Section 1.1.2 answer affirmatively whether it is possible for
total functions to have unbounded separations in rounds, and whether this is still possible
when no sequential separation exists. However, finding more natural functions to answer
both these questions remains open and could help in understanding the interplay between
quantum algorithms and parallel queries better.
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