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—— Abstract
We study learning-augmented streaming algorithms for estimating the value of MAX-CUT in a graph.
In the classical streaming model, while a 1/2-approximation for estimating the value of MAX-CUT
can be trivially achieved with O(1) words of space, Kapralov and Krachun [STOC’19] showed that
this is essentially the best possible: for any € > 0, any (randomized) single-pass streaming algorithm
that achieves an approximation ratio of at least 1/2 + € requires Q(n/2P°Y (/) space.

We show that it is possible to surpass the 1/2-approximation barrier using just O(1) words of
space by leveraging a (machine learned) oracle. Specifically, we consider streaming algorithms that
are equipped with an e-accurate oracle that for each vertex in the graph, returns its correct label
in {—1,+1}, corresponding to an optimal MAX-CUT solution in the graph, with some probability
1/2 + ¢, and the incorrect label otherwise.

Within this framework, we present a single-pass algorithm that approximates the value of
MAX-CUT to within a factor of 1/2 4+ Q(e?) with probability at least 2/3 for insertion-only streams,
using only poly(1/€) words of space. We also extend our algorithm to fully dynamic streams while
maintaining a space complexity of poly(1/e,logn) words.
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1 Introduction

Given an undirected, unweighted graph, the MAX-CUT problem seeks to find a partition of
the vertices (a cut) that maximizes the number of edges with endpoints on opposite sides of
the partition (such edges are said to be “cut” by the partition). MAX-CUT is a well-known
NP-hard problem. The best-known approximation algorithm, developed by Goemans and
Williamson [22], achieves a 0.878-approximation ratio, which is the best possible under the
Unique Games Conjecture [33].

We consider the problem of estimating the value of MAX-CUT in a graph under the
streaming model of computation, where MAX-CUT denotes some fixed optimal solution,
and the value of a solution is defined as the number of edges in the graph that are cut by
the partition. In this model, the graph is presented as a sequence of edge insertions and
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deletions, known as a graph stream. The objective is to analyze the graph’s structure using
minimal space. The model is called insertion-only if the stream contains only edge insertions;
if both insertions and deletions are allowed, it is referred to as the dynamic model.

In the streaming model, a 1/2-approximation for estimating the value of MAX-CUT can
be trivially achieved using O(1) words of space, where a word represents the space required
to encode the size of the graph. This is done by simply counting the total number m of
edges in the graph and outputting m/2. However, Kapralov and Krachun [31] showed that
this is essentially the best possible: for any € > 0, any (randomized) single-pass streaming
algorithm in the insertion-only model that achieves an approximation ratio of at least 1/2+ €
requires Q(n,/2P°Y(1/9)) space.

We focus on the problem of estimating the value of MAX-CUT in a streaming setting
within the framework of learning-augmented algorithms. These algorithms utilize predictions
from a machine learning model to solve a problem, where the predictions typically include
some information about the optimal solution, future events, or yet unread data in the
input stream (see, e.g., [24, 27, 13]). Learning-augmented algorithms have gained significant
attention recently, partly due to numerous breakthroughs in machine learning. Ideally, such
algorithms should be both robust and consistent: when the predictions are accurate, the
algorithm should outperform the best-known classical algorithms, and when the predictions
are inaccurate, the algorithm should still provide performance guarantees that are close to or
match those of the best-known classical algorithms. Despite the extensive research in the
area of learning-augmented algorithms over the past few years', our understanding of this
framework within the streaming model remains limited.

In this work, we consider the noisy prediction model, also referred to as e-accurate
predictions, where the algorithm has oracle access to a prediction vector Y € {—1,1}".
Each entry Y, is independently correct with probability % + €, where € € (0, %] represents
the bias of the predictions. Specifically, for each v € V| we have Pr[Y, = z¥| = % + € and
Pr[Y, = —a}] = 1 —¢, where 2* € {—1,1}" denotes some fixed but unknown optimal solution
for MAX-CUT. This model captures a scenario where an ML algorithm (or oracle) provides
predictions for the values of z* that are unreliable and noisy, being only slightly better than
random guesses (i.e., just above the 1/2 probability that a random solution would satisfy).
Recently, variants of this prediction model have been used to design improved approximation
algorithms for MAX-CUT and constraint satisfaction problems (CSPs) [14, 21].

Specifically, we study the following question:

Given an oracle O that provides e-accurate predictions Y about the optimal MAX-CUT
of a streaming graph G, can we improve upon the worst-case approrimation ratio
and space trade-off established by [31], specifically the (3 + €) ratio with Q(n) space
complexity, for estimating the MAX-CUT wvalue?

1.1 Our Results

We provide an affirmative answer by presenting a single-pass streaming algorithm that sur-
passes the 1/2-approximation barrier for the value of MAX-CUT using only poly(1/e) (resp.,
poly(1/e,logn))words of space in insertion-only (resp., fully dynamic) streams. Formally, we
establish the following result:

1 See https://algorithms-with-predictions.github.io/ for an up-to-date repository of publications
on this topic.
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» Theorem 1. Let € € (0, %] Given oracle access to an e-accurate predictor, there exists a
single-pass streaming algorithm that provides a (% + 9(62))-appromimation for estimating the
MAX-CUT wvalue of a graph in insertion-only (resp., fully dynamic) streams using poly(1/e)
(resp., poly(1/e,logn)) words of space with probability at least 2/3.

By using median trick, we can boost the success probability to 1 — §, where § € (0, 1), with
an additional log(1/d) factor in space complexity.

We remark that the “robustness” of our learning-augmented algorithm comes for free,
as we can always compute the number of edges in the graph and report half of them as a
%—approximation solution, regardless of the value of €. Furthermore, with predictions, it
gains an advantage of £2(e?) in the approximation ratio. Furthermore, our algorithm does
not require the exact value of €; a constant-factor approximation of € is sufficient. This
estimation is only needed to determine the sample size.

Our algorithm is based on the observation that when the maximum degree of a graph is
relatively small (i.e. smaller than poly(e) - m), the number of edges with endpoints having
different predicted labels already provides a strictly better—than—% approximation of the
MAX-CUT value. For general graphs, we employ some well-known techniques, such as the
CountMin sketch and ¢p-sampling, to distinguish between high-degree and low-degree vertices
in both insertion-only and dynamic streams. By combining a natural greedy algorithm with
an algorithm tailored for the low-degree part, we achieve a non-trivial approximation. The
space complexity of the resulting algorithm is primarily determined by the subroutines for
identifying the set of high-degree vertices, which can be bounded by poly(1/e,logn).

We note that it is standard to assume that the noisy oracle O has a compact representation
and that its space complexity is not included in the space usage of our algorithm, following
the conventions in streaming learning-augmented algorithms [24, 27, 13, 1]. Indeed, as noted
in [24], a reliable oracle can often be learned space-efficiently in practice as well. Moreover,
we show that in the case of random-order streams, our algorithm only needs to query O for
the labels of a constant number of vertices (see Section B).

Additionally, our algorithm actually works in a weaker model. That is, we can assume
that in our streaming framework, the predicted label of each vertex is associated with its
edges. Thus, the elements in a stream can be represented as (e = (u,v),Y,,Y,), where the
predictions (Y3 )ycy remain consistent throughout the stream. The case of dynamic streams
is defined analogously. Notably, in this model, no additional space is required to store the
predictors.

1.2 Related Work

Learning-augmented algorithms have been actively researched in online algorithms [42, 35, 4,
6, 7, 25, 41, 5, 36], data structures [43, 20, 46, 39, 44], graph algorithms [18, 12, 8, 37, 16, 10,
40, 23, 17, 14, 21, 11], and sublinear-time algorithms [26, 19, 38, 45]. Our algorithms fit into
the category of learning-augmented streaming algorithms. Hsu et al. [24] introduced learning-
augmented streaming algorithms for frequency estimation, and Jiang et al. [27] extended
this framework to various norm estimation problems in data stream. Recently, Aamand et
al. [2, 1] developed learning-augmented frequency estimation algorithms, that improve upon
the work of [24]. Additionally, Chen et al. [13] studied single-pass streaming algorithms to
estimate the number of triangles and four-cycles in a graph. It is worth mentioning that
both our work and previous efforts on learning-augmented streaming algorithms mainly focus
on using predictors to improve the corresponding space-accuracy trade-offs. Furthermore,
recent studies have explored learning-augmented algorithms for MAX-CUT and constraint
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satisfaction problems (CSPs) [14, 21] within a variant of our prediction model. In particular,
for the Max-CUT problem, Cohen-Addad et al. [14] achieved a (0.878 + Q(e*))-approximation
using SDP. However, it is important to emphasize that their setting differs significantly
from ours: they focus on finding the MAX-CUT in the offline setting, whereas our goal is
to estimate its size in the streaming setting. Additionally, Ghoshal et al. [21] developed
an algorithm that yields near-optimal solutions when the average degree is larger than a
threshold determined only by the bias of the predictions, independent of the instance size.
They further extended this result to weighted graphs and the MAX-3LIN problem.

The aforementioned lower bound proven in [31] is, in fact, the culmination of a series of
works exploring the trade-offs between space and approximation ratio for the streaming MAX-
CUT value problem, including [29, 34, 30]. In our main context, we focus on the problem of
estimating the value of MAX-CUT in a streaming setting. Another related problem is that
of finding the MAX-CUT itself in a streaming model. Since even outputting the MAX-CUT
requires Q(n) space, research in this area primarily considers streaming algorithms that use
O(n) space, known as the semi-streaming model, where O(-) hides polylogarithmic factors.
Beyond the trivial %—approxima‘cion algorithm, which simply partitions the vertices randomly
into two parts, there exists a (1 — €)-approximation algorithm for finding MAX-CUT. This
algorithm works by constructing a (1 — €)-cut or spectral sparsifier of the input streaming
graph, which can be achieved in O(n) space (see e.g. [3, 32]), and then finding the MAX-CUT

of the sparsified graph (which may require exponential time).

2  Preliminaries and Problem Statement

Notations. Throughout the paper we let G = (V| E) be an undirected, unweighted graph
with n vertices and m edges. Given a vertex v € V and disjoint sets S, T C V, e(v,S)
denotes the number of edges incident to v whose other endpoint belongs to S; e(v,S) =
H{(u,v) | (u,v) € E and v € S}|. Similarly, we define e(S,T) to denote the number of edges
with one endpoint in S and the other endpoint in T'; e(S,T) = Y _pe(v,S). A cut (S,T)
of G is a bipartition of V into two disjoint subsets S and T. The value of the cut (S,T) is
e(S,T).

In the descriptions of our algorithms, for a vertex set S C V', we define ST (resp. S7) as
the set of vertices with predicted + (resp. —) signs by the given e-accurate oracle O. Note
that ST and S~ form a bipartition of S. Throughout the paper, all space complexities are
measured in words unless otherwise specified. The space complexity in bits is larger by a
factor of logm + logn.

In our algorithms, we utilize several well-known techniques in the streaming model, which
we define below.

CountMin Sketch [15]. Given a stream of m integers from [n], let f; denote number of
occurrences of i in the stream, for any 7 € [n]. In CountMin sketch, there are k uniform and
independent random hash functions hq, ha, ..., hx : [n] = [w] and an array C of size k x w.
The algorithm maintains C, such that C[¢, s] = Ej:hg(j)zs f; at the end of the stream. Upon

each query of an arbitrary i € [n], the algorithm returns f; = minge C[¢, he(7)].

» Theorem 2 (CountMin Sketch [15]). For any i € [n] and any ¢ € [k], we have f; > f; and
E[C[¢,he(3)]] < fi + 2. The space complexity is O(kw) words. Let €,6 € (0,1). If we set
k=1T¢] and w = [In 3], then for any i € [n], we have f; > fi, and with probability at least

1-46, fi < fi + em. The corresponding space complexity is O(% In %) words.
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Reservoir Sampling [47]. The algorithm samples k elements from a stream, such that at
any time m > k, the sample consists of a uniformly random subset of size k of the elements
seen so far. The space complexity of the algorithm is O(k(logn + logm)) bits.

» Definition 3 ({y-sampler [28]). Let = € R™ be a non-zero vector and 6 € (0,1). An
Lo-sampler for x returns FAIL with probability at most  and otherwise returns some index i
such that x; # 0 with probability ‘ST:;((E” where supp(x) = {i | z; # 0} is the support of x.

The following theorem states that ¢p-samplers can be maintained using a single pass in
dynamic streams.

» Theorem 4 (Theorem 2 in [28]). Let § € (0,1). There exists a single-pass streaming
algorithm for maintaining an lo-sampler for a non-zero vector x € R™ (with failure pribability
§) in the dynamic model using O(log? nlogd=') bits of space.

Problem Statement. In this work, we consider the problem of estimating the value of
MAX-CUT of a graph G in the learning-augmented streaming model. Formally, given an
undirected, unweighted graph G = (V, E), which is represented as a sequence of edges, i.e.,
o := (e1,eq,...) for e; € E, our goal is to scan the sequence in one pass and output an
estimate of the MAX-CUT value, while minimizing space usage. When the sequence contains
only edge insertions, it is referred to as an insertion-only stream. When the sequence contains
both edge insertions and deletions, it is referred to as a dynamic stream. Note that in dynamic
streams, the sequence of the stream is often represented as o := ((e1, A1), (e2, As),...),
where for each 4, e; € E'and A; =1 (resp. —1) denotes edge insertion (resp. deletion).

Furthermore, we assume that the algorithms are equipped with an oracle O, which
provides e-accurate predictions Y € {—1,1}" where € € (0, 3]. This information is provided
via an external oracle, and for the purpose of our algorithm, we assume that the edges in the
stream are annotated with the predictions of their endpoints.

Specifically, for each vertex v € V, Pr[Y, = 2] = 1 + € and Pr[Y, = —a;

v]:l_ev

where z* € {—1,1}" is some fixed but unknown optimal solution. Following previous \?vorks
on MAX-CUT with e-accurate predictions [14, 21], we also assume that the (Y,),ev are
independent.

Finally, since we assume that accuracy parameter of predictions, ¢, is known to the
algorithm up to a constant factor in advance, and the space complexity of all algorithms in
the paper is at most poly(logn, 1/¢,1/8), we will assume throughout that m = Q(¢~116-7).
Otherwise, when m = O(e~'1§~7), we can simply store all edges in poly(1/e,1/3) space and
compute the MAX-CUT exactly.

3 The Simple Case of Low-Degree Graphs

In this section, we show that when all vertices have “low-degree” then following the e-accurate
predictions, we can beat the %—approximation barrier for streaming MAX-CUT. Informally,
once an edge (u,v) arrives in the stream, we consult the noisy oracle O and if their endpoints
are predicted to be in different parts by the noisy oracle, i.e., O(u) # O(v), we increase the
size of the cut by one. This can be simply implemented using O(logn) bits of space. Refer
to Algorithm 1 for a formal description.

Next, we analyze the space complexity and approximation guarantee of Algorithm 1.

44:5
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Algorithm 1 A learning-augmented streaming algorithm for estimating MAX-CUT value in
low-degree graphs.

Input: Graph G with A < ezjm — ﬁ as a stream of edges, an e-accurate oracle O — {—1,1}
Output: Estimate of the MAX-CUT value of G
1: initialize X < 0.
2: for each edge (u,v) in the stream do
3: Y, =0(u),Y, = O0(v)
4 if Y, #Y, then X «+ X +1
5

: return X

» Theorem 5. Let e € (0,1] and § € (0,1). Given an e—accumte oracle O for the MAX-CUT
of G, if the maximum degree A in G satisfies A < 62% vy L, then with probability at least
1 — 6, Algorithm 1 outputs a (% + €2)-approzimation of the MAX-CUT wvalue of G. The
algorithm uses O(1) words of space.

Proof. We first analyze the space complexity. In Algorithm 1, we maintain a counter X for
the edges whose endpoints have different signs, which takes O(logn) bits of space. Therefore,
the space complexity of the algorithm is O(1) words.

Next, we show that Algorithm 1 with high probability outputs a (% + €2)-approximation
of the MAX-CUT when all vertices have low degrees.

Since (V,V ™) is a feasible cut of G, where V* (resp. V™) is the set of vertices with
predicted + (resp. —) signs by the given e-accurate oracle O, we have X < OPT, where OPT
denotes the (optimal) MAX-CUT value of G. For each edge (u,v) € E, define an indicator
random variable X, such that X,, = 1if Y, #Y,, and is zero otherwise.

Let z* be the assignment vector corresponding to the MAX-CUT in G. Specifically, if

(S, V'\ 9) is the MAX-CUT of G, then z} = 1 if v € S, and —1 otherwise. Consider the
following two cases:
(1.1) Ifz # a3, then Pr[Y, #Y,] = Pr[Y, = 2} AY, = x}|+Pr]Y, # 2, AY, # a}] = $+2¢%
(1.2) If 2} = a3, then Pr[Y, #Y,] = Pr[Y, = 2} AY, # z}|+Pr[Y, # a)AY, = a}] = 3 —2¢%
Note that X = Z(u,v)eE Xuw and E[X,,] = Pr[Y, # Y,]. Then, by the linearity of
expectation,

Z Z 1 1
(u,v)€EE (u,v)EE

1
= (5 —26%)m + 4¢* - OPT

1
> (5 + 2€?) - OPT,

where the last inequality holds since 5 — 2¢2 > 0 for € € (0, %} and m > OPT.

Next, we bound Var[X]. Note that Var[X,,] = E[Xy,] — [ ] since (Xuw)(u,v)ck are
indicator random variables. By (I.1) and (|.2) Var[X ]

ar
(1.1) If 27, # 27, then Var[X,.] = (1 +2¢2) — (1 +
(11.2) If 2, = a7, then Var[X,,] = (3 —2¢?) — (3 -

-}
)2 %7464.

2¢
2¢2)2 = L _ 4t
6)—4 4e*.
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For any pair of distinct edges (u,v), (u,w) € E, we compute E[X,, X ] = Pr[Xyu, =
Xuw = 1] =PrlY, =Y, = -Y,] and Cov[Xyy, Xuw] = E[XuwXuw] — E[Xuo] - E[Xuw]-
(NM.1) If ¥ =z} and z, = x}), then

E[XuwoXuw] =Pr[Yo =23 AY, £ 2y AYy £ 2] + Pr[Yu £ o, AY, =2, AY,, = a3

GG G e i

1
(1M.2) If ¥ = 3 and x # x}), then

Therefore, Cov[ Xy, Xuw] = (l — 62) — (% — 262)2 = €2 — 4é*.

E[XuoXuw] =Pr[Yo =25 AY, £ 2y AYy = 5] + Pr[Yu £ xi, AY, =2, AYy # 23]
NAPHE NS
“\2 2 2 2 T4 ’

Therefore, Cov[Xyy, Xuw] = (% — 62) — (% — 262) (% + 262) =4e* — €2,
(1M.3) If % # z} and z, =z}, then

E[XuoXuw] =Pr[You =23 AY, =25 AYy £ ] + Pr[Yu £ o, AY, £ 2 AYe = x4
e G ) G-
=(gte 5 € 5 € ste)=7-¢

Therefore, Cov[Xyy, Xuw] = (% — 62) — (% + 262) (% — 262) =4t — &2

(11.4) If x% # x} and z}, # x¥), then
E[XuoXuw] =Pr[Yo =23 AY, =25 AYy =3, + Pr[Yu £ a, AY, # 2 AYe # x4
NI
= D) € B € = 4 € .
Therefore, Cov|[ Xy, Xuw] = (% + 362) — (% + 262)2 = €2 — 4¢%.

Hence, Cov[ Xy, Xuw] < €2 — 4e*. So,

Var[X]= > VarXu]+ D> Cov[Xuy, Xuu] + > Cov[Xuv, Xuws]
(u,v)EE (u,v),(u,w)EE (u,v),(w,z)EE
vFW u,v,w,z all distinct
1 4 2 4 1 2
§m~(1—46)+m-A~<e —46)+O§(Z+Ae)m.

Then, by applying Chebyshev’s inequality,

Pr [X < (% n 62) OPT} < Pr[|X —E[X]| > & OPT]
Var[X]
~ - OPT?
- (i + AE2) m
¢t - OPT?
< 4- (2 + A

e*m

> Var[X]

IN

(% + Ae®)m

DOPTZ%

e26m 1
4 4¢2

< 6. > A<

So, with probability at least 1 — 4§, X > (3 + €?) - OPT. <

ITCS 2025
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4  Our Algorithm for General Graphs

In this section, we present our (3 + Q(e?))-approximation for streaming MAX-CUT in
O(poly(1/¢,1/0)) space using e-accurate predictions. For better presenting our algorithmic
ideas, we first consider the problem in the random order streams in Section 4.1. Next, in
Section 4.2, we show how to extend our algorithm to arbitrary order streams using more
advanced sketching techniques. Finally, in Section 4.3, we show that our algorithm also work
in dynamic streams where both edge insertions and deletions are allowed.

Offline Implementation. We first describe our algorithm in the offline setting. Recall that
our algorithm from Section 3 is effective when the maximum degree in the graph is smaller
than a pre-specified threshold ¢ = ©(e2dm), where § is the target failing probability of the
algorithm. Let H and L respectively denote the high-degree (i.e., vertices with degree at
least ¢) and low-degree (i.e., vertices with degree less than ¢) vertices in the input graph
G = (V, E). Now, by the guarantee of Theorem 5, suppose we have a (% + €2)-approximation
of MAX-CUT on the induced subgraph G[L] denoted by (L*, L™). This cut is exactly the
cut suggested by the given e-accurate oracle O. Next, we extend this cut using the vertices
in H in a greedy manner. We pick vertices in H one by one in an arbitrary order and each
time add them to either L™ or L™ sections so that the size of cut maximized. We denote the
resulting cut by (C,V \ C). Another cut we consider is simply (H, L). We show at least one
these two cuts is a (% + Q(€?))-approximation for MAX-CUT on G with high probability.

2
€

™ where
c

Throughout the paper, we define high-degree vertices as those with degree >
c= %—0. Vertices with degrees below this threshold are considered low-degree.

» Theorem 6. Let € € (0,%] and § € (0,1). The best of (C,V \ C) and (H,L) cuts is a
(3 + %)-appm:cimatz’on for MAX-CUT on G with probability at least 1 — 4.

Without loss of generality, we assume that e(H, L) < (1 + €2) - OPT, otherwise we are
done. Then it suffices to show that e(C, V\C) > (5 + %) -OPT. Recall that the cut (C,V\C)
is obtained by extending the cut (L*, L™) of G[L] suggested by the given e-accurate oracle
using the vertices in H in a greedy manner. We first show that Algorithm 1 works for the
induced subgraph G[L].

» Lemma 7. Let e € (0,3] and § € (0,1). Suppose that e(H,L) < (3 + €*) - OPT, ¢ =
and m > % + ﬁ. Then there exists a (% + €2)-approzimation of the MAX-CUT wvalue of
G[L] with probability at least 1 — 0.

Proof. Note that m = mp +mpg + e(H, L), where my, (resp. my) is the number of edges in

2
G|L] (resp. G[H]). Then we have m; =m —my —e(H,L) > m — 24 — (3 4+ €*)m, since
|H| < 622mm/c =% and e(H,L) < (5 + €) - OPT < (5 + ¢%)m.
Since the high-degree threshold is , we have Ap <
degree of G[L]. Tt is easy to check that €m o %‘s(m - 46%2 — (3 +€*)m) — = by substituting

c

62

™ where Ay is the maximum

e2m
C (&

in the conditions for ¢ and m. It follows that Ay < 625% - ﬁ.

Therefore, by the guarantee of Theorem 5, with probability at least 1 — J, there exists
a (3 + €?)-approximation of MAX-CUT on G[L] denoted by (L*,L7), ie., e(LT,L7) >
(3 +€)- OPTy, where OPTy, is the size of the MAX-CUT value of G[L]. <

» Lemma 8. Let e € (0, 3]. Suppose that e(H,L) = a-OPT (where o < 1 +¢€*) and m > 8%:.
We have OPTp > (1 — a — €*) - OPT, where OPTy, is the size of the MAX-CUT wvalue of
G[L].
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Proof. Note that OPT < OPT[ + OPTpy + e(H, L), where OPTy, (resp. OPTp) is the size
of the MAX-CUT of G[L] (resp. G[H]). It follows that

OPTy, > OPT — OPTy — e(H, L)

4c? 5 _ 4c?
> OPT — — —¢(H, L) >OPTy <my < |H|® < —
€ €
4c?
=OPT— — —a-OPT >e(H,L)=a-OPT
€
42
> OPT — ¢*- OPT — a - OPT > < T <€t OPT
€
=(1—a—¢€')-OPT. <

Proof of Theorem 6. Since the algorithm returns the best of two cuts, if the value of
the cut (H,L) is at least (3 + €%) - OPT (i.e., e(H,L) > (3 + €%) - OPT), then we
are done. Hence, without loss of generality, we can assume that the size of the cut
(H, L) is strictly less than (3 + €?) - OPT. Based on Lemma 7 and Lemma 8, we have

e(C,V\C) = e(LT,L7) + Y maxfe(v, L), e(v, L7)}

veH

1 1

> (5 + 52) OPT. + Y max{e(v, L"), e(v,L7)} e(L,L7)> (5 +e%)OPTy,
veH

1 1 L
> (5 + 52) OPT, + 3 e(H,L) > max{e(v, L), e(v,L7)} > e(v2, )

L s 4 a 4
> {5 te (l—a—e)OPT+§~OPT >OPTr > (1 —a—¢")OPT

1 4
= (ng(lfa)le%fe(S) OPT

1 1 2\ o et 6 1 9
>(2+(2 e)e 5 € OPT l>o¢<2+e

1 € 1 et €2
N L2y 2 € 6y &
_(2+16)OPT7 l>(2 6)6 7 €27

with probability at least 1 — 4. <

4.1 Warm-up: Random Order Streams

Overview of the Algorithm. Suppose that the edges of G = (V, E) arrive one by one in a
random order stream. At a high level, we would like to run our algorithm from Section 3 for
low-degree vertices L (i.e., the induced subgraph on L), and then, using a greedy approach,
add the high-degree vertices H to the constructed cut. However, the set H and L are not
known a priori in the stream, and it is not clear how to store the required information to run
the described algorithm, space efficiently.

To detect high-degree vertices and collect sufficient information to run the greedy approach
on them at the end of the stream, we rely on the random order of the stream. We store a
small number of edges from the beginning of the stream and then gather degree information
for those vertices that are candidates for being high-degree. More precisely, we store the first
poly(1/e,1/8) edges in the (random order) stream and use them to identify a set H of size
poly(1/e,1/0) that contains all high-degree vertices H with probability 1 — . We then store
all edges between vertices in H throughout the stream, which requires poly(1/e, 1/8) words
of space. Additionally, for every vertex v € H, we maintain the number of edges between v
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and Lt := V1t \ H, as well as between v and L~ := V'~ \ H. It is straightforward to check
that these counters require poly(1/e, 1/§) words of space in total. We then apply Algorithm 1
to the graph G[V \ H] to approximate the MAX-CUT value of G[V \ H].

Finally, at the end of stream, since we can compute the degree of all vertices in H exactly,
we can determine the set of high degree vertices H C H. First, for the remaining vertices
S=H \ H, we (hypothetically) feed them to our algorithm for the low-degree vertices. Note
that we have all edges between any pair of vertices in S, as well as all the number of their
incident edges to L™ and L~. Therefore, we can compute the size of (L*, L) cut exactly.
Now it only remains to run the greedy algorithm for the high-degree vertices H. Similarly,
since we have computed the number of incident edges of high-degree vertices to L+, L™, and
we have stored all edges with both endpoints in H, we can perform the greedy extension of
(LT US*, L~ US~) using H. Moreover, using the same set of degree information, we can
compute the size of (H,V \ H) as well. Then, we can return the best of these two cuts as
our estimate of MAX-CUT in G.

Next, we prove the approximation guarantee and the space complexity of the algorithm.
The algorithm is formally given in Algorithm 2.

» Theorem 9. Let e € (0, 1] and § € (0,1). Given an e-accurate oracle O for the MAX-CUT

of G, there exists a single-pass (% + %)—appmximation algorithm for estimating the MAX-

CUT wvalue of G in the insertion-only random-order streams. The algorithm uses O(ﬁ)
words of space. The approximation holds with probability at least 1 — §.

» Lemma 10. Let § € (0,1). Then H contains all high-degree vertices in G with probability
at least 1 — g.
eQm

Proof. Suppose that v is a high-degree vertex in G, i.e., deg(v) >
incident to v, define an indicator random variable

. For each edge e;

X — {1, if e; is in the first % edges of the random order stream
3

0, otherwise

So, E[X;] = Pr[X; = 1] = 55—. We define X := > icldes(v)
edges incident to v that appear in the first % edges of the random order stream. Then,
E[X] = Ziciacaon ELX] = G

Next, we bound Var[X]. For any i € [deg(v)], Var[X;] = E[X?] — (E[X;])? = E[X;] —
(E[X:])? = 635*m - ((sg,gm)2 = 53§m - 566%21“2. Since (X;)ie[deg(v)] are negatively correl-
ated, Var[X] < 3¢ jeq(v) Vor[Xi] = deg(v) - (635177; — 56557;@2) < B9e8) " Therefore, by
Chebyshev’s inequality,

]Xl- to denote the number of

Pr[v ¢ H] = Pr[X < 0] = Pr [X <E[X] - %if(n:)]
Var[X] - 6%e8m?
/32 deg®(v)
§3etm B deg(v)

< 5 des(v) > VarlX] < et

53 2 2
< ;C. > deg(v) > —

2m

By our definition of high-degree vertices, there are at most = % high-degree vertices

e2m/c
2c  §36%c

in G. By union bound, with probability at least 1 — =5 - 5 =1- % >1- g (since

= 85—0 and 3 is sufficiently large), H contains all high-degree vertices in G. <
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Algorithm 2 Estimating the MAX-CUT value in (insertion-only) random-order streams.

Input: Graph G as a random-order stream of edges, an e-accurate oracle O — {—1,1}, a
high-degree threshold 6 = 620’“ (where ¢ = 80).
Output: The estimate of the MAX-CUT value of G.
> Preprocessing phase
1: initialize F < 0, H « 0, e(L*,L™) < 0.
> Streaming phase
2: for each edge (u,v) in the first % edges of the stream (where § is a sufficiently large

universal constant) do

3: F+« FU{(u,v)}, H < HU {u,v}

4: for each vertex v € H do

5 initialize e(v,V \ H) < 0, e(v, LT) < 0, e(v, L) + 0.

6: for each remaining edge (u,v) in the stream do

7: Y, =0(u),Y, = O(v)

8: if u€ H and v € H then F + FU{(u,v)}

9: else

10: if uc HandveV\H then e(u,V \ H) < e(u,V\ H) + 1

11: ifve HandueV\ H then e(v,V\ H) « e(v,V\ H) +1

12: if uc H and v € V' \ H then

13: if Y, =1then e(u, L") < e(u, LT) + 1 else e(u, L™) < e(u, L7) + 1
14: if uc V\HandveV\HandY, #Y, then

15: e(LT,L7) < e(L*,L™) +1 (i.e., apply Algorithm 1 on G[V \ H])

> Postprocessing phase

16: He—{veH:|[{ecF:vee}|+e(w,V\H) >0}, L+ V\H

17: for each edge (u,v) € F do

18: Y, =0(u),Y, = O(v)

19: if we H and v € L then

20: if Y, =1then e(u, L") < e(u, LT) + 1 else e(u, L) + e(u,L™) + 1

21:  ifuc H\Handve H\ Hand Y, #Y, then e(L*,L™) < e(LT,L™) + 1

22: for each vertex v € H \ H do

23: Y, = O(v)

24:  if Y, =1then e(L",L7) < e(L*,L7) +e(v,L7) else e(LT,L7) < e(L*,L7) +
e(v, L")

25: ALGy «+ e(Lt,L7) + >, oy max{e(v, L), e(v, L)}

26: ALGo > cy(e(v, L7) +e(v, LT))

27: return max{ALG;, ALGy}

Proof of Theorem 9. In Algorithm 2, we store the first % edges of the stream (Line 3)
and the remaining edges with both endpoints in H (Line 8). We also maintain several
counters for vertices in H. Therefore, the total space complexity of Algorithm 2 is O(ﬁ)
words.

Next, we show the approximation guarantee of Algorithm 2. Note that at the end of
the stream we can identify H exactly, using the information stored during the streaming
phase. In Algorithm 2, we apply Algorithm 1 to the subgraph G[V'\ H] during the streaming
phase (Line 15). Hypothetically, during the postprocessing phase, we apply Algorithm 1
to the subgraph G[H \ H] (Line 21) and to edges with one endpoint in H \ H and the
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other endpoint in V \ H (Line 24). This is equivalent to applying Algorithm 1 to G[L] since
L= (V\H)U(H\ H). Then the approximation guarantee of Algorithm 2 follows directly
from Theorem 6 (with failure probability %) and Lemma 10 by using union bound. |

4.2 Arbitrary Order Streams

Overview of the Algorithm. Unlike random order streams, where we can identify a set
H, containing the high-degree vertices H, by storing only a small number of edges from
the beginning of the stream, finding high-degree vertices is more challenging in arbitrary
order streams. To handle this, we employ reservoir sampling [47]. Specifically, we uniformly
sample poly(1/e,1/§) edges from the stream. Then, at the end of the stream, we use these
sampled edges to compute a small set H such that H D H. This approach is similar to what
we used in the random order stream; however, in this case, we can only retrieve H rather
than H at the end of the stream.

We also need to estimate the number of incident edges related to high-degree vertices.
To this end, we use techniques from vector sketching, particularly those developed for
frequency estimation and heavy hitters. We consider the sketching techniques for heavy
hitters, specifically the randomized summaries of CountMin sketch [15], corresponding to
V+ and V~, denoted by CM[V ] and CM[V ~], respectively. Intuitively, by the end of the
stream, CM[V ] and CM[V ~] will contain the estimates of the number of incident edges
of high-degree vertices to sets V™ and V~, respectively. More precisely, as an edge (u,v)
arrive, we increment the counters related to « in CM[V®)], and increment the counters
related to v in CM[VO®)], where O(v) and O(u) are respectively the predicted sign of v, u
by the given e-accurate oracle O.

Note that we cannot detect H exactly by the end of stream. Instead, we have H. We
use CM[V+] and CM[V ~] to approximately compute the value of the cut (LT, L~) on the
induced subgraph G[L], where L := V \ H. Then, using CM[V*] and CM[V ], we can
approximately run the greedy approach for H. Unlike the random order setting where we
could implement the greedy extension exactly, here we can only store the approximate values.
However, we show that our estimates of the number of incident edges of high-degree vertices
to sets V' and V™~ are only off by poly(e, §) - m additive terms with high probability, and
they suffice to provide a strictly better than %—approximation for MAX-CUT on G [f,] and
its extension with H. Similarly, we can use CM[V ] and CM[V "] to compute the size of
(I:I , f/) approximately too. Then, we can show that for sufficiently small value of €, the best
of two candidate cuts is a (3 + Q(e?))-approximation for MAX-CUT on G with probability
1—9.

Next, we prove the approximation guarantee and the space complexity of our algorithm
for arbitrary order streams. The algorithm is formally given in Algorithm 3.

» Theorem 11. Let e € (0,3] and § € (0,1). Given an e-accurate oracle O for the MAX-
CUT of G, there ezists a single-pass (5 + Q(€?))-approzimation algorithm for estimating the
MAX-CUT walue of G in the insertion-only arbitrary-order streams. The algorithm uses
O(ﬁ In %) words of space. The approximation holds with probability at least 1 — §.

» Lemma 12. Leté € (0,1). Then H contains all high-degree vertices H in G with probability
at least 1 — g.

Proof. The proof is basically similar to that of Lemma 10. Suppose that v is a high-degree
2

vertex in G, i.e., deg(v) > <™. For each edge e; incident to v, define an indicator random

variable

Xi:{l, ife, c F

0, otherwise
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Algorithm 3 Estimating the MAX-CUT value in (insertion-only) arbitrary-order streams.

Input: Graph G as an arbitrary-order stream of edges, an e-accurate oracle O — {—1,1}
Output: Estimate of the MAX-CUT value of G
> Preprocessing phase
1: Initialize e(VF, V™) < 0.
2: Set hy,...,hy : [n] = [w] be 2-wise independent hash functions, with k¥ = [ 53] and
w = [Iln %1 (where § is a sufficiently large universal constant).
3: Initialize CM[V '] and CM[V ] to zero.
> Streaming phase
for each edge (u,v) in the stream do
Y, =0(u),Y, = O(v)
ifY,#Y,thene(VT, V™)« e(VT, V) +1
for each ¢ € [k] do
CM[VOW][L, hy(v)] = CM[VOWI[L, hy(v)] + 1
CM[VOWL, hy(u)] + CM[VOML, hy(u)] + 1
10: In parallel, uniformly sample % edges F in the stream via reservoir sampling [47].
> Postprocessing phase
11: for each v € V do
12: fv+ — min[e[k] CM[V+][E, hg(’U)]
13: fo « minge[k] CM[Vi][E, hp(’U)]

14: H ==, perfw v}

150 H - {veH:Y, =1} H « V\H*

16: é(LT,L7) «e(Vt, V™) — Sovent fo = 2ver- fif
17: ALGy + ¢(L*, L) + 3, c g max{f,, i}

18: ALGy < > cq(fo + 1)

19: return max{ALG;, ALG5}

So, E[X;] =Pr[X; =1] = ﬁ. We define X := 2 Xi to denote the number of edges

1€ [deg(
incident to v that are sampled by the end of the stream. Then, E[X] = } ;¢ jeq(n) E[Xi] =
B deg(v)
63etm
Next, we bound Var[X]. For any i € [deg(v)], Var[X;] = E[X?] — (E[X;])? = E[X;] —

2
(E[X;])? = 635% — (6354177,)2 = 6351771 — 66537712' Since (X;)ic|deg(v)] are negatively correl-

2 € v
ated, Var[X] < Zie[deg(v)] Var[X;] = deg(v) - (6354m - 5Ggm2) < ﬁé‘ijﬁnf Therefore, by
Chebyshev’s inequality,

- B deg(v)
Var[X] - 65e3m?
B2 deg?(v)
3etm Bdeg(v)
—_— Var[X] < ———~
f - deg(v) > VarlX] < d3etm
53ele €2
< . d > —
=73 > deg(v) = —
By our definition of high-degree vertices, there are at most 622£L/c = % high-degree vertices
in G. By union bound, with probability at least 1 — % . 53;26 =1- % >1- g (since
= 85—0 and # sufficiently large), H contains all high-degree vertices in G. <
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» Lemma 13. Let e € (0,1] and 6 € (0,1). For all vertices ve H, (1) ff > e(v,V1)
and f; > e(v,V7). (2) with probability at least 1 — &, f < e(v,V*¥) + 2¢76°m and
o <e(w,V7)+2"6m

Proof. (1) By Theorem 2, we have f,;f > e(v,V ") and f, > e(v,V ™) forallv e V.

(2) By Theorem 2, we have f,; < e(v, V') +2e"6°m and f, < e(v,V ™) + 2¢"6*m with
probability at least 1— . |H| < 5%,—54, by union bound, with probability
at least 824 28 = 1 , we have fJr <e(w,VT)+2e"0*mand f; <e(v,V7)+2e"0°m
for all v € H. <

Proof of Theorem 11. In Algorithm 3, we use CountMin sketch with k = [53] and
w = [Iln 5%34] to estimate the number of incident edges of high-degree vertices to with respect
to V™ and V=, which takes O(=4s In —) = O(55 In &) words of space, by Theorem 2.
Also, we use reservoir sampling to uniformly sample O(ﬁ) edges, which takes O(ﬁ)
words of space. Therefore, the total space complexity of Algorithm 3 is 0(57163 In ?16) words.

Next, we show the approximation guarantee of Algorithm 3. Recall that in arbitrary
order streams, we cannot detect H by the end of stream, and we have H instead. Let
Ay == e(L*,L7) + 3, g max{e(v,L7),e(v,LT)} denote the value of the cut (C,V \ O)
obtained by running Algorithm 1 on G[L] and then assigning the vertices in H in a greedy
manner. Let Ay := )" _5(e(v, L™) + e(v, L)) denote the value of the cut (H,L). Suppose
that the best of (C', V\C) and (H, L) cutsisa (5+ %)—approximation for the MAX-CUT value
of G. Recall that ALGy = é(L*,L7) + 3, cgmax{f,, fif } and ALG2 = X", 5 (fs + f).
In the following, we show that ALG; and ALGy are good approximations of A; and A,
respectively. Therefore, max{ALG;, ALGsy} returned by Algorithm 3 is also a strictly better
than %-approximation for the MAX-CUT value of G.

Since Vt = Ht ULt and V- = H- U L™, we have e(v, V1) = e(v, Ht) + e(v, L) and
e(v, V_) = e(v,H™) 4 e(v, L) for any vertex v € V. By Lemma 13, with probability at
least 1 — 2, for all vertices v € H, we have

e(v, H+)+e( L LT) < ff <e(v, H") +e(v, LT) +2¢76%m

e(v,H ) +e(v,L7) < f; <e(v,H ) +e(v,L7)+25*m

Since |H| < %, we have 0 < e(v, HT),e(v, H™) < 532 5. Therefore, we have

e(v,LF) < ;Tﬂ +26"5%m + e(v, L),

e(w,[7) < f, < ;—’34 +2¢"6*m + e(v,L7).
Then we have

0<f - (vL+)_;—64+26763 and  0< f) — (UL)_%+26753
and

max{e(v, L), (v, L)) < max{f, f;'} < oo +2678%m + max{e(v, L*), e(0, L)},

Note that

e(ffﬂﬂ_) =e(VH, V) — e(fﬁ,ﬁ_) — Z e(v,f,_) _ Z e(vjf"),

veH+ veH—

LY L) =e(VE, V)= > fo—= >

veH+ veH—
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We have
e(LV,L7) =L, L7) = Y (fy —e(,L7)+ Y (£ —e(v,LT) —e(H*,H)
veEH+ vEH~
< % : <;f4 + 26753m> + % : (;@ + 26753m> -0
= % + 83€3m.
Therefore,

Ay — ALG, = (e(L*,L7) —&(L*,L7)) + Z(max{e(v,i_),e(v,i+)} —max{f,, f,"})
veH
85° 3 26 83 3
So, ALGy > Ay — (35 + 88¢3m) = Ay — O(e3m).
Similarly,

Ay = ALGa = YD (6o, E7) = )+ (e(0, B = 1)) S S+ (040) =0,
vEH

SO7 ALG2 Z AQ.

Since we assume that max{A;, Ao} is a (5 + %)—approximation for the MAX-CUT value
of G, we have ALG := max{ALG, ALG2} > max{A;, A3} — O(e3m) > (% + %) -OPT —
O(e3 - OPT) = (5 + Q(e?)) - OPT.

Finally, it remains to show that the best of (C,V \ C) and (H,L) cuts is a (1 + ;—Z)—
approximation for the MAX-CUT value of G. This directly follows from Theorem 6 (with
failure probability %), by substituting H and L with H and L, respectively. Together with
Lemma 12, Lemma 13, and applying union bound, this concludes the proof. <

4.3 Extension to Dynamic Streams

Overview of the Algorithm. Our algorithm in dynamic streams is basically similar to
Algorithm 3. The only difference is that to compute a small set H at the end of the stream
such that H D H, instead of reservoir sampling, we need to use £o-sampling [28].

Next, we prove the approximation guarantee and the space complexity of our algorithm
for dynamic streams. The algorithm is formally given in Algorithm 4.

» Theorem 14. Let e € (0,1] and 6 € (0,1). Given an e-accurate oracle O for the MAX-
CUT of G, there exists a single-pass (% + Q(€?))-approzimation algorithm for estimating the

MAX-CUT wvalue of G in the dynamic streams. The algorithm uses O(l‘?;a" log %) bits of
space. The approximation holds with probability at least 1 — §.

Note that Theorem 1 follows from Theorem 11 and Theorem 14 by setting § = 1/3.

Proof Sketch of Theorem 14. The proof follows a similar structure to that of Theorem 11.
First, we show that £p-sampling in dynamic streams can effectively replace reservoir sampling
in insertion-only streams, allowing us to retrieve a set H O H with high probability by the
end of the stream.
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Algorithm 4 Estimating the MAX-CUT value in dynamic streams.

Input: Graph G as a dynamic stream of edges, an e-accurate oracle O — {—1,1}
Output: Estimate of the MAX-CUT value of G
> Preprocessing phase
1: Initialize e(VF, V™) < 0.
2: Set hy,...,hy : [n] = [w] be 2-wise independent hash functions, with ¥ = [ 53] and
w = [Iln %W (where § is a sufficiently large universal constant).
3: Initialize CM[V*] and CM[V ] to zero.
> Streaming phase
4: for each item ((u,v),A(y,,)) in the stream do
5: Y, =0(u),Y, = O()
6: ifV,#Y, thene(VT, V)« e(VH, V) +1
7.
8
9

for each ¢ € [k] do
CM[VOW[E, hy(v)] ¢ CMV O], he(0)] + Ay
CM[VOWIIL, he(u)] = CM[VOON[E, he(u)] + Ay
10: In parallel, maintain % lo-samplers (with failure probability ¢’ = 6;;4) to obtain %
different edges F'.
> Postprocessing phase
11: for each v € V do
12: fj — minge[k] CM[V‘W[@, hg(v)}
13: fo minge[k] Cl\/I[V_][g7 hg(’l))}
14: H =, )er{uw v}
15 Ht « {veH:Y,=1},H « V\H*
16: é(ff’",i_) “ e(Y"',V_) — Ev€ﬁ+ fo — Zveﬁ* f;_
17: ALGy = &(Lt, L) + 3 e g max{f, , f;}

18: ALGo < 3, c5(fo + f)
19: return max{ALG;, ALGy}

Next, we show that for all vertices v € H, our estimates of the number of incident edges
from v to the sets V™ and V'~ has additive error at most poly(e, §) - m, with high probability.

Finally, using arguments similar to those in the proof of Theorem 11, we can show
that Algorithm 4 provides a (4 + (e?))-approximation for the MAX-CUT value of G with
probability 1 — §. For completeness, we provide the detailed proof in Section A.

5 Conclusion

We present the first learning-augmented algorithm for estimating the value of MAX-CUT
in the streaming setting by leveraging e-accurate predictions. Specifically, we provide a
single-pass streaming algorithm that achieves a (1/2 + Q(€?))-approximation for estimating
the MAX-CUT value of a graph in insertion-only (respectively, fully dynamic) streams using
poly(1/€) (respectively, poly(1/e,logn)) words of space. This result contrasts with the lower
bound in the classical streaming setting (without predictions), where any (randomized)
single-pass streaming algorithm that achieves an approximation ratio of at least 1/2 + ¢
requires Q(n/2P°Y(1/9)) space.

Our work leaves several questions for further research. For example, it would be interesting
to extend our algorithm from unweighted to weighted graphs. Currently, our algorithm for
handling the low-degree part does not seem to work for weighted graphs, as an edge with a
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heavy weight but incorrectly predicted signs can significantly affect our estimator. Another
open question is to establish lower bounds on the trade-offs between approximation ratio
and space complexity when the streaming algorithm is provided with predictions.
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A Proof of Theorem 14

» Lemma 15. Let € € (0, %] and 0 € (0,1). With probability at least 1 — g, Line 10 of
Algorithm 4 returns a set F' which contains % different edges.

Proof. The error is introduced by the ¢p-samplers and the probability that sampling 63‘%
uniform random edges in parallel does not yield % different edges.

By Theorem 4, the £y-sampler fails with probability at most ¢’. Since we maintain %
fo-samplers, by union bound, the failure probability introduced by fp-samplers is at most
o0

Suppose that all the £y-samplers succeed, i.e., |F| = % Now we bound the probability
that there exist two identical edges in F. Consider two fixed edges ej,es € F. Then

Prle; = eg] = % By union bound, the probability that there exists at least one pair of
identical edges is at most (ﬂ/’;354) . % < %.

Therefore, the probability that F' contains £ different edges is at least 1 — -
) 3¢ 03¢
s >1— 82— 2 >1-2 (since m = Qe 11677)). <

» Lemma 16. Let 6 € (0,1). By the end of the stream, H contains all high-degree vertices
in G with probability at least 1 — %.

62771
c

Proof. Suppose that v is a high-degree vertex in G, i.e., deg(v) >
incident to v, define an indicator random variable

. For each edge e;

X, = 1, ife;eF
0, otherwise

B B B2
6364771) 2 53etm ~ 25%e8m? 2 553€etm
) X; to denote the number of edges incident

So, E[X;] = Pr[X; =1] =1 — (1 - 1)%/% > 1 —exp (-~
for sufficiently large m. We define X := Zie[deg(v
to v that are sampled by the end of the stream. Then, E[X] = 3¢ jeq(0) E[Xi] = Bdeg(v)

= 55%eim

Next, we bound Var[X]. For any i € [deg(v)], Var[X;] = E[X?] — (E[X;])? = E[X;] —
(E[X;])? < 553f4m — (553€4m)2 = 553€4m - 2555;7112. Since (X;)ic[deg(v)] are negatively correl-
ated, Var[X] < 37, (o Var[Xs] = deg(v) - (553€4m - 2565;m2) < 2delv) " herefore, by
Chebyshev’s inequality,
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2 B deg(v)
Var[X] - 25§%€3m?
32 deg?(v)
583¢tm Bdeg(v)
—_— Var[X] < —=>~
~ B -deg(v) > Var[X] < 563etm
583¢2c em
< . >d > —
=3 eg(v) = —
By our definition of high-degree vertices, there are at most m = g high-degree vertices
in G By union bound, with probability at least 1 — —C . 55; £ =1- % >1- % (since
= 6 O and 3 sufficiently large), H contains all high- degree vertices in G. |

» Lemma 17. Let e € (0,3] and § € (0,1). For all vertices ve H, (1) ff > e(v,V1)
and f; > e(v,V7). (2) with probability at least 1 — 7, fiF < e(w,Vt) +2¢63m and
i <e(w,V7)+2"6%m

Proof. (1) By Theorem 2, we have f,;7 > e(v,V ") and f,; > e(v,V ™) forall v e V.

(2) By Theorem 2, we have f,F <e(v, V') +2¢"6%m and f,” < e(v, V™) + 2e"63m with
probability at least . |H| < 5%—54, by union bound, with probability
6;54 22 = 1 , we have fJr <e(v,Vt)+2e"8*m and f, <e(v,V7)+2"83m
for all v € H. |

Proof of Theorem 14. In Algorithm 4, we use CountMin sketch with £ = [=55] and
w = [ln jgﬂ to estimate the number of incident edges of high—degree vertices to with respect

to V* and V~, which takes O(=s In —1) = O(=5z In &) words of space, by Theorem 2.

Also, we maintain O (52 ) fo-samplers, which takes 0(1?5%64" log 5ir) = O(l((;%;” log 4 5 ) bits of
space, by Theorem 4. Therefore, the total space complexity of Algorithm 4 is O(lo’%S 3 log - 5)
bits.

Next, we show the approximation guarantee of Algorithm 4. Similar to arbitrary order
streams, we cannot detect H by the end of stream. Instead, we have H. Let A; :=

e(LT,L7) + X, c g max{e(v, L7),e(v,LT)} denote the value of the cut (C',V '\ C) obtained

by running Algorithm 1 on G[I?] and then assigning the vertices in H in a greedy manner.

Let Ay := 3", c(e(v,L7) +e(v, L)) denote the value of the cut (H,L). Suppose that the
best of (C,V \ C) and (H, L) cuts is a (3 + %)-approximation for the MAX-CUT value of
G. In the following, we show that ALG; and ALGs are good approximations of A; and As,
respectively. Therefore, max{ALG;, ALGy} returned by Algorithm 4 is also a strictly better
than %—approximation for the MAX-CUT value of G.

Since V* = Ht ULt and V- =H  UL™, we have e(v,Vt) = e(v, H) + e(v, L) and
e(v, V_) = e(v, H") + e(v, L) for any vertex v € V. By Lemma 17, with probability at
least 1 — 2, for all vertices v € H, we have

bu

Y +e(v, L)+ 276%m
V+e(v,L7) +276%m

e(v,
e(v,

)
)

e(v,
e(v,

I/\ I/\

£ H
fo H

INIA

o
H

bu

7)+(
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Since |H| < 523[:4, we have 0 < e(v, HT), e(v, H) < 2. Therefore, we have

63et”

2 ~

e(v, LT) < fif < 6364 +2¢"8*m + e(v, LT),

Py<f< 2P oas L~

e(v,L7) < f, _@—F €6°m+e(v,L7).
Then we have

0<ff iy <28 yoas d 0<f; —e E*)<£+2753

< fr—e(v, )_@+ €'°m  an < f, —e(v, < 53 t2e0Tm,
and
_ _ 2 _ _
max{e(v, LT),e(v,L7)} <max{f,}, f, } < % + 2€76%m + max{e(v, LT), e(v, L7)}.
Note that

e(LY,L7)=e(Vt,V ) —eH*,H ) - Z e(v,L7) — Z e(v, LT,

veEH+ veEH~
é(.i+7L_):€(V+7V_)— Z fv__ Z f;r
veHt veH—
We have
€(E+7Z7) - é(i+7l~’7) = Z ( 17 - 6(1},E7)) + Z ( ;r - 6(’[),£+)) - €(ﬁ+7j€[7)
veH+ veH~
28 2B 73 2B 2B 763
§(5364'<(5364+26 o°m +W @+26 °m ) —0
8 2
= % + 83€3m.
Therefore,

Ay — ALGy = (e(L*,L7) —&(L*,L7)) + Z(maX{e(vai‘%e(v,i*)} —max{f,", f'})

8p? 3 26 8p? 3

So, ALGy > Ay — (355 +886*m) = A, — O(e¥m).
Similarly,

Ay = ALGy = Y7 (60, L) = 1)+ (e, L) = 1)) < oy - (040) =0
veH

SO, ALG2 > AQ.

Since we assume that max{A;, Ao} is a (5 + i—z)—approximation for the MAX-CUT value
of G, we have ALG := max{ALG, ALGy} > max{A;, A2} — O(e*m) > (3 + %) -OPT —
O(e3 - OPT) = (3 + Q(e?)) - OPT.

Finally, it remains to show that the best of (C,V \ C) and (H, L) cuts is a (3 + %)—
approximation for the MAX-CUT value of G. This directly follows from Theorem 6 (with
failure probability g), by substituting H and L with H and L, respectively. Together with
Lemma 15, Lemma 16, Lemma 17, and applying union bound, this concludes the proof. =
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B Constant Query Complexity in Random Order Streams

In this section, we show that in the case of random-order streams, it suffices to query the
e-accurate oracle O for the labels of a constant number of vertices. For simplicity, we provide
only a sketch of the main ideas and omit the formal proof. We will utilize the following
lemma.

» Lemma 18 (Lemma 2.2 in [9]). Let a,b € R witha < b, n € N and x € [a,b]". Let
Y =>"  x. Foranyn,d € (0,1), there exists an algorithm which samples a set T of
t = O(n~2logd™') indices from [n] and returns an estimate ¥ = 23", . x; such that
|2 — 3| < n(b— a)n with probability at least 1 — 6.

Similar to Algorithm 2, we store the first poly(1/e,1/6) edges in the random order stream
and use them to identify a set H of size poly(1/e,1/d) that contains all high-degree vertices
H with high probability as in Lemma 10. For this part, we do not need any information
on the labels of vertices provided by the oracle O. Recall that the algorithm considers two

candidate cuts and returns the one with the larger size. Let L :=V \ H and S := H \ H.

The first candidate is obtained by performing the greedy extension of (LT U ST, L~ U S™)
using H. The second candidate is simply the cut (H, L). Formally, the sizes of these two
cuts are given as follows:

ALGr = e(L*, L7) + Y max{e(v, L), e(v, L*)}

veEH
=e(LY, L) +e(ST,87)+ > e, L)+ Y e(w, L)+ Y max{e(v, L"), e(v, LY)},
veS+ veS— vEH
ALGe =e(H,L) = e(v,L)=> (e(v,L) + (v, 5)).

Observe that, to compute the second cut size ALGs, there is no need to query the oracle
O. Tt suffices to count e(v, L) for each vertex v € H using the remaining edges (after the
first poly(1/e,1/5) edges) during the stream. At the end of the stream, we can retrieve H
from H and compute ALG, exactly.

Next, we focus on estimating ALG; by querying the oracle O a constant number of times.

Specifically, we decompose ALG; into four parts and estimate each part respectively.

(1) e(L*,L™). During the stream (after the first poly(1/e, 1/5) edges), we employ reservoir
sampling to sample O(e~*logd~!) edges T uniformly at random from E(G[L]), the
set of edges with both endpoints in L. Let U := Uu,vyer{w, v}. By Lemma 18, we

query O for the vertices in U and use e(GIL] . e(UT,U~) to estimate e(L*, L), with

7T
an additive error of €2 - e(G[L]).

(1) e(S5+,S57). Since we store all edges with both endpoints in A during the stream and
|H| = poly(1/e,1/3), we can compute e(ST,S™) exactly by querying O a constant
number of times.

() >, cs+ elv, L)+ > ves- el(v, L*). For each vertex v € H, we use reservoir sampling
to sample O(e~*log 1) edges T, uniformly at random from E(v, L), the set of edges
with one endpoint at v and the other in L. Let U, := Uguver, {u}- By Lemma 18,

we query O for the vertices in U, and use % -e(v,U}) to estimate e(v, L) and

use vl . e(v,U;) to estimate e(v, L™), both with an additive error of €2 - e(v, L).

1T 2 N
Therefore, we can estimate Y s e(v,L™) + > s e(v, LT) with an additive error

of -3 cs e(v,L) =€*-e(S,L).
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(V) 3, cymax{e(v,L7),e(v,L*)}. Since L~ = ST UL~ and Lt = S+ U L*, we have
e(v,L7) = e(v,S7) +e(v,L7) and e(v, L") = e(v,ST) + e(v, L"), for each vertex
v € H. Similar to (I1) and (Ill), we can estimate ), _, max{e(v,L™),e(v, L)} with
an additive error of €2 - 3", e(v,L) = € - e(H, L).

Let Xi@l denote our estimator for ALG;. Then we have |Kif;1 —ALGy| < €2 (e(G[fL]) +
e(S,L) +e(H,L)) <€ (e(G[L]) + e(H, L)) < m.

If ALGy = e(H,L) > (3 +¢2)- OPT, then we are done. Hence, without loss of generality,
we assume that ALGy = e(H,L) < (3 + €%) - OPT. By the proof of Theorem 6, we have

2

ALG; > (% + %) -OPT > (% + )2 > em if we set € < i. Therefore, |KI?(/}1 —ALGy| <

16/ 2
e2m < e- ALG;. Since ALG; > (% + %) -OPT and we can use ALG; to approximate ALGq
within a multiplicative factor of (1 + ¢), we are done.

Query Complexity. In the above analysis, the total query complexity for the e-accurate
oracle O is poly(1/e,1/d,10g(1/4)), which is independent of n.
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