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—— Abstract

We study the fundamental, classical mechanism design problem of single-buyer multi-item Bayesian
revenue-maximizing auctions under the lens of communication complexity between the buyer and
the seller. Specifically, we ask whether using quantum communication can be more efficient than
classical communication. We have two sets of results, revealing a surprisingly rich landscape —
which looks quite different from both quantum communication in non-strategic parties, and classical
communication in mechanism design.

We first study the expected communication complexity of approximately optimal auctions. We
give quantum auction protocols for buyers with unit-demand or combinatorial valuations that obtain
an arbitrarily good approximation of the optimal revenue while running in exponentially more
efficient communication compared to classical approximately optimal auctions. However, these
auctions come with the caveat that they may require the seller to charge exponentially large payments
from a deviating buyer. We show that this caveat is necessary - we give an exponential lower bound
on the product of the expected quantum communication and the maximum payment.

We then study the worst-case communication complexity of exactly optimal auctions in an
extremely simple setting: additive buyer’s valuations over two items. We show the following
separations:

There exists a prior where the optimal classical auction protocol requires infinitely many bits,

but a one-way message of 1 qubit and 2 classical bits suffices.

There exists a prior where no finite one-way quantum auction protocol can obtain the optimal

revenue. However, there is a barely-interactive revenue-optimal quantum auction protocol with

the following simple structure: the seller prepares a pair of qubits in the EPR state, sends one of
them to the buyer, and then the buyer sends 1 qubit and 2 classical bits.

There exists a prior where no multi-round quantum auction protocol with a finite bound on

communication complexity can obtain the optimal revenue.
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1 Introduction

We study the quantum communication complexity of classical problems with strategic
constraints. The communication problems we study differ from traditional (“cooperative”)
problems in communication complexity like Set Disjointness due to Incentive Compatibility
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(IC) constraints. Informally speaking, one can think of the goal of a traditional communication
problem is to design a protocol for both parties that optimizes some common objective
function.

For instance, in Set Disjointness, the common goal is to maximize the probability of
outputing the correct answer. By contrast, in strategic communication, each party optimizes
a different objective; we seek protocols that are communication-efficient, and at the same
time don’t expect strategic parties to take actions that are mis-aligned with their objectives.

Specifically, we study the quantum communication complexity of a fundamental setting in
mechanism design: a monopolistic, revenue-maximizing seller with Bayesian prior auctioning
n items to a single buyer; this setting has proved very attractive to researchers in theoretical
computer science (e.g. [6, 18, 5, 40, 44, 70] and references therein).

It is known that even with seemingly benign Bayesian priors, revenue-optimality requires
complex auctions, e.g. ones that allow the buyer to choose among lotteries [73, 55, 16, 62,
48]. This realization has sparked a fruitful line of work on the simplicity-vs-complexity of
(approximately) optimal auctions. Understanding the tradeoffs of simplicity vs. complexity
requires formal definitions of complexity.

Perhaps the most well-studied notion of complexity for this problem is the number of
distinct lotteries offered to the buyer (“menu-size complexity” [47]). The measure exactly
characterizes the deterministic communication complexity of the interaction between a buyer
and seller who both know the rules of the auction® [5].

We study the communication complexity of auctions subject to an Incentive Compatibility
(IC) constraint: it is crucial that a strategic buyer must not be able to gain from deviating
from the protocol. (As is standard in the literature, we assume that the seller is non-strategic
and follows the protocol faithfully. See Section 4 for formal definition, and e.g. [34, 29, 70, 69]
for further discussion.) Under this IC constraint, [70] show that it is possible to obtain
dramatic savings in communication by considering (classical) randomized communication.
The main question we ask in this work is whether quantum communication can be even more
efficient than classical randomized communication complexity for this problem:

Can quantum auction protocols achieve super-classical performance?

Specifically, [70] show that even though randomized auction protocols can be much more
efficient than deterministic ones, they still have limitations:

Worst-case vs expected CC barrier: [70] improve the communication complexity in
expectation (over the randomness of the protocol), but the worst-case communication
complexity of randomized protocols is still characterized by the menu-size complexity.

Combinatorial valuations barrier: For buyers with combinatorial valuations over
the items, [70] prove exponential lower bounds even for the expected communication of
randomized auction protocols. These lower bounds hold even for approximately optimal
mechanisms, and even against restricted classes of valuations (e.g. monotone submodular
valuations).

In this paper, we investigate to what extent quantum communication can break these classical
barriers.

1 Specifically, deterministic-CC = log ((menu-size complexity]).
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1.1 OQur Contributions

We formalize a model of quantum auction protocols (Definition 7) that extends the randomized
auction protocols of [70] by allowing the buyer and seller to send, receive, operate on, and
measure qubits. We then provide two sets of results, centered around the two barriers for
classical auction protocols mentioned above.

1.1.1 (Un)expected Quantum CC with Combinatorial Valuations

Our first result is an exponential quantum speed-up for auction protocols. It is stated in
a general form for a mechanism that chooses an allocation among B possible allocations.
Specifically, it gives a near-equivalent IC quantum auction protocol that uses only O(log(B))
qubits — matching the cost of naively encoding the allocation (without strategic considerations).

» Theorem 1 (Efficient in-expectation quantum auction protocols). Let D be a prior over
buyer’s combinatorial valuations over n items; assume all valuations are in the range? [0,U].
Let M be any mechanism that can only possibly allocate one of B subsets of the items.
Finally, let 6 > 0 be any parameter (0 may be a function of n or B). Then there is an IC
quantum auction protocol that guarantees a (1 — §)-fraction of M’s expected revenue using
O(log(B)) qubits in expectation.

As a corollary, we only need O(log(n)) qubits for unit-demand, or O(n) qubits for arbitrary
combinatorial valuations. On the contrary, [70] shows that any randomized classical commu-
nication protocol requires at least €(n) bits for unit-demand, and Q(2™) bits for combinatorial
valuations. To the best of our knowledge, this is the first exponential separation of quantum
and classical communication in algorithmic game theory.

The positive result in Theorem 1 has a caveat: the protocol may require large payments.
Specifically, we need the ability to inflict a large penalty on buyers who deviate from the
intended quantum strategy. However, the probability of catching deviating buyers may be
exponentially small, so we use exponentially large payments. Even though buyers who follow
the protocol can never be penalized, to be accountable for a potentially large payment the
buyer may need significant collateral to participate in the auction. Our second result shows
that unfortunately without exponentially large payments all the lower bounds from [70]
extend to quantum communication.

» Theorem 2 (Efficient protocols require large payments - short version). Let n be the number
of items, P be an upper bound on the payments in the quantum auction protocol (when the
valuations are normalized to [0,1]), and K an upper bound on the expected communication
complexity. Then for a buyer with combinatorial (XOS) valuations, any quantum auction
protocol that obtains Q(1)-approzimation to the optimal revenue must satisfy Kp =2%mn),
See Theorem 8 for full statement and additional results.

Interestingly, we are not aware of any classical analogs of such tradeoffs between maximum
payment and communication complexity. In particular, the exponential lower bounds against
classical auction protocols in [70] hold even with arbitrarily large payments.

2 Our protocol assumes that we're given some finite upper bound U on valuations, but the communication
complexity does not depend on U.
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1.1.2 Worst-Case Quantum CC with Two Items

Our second set of results focuses on the particularly simple case of a buyer with additive
valuations over only two items, and the Bayesian prior for these values is independent. In
this case, classical protocols of [70] already achieve O(1) expected communication, but their
worst-case communication is infinite. Note that this is for exactly optimal mechanisms — for
approximately optimal mechanisms, worst-case can be reduced to expected communication.

We show that on one hand, a single qubit can sometimes replace an infinite stream of
classical bits.

» Theorem 3 (Separating one-way quantum vs classical). For the problem of auctioning two
items to a single buyer, there is a Bayesian prior over independent item values, such that
there is a revenue-optimal and IC one-way quantum auction protocol where the buyer sends
1 qubit and 2 classical bits; yet no finite classical auction protocol can achieve the optimal
revenue.

Furthermore, interactive quantum protocols are even more powerful:

» Theorem 4 (Separating interactive quantum vs one-way quantum). For the problem of
auctioning two items to a single buyer, there is a Bayesian prior over independent item
values, such that there is an IC revenue-optimal quantum auction protocol where the seller
sends 1 qubit to the buyer, who replies with 1 qubit and 2 classical bits; yet no finite classical
or one-way quantum auction protocol can achieve the optimal revenue.

However, in the worst case, even fully interactive quantum auction protocols cannot
achieve optimal revenue in finite worst-case communication.

» Theorem 5 (Limitations of finite interactive quantum auction protocols). For the problem
of auctioning two items to a single buyer, there is a Bayesian prior over independent item
values, such that there is a revenue-optimal classical auction protocol that requires a constant
number of bits in exepctation; yet no worst-case finite IC' quantum auction protocol can
achieve the optimal revenue.

1.2 Key Takeaway: Thinking About Quantum and Incentives Together

Communication complexity in game-theoretic setting and quantum communication complexity
have each been studied extensively over the past few decades, but in separate lines of work,
and to a large extent in disjoint communities. The key takeaway from our work is that we can
unlock significant advantages by thinking of both together - advantages that are not possible
by composing disjoint results for classical-strategic communication and quantum-cooperative
communication.

In particular, it is important to note that our quantum speed-ups are not achievable by
a generic quantum speed-up on communication (for example, Holevo’s theorem states that
an n-qubit quantum state, even with infinite precision, can only carry up to n classical bits
accessible information [49]). In fact, they cannot be derived from a quantum speed-up on
any non-strategic communication problem.

We further note that our infinite separations require quantum operations with infinite
precision. While this is clearly not practical, it is the standard textbook model of quantum
computing, and, to the best of our knowledge, no previous work on quantum-cooperative

communication complexity exhibits infinite separations®.

3 Compared with quantum advantages in interactive proofs, e.g. the celebrated MIP* = RE [51], it is
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Surprises for the quantum side:
Exponential quantum speedup on a natural problem (Theorem 1). For
combinatorial and unit-demand auctions, we find quantum protocols that are
exponentially more efficient than any classical protocol. Existing exponential
quantum-classical separations (in cooperative communication complexity) are for
problems like Hidden Matching Problem [10] that were designed for the purpose
of exhibiting a separation. In contrast, the strategic communication problem we
study here was considered before in classical algorithmic game theory [5, 70].
Infinite 1-way vs. 1-way + entanglement separation (Theorem 4).
Specifically, we show that a one-way protocol with pre-shared entanglement (an
EPR pair) is infinitely more efficient than any one-way protocol with no shared
entanglement. This unique separation does not exist in the cooperative quantum
communication environment as the honest sender can always prepare the EPR
pair and send one half through the channel.
Infinite quantum-classical separation (Theorem 3). We construct an
example where we can implement the optimal auction with a one-way quantum
communication protocol with 3 qubits in the worst case. However, no worst-case
finite classical protocol can implement it.

Figure 1 Summary of most surprising aspects of our results from quantum perspective.

We highlight some of the ways in which our results are distinct from previous work in
either line of work in Figure 1 and Figure 2.

Core conceptual idea: Efficient, samplable and verifiable distribution encodings

At a high level, the communication protocol of Bayesian auction boils down to the following
task: The seller has a set S consisting of valid distributions of auction outcomes (allocation

and payment). The buyer then selects a distribution D from S that maximizes his utility.

Subsequently, the seller draws a sample from the chosen distribution D and outputs it as
the outcome. In general, the complexity of describing a distribution is exponentially higher
than specifying an outcome. It is worth noting that this task is completely trivial in a fully
cooperative environment as the buyer can simply draw the outcome himself and send only
this outcome to the seller. A natural quantum solution to this problem is that the buyer
can efficiently encode D in state > /D, |z). To draw an element from the distribution,
the seller only needs to measure this quantum state in the computational basis. However,
this simple approach has a caveat — in general it is information theoretically impossible
for the seller to verify that this quantum state indeed encodes a valid distribution in set
S. To overcome this issue, our paper proposes two solutions. The first one is a general
spot-check method — with a small probability, after receiving the quantum state, the seller
asks the buyer to send the whole classical description of the distribution; the seller verifies
that the classical description is valid and the quantum state is close enough to this classical
description. By imposing an exponentially large penalty, we ensure that the buyer is always

worth noting that the latter is only an “unbounded” separation, i.e. that separation still needs the
complexity of the MIP* provers to go to infinity. In contrast, we show separation of 3 qubits vs infinitely
many classical bits.
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Surprises for the AGT side:

Infinite 1-way vs. interactive separation (Theorem 4). We show an example
where an interactive two-way quantum protocol is infinitely better than any one-
way quantum protocol. This unique separation does not exist in the classical
setting. Since with a trusted party (the seller in our setting), any classical protocol
can be “flattened” to a one-way protocol incurring an exponential overhead in the
worst-case communication complexity, yet this overhead remains finite.
Exponential lower bound on CC X payment (Theorem 8). We prove
that our exponentially more efficient quantum protocol in Theorem 1 necessitates
an exponentially large payment, by establishing an exponential lower bound on
the product of payment and communication complexity. This characteristic is
distinctive to the quantum setting, as the exponential lower bounds for classical
protocols [70] apply even with arbitrarily large payments.

Figure 2 Summary of most surprising aspects of our results from AGT perspective.

incentivized to prepare a quantum state corresponding to a valid distribution while keeping
the expected communication complexity low. The other solution works for the worst case
communication complexity under some specific assumptions on the set of valid distribution of
auction outcomes. These assumptions are satisfied for example by the canonical classically-
hard example of [24], but not in general (see Theorem 5). By carefully tailoring the quantum
protocol to the desired auction, we can ensure that the space of distributions that the buyer
can encode coincides with the desired valid space.

1.3 Additional Related Works

Our work extends a rich tradition of studying mechanism design and game theory under the
lens of communication complexity — including auctions [61, 12, 4, 31, 28, 26, 27, 14, 2, 15,
33, 3, 5, 76], and also stable matching [41], voting rules [22, 64, 17, 71], fair division [13, 63],
computation of equilibria [21, 46, 68, 43, 35, 7, 8, 36, 9], and interdomain routing [53].
In particular, the communication complexity of IC implementing a mechanism vs that of
(non-IC) computing the outcome was the focus of [34, 29, 69, 30].

We show exponential separations (and for worst-case complexity — infinite separations)
between quantum and classical communication complexity of auctions. Earlier works on
separating the two measures (in non-strategic settings) include general boolean functions
(constructed for obtaining separations) [65, 10, 37, 38, 66|, sampling [1, 57], and very recently
also linear regression [58, 72].

Our work is also related to works on quantum game theory — including nonlocal games [19,
20], quantization of classical games [32, 56], quantum equilibria [25, 75], and quantum
interactive games [45]. In particular, quantum interactive strategies are also studied in
quantum interactive proofs [74, 11, 50, 59, 51].

1.4 Organization

We begin with a review of the quantum communication model and mechanism design in
Section 2 and 3, and then introduce our main model of quantum auction protocols in Section 4.
Part I brings our results for expected communication: Our quantum auction protocol for
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combinatorial valuations in Section 5, and our lower bound against quantum auction protocols
with bounded maximum payment in Section 6. Part II focuses on worst-case communication:
we begin with preliminaries of optimal 2-item auctions in Section 7; in Section 9 we construct
an example separating one-way quantum auction protocols from finite classical; in Sections 8
and 10 we separate interactive quantum auction protocols from one-way; and finally in
Section 11 we show that in general no finite quantum auction protocol can guarantee optimal
revenue.

2 Preliminaries |I: Quantum

Bra-ket notation

In this paper, we may occasionally use bra-ket notation. Specifically, within an N-dimensional

complex vector space, we represent each unit-length column vector as a ket, denoted as |¢).

Correspondingly, for every unit-length vector |¢), a bra (¢| is defined as an N-dimensional
row vector that is the conjugate transpose of |¢).

Moreover, we use the notation |a) for a € {1,..., N} to indicate the column vector with
a value of 1 at the a-th coordinate and 0 in all other positions. We refer to |1),...,|N) as
the computational basis.

We employ the notation |¢) to represent a pure quantum state associated with the density
matrix |¢) (¢]. Inversely, a quantum state described by the density matrix p is considered a
pure state if there exists a |¢) € CV such that p = |¢) (¢)|.

Closeness of states

Given two positive semidefinite matrices p,c € CV*N | the trace distance between them is
defined as

1
T(p.0) = mpx 5 32 ITe(Fep) = Tl o),

where {F,} is maximized over all possible POVMs?.

In particular, when p and o are density matrices, T'(p, o) is equal to the total variation
distance between classical distributions obtained by measuring two states maximized over all
possible measurements.

Below is an important property of the trace distance:

T(p,0) < /1 - Tr(po). 1)

2.1 (Non-Strategic) Quantum Communicatiom Protocols

We give an overview of multi-party quantum communication protocols. For readers who
are familiar with quantum communication, this model is equivalent to the ones used in the
literature (e.g. [77]). A formal description of two-party strategic communication model is
given in Section 4. A multi-party quantum communication protocol is defined over a system
of qubits, that are initially partitioned between the parties. The protocol proceeds in rounds;
in each round, one party can locally manipulate or measure her qubits, and then send a

4 a positive operator-valued measure (POVM) is a finite set of positive semidefinite Hermitian matrices

that sum to identity.
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subset of them to other parties. The communication complexity of a protocol is the total
number of qubits sent by parties across all rounds. We now provide more detail on each of
those components.

Quantum systems

Let m be an upper bound on the number of qubits in the system.? The state p(™) of the
system at the beginning of round r can be mathematically represented as a density matriz®
pl") € (C?*2)®™ Note that (C2*2)®™ = C2"*2" ie. it is just a 2™-by-2" complex matrix;
however, the former tensor product notation will be useful when we consider the qubits held
by each party.

Initial state of the system

o . (0) . O .
Initially, each party holds m,; ’ qubits (3, m,”’ = m). Because we're concerned with quantum
protocols for mechanisms with classical inputs, we assume that initially all the qubits are
not entangled (e.g. the initial state is p(*) = (|0) (0])®™). In particular, it is important that
qubits held by different parties are initially non-entangled.

Local histories

A party’s local history consists of the number of qubits that she sent and received in each
round so far in the protocol, as well as the outcomes of measurements that she locally
performed on her qubits (see more on measurements below).

Local manipulations: unitary operators and measurements

In each round, before sending any qubits, the active party can locally apply quantum
(r)

operations and measurements to the qubits that she currently holds. If m; ’ is the number

of qubits held by party ¢ at t(h§e beginning of r?l)md r, we can represent the state p(") as
a density matrix in (C2x2)®m" @ (C2x2)®m=m." Party i’s operations can transform the

state into
P =L, ) UL, ).

where I () is the identity operator on qubits held by other parties, U is a unitary operator
2 i

of i’s choice, acting only on i’s qubits, and p("+1/2) is the new state of the quantum system
after applying the operator (but before the measurement).
Similarly, party i can measure her qubits. A POVM is defined by L matrices {4/}, €

C? " *27" guch that ), AZAZ = IQmW' After applying the measurement, with probability

Tr ((Az ® Izm_mgw)T (Ae ® I2m_m(vr)> p(r+1/2)) 7

[

5 We assume for simplicity of notation that there is a finite upper bound on the total number of qubits.
Our results can be generalized e.g. to a setting where each party can add qubits in each round of the
protocol, and a setting where local operators are defined by general quantum channels.

5 A matrix is a density matriz if it is a positive semidefinite, trace 1 Hermitian matrix. Hermitian means
that A" = A, where AT is the conjugate transpose of A.
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the state of the system is updated to
T
(Ag QI m_mm) p(r+1/2) (Az ®1 m_m(r)>
2 i 27 K

Tr ((Ag ® I2m_m§,.>>T (AZ ® Izm—ME"')) p(r+1/2)> .

(r+1) _

It is wlog for each party to perform the measurement after all the unitary operators in a
given round.

Sending and receiving qubits

After applying local operations, the active party sends exactly one of the qubits she holds
to another party. Sending qubits does not change the state of the quantum system, but it
changes which party can operate on the sent qubits.

Note that it is wlog to send e.g. the last qubit, because locally qubits can be swapped by
unitary operators.

Termination of the protocol

The protocol may terminate after a pre-determined number of rounds, or by any party as a
function of her private inputs and/or local history.

Complexity of the protocol

The main metric of complexity of the protocol that we use is the total number of qubits sent
by different parties. We give bounds for the complexity of both in-expectation (over the
outcome of quantum measurements) and worst-case communication. In addition to the total
number of qubits, we will show that: (i) In some cases it is possible to simplify protocols by
replacing some qubits with classical bits, and (ii) we also consider the effect of restricting
the number of rounds of the protocol.

2.1.1 Conventions

We make the following conventions to simplify both our notation and analysis:
There is no seperate channel for classical information. For convenience, when we say a
message is intended to be classical, it means the receiver immediately measures the qubit
in the computational basis (|0),]1)).
For convenience, in a 2-party protocol, when we mention that the a player sends m
consecutive qubits to the other, it technically means that this player sends these qubit
over m rounds and the other player responds with a dummy qubit in each round.

2.1.2 Choi-Jamiotkowski representation of protocols and strategies

Consider a quantum protocol with a fixed number of rounds R and a fixed number of qubits
sent in each round. A strategy s; of a party ¢ who is active in R; rounds is a sequence of R;
mappings applied to the qubits that it holds at each round, together with a measurement
of its qubits at the end of the protocol. A co-strategy s_; is a sequence of mappings by
other parties at their rounds (and finally a measurement). Notice that the tuple of protocol,
strategy, and co-strategy, fully determine the distribution of measurement realizations at the
end of the protocol.

84:9
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Suppose that party i’s measurements have L; possible outcomes and the other parties have
L_; possible outcomes. [45] show that any strategy (resp, co-strategy) can be represented as
L; (resp. L_;) matrices of dimension that depend only on the communication complexity,
and not on the additional (possibly very large) quantum memory of the parties. For ease of
presentation, we state only the simplest form of the theorem that we need; in particular, we
avoid the notation necessary for actually defining the Choi-Jamiotkowski representation.

» Theorem 6 (Choi-Jamiotkowski representation of strategies in interactive quantum proto-
cols [45]). Consider any R-round quantum protocol with communication complezity K, a
party i in the protocol, and strategy s; for i and co-strateqy s_; for the rest of the parties. Let
(1) W) denote the respective Choi-Jamiotkowski representation. Then the probability of
measuring outcome (a;,a_;) is given by

oK Ty (@5;%3%0) .

Moreover, each of CIJ,SS[), \Il((lt") is a 225K by 22K positive semidefinite Hermitian matriz, and

Sh Tr(qﬁ;ﬂ) =yl Tr(<1>$:;>) —17

3  Preliminaries 1l: Mechanism Design

We consider the mechanism (auction) design for selling n indivisible items to a single risk-
neutral buyer. A buyer has a type (valuation function) v : 2l R>q specifying his value
for each bundle (subset). We use X to denote the type set, which contains all possible types
of the buyer. For our purposes, it is important to define the two simplest and most widely
studied class valuations:

Additive If there exists a value of each item vy, ..., v, such that v(S) =3, s v;.

Unit-demand If there exists a value of each item vy, ..., v, such that v(S) = max;cgs v;.
Some of our results also hold for more general classes of valuations®, which satisfy the
following hierarchy of increasing generality:

additive, unit-demand C gross-substitutes C submodular C XOS C subadditive C combinatorial.

In addition to satisfying these structures, valuations are usually assumed to be monotone;
our results hold for both monotone and non-monotone valuations.

Without loss of generality, we consider direct mechanisms. The buyer reports a type
v" € X to the mechanism, and the mechanism then allocates a (randomized) bundle to the
buyer and charges the buyer a price. M consists of two functions.

An allocation function A : X — [0, 1]2[n] gives the probability of allocating each bundle

to the buyer declares to have each possible type.

A payment function Q : X — R>( gives the price the buyer needs to pay for each declared

type of the buyer.

Let D be a distribution over bundles. With a slight abuse of notation, we denote by
v(D) = Eg.pv(S) the expected value of the buyer with type v.

7 In the original definition of [45], Choi-Jamiotkowski representations ®(*), ¥(*~%) are not normalized.
Here, we normalize all Choi-Jamiotkowski representations (now they are all density matrices), that is
why we have an additional 2% factor in the probability of outcome compared to the original paper.

8 See e.g. [52] for definitions; they are not necessary for understanding our paper.
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We say a mechanism M = (A, Q) is incentive compatible (IC) if
v(A(v)) — Q(v) > v(A(W')) — Q(v') Vu,v" € X.

We say a mechanism M = (A, Q) is e-incentive compatible (¢-IC) if
v(A(W)) — Q(v) > v(AW")) — Q') —e Vu,v' € X.

We say a mechanism M = (A, Q) is individually rational (IR) if
v(A(w)) — Qv) >0 Yve X.

We say a mechanism M = (A, Q) is e-individually rational (e-IR) if
v(A(w)) — Qv) > —e Vv e X.

For a mechanism M = (A4, Q), we denote by u : X — R the expected utility of the
buyer when he truthfully reports the valuation function. It follows from the definition that

u(v) = v(A(v)) - Q(v).

Revenue Maximization

In this paper, we primarily focus on the revenue-optimal Bayesian mechanism design. In this
setting, the buyer knows his type v for sure. However, the seller only knows the probability
distribution over X. Let f : X — R be the probability density function of this distribution.

The goal of revenue-optimal Bayesian mechanism design is to find an IC and IR mechanism
M = (A, Q) that maximizes the revenue of the seller:

Rev—/ Q(v

4 Quantum Communication Model with a Strategic Player

We now introduce the main strategic communication model of this work, which formally
defines the elements of a two-player quantum communication protocol subject to strategic
manipulation. In essence, when the length of the protocol is fixed, this model is equivalent
to the one used in the literature of quantum games and quantum interactive proofs (see

g. [45]). The communication is between one strategic player (we call it the buyer), and
a truthful player (we call it the seller). In this setup, the seller initially possesses n qubits,
while the buyer has m qubits, with S representing the finite set of possible communication
outcomes. Initially, the joint state is |0)®"T™
(or steps). Since we will cover protocols with infinite worst-case communication complexity
(but bounded expected communication), we do not specify the total number of rounds in
our model. In each round, one of the player performs a local operation on qubits in their
hand and then sends one qubit to the other player. Or you can alternatively think there is a
one-qubit register shared by both players. We assume the seller takes the first round and
then they alternate in the following rounds.

. The communication proceeds in rounds

The seller’s operations

Without loss of generality, we assume the seller only performs general measurements in her
rounds®. For round i, let {A%},esuq1y, such that ZIGSU{L}(A;)TA; = Ion, be the seller’s

9 If the seller simply want to apply a unitary U, she can do it by letting A} = U, and A% = 0 for any
reS.
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measurements. Let h; € S U{L} be the measurement outcome of round i. For each round 7,
if h; =1 then communication continues, otherwise the seller terminates the communication
and outputs h; as the outcome!®.

The buyer’s operations

In our model, only seller can terminate the protocol and output an outcome. Therefore, by
the principle of deferred measurement (see e.g. Chapter 4.4 of [60]), we wlog assume the

tll

buyer makes no measurement" ", and his only local operation in round i is a unitary U; with

dimension 2™, for i = 2,4, ....

The seller’s strategy

A seller’s strategy includes the following elements:
Set of communication outcomes: S.
The size of initial local quantum memory: n.
General measurements: {A%},csuq1y, fori=1,3,5,. ...

The buyer’s strategy

A buyer’s strategy s” includes the following elements:
The size of initial local quantum memory: m.
Unitary operators: U;, for ¢ = 2,4,6,....

Quantum auction protocols

Our objective is to implement an auction using the strategic quantum communication model
previously outlined. Our quantum auction protocols are a generalization of classical auction
protocols defined in [70]. The classical auction protocols are also a special case of Bayesian
incentive compatibility (BIC)-incentivizable binary dynamic mechanism (BDM) defined
in [34]. For simplicity, here we only define the quantum analog for auctions, but exploring the
quantum communication complexity of mechanisms more broadly is an interesting direction
for future work.

» Definition 7 (Quantum auction protocols). A quantum auction protocol P that sells n

items to a single buyer with type space X consists of:

A seller’s strategy s”,,... such that the outcomes in the outcome set S are in the form

(B,p), where B C [n] is a subset of items and p € Rx( is the price.
A suggested strategy function s¥ that maps each valuation in the type space X to a buyer’s
strategy.

0By the principle of deferred measurement (see e.g. Chapter 4.4 of [60]), any non-terminating measure-
ments outcomes can be removed by adding more qubits to the system. Therefore, it is wlog to only
consider measurement with at most one non-terminiating outcome(_L) each round.

1 By the principle of deferred measurement, the buyer can always obtain the same outcome distribution
by adding more qubits to his local memory and removing measurements. Since the buyer is allowed to
choose an arbitrarily large memory size m (we will discuss it later), it is wlog not to consider buyer’s
measurement.



Given a seller’s strategy seeller, and a buyer’s strategy spuyer let D(sseue“sbuyer) be
the outcome distribution of the communication'?. Let A(ssener,sbuyer) be the marginal
distribution of the first component of D(Sselier; Sbuyer). S0, A(Ssellers Sbuyer) is a distribution
over subsets of [n]. Let Q(Sseller, Sbuyer) be the expected value of the second component
(price) of D(Sselter Sbuyer)-

With definitions above, we say a quantum auction protocol P implements the mechanism

MP = (A(Lpers L)), Q((Epers 8T (4)))) -

Further, we say a quantum auction protocol P is e-IC if for any type v € X, and any
buyer’s strategy §, the following holds,

v (AL e ST (1)) = Qshners 5T (1) = v (A(L11er: 8)) — Q(Lners §) — -

By definition, the mechanism implemented by an e-IC quantum auction protocol is an e-IC
mechanism.
We say quantum auction protocol P is e-IR if for any type v € X the following holds,

v (A(S;Dcllcra sf(v))) - Q(sfcllcrvsf(v)) > —€.

By definition, the mechanism implemented by an e-IR quantum auction protocol is an e-IR
mechanism.

Exactly IC and IR quantum protocols are defined similarly.

The main goal of our paper is to find an (e-)IC and (e-)IR quantum auction protocol
that implements the revenue-optimal mechanism.

Part I
Expected communication

5 &-1C Quantum Protocols for General Valuations

Consider selling n items to a single buyer with combinatorial valuations drawn from prior
D. We will show that for any direct IC mechanism M that only ever allocates B different
deterministic bundles, there is an e-IC quantum protocol with the same expected payment for
every type using O(log B) qubits of communication in expectation. Note that our protocol
holds for arbitrarily small e, and the constant factor in O(log B) does not depend on ¢.

Moreover, by employing a standard e-IC-to-IC reduction that discounts all the payments
by (1 — /e)-factor, we can transform an e-IC quantum protocol into an exactly IC quantum
protocol that has the same expected communication complexity, while incurring only a
negligible loss in revenue (see e.g. [42, Theorem 7]).

» Theorem (Theorem 1 restated). Let D be a prior over buyer’s combinatorial valuations
over n; assume all valuations are in the range [0,U]. Let M be any mechanism that can only
possibly allocate one of B subsets of the items. Finally, let 6 > 0 be any parameter (§ may
be a function of n or B). Then there is an IC auction quantum protocol that guarantees a
(1 = &)-fraction of M’s expected revenue using O(log(B)) qubits in expectation.

12 Throughout the paper we only consider seller’s strategies which guarantee termination within finite
steps with probability 1 for any buyer’s strategy.
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We first present a modification of an O(Blog(B))-bits classical protocol given in [70].
Then, we augment it with a single quantum message from the buyer to the seller that gives
an exponential improvement in the expected communication.

5.1 Warm-up: An Inefficient Classical Protocol [70]

First note that if the maximum value of the buyer over any bundle is at most U, any IC and
IR direct mechanism M that only ever allocates B different bundles can be converted into
an equivalent direct mechanism M’ that only ever allocates B different bundles and always
charges either 0 or U. This implies the new mechanism M’ has 2B different deterministic
outcomes (each deterministic outcome is a bundle-payment pair). Suppose B different
bundles allocated in M are my,...,7g, then M’ creates 2 outcomes (7;,0), (7;,U) for each
bundle in M. For each type, v, M has a distribution over B bundles and an expected
payment P (by IR, P < U). Then M’ defines a distribution over 2B outcomes for each
type v: suppose in M the proability of receiving 7; is p;, M’ gives outcome (m;,U) with
probability p; - g and outcome (7;,0) with probability p; - (1 — g)

We first present a classical (randomized) IC protocol that implements M’ with O(B log B)
expected communication complexity. This protocol differs slightly from the one in [70]
and serves as a more straightforward foundation for constructing a quantum protocol. A
probability distribution over 2B outcomes can be represented by 2B non-negative real numbers
P1,---,Pp2p such that E?fl p; = 1. We call a distribution feasible if it is a distribution over
2B outcomes for some type in mechanism M’. At each round, the buyer sends 2B bits, and
the seller either terminates the protocol with an allocation and a payment or continues by
moving to the next round and letting the buyer send more bits.

Buyer’s suggested strategy

Given the buyer’s type and mechanism M’, we denote by p1,...,pap the probability of each
outcome. The buyer sends 2B bits each round. The suggested strategy is to send, in the
r-th Buyer round, the r-th bit of the binary representation of pi, ..., p2p, respectively.

Seller’s strategy

After receiving each bit, the seller first checks if all buyer’s messages so far are consistent
with some feasible distributions, which means messages are binary prefixes of probabilities
corresponding to some feasible distributions. When there is only one possible value for the
next bit that is consistent with some feasible distribution, then the seller sets the value of
the next bit of the message to be the only feasible value and ignores the original bit of the
message.

Let my) be the j-th bit of message receives at round 7. For round r, we denote by 7(")
the total probability revealed so far.

In addition, we define 7(°) = 0. After receiving all 2B bits of message at round r, the

protocol terminates with probility % Conditioned on terminating, the protocol
(r) o—r

(r).g—7
assigns allocation and payment of outcome j of M’ with probability % for each j.

) (=

#T_Ulh the protocol continues. It is important to note that
—T

Finally, with probability 1 —
the protocol terminates in no longer than r rounds with probability (™).



IC

The suggested strategy is optimal for the buyer.

Communication complexity

The overall expected communication complexity is O(Blog B).

5.2 Quantum Protocol

The idea of our quantum protocol is to replace all classical bits the buyer sends in the
first 2log B rounds (total of O(Blog B) bits) with a single message with log(B) + 1 qubits
and 2log B classical bits. Note that log(B) 4+ 1 qubits can encode an arbitrary distribution
with support size 2B (see details below). The buyer is supposed to encode the distribution
associated with his type into a quantum state. Then the seller can measure the quantum state
and decide the allocation and payment according to the outcome. Here, the problem with
this approach is that the buyer might encode an infeasible distribution (not associated with

any type), and the seller has no way to tell if a quantum state encodes a feasible distribution.

To overcome this challenge, the seller will, with high probability, blindly trust the buyer
and determine the allocation and payment according to the measurement outcome. However,
with a small probability, rather than measuring the qubits, the seller asks the buyer to

reveal the probability distribution he encoded by sending its full description classically.

Subsequently, the seller can perform a measurement to verify if the quantum state accurately
encodes the given distribution. Specifically, any quantum state that unfaithfully encodes
the distribution will fail the test with a non-zero probability. As a result, the protocol can
penalize the buyer with a big payment once she observes that the test has failed.

Seller’s strategy

In the first round, the seller expects a quantum message of (log(B) + 1) qubits, which we
denote by mg, and a log(B + 1)-bit classical message that represents an integer 7 € [0, BJ.

With probability v(7) =1 — % - (1- %)%, the seller measures the quantum message
mg in the computational basis (|1),]2),...,|2B)) and terminates the protocol. Suppose
the measurement outcome is |a) € {|1),]2),...,|2B)}, the allocation and payment are
determined according to outcome a of mechanism M’.

With probability 1 — ~(7) = ﬁ +(1- %)%, the seller asks the buyer to send 4Blog B
classical bits to represent 2B binary numbers, pi,...,p2p, each consisting of 2log B bits (we
denote by m¢ this classical message). Applying the same correction procedure as described
in Subsection 5.1, we can assume that pi, ..., psp is the rounding-down to nearest multiple of
1/B? of a feasible distribution p1, ..., p2p. The seller then verifies that # = B2 (1 — ", p;);
if it isn’t, the protocol terminates with the empty allocation and payment 2BU3s~2. Next,
the seller measures the quantum message she receives earlier mg in a way such that the
measurement has two outcomes 0, 1, and the probability of outcome 1 is given by Tr(p |¢) (¢]),
where p is the reduced density matrix that represents the state of mg at the time of
measurement, and |¢) is the canonical state of classical message m¢ that is given by
) = <= 28 pili.

If the measurement outcome is 0, the protocol terminates with empty allocation and

payment 2BU3e~2. Otherwise, the protocol continues as a purely classical protocol in the
following manner: for each ¢ € {1,...,2B}, with probability m@, the protocol
terminates with outcome 4 of mechanism M’. Finally, with probability 1 — ﬁv(f)) > Dis
the seller starts to run the classical protocol from round 2log B + 1 and let p1,...,p25 be
the message she received in the first 2log B rounds.
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Buyer’s suggested strategy

Given the buyer’s type and mechanism M’, we denote by p1,...,p2p the probability of each
outcome. Let pi,...,p2p be the numbers such that for any ¢, the binary representation of
p; consists of first 2log B bits of the binary representation of p;. The suggested strategy
is to send, for quantum message mg whose density matrix is given by |¢) (¢|, where |p)
is defined as |p) = =2 Z?fl \/Pi |i), and send integer 7 = B%(1 — Y, p;). In addition,

VBT 7
when the protocol asks the buyer to send classical message m¢, the suggested strategy sends
p1,...,p25. Finally, as for the classical protocol part, for round corresponding to the r-th

round of the classical protocol, the suggested strategy is to send the r-th bit of the binary
representation of pi,...,papg, respectively.

e-1C

We demonstrate that this protocol is e-IC.

Communication complexity

The overall expected communication complexity is O(log B).

6 Lower Bounds for Quantum Protocols with Small Payments

Throughout this section, we normalize the valuations so that the upper bound on the highest
value is U = 1.

» Theorem 8 (Full version of Theorem 2). Let n be the number of items, P be the upper
bound on the payments and in the quantum auction protocol, and K an upper bound on the
expected communication complexity. Then we have the following lower bounds on KP:
For wnit-demand wvaluations, any quantum auction protocol that obtains Q(1)-
approximation to the optimal revenue must satisfy KPpP= Q(n).
For Gross-substitutes valuations, any quantum auction protocol that obtains Q(1)-
approximation to the optimal revenue must satisfy KP =220"%)
For XOS valuations, any quantum auction protocol that obtains 2(1)-approzimation to
the optimal revenue must satisfy KPp =2%m),
For XOS valuations over independent items, any quantum auction protocol that obtains
4/5 + Q(1)-approzimation to the optimal revenue must satisfy KP = 2%m),

6.1 A List-Decodable Code of Bayesian Priors

The lower bounds of [70] against approximately optimal classical auction protocols construct,
for each valuation class (unit-demand, submodular, etc.), a family of Bayesian priors over
valuations from this class. Each family has the following “list-decodability” guarantee:
no mechanism can simultaneously obtain high revenue on a “list” of w(1) priors from the
family. We now state the results from [70], with different parameters for family size and
approximability for different valuation classes.

» Lemma 9 (Family of hard priors [70]). For each of the following combinations of valuation
class X over n items, family size (, and approximability factor 7y, there exists a family of ¢
Bayesian priors over valuations from X, and a small constant € > 0 such that no single e-IC
and e-IR mechanism can simultaneously obtain a y-approximation of the optimal revenue
from w(1) distinct priors from the family.



X = unit-demand; { = 229(71); v = arbitrarily small constant.

o(n
22* ;v = arbitrarily small constant.

X = gross-substitute; { =
Q(n)
X =X0S; (= 22* ;v = arbitrarily small constant.
Q(n)

X = XOS over independent items; C=222 ; v=4/54T1 for arbitrarily small constant 7.

6.2 Approximate Cover over Efficient Quantum Auction Protocols

Our next objective is to demonstrate the existence of a finite set of protocols capable of
approximating any (almost) IC and (almost) IR quantum protocol with bounded worst-case
communication complexity. Formally speaking, we have the following lemma.

» Lemma 10 (Approximate cover over efficient quantum auction protocols). Let X be a type
space with n items, B an upper bound of number of feasible bundles, P an upper bound
of payments and values of types in X, € > 0 as an approximation parameter, and K an
upper bound on the communication complexity, there exists a set S = S(n, B, P,e,K) of
mechanisms such that the following hold:
Small cover: |S| = 920" Fes Frioslonos )
Mechanisms in S are 2,/e-IC and 2./e-1IR.
Approximate covering property: For any €-1C and e-IR quantum protocol P with a worst-
case communication complexity bounded by K, let Mp = (Ap, Qp) be the mechanism
induced by P. Then there exists a mechanism M = (A, Q) € § such that for every type
v € X, we have

Q(v) > (1 - V&) Qp ().

Part 11
Worst-case communication

7 Preliminaries 11l: Optimal Mehchanisms for Selling 2 Items

In this section, we introduce a special case of framework of [24, 39] to characterize optimal
auctions for selling two goods to a single additive buyer with independent valuations. We will
first give a picture of their framework and then discuss how to apply duality theory to show
that infinite menu complexity (aka infinite worst-case classical communication complexity) is
inevitable for the optimal mechanisms of some prior distributions.

For simplicity, we only consider the case where the buyer’s type space X is [0, 1]%, and
each coordinate represents the buyer’s value of each good. We assume the prior distribution
has a density function f(z,y) = fi1(z)f2(y). Further, we assume f1, fo are continuous and
differentiable with bounded derivatives.

It is well-known (see e.g. [67, 54], that for any IC and IR mechanism the utility function
u : [0,1]2> — R is convex, non-negative, non-decreasing, and 1-Lipschitz with respect to the ¢;
norm. Also, given any u : [0,1]?> — R with these conditions, the utility function uniquely*'?
defines an IC and IR mechanism M with allocation function A(v) = Vu(v) and payment
function Q(v) = A(wv) - v — u(v).

13 Up to measure zero.
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At a high level, the mechanisms established in [24, 39] partition [0,1]? into 4 regions
Z, A, B, induced by a convex area Z defined by two concave functions s1, sy and a straight
line  + y = Peit for some Pyt € [0,2]. Moreover, [24] calls Z, A, B,W the canonical
partition with respect to Z, and P the critical price. For ease of exposition, we only
consider the case that the line x + y = Py intersects both curves x = s1(y) and y = s(z).

More precisely, let s1, $2 : [0,1] — [0,1] be two 1-Lipschitz, concave and non-increasing
function, and Peit € [0,2]. Let e be the solution to sa2(x) = Peit — &, and yerit be the
solution to $1(y) = Penit — y. We can always find such solutions since we assume the line
x4+ y = Py intersects both curves.

Region Z C [0, 1]2 is defined as the region enclosed by si, s, and line z + y = P
Formally, Z = {(x,y) € [0,1]? : 2 < 51(y),y < s2(2), 2 + y < Peit}- The other three regions
are defined as follows:

A={(z,9) €0,1]” : z < zes }\Z; B={(z,y) €[0,1]* : y < yeuic}\Z; W =1[0,1]°\(ZUAUB).

» Definition 11 (GK conditions [39]). Let u(x,y) = 3f1(x) f2(y) + 2 f1(x) f2(v) + yf5(y) fr(z).
Given a canonical partition of [0,1]? induced by s1, s2, and Pey, we say that it satisfies GK
conditions with respect to f1, fo if it satisfies the following conditions:

w(z,y) >0 for all (z,y) € [0,1]2, and

Sy m(z,y) =1, and

fsll(y) ,LL(:Z?,y)dl‘ = fl(l)fQ(y)7 fOT all ye [O7ycrit}7 and

J2 oy 1, y)dy = fi(2) fo(1), for all € [0, 2 cru].

S2

Finally by [39] (specifically, their Theorem 1 and duality discussions in Section 2.2), we
have the following characterization of the optimal mechanism.

» Theorem 12 (Uniqueness and characterization of optimal auction [39]). Given probability
density functions f1, fo over [0,1]. Suppose that canonical partition (Z, A, B, W) induced by
1-Lipschitz, concave and non-increasing functions s1, sa, and Peiy € [0,2] satisfies the GK
conditions. The utility function u(zx,y) of the optimal IC and IR mechanism for selling two
items to a single additive buyer with independent prior distributions fi, fa is given by

U(l‘,y) = maX(O,x - sl(y)ay - SQ(I)ax + y— Pcrit)~

Specifically,
if (x,y) € Z, u(z,y) = 0;
Zf (xay S A7 U(Z,y) =Y - 52($)!'

)
Zf (l',y) € 67 u(x,y) =T — Sl(y);
Zf (x,y) € W7 U(ZL'7y) =+ Yy — Pcrit-
Moreover, the optimal utility function u(z,y) is unique in regions A, B, Z.

8 Limitations of One-Way Quantum Protocols

[24] studies the optimal auction of selling two items to a single additive buyer with i.i.d.
valuations from Beta(1,2). It characterizes the unique utility function wu(-) for any optimal

mechanism. In particular they show that in the region y = 1 and z € [0, 0.06], the unique
2—2x

utility function for optimal mechanism is given by u(x,1) = 7=£7.

In this section, we show that no finite one-way quantum mechanism can implement this
utility function for € [0,0.06] and y = 1. Tt it worth noting that, although only one qubit
is exchanged in a single round per definition of our main model, the following negative result

applies to any one-way quantum protocol with an arbitrarily large (but finite) message size.
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» Theorem 13. Given the two-item additive type space [0,1]2, for any non-linear rational
function R(x), for any r > 0, there is no IC quantum one-way protocol P has utility function
u(z,1) = R(x) for z € [0,r).

9 A Quantum One-Way Mechanism for An Uncountable Menu

In this section, we are going to construct an example of a prior over two additive, independent
items, where the corresponding optimal auction can: (i) be implemented by a one-way
protocol in 1 qubit and 2 classical bits; but (ii) requires an uncountably infinite menu.

» Theorem (Theorem 3 restated). For the problem of auctioning two items to a single buyer,
there is a Bayesian prior over independent item values, such that there is a revenue-optimal
one-way quantum auction protocol where the buyer sends 1 qubit and 2 classical bits; yet no
finite classical auction protocol can achieve the optimal revenue.

At a high level, we construct the example in the following steps:

1. First, we want to apply Theorem 12 to identify the utility function for optimal mechanisms.
To simplify the verification of GK conditions, we choose fi(z) = 1, for z € [0, 1], aka
the value for item 1 is drawn uniformly from [0, 1]. By choosing fi(z) = 1, the measure
u(z,y) defined in GK conditions can be simplified to u(z,y) = 3f2(y) + yfi(y).

2. Next, we choose a non-increasing, 1-Lipschitz, concave function s;. In addition, we require
s1 to be a non-piecewise-linear function, so the utility function in the region B of the
canonical partition u(x,y) = = — s1(y) is non-piecewise-linear, which implies no finite
menu can characterize it. Moreover, as we discussed in the last section, to be able to
be implemented by a one-way quantum protocol, s1(y) has to be a function in the form
||Ay 4+ B]| for some Hermitian matrices A and B. After some trial and error, it turns out
that s1(y) = 23 — 13y + /121/4 — 10y + y?) is a good idea.

3. With the chosen s1, the next step is to reverse-engineer Theorem 12 to obtain a probability
density function fa(y), function so and critical price Py such that the canonical partition
induced by s1, So, Periy satisfies GK conditions. In particular, By the third bullet of
Definition 11, f3(y) has to satisfy the following ODE:

(1= s1(y) Bf2(y) +yfa(y)) = fa(y).

4. Finally, we construct a one-way quantum protocol whose utility function is exactly the
one given by Theorem 12.

By solving the ODE in bullet 2, we obtain

7551 75

_ 75 __ __ 7551
- (—6g(y) + 12y + V/BT3T +5) " = 557 (g(y) — 2y + 10)* (6g(y) — 12y + /5737 — 5) 5=verr =
(11 =2y + g(y)*"* ’

where g(y) = \/4y? — 40y + 121 , and ¢ is the normalization factor such that

fay) =

1
/ fo(y)dy = 1.
0

9.1 Optimal Mechanisms

In this subsection, we will further define another non-increasing, 1-Lipschitz, concave function
s9 and critical price P € [0,2]. Next, we verify the canonical partition induced by sq, s,
and P satisfy GK conditions and give the characterization of the optimal mechanism by
applying Theorem 12.
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First, one can verify that u(z,y) = 3f2(y) + yf5(y) is negative for all (z,y) € [0, 1]>.

Next, given fi(xz) = 1, by the last bullet of Definition 11, we set s3(z) = 0.558 as a
constant function such that fslz(x)(?)fg(y) +yfi(y))dy = f2(1).

Finally, we set Pej ~ 0.669 such that [ (3f2(y)+yf3(y)) = 1. Moreover, line x4y = Pey
intersects both curves x = s1(y) and y = so(x). With s1, s3 and Pe,j¢ we now have x4, & 0.111
and yeit ~ 0.005. By definition, the canonical partition induced by s1, s2 and P, satisfies
GK conditions. Therefore, by Theorem 12, we give the following characterization of the
optimal mechanism for selling two items to a single additive buyer with values independently
distributed according to f; = 1 and f2 given by (2).

» Lemma 14. The optimal mechanism for selling two items to a single additive buyer with
values independently distributed according to fi = 1 and fo defined by (2) is given by the
utility function

u(z,y) = max(0,z — s2(y),y — s1(x),z +y — Peyit)-

Specifically, u(z,y) = x — sa(y) in region B is not a piecewise linear function, and it is the
unique utility function for all optimal mechanisms in region B.

9.2 Exact One-Way Quantum Protocol

In this subsection, we give an IC one-way quantum protocol with exactly the same utility as
the one characterized in Lemma 14.

Protocol implementation

In the first (and the only) round, the buyer send a single qubit with reduced density matrix
p, and two classical bits by, by. If by = by = 0, then the seller terminates the protocol with
empty allocation and payment 0. If b = bs = 1, then the seller terminates the protocol with
allocation {1,2} and payment P =~ 0.669. If by = 0,b3 = 1, then the seller terminates the
protocol with alloation {2} and payment s2(0) ~ 0.558. Finally, if by = 1,bs = 0, the seller
measures the qubit using the following POVM and terminates the protocol with allocation
and payment associated with each measurement outcome.

[ 2/5 V2116 B B
A1_<\/ﬁ/16 1/4 )7 al_{172}7 pl_27
2/5  —/21/16
A2: <—\/ﬁ/16 1/4 )7 0,2:{1,2}, p2:05

1/5 0 299
3 < 0 0> 3 as { ’ }? D3 24 5

0 0 7
A4* <0 1/2> ) 04*{1}, p4fﬁ

We define the buyer’s suggested strategy as the optimal response to the seller’s strategy,
given his private value x and y.

10 (Barely) interactive one-way quantum auction protocols

In Section 8 we see an example of a prior whose optimal mechanism cannot be implemented
by a finite one-way quantum auction protocol. In this section, we introduce a barely
interactive multi-round quantum auction protocol which is optimal for this example, i.e.

filz) =2(1 - =), fo(y) = 2(1 —y) for (z,y) € [0,1]*.



» Theorem 15 (Theorem 4). For the problem of auctioning two items to a single buyer,
there is a Bayesian prior over independent item values, such that there is a revenue-optimal
quantum auction protocol where the seller sends 1 qubit to the buyer, who replies with 1 qubit
and 2 classical bits; yet no finite classical or one-way quantum auction protocol can achieve
the optimal revenue.

Due to [24] Section 8.2.1, the (unique) optimal mechanism for this example can be
characterized by the following lemma.

Protocol implementation

The seller’s strategy is as follows.
In this protocol, the seller first prepares an EPR pair: % (10y |0) + |1)|1)) and sends one
qubit of the EPR pair to the buyer.

1 1

3 003

. . . 0 0 0 O

The density matrix of an EPR pair is pgpr = 00 0 0
1 1

3 003

Next, the seller receives one qubit from the buyer (and two classical bits). We denote by
b1, by the two classical bits. If b; = by = 0, the protocol terminates with empty allocation
and payment 0. If by = by = 1 the protocol terminates with allocation {1,2} and payment
P.it ~ 0.5535 defined in [24]. If by # by, the seller measures the joint state (two qubits) of
his half of the EPR pair and the qubit she receives from the buyer. The seller will use the
following POVM and corresponding allocation and payments. For convenience, we define
bundle 7 = {1} if by = 1, and 7 = {2} if by = 1.

3 1
%5 0 0 15
0O 0 0 0O
A1: 0 0 % 0 ) ay =m, P1:37
1 2
i 00 3
23 1
5o 00 —5
0 1 0 0
A: = =0
2 0 0 % 0 B as T, D2 3
1 3
w 00 3
9
200 0
0O 0 0 0
As = =11,2 = 0.
3 0 00 ol 9 {1,2}, p3=0
0O 0 0 0

We can verify by calculation that this is a valid POVM as all three matrices are positive
semidefinite and Ay + Ao + A3 = 1.

We define the buyer’s suggested strategy as the optimal response to the seller’s strategy,
given his private value x and y.

11 Limitations of finite-round quantum protocols

In this section we give an example where no finite IC and IR protocol obtains optimal
revenue.
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» Theorem (Theorem 5 restated). For the problem of auctioning two items to a single buyer,
there is a Bayesian prior over independent item values, such that there is a revenue-optimal
classical auction protocol that requires a constant number of bits in exepctation; yet no finite
quantum auction protocol can achieve the optimal revenue.

Below are definitions of semialgebraic sets and semialgebraic functions. (See e.g. [23] for
reference.)

» Definition 16 (semialgebraic sets). A subset of R™ is semialgebraic if it can be represented
as a finite union of sets of the form:

{.’IJ eR": f(x> = ngl(x) > 07' e agm(‘r) > 0}7
where [ and g;s are real polynomials in x.

» Definition 17 (Semialgebraic functions). A function f : R™ — R is semialgebraic if its
graph {(z,y) € R"1: f(x) =y} is a semialgebraic set.

11.1 The utility function of finite round IC protocol is semialgebraic

» Lemma 18. Given an IC an IR finite-round quantum auction protocol, its utility function
u(x) is semialgebraic.

11.2 A mechanism with a non-semialgebraic utility function

[39] characterizes the optimal mechanism for selling two items to an additive buyer with
ii.d. priors 16_;11/6 (ie. fi(x) = 16_;11/6 and fo(y) = 16_;114/6) In particular, they show that the
utility function of the optimal mechanism satisfies u(z,1) = 2z + W (e ~%(2 — z)) — 1 for
x € [0,0.1], where W (-) is the Lambert W function!?. Furthermore, by Theorem 12, we also
know this utility function is unique in this region (y = 1,z € [0,0.1]).

Next, we show that the unique utility function g(z) = 2z + W(e!=%(2 — z)) — 1 is not a
semialgebraic function. Together with Lemma 18, this implies that no finite quantum IC
protocol achieves exactly optimal revenue (aka completing the proof of Theorem 5).

» Lemma 19. Let f : R — R be a semialgebraic function. f(x) cannot be equal to
g(z) =2x+W(el=*(2—2x)) —1 on [0,7) for any r > 0.
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