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Abstract
We study the metric Steiner tree problem in the sublinear query model. In this problem, for a set of
n points V in a metric space given to us by means of query access to an n × n matrix w, and a set
of terminals T ⊆ V , the goal is to find the minimum-weight subset of the edges that connects all the
terminal vertices.

Recently, Chen, Khanna and Tan [SODA’23] gave an algorithm that uses Õ(n13/7) queries and
outputs a (2 − η)-estimate of the metric Steiner tree weight, where η > 0 is a universal constant. A
key component in their algorithm is a sublinear algorithm for a particular set cover problem where,
given a set system (U , F), the goal is to provide a multiplicative-additive estimate for |U| − SC(U , F).
Here U is the set of elements, F is the collection of sets, and SC(U , F) denotes the optimal set cover
size of (U , F). In particular, their algorithm returns a (1/4, ε · |U|)-multiplicative-additive estimate
for this set cover problem using Õ(|F|7/4) membership oracle queries (querying whether a set S ∈ S
contains an element e ∈ U), where ε is a fixed constant.

In this work, we improve the query complexity of (2 − η)-estimating the metric Steiner tree
weight to Õ(n5/3) by showing a (1/2, ε · |U|)-estimate for the above set cover problem using Õ(|F|5/3)
membership queries. To design our set cover algorithm, we estimate the size of a random greedy
maximal matching for an auxiliary multigraph that the algorithm constructs implicitly, without
access to its adjacency list or matrix. Previous analyses of random greedy maximal matching have
focused on simple graphs, assuming access to their adjacency list or matrix. To address this, we
extend the analysis of Behnezhad [FOCS’21] of random greedy maximal matching on simple graphs
to multigraphs, and prove additional properties that may be of independent interest.
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1 Introduction

In the Steiner tree problem, we are given an undirected graph G = (V, E), where each edge
e has an associated cost w(e), and a specified set of terminal vertices T ⊆ V . Then, the
objective is to find a minimum-cost subgraph H of G that connects all terminals in T . The
Steiner tree problem is one of the most fundamental problems in combinatorial optimization
and has been extensively studied by the TCS community since it was included among Karp’s
21 NP-Complete problems [34]. The state-of-the-art approximation factor for the Steiner
tree problem is ln 4 + ε < 1.39 [14], and it is known that approximating it to a factor better
than 96/95 is NP-hard [17]. This Steiner tree problem has been studied in various domains,
including approximation algorithms [40, 14], online algorithms [29, 3, 37, 26], stochastic
algorithms [27, 25, 22], and massive data analysis models [15, 18, 16].

▶ Definition 1 (Sublinear Metric Steiner Tree). In the metric Steiner tree problem, we are
given a set of points V , a set of terminal points T ⊆ V , and query access to an oracle O
to the |V | × |V | distance matrix of a metric space (V, w), where O(u, v) returns the weight
w(u, v) of the edge (u, v).

Let ST(V, T, w) denote the weight of a minimum-weight Steiner tree on instance (V, T, w).
Then, the goal is to design an algorithm that estimates ST(V, T, w) using the fewest possible
queries to the distance matrix via the oracle O.

Czumaj and Sohler [18] presented the first sublinear query algorithm for the metric
Steiner tree problem, showing a (2 + ε)-approximation using Õ(k/εO(1)) queries through
their improved algorithm for the minimum spanning tree (MST) problem. Specifically, this
follows their sublinear (1 + ε)-approximation for MST together with the well-known result by
Gilbert and Pollak [23] showing that an α-approximation for MST over the metric induced
on the terminals T is a (2α)-approximation for the metric Steiner tree instance with T as
the terminal set.

Recently, Chen, Khanna, and Tan [16] studied the design of sublinear algorithms with
strictly better-than-2 approximation for the metric Steiner tree problem. On the lower bound
side, they showed that for any ε > 0, estimating the Steiner tree cost to within a (5/3− ε)-
factor requires Ω(n2) queries, even when the number of terminals |T | is constant. Moreover,
they showed that for any ε > 0, estimating the Steiner tree cost to within a (2− ε)-factor
requires Ω(n + |T |6/5) queries. Additionally, they proved that for any 0 < ε < 1/3, any
algorithm that outputs a (2− ε)-approximate Steiner tree (not just its cost) requires Ω(n|T |)
queries. On the upper bound side, they showed that it is possible to achieve a better-than-2
estimate of the Steiner tree cost in sublinear time: there exists an algorithm that, with high
probability, computes a (2− η)-approximation of the Steiner tree cost using Õ(n13/7) queries,
where η > 0 is a universal constant. At the core of their sublinear algorithm for metric
Steiner tree with improved approximation guarantee, they relate the problem of achieving a
better-than-2 estimation for the Steiner tree to a variant of set cover problem with a different
objective.

▶ Definition 2 (Threshold Set Cover). Given a universe of elements U and a collection F
of subsets of U , in the Threshold Set Cover problem the goal is to estimate ThSC(U ,F) :=
|U| − SC(U ,F), where SC(U ,F) denotes the size of an optimal set cover solution for (U ,F),
i.e., the minimal number of sets in F whose union equals U .

Following the notation of [16] and for simplicity, in our technical sections, we also refer to
this problem as set cover.
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Specifically, given access to the adjacency matrix of the graph representation of (U ,F),
where there is an edge between e ∈ U and S ∈ F if and only if e ∈ S, Chen, Khanna, and
Tan [16] designed an algorithm that, for any constant 0 < ε < 1, with high probability,
outputs a multiplicative-additive (1/4, ε|U|)-approximation for estimation of ThSC(U ,F) using
Õε(|F|3/2+|F|3/4 ·|U|) queries to the adjacency matrix (or, membership queries). An estimate
SOL for Threshold Set Cover on (U ,F) is a multiplicative-additive (γ1, γ2)-approximation, if
γ1 · ThSC(U ,F)− γ2 ≤ SOL ≤ ThSC(U ,F).

More broadly, there has been a large body of work on solving set cover problems in the
massive data models of computation over the past decade [41, 19, 28, 20, 2, 30, 1, 5, 31, 24].
In particular the work of [31, 24] consider the set cover problem in the sublinear query
model. However their algorithms assumes that it has an access to the adjacency list model
as opposed to the adjacency matrix model, and thus cannot be directly employed here.

1.1 Our Results
Our key contribution is an algorithm for Threshold Set Cover, offering improved approxima-
tion guarantees and query complexity, as detailed below:

▶ Theorem 3 (Our Algorithm for Threshold Set Cover). There exists an algorithm that, given
a set system (U ,F) with oracle access to its adjacency matrix (also known as membership
queries), outputs a multiplicative-additive (1/2, ε · |U|)-approximation to Threshold Set Cover,
in Õ(|F|5/3) time, with high probability.

Note that both the query complexity and the running time of the algorithm are bounded
by Õ(|F|5/3), improving upon the algorithm by Chen, Khanna, and Tan [16] for large values
of |U|, which uses Õε(|F|3/2 + |F|3/4 · |U|) membership queries and provides a multiplicative-
additive (1/4, ε|U|)-approximation for the problem. Notably, when |U| = ω(|F|2/3), the
algorithm becomes sublinear in |U| · |F|, making it especially relevant for applications in
the metric Steiner tree problem. More specifically, our new algorithm for Threshold Set
Cover results in the following improved sublinear query algorithm for the metric Steiner tree
problem, which we show in Section 5.

▶ Theorem 4 (Sublinear Algorithm for Metric Steiner Tree). There exists an algorithm that,
given an instance of metric Steiner tree denoted by (V, T, w) with oracle access O to the
distance matrix of (V, w), outputs a (2− η)-estimate of ST(V, T, w) using Õ(n5/3) queries to
O, where η > 0 is a universal constant, with high probability.

Notably, the query complexity of our algorithm improves upon the Õ(n13/7) query
complexity of the algorithm of Chen, Khanna, and Tan [16].

For a detailed overview of our technical contribution, see Section 2.

2 Technical Overview

In this section, we provide a brief overview of the technical challenges involved in designing
our algorithms. To design a sublinear time algorithm for the Steiner tree problem, we use the
framework developed by Chen, Khanna, and Tan [16]. They demonstrated that breaking the
2-approximation barrier for the Steiner tree problem can be reduced to solving an instance of
a set cover problem. We refer the reader to Section 4.1 of [16] for details on this reduction.

We denote the variant of the set cover problem as Threshold Set Cover. Given a collection
of sets F over a universe of elements U , we aim to estimate the value of ThSC(U ,F) =
|U|−SC(U ,F), where SC(U ,F) denotes the size of the optimal set cover of the given instance.

ITCS 2025
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To achieve our goal of breaking the 2-approximation barrier for the Steiner tree problem,
we need to estimate ThSC(U ,F) with a (γ, ε · |U|) multiplicative-additive error, where γ

must be a constant and ε is any (small enough) constant. For this problem, we only have
access to a membership oracle of the instance, meaning we can query whether a particular
element e is in a particular set S or not. Note that this type of access is generally considered
more challenging compared to an adjacency list oracle, where the algorithm can access either
the ith element of a set S, or the ith set containing an element e. The reason is that if an
element is included in only a constant number of sets, the algorithm is required to spend
Ω(|F|) queries to find just one set that contains the element. Consequently, we cannot use
the results from the literature on sublinear set cover [24, 31] because they all rely on an
adjacency list access model.

We will now provide an informal, step-by-step description of our algorithm for Threshold
Set Cover, highlighting its differences, innovations, and technical challenges in comparison to
the algorithm of [16]. For simplicity, in this technical overview we assume that |F| = Θ̃(|U|),
since this represents the worst-case scenario for the Steiner tree problem. However, our
formal proof does not depend on this assumption. We let n = |F|.

First step: sparsification of the Threshold Set Cover instance. The goal of this step is
to produce a new instance where each element and each set has a low degree – specifically,
where each element is in only a few sets, and each set contains only a few elements. This step
is standard in designing sublinear algorithms for the set cover problem for different access
models, and a slightly different version of it is also used in the algorithm by [16]. Our slight
modification of the sparsification step allows us to relax some constraints in the reduction
from the Steiner tree problem to Threshold Set Cover, enabling us to achieve the same query
complexity for both problems.

Let x > 0 be some constant that we optimize later. Consider a set S ∈ F and suppose we
randomly sample Õ(n1−x) elements from the universe and query the membership of all the
sampled elements in S. If the size of S is at least Ω̃(nx), we expect to see a large intersection.
Conversely, if the size of S is much smaller, we expect to see a small intersection. If a large
intersection exists, we can remove the set S and all its elements from the instance. Since
this event occurs at most Õ(n1−x) times, we can account for the removed elements and sets
using the additive error in our estimation. Similarly, we can show that all elements belonging
to more than Ω̃(nx) sets can be covered by a random subcollection of sets of size Õ(n1−x).
Therefore, without loss of generality, by spending Õ(n2−x) time, we can assume that each
set contains at most Õ(nx) elements, and each element is included in at most Õ(nx) sets.

Second step: constructing an auxiliary graph H and estimating the size of its maximum
matching. Similar to [16], we construct a graph H with a vertex set where each vertex
corresponds to an element of U . We connect two vertices if their corresponding elements
appear together in at least one set from F . It is important to note that we do not construct H

explicitly, as doing so would be computationally expensive and require Ω(n2) time. As shown
by [16], if the size of the maximum matching of H is large, it is evident that ThSC(U ,F)
is significantly smaller than |U|. Conversely, if the size of the maximum matching of H is
close to zero, then ThSC(U ,F) is also close to zero. This is sufficient for our purposes, as
our goal is to obtain a constant-factor approximation. Intuitively, each matching edge in H

indicates that there are two elements that can be covered together, which increases the value
of ThSC(U ,F).
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There is extensive literature on estimating the size of maximum matching in sublinear
time [4, 6, 8, 7, 9, 12, 13, 33, 36, 38, 39, 43], with significant progress made in recent years.
For our application, we use the algorithm of Behnezhad [6] to estimate the size of a random
greedy maximal matching (RGMM) of the graph. In summary, this algorithm can estimate
the size of the RGMM of a graph in Õ(d̄) time if given access to the adjacency list of the
graph, where d̄ denotes the average degree of the graph. We can now use this algorithm as a
black box:

The average degree of H is Õ(n2x), since each element is in Õ(nx) sets and each set
contains Õ(nx) elements.
Each time the algorithm visits a vertex in H (corresponding to an element), we can spend
Õ(n1+x) time to find its adjacency list in H. This involves first querying all sets that
include the element, and then making queries between those sets and all elements.

Therefore, we can simulate the algorithm from [6] in Õ(d̄ · n1+x) = Õ(n1+3x) time. By
balancing this with the sparsification step, which requires Õ(n2−x) time, we can set x = 1/4
to achieve an algorithm with a running time of Õ(n7/4). This is essentially the running time
of the algorithm by Chen, Khanna, and Tan [16].

Third step: using the algorithm of Behnezhad [6] in a white-box manner. To improve
the running time of our algorithm, we need to open up the RGMM algorithm from [6] and
utilize its properties to apply it more effectively. The RGMM algorithm is a local algorithm
that explores the neighborhood of a given vertex to determine whether it is matched. A key
observation is that during each exploration, the algorithm requires a random neighbor of the
vertex that has not been explored yet. However, in the previous approach, we constructed
the entire adjacency list of the vertex, which is redundant and inefficient. Intuitively, we
only need to randomly identify one of the vertex’s neighbors in each step.

However, the first challenge we encounter is that we cannot select a neighbor uniformly at
random. To illustrate this, consider the following example. Suppose that we have five elements
U = {e1, . . . , e5} and three sets: S1 = {e1, e2, e3}, S2 = {e1, e2, e4}, and S3 = {e1, e2, e5}.
Suppose that we want to find a random neighbor of e1 in H. If we first find all sets that
include e1 and then query between those sets and all elements uniformly at random until
we find an edge in H, we are likely to see the edge (e1, e2) because it appears in all sets.
Consequently, the algorithm has a bias towards finding neighbors that appear in more sets
with the element.

To overcome this challenge, rather than defining an auxiliary simple graph H, we define
an auxiliary multigraph H. In this multigraph, if two elements appear in the same set
multiple times, we add an edge for each of those occurrences. Note that the average degree
of H remains at most Õ(n2x). However, the algorithm and analysis for RGMM from [6] are
designed for simple graphs. We extend these results to multigraphs and show that we can
estimate the size of RGMM for a multigraph, given access to its adjacency list. This extension
may be of independent interest and could be useful for tackling other problems in sublinear
time. To establish this, we build on the exquisite approach first introduced by Yoshida,
Yamamoto, and Ito [43] and further explored in various settings [6, 10, 11]. We employ
techniques such as the analysis of the round-complexity of maximal independent sets [21],
double-counting arguments to bound the average complexity of RGMM on multigraphs, and
others; we encourage the reader to refer to the arXiv version of the paper for further details.

Now, suppose that for each vertex the RGMM algorithm explores in H, we first query all
sets to identify those that include the corresponding element. Since the algorithm explores at
most Õ(d̄) vertices in H, this step will cost at most Õ(d̄ · n) = Õ(n1+2x) in total. Let v be a
vertex that the RGMM algorithm is exploring at the moment. Define Sv to be the collection
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of sets that include element v. Now, if we query uniformly at random between all elements
and the collection Sv, each incident edge of v in the multigraph H has an equal probability
of being sampled, which resolves the first challenge. For now, assume that the degree of all
vertices in H is d̄. Since |Sv| = Õ(nx) and there are Õ(n) elements in total, we expect to
find an element in one of the sets of Sv every Õ(n1+x/d̄) queries. Thus, to identify a random
neighbor of a vertex in H, we need to spend Õ(n1+x/d̄) time. The RGMM algorithm queries
for a random neighbor of a vertex Õ(d̄) times, since the exploration size is Õ(d̄); therefore,
the total cost is Õ(n1+x). Combining this with the cost of sparsification, the total cost of
the algorithm is Õ(max(n2−x, n1+2x)), which is Õ(n5/3) if we set x = 1/3.

The second challenge arises because the RGMM algorithm may predominantly visit
vertices with a very low degree in H. For such vertices, finding a random neighbor can be
much more time-consuming. Generally, if a vertex v in H has degree degH(v), then each
time the algorithm finds a random neighbor of v, it needs to spend Õ(n1+x/ degH(v)) time.
Therefore, if the algorithm frequently encounters vertices with constant degree, each query
to find a random neighbor can cost Õ(n1+x). With the exploration size being Õ(d̄), this
can significantly increase the query complexity of the algorithm. As a property of the local
RGMM algorithm, we demonstrate that each vertex is visited by the algorithm in proportion
to its degree in H. More formally, we prove that RGMM requires Õ(degH(v)/n) neighbors
of v on average, for a uniformly random permutation of edges. Thus, the degree-dependent
factors cancel each other out, and the average cost of this part can be upper-bounded by
Õ(n1+x), which is enough for us to get the Õ(n5/3) running time for the Threshold Set
Cover.

3 Preliminaries

As is common in the literature, we use the term “with high probability” to refer to a probability
of at least 1 − n−α, for a sufficiently large constant α ≥ 2. Moreover, we use Õ(·), Θ̃(·),
and Ω̃(·) to hide the dependency on poly(log n). For a maximization problem of estimating
some value χ, and for γ1 ∈ (0, 1] and γ2 > 0, we say that χ̃ is a multiplicative-additive
(γ1, γ2)-approximation of the value χ if γ1χ− γ2 ≤ χ̃ ≤ χ.

3.1 Probabilistic Tools

We use the following standard concentration inequalities in our proof.

▶ Proposition 5 (Chernoff Bound). Let X1, X2, . . . , Xn be n independent Bernoulli random
variables. Let X =

∑n
i=1 Xi. For any k > 0, it holds that

Pr[|X −E[X]| ≥ k] ≤ 2 exp
(
− k2

3 E[X]

)
.

▶ Definition 6 (Negative Association [32, 35, 42]). Let X1, X2, . . . , Xn be a set of random
variables. We say this set is negatively associated if for any two disjoint index sets I, J ⊆ [n],
and two functions f and g, both either monotonically increasing or monotonically decreasing,
the following condition is satisfied:

E[f(Xi : i ∈ I) · g(Xj : j ∈ J)] ≤ E[f(Xi : i ∈ I)] ·E[g(Xj : j ∈ J)].
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▶ Proposition 7 (Chernoff Bound for Negatively Associated Variables). Let X1, X2, . . . , Xn be
a set of negatively associated Bernoulli random variables. Let X =

∑n
i=1 Xi. Then

Pr [X ≥ (1 + α) E[X]] ≤
(

eα

(1 + α)1+α

)E[X]

and

Pr [X ≤ (1− α) E[X]] ≤
(

e−α

(1− α)1−α

)E[X]

▶ Proposition 8 (Markov Inequality). Let X be a non-negative random variable. For any
α > 0, it holds that

Pr[X ≥ α] ≤ E[X]
α

.

3.2 Graph Theory
A multigraph is a type of graph in which multiple edges, also known as parallel edges, are
allowed between any pair of vertices. A line graph of a graph G is a graph that represents
the adjacencies between the edges of G. More formally, given a graph G, the line graph L(G)
is constructed as follows:

Vertices: Each vertex in L(G) corresponds to an edge in G.
Edges: Two vertices in L(G) are connected by an edge if and only if their corresponding
edges in G share a common endpoint (i.e., they are incident to the same vertex in G).

For a graph G, we let degG(v) be the degree of vertex v. In the case of multigraphs, degG(v)
counts parallel edges multiple times.

Random Greedy Maximal Matching (RGMM). Given a graph G = (V, E), a random
greedy maximal matching is constructed by first selecting a random permutation π of the
edges E. The algorithm then iterates over the edges in the order specified by π, adding
each edge to the matching if neither of its endpoints is already matched (i.e., if none of its
adjacent edges have been included in the matching so far). This process continues until all
edges have been considered. The term “random” comes from the fact that the permutation
π is chosen uniformly at random among all possible permutations of the edges.

Random Greedy Maximal Independent Set (MIS). Given a graph G = (V, E), a random
greedy maximal independent set is constructed by first selecting a random permutation π

of the vertices V . The algorithm then iterates over the vertices in the order specified by π,
adding each vertex to the independent set if none of its neighbors are already in the set (i.e.,
it does not share an edge with any vertex already included in the independent set). This
process continues until all vertices have been considered. The term “random” comes from the
fact that the permutation π is chosen uniformly at random among all possible permutations
of the vertices.

Parallel Randomized Greedy Maximal Independent Set. Let G be a graph, and let π be
a permutation of its vertices. In each iteration, we select all vertices whose rank is lower
than that of all their neighbors and then remove these vertices along with their neighbors
from the graph. The number of iterations required for G to become empty is referred to as
the round complexity, denoted by ρ(G, π). It is not hard to see that the MIS produced by
the parallel randomized greedy maximal independent set is the same as the output of the
random greedy maximal independent set for a fixed permutation π.

ITCS 2025
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4 Sublinear Algorithm for Set Cover

In this section, we formalize and analyze our algorithm for the set cover variant described
above. Throughout this section, we assume that U denotes the universe and F denotes the
collection of sets. We will slightly abuse notation by letting k = |U| and n = |F|. Without
loss of generality, we can assume that n ≥ k.1 We use SC(U ,F) for the size of the minimum
set cover of the input instance. Our goal is to design an algorithm that estimates the value
of χ = k − SC(U ,F) with at most εk additive error and a constant multiplicative factor. For
γ1 ∈ (0, 1] and γ2 > 0, we say that χ̃ is a multiplicative-additive (γ1, γ2)-approximation of
the value χ if γ1χ− γ2 ≤ χ̃ ≤ χ. Similar to the reduction from the Steiner tree problem to
set cover in [16], we need to estimate k − SC(U , F̸=2) where F ̸=2 denotes the collection of all
sets in F except those of size exactly 2. For simplicity, we focus on estimating χ, and in the
final step of this section, we will explain how to handle sets of size 2 in our algorithm. For
our application, we need γ1 to be constant and γ2 = εk where ε is a small fixed constant.

A High-Level Description of the Algorithm. Our algorithm for estimating the value of χ is
formalized in Algorithm 1. Apart from the collection of sets F and the universe of elements
U , the algorithm runs with two parameters, α and β, both of which can be determined
based on the values of x and y, which we optimize in the final step of the analysis. The
algorithm has three phases: 1) sparsification of the sets, 2) sparsification of the elements,
and 3) estimating the size of a maximum matching of the auxiliary graph H (Definition 9).
In the following, we first describe each component in words before moving on to the formal
proofs.

(Step 1) Set Sparsification. This component of the algorithm is formalized in Algorithm 2.
The algorithm maintains a collection of sets F̂ and a universe of elements Û that are initially
equal to F and U , respectively. We iterate over all sets in F one by one and for each set S,
we sample r1 = |Û |/α random elements from Û . Intuitively, if |S ∩ Û| ≥ Ω̃(α), we expect to
have an element of S in the r1 random sampled elements. Having this in mind, if there is a
large enough intersection (Ω(log n)) between the sampled elements and S, we remove set S

and all its elements from F̂ and Û , respectively (we add this set to our solution). Therefore,
after the execution of the algorithm, each remaining set in F̂ has at most Õ(α) elements.
On the other hand, if |S ∩ Û| is smaller than α, we expect to see a small intersection with
the r1 sampled elements. Consequently, the number of times the algorithm removes a set
and its elements from F̂ and Û is at most k/α = o(k), which can be accounted for by the
additive error in the estimation. Also, if at any point the size of the maintained universe
becomes smaller than some threshold (in the algorithm the value of the threshold is Θ̃(α),
the algorithm stops processing the rest of the sets (Algorithm 2) since Û = Õ(α). This step
differs from the algorithm in [16] because we sequentially sparsify the sets, whereas their
approach is non-adaptive.

(Step 2) Sparsification of Elements. This part of the algorithm is formalized in Algorithm 3.
Similar to the previous step, we want to sparsify our instance such that each element in the
remaining instance appears in at most Õ(β) sets. Let Û and F̂ be the output of Algorithm 2.
We sample r2 = |Û |/β random sets from the collection F̂ . With the same intuition as the

1 For the sake of this problem, for each element in the universe we can add a set that only contains the
element. The same assumption is also made in [16].
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previous step, if some element is in at least Ω̃(β) sets of F̂ , we expect to see it in many
sampled sets. We partition the elements of Û into Ulow and Uhigh, depending on whether
their intersection with the randomly sampled elements is smaller than a given threshold or
not. With high probability, each element in Ulow appears in at most Õ(β) sets of F̂ , and
each element in Uhigh appears in at least Ω̃(β) sets of F̂ . This suffices to show that any
random subset of F̂ of size εk/2 can cover all elements of Uhigh, which can be included in
the additive error of the estimation. This step is similar to the approach used in [16].

After steps 1 and 2 of the algorithm, we have the property that each set in the remaining
instance has at most Õ(α) elements, and each element in the remaining instance is in at
most Õ(β) sets.

(Step 3) Estimating the Maximum Matching of Auxiliary Graph H. We construct an
auxiliary multigraph H with vertex set Ulow. For each set S ∈ F̂ , we add an edge in H

between every two elements of S. Note that we do not explicitly construct the multigraph
H because doing so would require Ω(nk) time, which is not feasible. We now estimate the
size of the maximum matching in H to produce our final estimate. Intuitively, if χ is very
small (close to zero), meaning that nearly k sets are required to cover the universe, then the
maximum matching in H will also be small. To see this, note that a matching edge implies
that its two endpoints can be covered by the same set. Conversely, if χ is large (almost
equal to k), then H will have a large matching because each set in the set cover solution
covers many new elements, which can be almost paired up in H. Thus, obtaining a constant
approximation for the size of the maximum matching in H is sufficient to achieve our goal,
and we do this by estimating the size of a random greedy maximal matching in H. To that
end, we modify and analyze the algorithm from [6] for multigraphs and adapt it to our access
model for the multigraph H, as discussed in detail in the full version of the paper. The
algorithm in [16] constructs a similar graph, but it is not a multigraph in the sense that, for
any two elements that appear together in multiple sets, only a single edge is added between
them in H.

▶ Definition 9 (Auxiliary Multigraph H). Let F̂ and Ulow be as defined in Algorithm 1,
respectively, of Algorithm 1. We construct an auxiliary graph H with vertex set Ulow such
that for each set S in F̂ and each two different elements e, e′ ∈ Ulow, we add an edge (e, e′)
to H. Note that H is a multigraph: multiple sets may contain both elements e and e′, and
we add an edge for each of these sets.

Algorithm 1 Sublinear Time Algorithm for Set Cover.

1 Input: Collection of sets F and universe of elements U .
2 Parameter: α← nx, β ← 10 max(k/n1−y, 1) · n log(n)/k.
3 Let F̂ and Û be the output of Algorithm 2 with input F , U and α.
4 Let Ulow and Uhigh be the output of Algorithm 3 with input F̂ , Û , and β.
5 Let H be the auxiliary multigraph defined in Definition 9. ▷ We do not build H

explicitly.
6 Let µ̃ be the estimate of Eπ |RGMM(H, π)|.
7 Let χ̃← µ̃ + |U \ Ulow| − εk/2.
8 return χ̃.
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Algorithm 2 Sparsification of Sets.

1 Input: Collection of sets F , universe of elements U , and parameter α that controls
the sparsification ratio.

2 F̂ ← F , Û ← U , c← 0. ▷ We use c only for the analysis.
3 for S ∈ F do
4 if |Û | < 10α log n then
5 break
6 r1 ← |Û|/α.
7 Let e1, e2, . . . , er1 be r1 random elements of Û .
8 Make queries between S and elements e1, . . . , er1 .
9 if |{e1, . . . , er1} ∩ S| ≥ 10 log n then

10 F̂ ← F̂ \ {S}.
11 c← c + 1.
12 for e ∈ Û do
13 if e ∈ S then
14 Û ← Û \ {e}.

15 return F̂ , Û

Algorithm 3 Sparsification of Elements.

1 Input: Collection of sets F̂ , universe of elements Û , and parameter β that controls
the sparsification ratio.

2 r2 ← |Û|/β.
3 if r2 < 20 log n/ε then
4 Ulow ← Û , Uhigh ← ∅.
5 return Ulow, Uhigh.
6 Let {S1, S2, . . . , Sr2} be r2 random sets from F̂ .
7 Make queries between all elements in Û and sets in {S1, S2, . . . , Sr2}.
8 Let Ulow be the elements that appeared in at most 20 log n/ε many sets.
9 Uhigh ← Û \ Ulow.

10 return Ulow, Uhigh.

4.1 Proof of Correctness

In this section, we prove the correctness of Algorithm 1.

▷ Claim 10. For any set S such that the condition of Algorithm 2 holds during the execution
of Algorithm 2, with high probability it holds that |S ∩ Û| ≥ α, where Û denotes the universe
that Algorithm 2 maintains at the time it processes S.

Proof. Suppose that S is a set such that |S∩Û| < α at the time that Algorithm 2 processes this
set. Let Xi be the random variable that indicates ei ∈ S. Thus, we have Pr[Xi] ≤ |S∩Û|/|Û |.
Let X =

∑r1
i=1 Xi. By linearity of expectation, we have E[X] < r1α/|Û | = 1. Also, note that

Xi’s are negatively associated random variables. Let λ = (9 log n)/ E[X]. Therefore, using
the Chernoff bound for negatively associated random variables (Proposition 7) we have
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Pr[X ≥ (1 + λ) E[X]] ≤
(

eλ

(1 + λ)1+λ

)E[X]

≤
(

eλ

λλ

)E[X]

(Since λ > 1)

=
( e

λ

)9 log n

(Since λ = (9 log n)/ E[X])

≤ 1
n9 (Since λ > e2)

which implies that with probability of at least 1− n−9,

X < (1 + λ) E[X] = E[X] + 9 log n < 10 log n.

Since we have n sets, using a union bound, with a probability at least 1− n−8, for any set
such that the condition of Algorithm 2 holds, we have |S ∩ Û| ≥ α. ◁

▷ Claim 11. Let c be the variable used in Algorithm 2. With high probability, we have
c ≤ k/α.

Proof. By Claim 10, for every set S such that the condition on Algorithm 2 of Algorithm 2
holds, with high probability we have that |S ∩ Û| ≥ α. Hence, each time the algorithm
increases c, the size of Û decreases by α. Therefore, the total number of times the algorithm
increases c is upper-bounded by k/α. ◁

▷ Claim 12. Let F̂ and Û be the output of Algorithm 2. Then, each set S ∈ F̂ has at most
20α log n elements in Û with high probability.

Proof. First, note that if the algorithm stops because of the condition of Algorithm 2 and
does not process S, it holds that |Û | < 10α log n and the claim trivially holds.

Let S be a set such that at the time that Algorithm 2 processes S, we have |S ∩ Û| ≥
20α log n. Similar to the proof of Claim 10, let Xi be the random variable that indicates ei ∈ S

and X =
∑r1

i=1 Xi. Hence, E[X] ≥ 20r1α log n/|Û | = 20 log n. Since Xi’s are negatively
associated random variables, using Chernoff bound (Proposition 7) for λ = (9 log n)/ E[X],
we have

Pr[X ≤ (1− λ) E[X]] ≤
(

eλ

(1 + λ)1+λ

)E[X]

≤
(

eλ

λλ

)E[X]

(Since λ > 1)

=
( e

λ

)9 log n

(Since λ = (9 log n)/ E[X])

≤ 1
n9 (Since λ > e2)

which implies that with a probability of at least 1− n−9,

X > (1− λ) E[X] = E[X]− 9 log n ≥ 20 log n− 9 log n > 10 log n.

Therefore, the condition on Algorithm 2 of Algorithm 2 must hold for all such sets with a
probability of at least 1− n−8 using union bound. ◁
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▶ Lemma 13 (Sets Sparsification Guarantee). Let F̂ and Ulow be outputs of Algorithm 2 and
Algorithm 3. Also, let S ∈ F̂ . Then, with high probability, S contains at most Õ(α) elements
of Ulow.

Proof. Note that Ulow ⊆ Û where Û is the output of Algorithm 2. Also, by Claim 12, we have
|S ∩ Û| ≤ 20α log n. Thus, with high probability we have |S ∩ Ulow| ≤ 20α log n = Õ(α). ◀

▶ Lemma 14 (Elements Sparsification Guarantee). Let Ulow be as output by Algorithm 3 and
let e ∈ Ulow. Then, with high probability, there are at most Õ(β) sets of F̂ that contain e.

Proof. Let e be an element of Û , where Û is the output of Algorithm 2. We show that if at
least 40β log n/ε sets in F̂ contain e, then e ∈ Uhigh in the output of Algorithm 3 with high
probability.

Let Xi be an indicator variable for Si containing e. Thus, we have E[Xi] ≥ 40β log n/(εn).
Define X =

∑r2
i=1 Xi. Hence, E[X] ≥ r2 · 40β log n/(εn) = 40 log n/ε. Since Xi’s are

negatively associated random variables, using Chernoff bound (Proposition 7) for λ =
(9 log n)/ E[X], we have

Pr[X ≤ (1− λ) E[X]] ≤ 1
n9 (Similar to the proof of Claim 12)

which implies that X > 20 log n with a probability of at most 1− n−9, since

X > (1− λ) E[X] = E[X]− 9 log n ≥ 40 log n/ε− 9 log n > 20 log n/ε.

Using a union bound for all elements in Û that are in at least 40β log n/ε sets of F̂ , with
high probability all of them are going to be included in Uhigh. As a result, for each e ∈ Ulow,
e is in at most Õ(β) sets of F̂ . ◀

▷ Claim 15. Let F ′ be a random collection of εk/5 sets of F̂ . Then, with high probability,
every element in Uhigh is in one of the sets of F ′.

Proof. Let e ∈ Û be such that at most 15β log n/ε sets of F̂ contain e. Similar to the proof of
Lemma 14, let X be a random variable that denotes the number of sets Si (for i = 1, 2, ..., r2)
that contain e. Using a Chernoff bound, we can prove that with a probability of at least
1 − n−2, for all such elements e, we have X < 20 log n/ε. Therefore, all elements in Uhigh

are in at least 15β log n/ε sets of F̂ .
Consequently, when |F ′| ≥ εk/5, the expected number of sets in F ′ that cover element

e ∈ Uhigh is at least

15β log n

ε
· 1

n
· εk

5 ≥
15n log n

εk
· 1

n
· εk

5 = 3 log n

where we used that β ≥ n/k (see Algorithm 1 in Algorithm 1). Using Chernoff bounds again,
we expect all these elements to be covered by at least one set with high probability, which
concludes the proof. ◁

▷ Claim 16. Let SC(Ulow, F̂) be the optimal set cover size for the universe of elements
Ulow and the collection of sets F̂ which are the outputs of Algorithm 3 and Algorithm 2,
respectively. Let µ̃ be the output of Lemma 21 (i.e., a size estimate of a random greedy
maximal matching of H) with εk/2 additive error. Then, it holds that

1
2

(
|Ulow| − SC(Ulow, F̂)

)
− εk

2 ≤ µ̃ ≤ |Ulow| − SC(Ulow, F̂).
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Proof. Let M be any maximal matching of H. First, we show that

1
2

(
|Ulow| − SC(Ulow, F̂)

)
≤ |M | ≤ |Ulow| − SC(Ulow, F̂).

If for each edge in M , we take the corresponding set, and for the rest of the elements we
take a set that only covers that element, we will have covered all elements of Ulow with at
most |Ulow| − |M | sets, which implies that |M | ≤ |Ulow| − SC(Ulow, F̂). On the other hand,
no set can cover two elements that are unmatched by M at the same time. Thus, we have
|Ulow| − 2|M | ≤ SC(Ulow, F̂).

Since the output of Lemma 21 can be smaller than the minimum-sized maximal matching
by an additive factor of at most εk/2, we get the claim. ◁

▷ Claim 17. Conditioning on the high-probability events of Claim 11 and Claim 15, it holds
that SC(U ,F) ≤ SC(Ulow, F̂) + εk/2.

Proof. All elements of U \ (Ulow ∪ Uhigh) can be covered using the c sets that are deleted in
Algorithm 2. Moreover, by Claim 11, we have c < o(k) since α > ω(1). On the other hand,
the elements of Uhigh can be covered using εk/5 sets, as shown in Claim 15. Finally, the
elements of Ulow can be covered using SC(Ulow, F̂) sets. Therefore, the union of these three
collections covers all elements, and the size of this solution is at most SC(Ulow, F̂) + εk/2,
which completes the proof. ◁

▶ Lemma 18. Conditioning on the high-probability events of Claim 11 and Claim 15, it holds
that χ/2− εk ≤ χ̃ ≤ χ. (Recall that χ = k − SC(U ,F) and χ̃ is the output of Algorithm 1,
defined on its Algorithm 1.)

Proof. We have that

χ̃ = µ̃ + |U \ Ulow| −
εk

2 (Output of Algorithm 1)

≤ |Ulow| − SC(Ulow, F̂) + |U \ Ulow| −
εk

2 (By Claim 16)

= |U| − SC(Ulow, F̂)− εk

2
≤ |U| − SC(U ,F) (By Claim 17)
= χ.

On the other hand,

2(χ̃ + εk) = 2
(

µ̃ + |U \ Ulow|+
εk

2

)
≥ 2

(
|Ulow|

2 − SC(Ulow, F̂)
2 + |U \ Ulow|

)
(By Claim 16)

≥ |U| − SC(Ulow, F̂)
= |U| − SC(Ulow,F)
≥ |U| − SC(U ,F)
= χ,

which concludes the proof. ◀
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4.2 Time Complexity
▷ Claim 19. Algorithm 2 runs in O(nk/α) time with high probability.

Proof. First note that Algorithm 2 samples at most k/α elements for each set in F (Al-
gorithm 2). So if we ignore the block of if-condition in Algorithm 2, the runtime is at most
O(nk/α). Further, by Claim 11, the condition on Algorithm 2 holds at most k/α times with
high probability. Since each time the algorithm enters the if-condition it spends O(k) time to
iterate over all elements, the total running time is at most O(k2/α + nk/α) = O(nk/α). ◁

▷ Claim 20. Algorithm 3 runs in O(k2/β) time.

Proof. The algorithm samples r2 = O(k/β) sets and for each of them makes a membership
query between the set and all elements. Hence, the total running time is upper-bounded by
O(k2/β). ◁

We defer the proof of the next lemma to the full version of the paper.

▶ Lemma 21. Let H be the multigraph defined in Definition 9. There exists an algorithm
with an expected running time of Õε(kβ + αβn) that estimates the value of Eπ|RGMM(H, π)|
with εk additive error with high probability.

▶ Lemma 22. The total running time of the algorithm is Õ(nk/α + k2/β + nαβ) with high
probability.

Proof. The algorithm runs in expected time Õ(nk/α+nαβ) as shown by Claim 19, Claim 20,
Lemma 21, and the fact that k ≤ n. To ensure a high-probability bound on the running
time, we execute Θ(log n) instances of the algorithm in parallel and use the estimate from
the first instance that finishes. Since the expected running time is Õ(kn/α + k2/β + nαβ),
the first instance is likely to terminate within Õ(nk/α + k2/β + nαβ) time with probability
1−1/ poly(n). (We remark that since our approximation guarantees hold with high probability,
they also hold with high probability for each of the instances.) ◀

4.3 Putting Everything Together
We combine our ideas to obtain our final theorem for estimating χ = k−SC(U ,F). Then, we
extend our analysis and make slight modifications to the algorithm to estimate k−SC(U , F̸=2)
which is crucial for designing a sublinear algorithm for the Steiner tree problem.

▶ Theorem 3 (Our Algorithm for Threshold Set Cover). There exists an algorithm that, given
a set system (U ,F) with oracle access to its adjacency matrix (also known as membership
queries), outputs a multiplicative-additive (1/2, ε · |U|)-approximation to Threshold Set Cover,
in Õ(|F|5/3) time, with high probability.

Proof. First, if k ≤ O(n2/3), then we can easily query between all elements and sets and
compute the estimate in Õ(n5/3) time since all the steps of the algorithm such as finding
the maximal matching can be run in linear time with respect to the size of the input. Now
suppose that k > n2/3. We use Algorithm 1 to produce the estimate χ̃, setting x = 1/3 and
y = 1/3. By Lemma 18, we have that χ̃ is a multiplicative-additive (1/2, εk)-approximation
to the value of χ.

Moreover, we have α = n1/3 and β = 10 max(k/n1−y, 1) · n log(n)/k = Õ(n1/3). By
Lemma 22, the total runtime of the algorithm is upper-bounded by Õ(kn/α + k2/β + nαβ) =
Õ(n5/3) because of the assumption that k ≤ n. ◀
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Now we show how we can estimate k − SC(U ,F ̸=2) with a slight modification. The only
change that is needed in our algorithm is to remove edges of H that are produced by sets of
size 2 in F̂ . Hence, when the algorithm estimates Eπ[RGMM(H, π)] using the vertex oracle,
the oracles must not use those edges in the exploration as they do not exist in graph H.
Thus, in the implementation of Lemma 21, when the algorithm queries pairs (u, S) where
u ∈ Ulow and S ∈ Fv to find neighbors of v in H, if u ∈ S, the algorithm starts querying
between all elements of U \ v and S until it finds another element in S. If the algorithm
finds another element of S, then it accepts the edge (v, u) as a valid edge, and otherwise it
continues the random search. So each time the algorithm finds such pair (u, S), it invokes the
above procedure to validate the edge. In the next theorem, we demonstrate how to bound
the running time of the modified algorithm and discuss its approximation ratio.

▶ Theorem 23. There exists an algorithm that outputs a multiplicative-additive (1/2, εk)-
approximation of value of χ = k − SC(U ,F ̸=2) in Õ(|F|5/3) time with high probability.

Proof. We need to show that the new estimation is a multiplicative-additive (1/2, εk)-
approximation of k − SC(U , F̸=2). We follow the same approach as proof of Lemma 18. To
follow the same steps, we need analogous claims similar to Claim 16 and Claim 17. The exact
same proof of Claim 16 also works to provide a bound on SC(Ulow, F̂ ̸=2). More specifically,
we have

1
2

(
|Ulow| − SC(Ulow, F̸̂=2)

)
− εk

2 ≤ µ̃ ≤ |Ulow| − SC(Ulow, F̸̂=2).

Further, to show that SC(U ,F ̸=2) ≤ SC(Ulow, F̂ ̸=2) + εk/2, note that we have c = o(k) (see
Algorithm 2 for definition of c) which implies that U \ (Ulow ∪ Uhigh) can be covered using
o(k) sets of size larger than 2 (all sets that are removed in Algorithm 2 have size larger
than 2). Additionally, elements of Uhigh can be covered using εk/5 sets of F̂ according to
Claim 15. Thus, we can cover elements of Uhigh using 2εk/5 sets of F̂ ̸=2 since we can replace
each set of size 2 with two sets of size 1 that cover a single element. Finally, elements of
Ulow can be covered using SC(Ulow, F̂ ̸=2) sets. The union of all these sets is a valid solution
for SC(U , F̂ ̸=2) which has a size of at most SC(Ulow, F̸̂=2) + εk/2. Therefore, the error of our
estimation is (1/2, εk).

Now it remains to bound the running time of the modified algorithm. We prove that
the same bound on the running time as in Lemma 21 holds. Now consider a vertex v that
is corresponding to an element in Ulow. Let F̂v be the collection of sets that include v.
Also, let F̂ ′

v = {S|S ∈ F̂v and |S| = 2}. Let r = |F̂v| and F̂v = {S1, . . . , Sr}. Also, let
τi = |Si ∩ (Ulow \ v)|. Hence, in Lemma 21, when the algorithm queries a pair (u, S) and
it returns u ∈ S, the probability that S = Si is τi/

∑r
i=1 τi. For this set, using a Chernoff

bound, the algorithm needs to spend at most Õ(k/τi) time to see another element of Si or
explore all elements of U . Therefore, the expected additional time the algorithm needs to
spend compared to Lemma 21 is

r∑
i

(
τi∑r

i=1 τi

)
· Õ
(

k

τi

)
= Õ

(
r∑
i

k∑r
i=1 τi

)
≤ Õ

(
rk

degH(v)

)
,

where the last inequality follows by the fact that degH(v) ≤
∑r

i=1 τi since degH(v) =
(
∑r

i=1 τi)− |{S|S ∈ F̂v and |S| = 2}| after the modification of the graph H. On the other
hand, the expected number of times that the oracle calls an adjacent edge of vertex v, is
at most Õ(degH(v)/k) (for the formal statement and the proof, see the full version of the
paper). Also, these two variables have a negative correlation. Therefore, the total cost for all
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vertices is at most Õ(rk). Combining with the fact that r = Õ(β) (Lemma 14), the total
additional cost is Õ(kβ), which is dominated by other terms in Lemma 22 which implies that
the algorithm has the same running time as Theorem 3 if we choose α and β similarly. ◀

5 Connection to Steiner Tree

In this section, we show how our improved algorithm for set cover (from Section 4) implies
an improved sublinear algorithm for metric Steiner tree. Formally, we show the following
theorem.

▶ Theorem 4 (Sublinear Algorithm for Metric Steiner Tree). There exists an algorithm that,
given an instance of metric Steiner tree denoted by (V, T, w) with oracle access O to the
distance matrix of (V, w), outputs a (2− η)-estimate of ST(V, T, w) using Õ(n5/3) queries to
O, where η > 0 is a universal constant, with high probability.

The overall structure of our algorithm is similar to the algorithm of Chen, Khanna and
Tan [16]. The main difference in our algorithm compared to [16] is in the set cover component.
In the following, we first provide an overview of their algorithm in Section 5.1. We then
provide the query-efficient implementation of their algorithm and our modification to it in
Section 5.2. We will finally provide the query complexity analysis and the proof of Theorem 4
in Section 5.3. Note that the approximation analysis of our algorithm follows directly from
the proof of Theorem 3 in [16].

5.1 Algorithm at a High Level
Step 1: Minimum spanning tree over terminals. The algorithm of [16] as a first step
starts with an MST T ∗ over the terminals T (whose cost can be estimated in nearly
linear time using the sublinear MST algorithm of Czumaj and Sohler [18]). It is known
that w(T ∗)/2 ≤ ST(V, T, w) ≤ w(T ∗). To get a strictly better-than-2 approximation of
ST(V, T, w), it suffices to detect whether ST(V, T, w) is closer to w(T ∗)/2 or w(T ∗). Hence,
the rest of the algorithm is either to provide “significant” local improvements over w(T ∗)
using “set cover” like structure (i.e., step 2 in Section 4 of [16]) or “local structure” (i.e., step
3 in Section 4 of [16]), and thus output (1−O(η))w(T ∗) as the estimate of ST(V, T, w); or
conclude that ST(V, T, w) is closer to w(T ∗) and output it as the estimate of ST(V, T, w).
Then, they show how to implement these steps using sublinear queries to O.

Step 2: Improvement using set cover. First, they partition the edges into L = O((log k)/ε)
buckets such that the edges of the ith bucket have weights in [(1 + ε)i−1, (1 + ε)i). Let Hi

be the graph built on all the terminals and all the edges upto the ith bucket. They define an
instance of set cover corresponding to each level i where ideally,

The elements correspond to the connected components of Hi−1.
The sets correspond to the Steiner vertices.
A set Wv (corresponding to a Steiner vertex v) contains an element uS (corresponding to
a component S) if the distance between v and some terminal in S is less than a threshold
τ (think of it as 3

5 · (1 + ε)i).

How to use set cover in making a decision about the Steiner tree cost. They show
that if one can solve each of these set cover instances approximately, then one can check
whether the total contribution of these set cover improvements is more than O(η) ·w(T ∗). In
particular, in that case ST(V, T, w) is strictly less than (1−O(η)) · w(T ∗). Intuitively, this
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is because one can include the Steiner vertices corresponding to the set cover solution and
remove a subset of the edges in T ∗, while still maintaining a feasible solution to the Steiner
tree instance. Hence, this implies that the cost of the constructed solution of the Steiner tree
instance is less than (1−O(η)) · w(T ∗).

A challenge and the notion of representatives. The main challenge with the above
algorithm is computing the set cover instance. More precisely, in the third bullet point above,
in order to check whether a set (corresponding to a Steiner vertex v) contains an element
(corresponding to a connected component S), they need to compute the distance of v to
all terminals t ∈ T which could be very costly. Instead, they define a net on S which is a
maximal subset S̃ ⊆ S such that any pair of terminals in S̃ has distance at least ε · (1 + ε)i.
They call the terminals in S̃ the representatives.

Modified set cover instance and the notion of light/heavy levels. Now, to detect if a set
contains an element, we only need to check the distance of v to all terminals in S̃. When |S̃|
is small, this can be done efficiently. So, in their algorithm they only assign an element to a
connected component S if the size of its representatives is small. To show that this does not
introduce a large error, they define a level i to be light if the total sum of the edges of T ∗ in
bucket i is “small”, and define it to be heavy otherwise. They show that one can ignore all
the levels i that are light, and moreover if a level is heavy, then most of its components have
small sets of representatives and thus the error introduced by ignoring the components S

with large net size is negligible.
Finally, we note that the notion of representatives will be used in other parts of the overall

algorithm such as computing T ∗ which we will go over when describing the implementation
of this step.

Step 3: Improvement using “local structure”. In this step, they consider the hierarchical
structure of the connected components. Specifically, they focus on components S that have
exactly two child components, S1 and S2, where each of these child components also has
exactly two child components: S11, S12 for S1 and S21, S22 for S2. Then, they check whether
there exists a single Steiner vertex v that can be used to connect components S11, S12, S21, S22
and instead remove the corresponding edges in T ∗ connecting these components. Similarly
to step 2, if the overall advantage of all these 2-level local improvements is more than
O(η) · w(T ∗), then the algorithm outputs (1−O(η)) · w(T ∗) as its estimate of ST(V, T, w).

Given that our algorithm does not change this step at all, we refer the reader to [16] for
further details. Moreover, the query complexity is exactly the same as in [16].

5.2 Implementation of the Algorithm
Here, we focus on a query-efficient implementation of the algorithm, and particularly highlight
where the set cover component was used and how we modify it.

First, we note that one cannot compute Hi exactly, so [16] shows that it suffices to work
with an approximate graph H ′

i such that Hi ⊆ H ′
i ⊆ Hi+1.

Subroutines. Next, [16] define some useful subroutines for simulating the set cover instance
on H ′

i:
Find(u, i): This receives a terminal u and a level i, and finds some representative terminal
u′ in the same connected component of H ′

i that contains u. Moreover, they show that
this subroutine can be implemented using Õ(k) queries.
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BFS(u, i): This subroutine reports all representative terminals that are in the same
connected component in H ′

i as u, if the total number of such representatives is Õ(L/ε) =
Õ(1/ε). Otherwise, the procedure is terminated. This procedure employs Find subroutines
and has total query complexity of Õ(k/ε) which is Õ(k) given that ε is a constant.

Parameters. The algorithm uses four parameters, whose values will be later set to optimize
the query complexity of the algorithm.

M is a threshold parameter used on the number of components that contain a “small”
number of representatives. Note that these are the components to which we assign an
element in the universe Ui of the corresponding set cover instance (Ui,Fi).
R is a threshold parameter defining “low-degree” and ”high-degree” elements.
P is a threshold parameter denoting “low-degree” or “high-degree” sets.
κ is a threshold parameter on the value of k. At a high level, when k < κ, we can afford
to query all distances between terminals and the Steiner vertices.

Simulation of Step 2 and its query complexity. We now outline the implementation of
Step 2 and specify the query complexity of each step, along with potential conditions they
impose on the parameters we need to set.

The case of small number of terminals: if k ≤ κ, then we query all distances
between terminals and Steiner vertices, which takes O(nκ) queries. Then, we estimate
|U| − SC(U ,F) using our algorithm, but without any further queries.
Otherwise, for each level i, they show that one of the following cases hold:

Case 1. The total number of representative terminals in all connected components is
Õ(M/ε). To detect this case, they use greedy MIS which can be implemented by the BFS
and Find subroutines and will take Õ(Mk/ε) queries (for further details, see [43]). If this
is the case, then again the set cover instance can easily be computed by querying the
distance of all Steiner vertices to all representative terminals which requires Õ(nM/ε)
queries. Then, similarly to the case of k ≤ κ, |Ui| − SC(Ui,Fi) can be estimated using
our algorithm, without any further queries.

Case 2. |Ui| ≤M . In this case they show that level i is in fact light and thus can be
ignored. To detect this case, they estimate the size of |Ui| using calls to BFS starting
from Õ(k/M) random terminals, which overall takes Õ(k2/M) queries. Note that if we
are in this case, we take no further action. Also, this step requires k > M , which we will
ensure in our parameter setup.

Case 3. The last case is when |Ui| ≥M .
Partitioning of the terminals based on their degree. First, they partition
the terminals into Tlow and Thigh based on whether the number of “close-by” Steiner
vertices (roughly within distance (3/5)(1 + ε)i) to them is smaller than or larger than
R. This partitioning can be computed using Õ(kn/R) queries by randomly sampling
Õ(n/R) Steiner vertices and checking their distance to all the terminals.
Handling high-degree terminals. Then, by picking Õ(n/R) sets uniformly at
random, with high probability, all elements corresponding to the components containing
at least one terminal in Thigh are covered. As they can only afford an ε|Ui| additive
error in their estimate of |Ui|−SC(Ui,Fi), they require that n/R < Õ(εM) = Õ(ε|Ui|).
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Handling low-degree terminals. Next, they solve the set cover instance on Ulow,
i.e., the connected components that have no terminal in Thigh.

[label=•, leftmargin=*]
∗ Partitioning of the Steiner vertices based on their degree. They partition

the sets of Fi into W1 and W2 based on whether their degree to Tlow is less than
Θ(P ) or higher. This partitioning can be computed using Õ(nk/P ) queries by
randomly sampling k/P terminals from Tlow. This requires k > Ω̃(P ) which we
will ensure in our parameter setup. Then, they consider the set cover instances
(Ulow,W1) and (Ulow,W2) separately, and return the better of the two solutions.

Our modification to this step: In our set cover algorithm, however, we define
W2 slightly differently, as described in Set Sparsification, see Algorithm 2. More
precisely, we iterate over Steiner vertices (i.e., sets in Fi) one by one in an arbitrary
order, and at every round j ≤ |Fi|, we check whether the degree of the Steiner
vertex vj to Tlow is more than Θ(P ). If so, we add its corresponding set, Wj , to W2.
Similarly to their test, our test can also be implemented using Õ(nk/P ) queries.
However, each time we add a set Wj to W2, we find all its “nearby” terminals and
remove them from Tlow, more precisely, Tlow ← Tlow \Wj . This step can be simply
done by querying the distance of the Steiner vertex vj and all terminals in Tlow.
Hence, each time a set is added to W2, we perform an extra Õ(k) queries compared
to the algorithm of [16]. However, as we can simply bound |W2| by k/P , the overall
query complexity remains as Õ(nk/P + k2/P ) = Õ(nk/P ).

∗ Handling high-degree Steiner vertices. To solve (Ulow,W2), note that by a
simple double-counting argument, |W2| ≤ kR/P . So if kR/P ≤ εM ≤ ε|Ui|, which
will be ensured in the parameter setting, we can afford to pick all sets in W2 and
thus, similarly to their argument, we only need to estimate |

⋃
W ∈W2

W | in the set
cover instance. This is done by randomly sampling the terminals and using BFS
and will take an overall Õ(k2/M) queries.

Our modification to this step: With the adjusted partitioning of Fi into W1
and W2 in our algorithm, the size of W2 is at most k/P . Therefore, by setting
k/P ≤ εM ≤ ε|Ui|, we can afford to select all sets inW2. Notably, this modification
relaxes the required condition of [16] from “kR/P ≤ εM” to “k/P ≤ εM”.

∗ Handling low-degree Steiner vertices. Finally, we need to solve (Ulow,W1). In
their approach, this part takes O(RP ·RPk) queries, and this is the step where our
main improvement comes from.

Our modification to this step. By our improved bound for set cover (from
Section 4), the query complexity of this part reduces to Õ(k2/M + RP (n + k)).
More precisely, to simulate the algorithm in Lemma 21, we do the following.
1. To run the RGMM oracle, we need to sample Õ(1) elements from Ui uniformly

at random. Note that each element of Ui corresponds to a small component (a
component with a small number of representatives). To find a small component
uniformly at random, we first pick a terminal uniformly at random and run a
BFS to determine whether it lies in a small component, and if so, whether it is a
representative terminal. If the terminal is a representative and lies in a small
component, we choose the corresponding connected component with probability
1/z where z is the number of representative terminals in that connected component
(note that BFS returns this number as well). This approach ensures that each
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small connected component has an equal probability of being sampled. Moreover,
due to the bound on the number of small connected components, i.e., |Ui| ≥M ,
we expect to encounter a terminal in a small connected component every Õ(k/M)
samples. Therefore, the total cost of running all these BFS subroutines is
Õ(k2/M), since each BFS takes Õ(k) time.

2. For a small component (a vertex in graph H of Lemma 21), we need to identify
all the Steiner nodes within a distance of at most τ (which is set roughly as
(3/5)(1 + ε)i). This step can be completed in Õ(n) time. A similar step with the
same time complexity also appears in the proof of Lemma 21.

3. Note that the number of Steiner nodes within this close distance is at most R.
Let Ŝ be the set of these Steiner nodes. Next, the RGMM algorithm requires a
random neighbor of a small component. To get such a neighbor, we keep picking
pairs (v, t) in a random order, where t ∈ Tlow and v ∈ Ŝ, and querying their
distance. The first time that we find a pair (v, t) in close distance, we run a
BFS from t to check if it is a representative terminal and if it lies in a small
component, which takes Õ(k) time. If it is not a representative terminal or
does not lie in a small connected component, we skip this terminal. Otherwise,
we return its small connected component with probability 1/z, where z is the
number of representative terminals in that connected component, ensuring that
all neighbors have an equal probability of being selected. We run the above
procedure until we find a random neighbor. Therefore, using the running time
from Lemma 21 (substituting α and β for R and P ), and considering that we
run the BFS at most Õ(RP ) times (which corresponds to the maximum degree
of H), we obtain an Õ(RP (n + k)) time algorithm to estimate the size of the
matching.

Simulation of Step 3 and its query complexity. As we are following the exact implement-
ation of [16] for this step, the additional query complexity of this step (compared to the
Step 2) is equal to Õ(nk/M) for both their algorithm and our algorithm.

5.3 Query Complexity Analysis and Proof of Theorem 4
For completeness, we start with the query complexity analysis of [16].

Analysis of the query complexity of the algorithm of [16]. As computed in Section 5.2,
the overall query complexity of their algorithm is bounded by

Õ(nκ + Mk

ε
+ nM

ε
+ k2

M
+ nk

R
+ nk

P
+ k2

M
+ (RP )2k + nk

M
)

= Õ(nκ + nM + nk

R
+ nk

P
+ (RP )2k + nk

M
). ▷ ε = O(1), k ≤ n

Furthermore, the conditions that need to be satisfied are
k ≤ κ, or
k > M and n/R < Õ(εM) and k > Ω̃(P ) and kR/P ≤ εM .

The query complexity of their algorithm under the above conditions can be optimized by
setting κ = M = n6/7, R = n1/7, and P = n2/7, which gives the total query complexity of
Õ(n13/7).

Now, we prove the main theorem of this section.
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Proof of Theorem 4. As we are implementing the same algorithm as [16], except replacing
their set cover subroutine with a more efficient algorithm, the approximation analysis follows
exactly from their proof. It only remains to bound the query complexity of our proposed
algorithm for metric Steiner tree using the improved sublinear algorithm for set cover.
In Section 5.2, we analyzed the query complexity of the component that is implemented
differently in our algorithm. Now, we put the query complexity of all parts together and
compute the overall complexity.

Analysis of the query complexity of our algorithm. The overall query complexity of our
algorithm is bounded by

Õ(nκ + Mk

ε
+ nM

ε
+ k2

M
+ nk

R
+ nk

P
+ k2

M
+ RP (k + n) + nk

M
)

= Õ(nκ + nM + nk

R
+ nk

P
+ RPn + nk

M
) ▷ ε = O(1), k ≤ n

Note again that the main difference is that the term P 2R2k is replaced by RPn. Fur-
thermore, the conditions that need to be satisfied are also slightly more relaxed, as follows:

k ≤ κ, or
k > M and n/R < Õ(εM) and k > Ω̃(P ) and k/P ≤ εM .

Specifically, “kR/P ≤ εM” is replaced by “k/P ≤ εM”. Then, our algorithm can be
optimized by setting κ = M = n2/3, R = Θ̃(P ) = Θ̃(n1/3) which gives the total query
complexity of Õ(n5/3). ◀
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