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Abstract
We study the chain communication problem introduced by Cormode et al. [ICALP 2019]. For
k ≥ 1, in the chainn,k problem, there are k string and index pairs (Xi, σi) for i ∈ [k] such that the
value at position σi in string Xi is the same bit for all k pairs. The input is shared between k + 1
players as follows. Player 1 has the first string X1 ∈ {0, 1}n, player 2 has the first index σ1 ∈ [n] and
the second string X2 ∈ {0, 1}n, player 3 has the second index σ2 ∈ [n] along with the third string
X3 ∈ {0, 1}n, and so on. Player k + 1 has the last index σk ∈ [n]. The communication is one way
from each player to the next, starting from player 1 to player 2, then from player 2 to player 3 and
so on. Player k + 1, after receiving the message from player k, has to output a single bit which is the
value at position σi in Xi for any i ∈ [k]. It is a generalization of the well-studied index problem,
which is equivalent to chainn,2.

Cormode et al. proved that the chainn,k problem requires Ω(n/k2) communication, and they
used it to prove streaming lower bounds for the approximation of maximum independent sets.
Subsequently, Feldman et al. [STOC 2020] used it to prove lower bounds for streaming submodular
maximization. However, it is not known whether the Ω(n/k2) lower bound used in these works
is optimal for the problem, and in fact, it was conjectured by Cormode et al. that Ω(n) bits are
necessary.

We prove the optimal lower bound of Ω(n) for chainn,k when k = o(n/ log n) as our main result.
This settles the open conjecture of Cormode et al., barring the range of k = Ω(n/ log n). The main
technique is a reduction to a non-standard index problem where the input to the players is such
that the answer is biased away from uniform. This biased version of index is analyzed using tools
from information theory. As a corollary, we get an improved lower bound for approximation of
maximum independent set in vertex arrival streams via a reduction from chain directly.
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1 Introduction

The index problem is one of the foundational problems in communication complexity. For
n ≥ 1, in the indexn problem, there are two players Alice and Bob. Alice has a string
X ∈ {0, 1}n and Bob has an index σ ∈ [n], and Bob has to output the value of X at position σ.
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If the communication is one-way from Alice to Bob, it is easy to show that Alice needs to
send Ω(n) bits to get any constant advantage [1, 30]. This problem has been well-studied in
multiple settings, and we know tight trade-offs in the two-party communication model for
communication complexity [34], information complexity [24], and quantum communication
complexity [8, 24].

Among the numerous applications of communication complexity, one that is of interest
to us is proving lower bounds for streaming algorithms. index and its variants, in particular,
have been quite useful in this context, for example, in [23, 18, 20, 21, 16, 10]. This is by no
means an exhaustive list.

In this paper, we study a natural generalization of index, called chained index (chainn,k

for n, k ≥ 1) introduced by [12]. There are k different instances of indexn, correlated so that
they have the same answer. They are “chained” together, where each player holds the index
to the previous instance, and also the string for the next instance.

▶ Definition 1 (Informal). In chainn,k, there are k instances of indexn, all with the same
answer. Players 1 and 2 take on the role of Alice and Bob respectively in the first instance,
players 2 and 3 take on the role of Alice and Bob respectively for the second instance, and so
on, all the way till players k and k + 1 for the last instance.

Communication is one-way from each player to the next in ascending order. The last
player has to output the answer. The communication cost is the total number of bits in all
the messages sent by the players. See Figure 1 for an illustration.

.....

P1 P2 P3 Pk+1Pk

Alice 1: X1

Bob 1: σ1 Bob 2: σ2

Alice 2: X2 Alice 3: X3 Alice k : Xk

Bob k − 1 : σk−1 Bob k : σk

Output

Figure 1 An illustration of the chainn,k problem with k correlated sub-instances of indexn from
Definition 1. The arrows illustrate that the message is from Pi to Pi+1 for i ∈ [k].

In [12], a reduction from chain was employed to get a lower bound for approximation
of maximum independent sets in vertex arrival streams. Before its introduction, [28] used
the problem implicitly to get a lower bound of (1 − 1/e) in the approximation factor for
maximum matching in Õ(n) space in vertex arrival streams.

The problem has been used by the breakthrough result of [19] to study the multi-party
communication complexity of submodular maximization. They proved that any randomized
p-party protocol which maximizes a monotone submodular function f : {0, 1}N → R, subject
to a cardinality constraint of at most p and an approximation factor of at least (1/2 + ϵ),
uses Ω(Nϵ/p3) communication. This also gave a lower bound for streaming submodular
maximization. The chain problem was used by [17] also for similar purposes, but subject
to stronger matroid constraints. [7] used a reduction from chain to prove lower bounds for
interval independent set selection in streams of split intervals.

We do not know tight bounds for the communication complexity of the chain problem,
despite finding varied applications of it. There is a trivial protocol of O(n) bits, where any
player can send the entire string to the next player who holds the index. Another simple
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protocol is for each player to send O(n/k) bits randomly sampled from their strings using
public randomness, and with constant probability, in at least one of the k instances, we send
the special bit to the player holding the index. However, this still takes Ω(n) total bits of
communication.

In [12], they prove a lower bound of Ω(n/k2) for any k ≥ 1 through a reduction from
conservative multi-party pointer jumping problem, introduced by [14]. They state without
proof that a stronger lower bound of Ω(n/k) can be obtained for a restricted range of
k ≤ O((n/ log n)1/4). They posed the following conjecture on the optimal communication
lower bound.

▶ Conjecture 2 ([12]). Any protocol that solves chainn,k requires Ω(n) bits of communication.

[19] made some progress on Conjecture 2 by showing that among all the messages sent by
the players, there is at least one message with Ω(n/k2) bits for every k ≥ 1. But the original
conjecture is still open, and this is the focus of our work.

1.1 Our Results
We settle Conjecture 2 almost fully by proving the optimal lower bound of Ω(n) barring the
corner case of when k is too large. As far as we know, this corner case is not a focus for
existing reductions from chainn,k.

▶ Theorem 3. For any n, k ≥ 1, any protocol for chainn,k with probability of success at
least 2/3, requires Ω(n − k log n) total bits of communication.

Therefore, as long as k = o(n/ log n), we get the optimal Ω(n) lower bound from
Theorem 3.

The proof of Theorem 3 can be found in Section 3. We prove the lower bound in the more
general blackboard model of communication, instead of private messages between players
(see Section 2.1 for details). The main idea is to analyze indexn where Alice and Bob
already have some prior advantage in guessing the answer. We elaborate on our techniques
in Section 1.2.

As a direct corollary of Theorem 3, we get improvements in streaming lower bounds in
[12, 19] through reductions from chain immediately. In particular, we get that any algorithm
which α-approximates the size of a maximum independent set in vertex arrival streams
requires Ω(n2/α5 − log n) space, while the previous bound was Ω(n2/α7) in [12]. We present
the implications of our result in Section 4.

A further generalization of chain, called Augmented Chain was defined in [15]. Here,
instances of Augmented Index are chained together instead. Our lower bound of Ω(n−k log n)
can be extended to Augmented Chain also, and the details are covered in Section 3.4.

1.2 Our Techniques
In this subsection, we give an overview of the challenges in proving the lower bound and a
summary of our techniques. We start by going over the prior techniques.

Prior Techniques

We will briefly talk about the technique used in [19] to prove that there is at least one player
who sends Ω(n/k2) bits for any k ≥ 1. We will argue that these techniques can be extended
to proving a lower bound of Ω(n/k) for the total number of bits, but not all the way to Ω(n)
bits.

ITCS 2025
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The first step in proving a lower bound for chainn,k in [19] is a decorrelation step –
the k instances of indexn have the same answer, and they remove this correlation with a
hybrid argument. These arguments have been used extensively in the literature (see e.g.,
[26, 3, 27, 6]). Intuitively, any protocol that tries to solve chainn,k may attempt to solve
“many” of the instances of indexn, albeit each with a “small” advantage over 1/2, in the
hope that the “small” advantages may accrue to get a constant probability of success overall
(taking advantage of the fact that all the instances of indexn have the same answer). The
hybrid argument is a way to reduce proving a lower bound on the overall problem, to proving
a lower bound for k different indexn problems against these low advantages.

Let us assume, for simplicity, that the protocol tries to get an advantage of Ω(1/k) in
each instance of indexn, to get a constant total advantage. We can prove that any protocol
that gets an advantage of Ω(1/k) for indexn uses Ω(n/k2) bits of communication using basic
tools from information theory [9] (this is quite standard, see e.g., [2] for a direct proof), and
this is known to be tight. Therefore, for k instances, we get a lower bound of Ω(n/k) bits in
total. Now, we will argue why this is not the optimal lower bound.

On one hand, for indexn, it is known that for any δ ∈ (0, 1/2), there is a protocol that
uses O(nδ2) bits of communication to get a probability of success 1/2 + δ. This means that
indexn can be solved with advantage Ω(1/k) in O(n/k2) bits; in other words, each “hybrid
step” of the previous lower bound argument is optimal. So, then, why can we not get a good
protocol for chainn,k by running the protocol for indexn with δ = 1/k on all k instances?
This protocol would have O(n/k) bits of communication in total. The reason is that the 1/k

small advantages do not add up as we would like them to. To illustrate this, we will briefly
talk about the protocol that gets δ advantage in O(nδ2) bits for indexn.

Protocol for indexn

First, we will sketch a protocol for δ = 1/
√

n that uses O(1) bits of communication. Let us
imagine that the input X is chosen uniformly at random from {0, 1}n and the index σ is
chosen uniformly at random from [n]. Then, Alice finds the majority bit from her string
X and sends it to Bob. Bob just outputs the bit sent by Alice. We know, from simple
anti-concentration bounds on the binomial distribution, that the number of indices with
the majority bit in X is at least n/2 + c

√
n with constant probability for some appropriate

constant c. The protocol succeeds if Bob holds the index σ to a majority bit, and this
happens with probability at least 1

2 + c√
n

.
The assumption that the input X is chosen uniformly at random from {0, 1}n can be

removed using public randomness. Alice and Bob collectively sample a random string
A ∈ {0, 1}n, and Alice changes her input to X ⊕ A so that each bit is 0 or 1 with equal
probability. Similarly, the assumption that the index σ is chosen uniformly at random from
[n] can be removed by Alice and Bob sampling a random permutation of [n]. Alice permutes
string X according to this permutation, and Bob changes his input to the index that the
permutation maps σ to. This is termed as the self-reducibility property of index.

We can also extend the protocol to any δ by partitioning the string X into nδ2 blocks at
random using public randomness and sending the majority bit in each block. Bob knows the
block that his input index σ belongs to as public randomness is used.

Challenges for chainn,k

If we use the protocol we described for chainn,k, we are left with k bits from each instance
of indexn, which may be the correct answer to the problem with probability 1/2 + Θ(1/k),
but, the variance of each of these bits is 1/4 − Θ(1/k2). We have a protocol for chainn,k,
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where, out of the k instances of indexn, it finds the right answer for ≈ k/2 + Θ(1) instances
in expectation. However, the standard deviation of the number of right answers is ≈

√
k/2,

which is enough to mask the Θ(1) improvement over k/2 we get in expectation. If we use
a hybrid argument over the total variation distance, each of the smaller “hybrid steps” is
optimal, whereas the overall lower bound is not optimal. We cannot achieve a lower bound
stronger than Ω(n/k).

Our Solution

Instead of keeping track of progress in terms of advantage gained in guessing the answer, we
directly keep track of the “information” the message reveals about the answer. Formally, this
translates to the change in entropy of the answer, after each successive message. Initially,
the players have no information about the answer, and it is uniform over {0, 1} (the entropy
is 1). Any protocol with a large enough probability of success must reduce the entropy of
the answer by a large factor (see Fano’s inequality in Proposition 8). We prove that after
each message, the entropy is reduced only by an additive factor linear in the length of the
message, by a reduction to the index problem. This will give us a lower bound on the total
length of the messages.

For indexn, in any protocol with probability of success at least ε, the entropy of the answer
conditioned on the message is at most H2(ε) where H2(x) = x log(1/x)+(1−x) log(1/(1−x))
is the binary entropy function. In the standard version where the initial entropy is 1, the
reduction in entropy is 1 − H2(ε), and it is known that the protocol requires Ω(n(1 − H2(ε)))
communication [24]. This is not sufficient for our application due to the following reason:
after the message of P1, when P2 and P3 attempt to solve indexn, they already have some
prior advantage that the message of P1 gives them. Therefore, we need to analyze indexn

when the answer is not uniform over {0, 1}.

Biased Index

We define the biased index problem, parametrized by θ ∈ [−1/2, 1/2]. Alice and Bob receive
input Y ∈ {0, 1}n and ρ ∈ [n] respectively, such that the value at position ρ in Y (denoted
by Y (ρ)) is 1 with probability 1/2 + θ and 0 otherwise. Alice sends a message M to Bob and
Bob has to output Y (ρ). The initial entropy of the answer is H2(1/2 + θ). We prove that
entropy of Y (ρ) conditioned on M is smaller by at most O((|M | + log n)/n) compared to
the initial H2(1/2 + θ), which is our main contribution (see Lemma 14).

We can show that the entropy of input to Alice, i.e. the random string Y , in such a
distribution is at least Ω(n · H2(1/2 + θ)). Hence, after a message of length s from Alice, the
entropy of string Y reduces to Ω(n · H2(1/2 + θ) − s). For a randomly chosen position in Y

after conditioning on the message, the entropy is at least ≈ H2(1/2 + θ) − s/n, which gives a
lower bound on s.

In the distribution given to Alice and Bob, however, ρ is not chosen uniformly at random,
and in fact, is correlated with the distribution of Y . Such versions of index where the
distributions of Alice and Bob are correlated have been studied before (see Sparse Indexing
in Appendix A of [5] and Section 3.3 of [36]). This correlation is the main issue in analyzing
biased index with information theoretic tools.

Adapted from the approach in Appendix A of [5], we restrict the randomness in Y to a
fixed set of indices of a carefully chosen size (based on θ), and break this correlation. The
loss in entropy of Y is not significant enough to hinder us, and the restriction then allows us
to use standard information theoretic tools to analyze biased index (see Section 3.3 for more
details).

ITCS 2025
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Independent and Concurrent Work

Independently and concurrently of this work, [33] made progress on Conjecture 2. They
showed a lower bound of Ω(n/k +

√
n) for oblivious protocols (where the length of the

message sent by each player does not depend on the input), and a lower bound of Ω(n/k − k)
for general protocols. We show a lower bound of Ω(n − k log n) for all protocols.1

Quantitatively, our lower bounds are a factor of almost k stronger, and are optimal for
k = o(n/ log n); moreover, our lower bound also holds for the Augmented Chain problem
of [15]. In terms of techniques, however, the two works are entirely disjoint: their proof is
based on a new method of analysis through min-entropy and we use information theoretic
approaches.

2 Preliminaries

In this section, we will present the required notation and definitions for our proof.

Notation

For any tuple A = (A1, A2, . . . , Am) of m items, we use A<i to denote the tuple
(A1, A2, . . . , Ai−1) for all i ∈ [m]. We use sans-serif font to denote random variables. For
any random variable A, we use A ∼ A to denote any A sampled from the distribution of the
random variable A.

For any string X ∈ {0, 1}n, we use X(σ) to denote the bit at position σ in X for σ ∈ [n].
We use X(< σ) to denote the string of σ − 1 bits preceding X(σ) in X. We use X(S) for
any S ⊆ [n] to denote the bits at positions in set S.

For any x ∈ [0, 1], we use H2 : [0, 1] → [0, 1] to denote the binary entropy function.

H2(x) = −x log x − (1 − x) log(1 − x).

We need the following standard approximation of binomial coefficients (see Lemma 7 of
Chapter 10 in [32]).

▶ Fact 4 (c.f. [32]). For any p ≥ 1 and any q ∈ [p − 1], we have,

2p·H2(q/p) ·
√

n

8πq(p − q) ≤
(

p

q

)
≤ 2p·H2(q/p) ·

√
n

2πq(p − q)

2.1 Communication Complexity Model
We use the standard number-in-hand multi-party model of communication. Only the
basic definitions are given in this subsection. More details can be found in textbooks on
communication complexity [35, 31].

For any k ≥ 1, let f be a function from A1 × A2 × . . . × Ak to {0, 1}. There are k players
P1, P2, . . . , Pk where Pi gets an input ai ∈ Ai for i ∈ [k]. There is a shared blackboard
visible to all the players. The players have access to a shared tape of random bits, along
with their own private randomness. In any protocol π for f , the players send a message
to the blackboard in increasing order (P1 sends a message followed by P2, and so on till

1 The authors of [33] pointed out an important flaw in the arguments of an earlier version of this work
which was posted at around the same time as [33]. This flaw was subsequently fixed in the current version
using a global change to the original argument, which now recovers optimal result for k = o(n/ log n).
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Pk). The last player Pk, after all the messages are sent, outputs a single bit denoted by
π(a1, a2, . . . , ak). Protocol π is said to solve f with probability of success at least 1 − δ if,
for all i ∈ [k], for any choice of ai ∈ Ai, we have,

Pr[π(a1, a2, . . . , ak) ̸= f(a1, a2, . . . , ak)] ≤ δ.

The communication cost of a protocol π is defined as the worst case total commu-
nication of all the players on the blackboard at the end of the protocol.

▶ Definition 5. The randomized communication complexity of f , with probability of
error δ, is defined as the minimum communication cost of any protocol which solves f with
probability of success at least 1 − δ.

2.2 Information Theoretic Tools
Our proof relies on tools from information theory, and we state the basic definitions and the
inequalities we need in this section. Proofs of the statements and more details can be found
in Chapter 2 of a textbook on information theory by Cover and Thomas [13].

▶ Definition 6 (Shannon Entropy). For any random variable X over support A, the Shannon
entropy of X, denoted by H(X) is defined as,

H(X) =
∑
A∈A

Pr[X = A] · log(1/ Pr[X = A]).

For any event E we define H(X | E) in the same way, as the entropy of distribution of
X conditioned on the event E. For any two random variables X and Y, the entropy of X
conditioned on Y, denoted by H(X | Y) is defined as,

H(X | Y) = E
Y ∼Y

H(X | Y = Y ).

▶ Fact 7. We know the following about entropy and mutual information:
1. For any random variable X, the entropy obeys the bound: 0 ≤ H(X) ≤ log2(|X |) where X

is the support of X.
2. For any two random variables X, Y, H(X | Y) ≤ H(X) with equality holding iff X ⊥ Y.
3. Chain Rule of Entropy: For m ≥ 1 and any tuple of random variables X =

(X1, X2, . . . , Xm), H(X) =
∑

i∈[m] H(Xi | X<i).
4. Subadditivity of entropy: For m ≥ 1 and any tuple of random variables X =

(X1, X2, . . . , Xm), H(X) ≤
∑

i∈[m] H(Xi).

We also need the following proposition, which relates entropy to the probability of
correctness while estimating a random variable.

▶ Proposition 8 (Fano’s inequality). Given a binary random variable X and an estimator
random variable Y and a function g such that g(Y ) = X with probability at least 1 − δ for
δ < 1/2,

H(X | Y) ≤ H2(δ).

This concludes our preliminaries section.

ITCS 2025
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3 The Lower Bound

In this section, we will prove our lower bound of Ω(n) on the communication complexity of the
chainn,k problem for k = o(n/ log n). Let us formally define the chainn,k communication
problem first.

▶ Definition 9. The chainn,k communication problem is defined as follows. Given k + 1
players Pi for i ∈ [k + 1] where,

Pi has a string Xi ∈ {0, 1}n for each i ∈ [k], and,
Pi for 1 < i ≤ k + 1 has an index σi−1 ∈ [n],

such that,

Xi(σi) = z,

for some bit z ∈ {0, 1}. The players have a blackboard visible to all the parties. For i ∈ [k]
in ascending order, Pi sends a single message Mi, after which the index σi is revealed to
the blackboard at no cost. Pk+1 has to output whether z is 0 or 1. Refer to Figure 2 for an
illustration.

X1 X2; σ1
...

P1 P2 Pk

Board

Pk+1P3

X3; σ2 Xk; σk−1 σk

M1

σ1

M2

σ2

M3

σ3

Mk
.....

σk

Output b

Figure 2 An illustration of the chainn,k problem from Definition 9. The solid arrows illustrate
that player Pi writes a message Mi to the board. The dashed arrows indicate that Pi can read the
contents of the board. It also shows the order in which the messages are sent by the players and
indices are released.

Let us recall the statement of our main result.

▶ Theorem 3 (restated). For any n, k ≥ 1, any protocol for chainn,k with probability of
success at least 2/3, requires Ω(n − k log n) total bits of communication.

We give our hard distribution for chainn,k in Section 3.1 and give the proof of Theorem 3
in Section 3.2 except for the analysis of biased index, which is given in Section 3.3. Lastly,
we extend the arguments to Augmented Chain in Section 3.4.

3.1 Setting Up the Problem
In this subsection, we start by defining the notation for our proof, and we describe the input
distributions to chainn,k.

The input hard distribution is as follows. Let L ⊂ {0, 1}n be the subset of strings where
the number of ones is exactly equal to n/2.
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Distribution D for chainn,k:
1. Pick a bit z uniformly at random from {0, 1}.
2. For each i ∈ [k], sample (Xi, σi) uniformly at random from L × [n] and independently

conditioned on Xi(σi) = z.

Notation

We use Xi to denote the random variable corresponding to string Xi and σi to denote
the random variable corresponding to index σi for i ∈ [k]. To denote the random variable
corresponding to the first i − 1 strings and indices, we use X<i and σ<i respectively.

We use Mi to denote the random variable corresponding to the message Mi sent by Pi to
the blackboard. We use M = (M1, M2, . . . , Mk) to denote the tuple containing the messages
of all the players, and M to denote the random variable corresponding to M .

Let π be a deterministic protocol for chainn,k with probability of success at least 2/3
when the input is distributed according to D. We use Γ to denote the random variable
corresponding to the contents of the blackboard (referred to as a transcript), and we use γ

to also denote transcripts sampled from Γ. We use Γi to denote the random variable of the
tuple (M i, σi) for i ∈ [k]. We use π(γ<i, Xi) to denote the output of Pi when the contents
of the blackboard are γ<i and the input is Xi for i ∈ [k].

Let s be the total length of all the messages sent by the players in γ. We assume that
the total length of the messages is exactly s by padding. For any random variable A, we
use D(A) to denote the distribution of the random variable A, as the input is distributed
according to D. We replace D(A | B = b) with D(A | b) for ease of readability whenever it is
clear from context.

Let Z denote the random variable corresponding to bit z. The bit z corresponds to the
answer to chainn,k. We show the lower bound of Ω(n − k log n) for distinguishing between
the case when z = 0 and z = 1 based on the contents of the blackboard.

We need one important observation about the distribution D.

▶ Observation 10. For any i ∈ [k], random variable Xi, σi is independent of Γ<i conditioned
on Z.

Proof. For any fixed value of Z, Xi, σi are chosen uniformly at random from L × [n] such
that Xi(σi) = Z. This choice is independent of any Xj , σj with j ̸= i, and thus independent
of Γ<i. ◀

We are ready to proceed with the proof of our main theorem.

3.2 Proof of Lower Bound
We start by showing that in any successful protocol, the entropy of the distribution of Z
conditioned on the message must be small.

▷ Claim 11 (The transcript reveals information about Z.).

H(Z | Γ) ≤ 24/25.

Proof. We know that Pk+1 successfully finds the value of z with probability of success at
least 2/3 using the transcript. Thus, using Fano’s inequality in Proposition 8, we have,

H(Z | Γ) ≤ H2(2/3) ≤ 24/25. ◁

ITCS 2025
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The main part of the proof is that we show a lower bound the entropy of Z conditioned
on the transcripts using the entropy of the message.

▶ Lemma 12. For any protocol π,

1 − 12
n

· (H(M) + k log n) ≤ H(Z | Γ).

Before we prove Lemma 12, we can easily show that it implies Theorem 3.

Proof of Theorem 3. Combining Lemma 12 with Claim 11, we get,

1 − 12
n

· (H(M) + k log n) ≤ H(Z | Γ) ≤ 24
25 .

This gives that,

H(M) ≥ n

25 · 12 − k log n.

We know from Fact 7-(1) that H(M) ≤ log(2s) = s, which proves that the total number of
bits s = Ω(n − k log n) for any deterministic protocol. By Yao’s minimax principle, we get a
lower bound of Ω(n−k log n) on the randomized communication complexity of chainn,k. ◀

The proof of Lemma 12 employs a reduction to the two player indexn. However, in these
instances of indexn, Alice and Bob already have some partial information about the answer.
We call this problem the biased index problem, and it is defined based on parameter
θ ∈ [−1/2, 1/2], which is the initial bias known about the answer.

▶ Definition 13. The biased index distributional communication problem, denoted
by bias-ind(θ) for θ ∈ [−1/2, 1/2], is defined as follows.

Sample W ∈ {0, 1} such that W = 1 with probability 1/2 + θ, and W = 0 otherwise.
Sample (Y, ρ) uniformly at random from L × [n] conditioned on Y (ρ) = W . Give string Y to
Alice, and index ρ to Bob. Bob has to output Y (ρ) after a single message Mindex from Alice.

Let πindex be a deterministic protocol for bias-ind(θ). Let W, Y, ρ, Mindex denote the
random variables corresponding to W, Y , ρ and Mindex respectively. Let Dθ denote the joint
distribution of W, Y, ρ and Mindex in bias-ind(θ).

We prove the following lemma about bias-ind(θ) in Section 3.3.

▶ Lemma 14 (Biased Index). For any protocol πindex for bias-ind(θ),

H(W | Mindex, ρ) ≥ H2(1/2 + θ) − 2
n

· (H(Mindex) + log n).

We can prove Lemma 12 using Lemma 14, but the proof is deferred to the full version.

3.3 Biased Index
In this subsection, we will prove Lemma 14. Let us first recall the input distribution to
bias-ind(θ).

Distribution Dθ: Sample W = 1 with probability 1/2 + θ and set W = 0 otherwise.
Sample (Y, ρ) ∈ L × [n] conditioned on Y (ρ) = W .

In Dθ, the distribution of Y and ρ are highly correlated. We give an alternate way of
sampling Y, ρ so that this correlation is removed partially.
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Distribution D′
θ:

For θ ≥ 0:
1. Sample set T ⊂ [n] of size b = n/(1 + 2θ) uniformly at random.
2. Sample a set S of n/2 indices from T uniformly at random and set them to 1, and set

[n] \ S to 0 to get Y .
3. Sample ρ by sampling an index uniformly at random from T .
For θ < 0:
1. Sample set T ⊂ [n] of size b = n/(1 − 2θ) uniformly at random.
2. Sample a set S of n/2 indices from T uniformly at random and set them to 0, and set

[n] \ S to 1 to get Y .
3. Sample ρ by sampling an index uniformly at random from T .

In this section, we assume that θ ≥ 0. For the case when θ < 0, the proof follows in the
same vein, and is not presented. Let T, S denote the random variables corresponding to set
T and set S respectively. We show that distributions Dθ and D′

θ are in fact identical, and
the proofs can be found in the full version.

▷ Claim 15. In distribution Dθ, for any (Y, ρ) ∈ L × [n],

Pr(Y = Y, ρ = ρ) =


1+2θ

n·( n
n/2)

when Y (ρ) = 1,

1−2θ

n·( n
n/2)

when Y (ρ) = 0.

▷ Claim 16. Distribution Dθ is the same as D′
θ.

Using this alternate way of sampling, it is easy to see that random variables Y and ρ

are independent of each other conditioned on T. It can also be extended to include random
variable Mindex, as it is only a function of Y.

▶ Observation 17. In distribution D′
θ, conditioned on T = T , for any i ∈ T , distribution of

random variables Y, Mindex is independent of event ρ = i.

Proof. Conditioned on T = T , string Y is chosen by picking an n/2 size set S uniformly
at random from T , and setting these indices to 1, and this choice also fixes Mindex as the
protocol is deterministic. And index ρ is chosen uniformly at random from T , independently
of the choice of S, by definition of D′

θ. Thus, choice of ρ = i is independent of random
variables Y, Mindex. ◀

Next, we will show that even conditioned on T, the entropy of Y remains large.

▷ Claim 18.

H(Y | T) ≥ n

(1 + 2θ) · H2(1/2 + θ) − 2 log n.

Proof. We assume that θ < 1/2, as otherwise, the statement is vacuously true. H2(1) = 0 by
definition, and entropy is always non-negative by Fact 7-(1).

Conditioned on T = T , we know that Y is fixed by choosing set S uniformly at random.
Thus,

H(Y | T) = log
((

b

n/2

))
(by Fact 7-(1))

ITCS 2025
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≥ log
(

2bH2(n/2b) ·

√
b

8(n/2)(b − n/2)

)
(by Fact 4, and n/2 < b, as θ < 1/2)

= b · H2(n/2b) + 1
2 · log( b

8(n/2)(b − n/2))

= n

(1 + 2θ) · H2(1/2 + θ) + 1
2 log( 1

4n · (1/2 − θ) )

≥ n

(1 + 2θ) · H2(1/2 + θ) + 1
2 log(1/4n) (as 1/2 − θ ≤ 1)

≥ n

(1 + 2θ) · H2(1/2 + θ) − 2 log n. ◁

We are ready to prove Lemma 14.

Proof of Lemma 14. We can lower bound the entropy of W conditioned on Mindex, ρ as,

H(W | Mindex, ρ) ≥ H(W | Mindex, ρ, T) (as conditioning reduces entropy, Fact 7-(2))

= E
T=T

[1
b

·
∑
ρ∈T

H(W | Mindex, ρ = ρ, T = T )
]

(as ρ is uniform over T )

= E
T=T

[1
b

·
∑
ρ∈T

H(Y(ρ) | Mindex, ρ = ρ, T = T )
]

(as W = Y (ρ) by definition of Dθ)

= E
T=T

[1
b

·
∑
ρ∈T

H(Y(ρ) | Mindex, T = T )
]

(as Y, Mindex ⊥ (ρ = ρ) | T = T , by Observation 17)

≥ E
T=T

[1
b

· H(Y(T ) | Mindex, T = T )
]

(by subadditivity of entropy, Fact 7-(4))

= E
T=T

[1
b

· H(Y | Mindex, T = T )
]

(as Y ([n] \ T ) is fixed to be 0)

= 1
b

· H(Y | Mindex, T).

Thus it follows that,

H(Y | Mindex, T) ≤ b · H(W | Mindex, ρ). (1)

We also have,

H(Y | T) = H(Y, Mindex | T) (as M is fixed by Y )
= H(Mindex | T) + H(Y | Mindex, T) (by chain rule of entropy, Fact 7-(3))
≤ H(Mindex | T) + b · H(W | Mindex, ρ) (by Eq (1))
≤ H(Mindex) + b · H(W | Mindex, ρ).

(as conditioning reduces entropy, by Fact 7-(2))

Combining with Claim 18, we get,

H(Mindex) + b · H(W | Mindex, ρ) ≥ b · H2(1/2 + θ) − 2 log n (as b = n/(1 + 2θ))
b · H(W | Mindex, ρ) ≥ b · H2(1/2 + θ) − (H(Mindex) + 2 log n).

(rearranging the terms)
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Dividing both sides by b, we get,

H(W | Mindex, ρ) ≥ H2(1/2 + θ) − 1
b

· (H(Mindex) + 2 log n)

≥ H2(1/2 + θ) − 2
n

· (H(Mindex) + 2 log n), (as b ≥ n/2)

finishing the proof. ◀

3.4 Extension to Augmented Chain

In this subsection, we will extend our lower bound to the Augmented Chain problem
introduced by [15]. We begin by defining Augmented Index.

Augmented Index is a close variant of the index problem. Here, in addition to having
the index σ, Bob also has the bits X(< σ). We know that this generalization also requires
Ω(n) communication when Alice sends a message to Bob [34]. This problem is particularly
useful for proving lower bounds for turnstile streams (see e.g., [11, 25, 16], and references
therein). Tight information cost trade-off for this variant in the two-way communication
model was proved by [9].

The formal definition of Augmented Chain follows.

▶ Definition 19 (Augmented Chain). The aug-chainn,k communication problem is defined
as follows. Given k + 1 players Pi for i ∈ [k + 1] where,

Pi has a string Xi ∈ {0, 1}n for each i ∈ [k],
Pi for 1 < i ≤ k + 1 has an index σi−1 ∈ [n], and a string Xi−1(< σi−1),

such that,

Xi(σi) = z,

for some bit z ∈ {0, 1}. The players have a blackboard visible to all the parties. For i ∈ [k]
in ascending order, Pi sends a single message Mi, after which the index σi, and the string
Xi−1(< σi−1) are revealed to the blackboard at no cost. Pk+1 has to output whether z is 0 or
1. Refer to Figure 3 for an illustration.

For the chained version of Augmented Index, the lower bound that at least one player
sends Ω(n/k2) bits holds true, and the proof follows with minimal changes. Using this, [15]
proved lower bounds for interval independent set selection in turnstile streams with weighted
intervals.

We prove the following result about aug-chainn,k.

▶ Theorem 20. For any n, k ≥ 1, any protocol for aug-chainn,k with probability of success
at least 2/3 requires communication Ω(n − k log n).

A proof sketch detailing the changes needed to prove Theorem 20 is given in the full
version. Most parts of the proof are similar to the proof of Theorem 3.

4 Applications to Streaming

In this section we give applications of our main result to independent sets in vertex arrival
streams and streaming submodular maximization.

ITCS 2025
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Figure 3 An illustration of the aug-chainn,k problem from Definition 19. The solid arrows
illustrate that player Pi writes a message Mi to the board. The dashed arrows indicate that Pi can
read the contents of the board. The order in which the messages are sent and indices, strings are
released is also shown.

4.1 Independent Sets
In edge arrival streams, for any graph G = (V, E), the vertex set V with n vertices is given,
and the edges E arrive in any arbitrary order. We are required to process the graph in
limited space.

In vertex arrival streams, for any graph G = (V, E), the edges are grouped by their
incident vertices. Vertices from V arrive one by one (in any arbitrary order), and when a
vertex arrives, all the edges connecting it to any previously arrived vertices are revealed.
This makes the vertex arrival stream a strictly easier model than the edge arrival stream, as
the order of edges is restricted.

Indeed, for the maximal independent set problem, we know that finding algorithms
in vertex arrival streams is easier; the greedy algorithm produces a maximal independent
set in Õ(n) space, whereas, in edge arrival streams, any algorithm which finds a maximal
independent set requires Ω(n2) space [4, 12].

Maximum independent set (MIS), however, is provably hard in both vertex arrival streams
and edge arrival streams. It is known that, any algorithm which performs an α-approximation
of MIS in edge arrival streams requires Ω(n2/α2) space from [22]. In vertex arrival streams,
[12] proved a lower bound of Ω(n2/α7). They also gave the following connection between
chain problem and MIS in the proof of Theorem 9 of their paper.

▶ Proposition 21 (Rephrased from [12]). For any α ≥ 1, any algorithm that gives an α-
approximation of maximum independent sets in vertex arrival streams for n-vertex graphs using
space at most s and probability of success at least 2/3 can be used to solve chainn2/64α4,2α

with communication at most 2α · s bits and success probability at least 2/3.

Our lower bound Theorem 3, along with Proposition 21 directly gives the following
corollary.

▶ Corollary 22. For α ≥ 1, any α-approximation of maximum independent sets in n-vertex
graphs in vertex arrival streams uses Ω(n2/α5 − log n) space.
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This further reduces the gap between the lower bounds for α-approximation of MIS in
vertex arrival streams and edge arrival streams by an α2 factor.

4.2 Submodular Maximization
In this subsection, we will summarize our slight improvements to lower bounds for streaming
submodular maximization.

A function f over ground set V from f : 2V → R is submodular if and only if, for any
two sets A ⊂ B ⊂ V and for any element x ∈ V \ B,

f(B ∪ {x}) − f(B) ≤ f(A ∪ {x}) − f(A).

This captures the diminishing returns property of any submodular function.
We are interested in maximization of a monotone submodular function subject to a

cardinality constraint. That is, for a given ℓ, we want to find a subset S ⊂ V with |S| ≤ ℓ

such that for any other set T ⊂ V with |T | ≤ ℓ, f(S) ≥ f(T ).
We are given oracle access to function f , however, we do not have access to the entirety

of the ground set. The elements of the ground set V arrive one by one, and the algorithm
has space s to either store the incoming element or to discard it. The algorithm can query
the oracle to f with any subset of the elements currently in storage. We want the storage to
be roughly the same as the output size, which is ℓ.

In this model, [29] gave an algorithm which finds a (1/2 − ϵ)-approximation in O(ℓ/ϵ)
space. [19] showed that a better approximation was not possible. They proved that any
algorithm which gets a (1/2 + ϵ)-approximation uses Ω(ϵ |V | /ℓ3). They give the following
connection to the chain problem in Theorem 1.3 and Theorem 1.4 of their paper.

▶ Proposition 23 (Rephrased from [19]). For any ϵ > 0, there exists a constant ℓ0 such that
for any ℓ ≥ ℓ0, any randomized streaming algorithm which maximizes a monotone submodular
function f : 2V → R subject to cardinality constraint of at most ℓ, using space at most s and
with approximation factor at least (1/2 + ϵ) in expectation can be used to solve chain|V |/ℓ,ℓ

with probability of success at least 2/3 and communication at most s · O(ℓ/ϵ).

We get an improvement of ℓ factor over the current state-of-art lower bound in [19] as a
corollary of Theorem 3.

▶ Corollary 24. For any ϵ > 0, there exists a constant ℓ0 such that for any ℓ ≥ ℓ0, any
streaming algorithm that maximizes a monotone submodular function f : 2V → R subject to
a cardinality constraint of at most ℓ, with an approximation factor at least (1/2 + ϵ), requires
Ω(|V | ϵ/ℓ2 − ε log(|V |)) space.
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