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—— Abstract

We present a new method for obtaining norm bounds for random matrices, where each entry is

a low-degree polynomial in an underlying set of independent real-valued random variables. Such
matrices arise in a variety of settings in the analysis of spectral and optimization algorithms, which
require understanding the spectrum of a random matrix depending on data obtained as independent
samples.

Using ideas of decoupling and linearization from analysis, we show a simple way of expressing
norm bounds for such matrices, in terms of matrices of lower-degree polynomials corresponding to
derivatives. Iterating this method gives a simple bound with an elementary proof, which can recover
many bounds previously required more involved techniques.
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1 Introduction

For fixed matrices Cy,...,Cy, and independent scalar random variables 1, ..., z,, consider
the problem of analyzing the random matrix

M=Cy-z1+--+Cp- -z,

Note that the entries of the random matrix M are not necessarily independent, but are
(possibly correlated) linear functions of the independent random variables 1, ..., z,. Such
matrices, which arise in a variety of applications in algorithms, statistics, and numerical linear
algebra, can often be shown as being concentrated around the mean, using a rich selection
of matrix deviation inequalities [34]. Moreover, when the random variables z1,...,z, are
Gaussian, recent breakthrough results have obtained even sharper concentration guarantees
depending on the structure of the matrices Cq,...,Cy [5, 9] already leading to applications
in discrepancy theory [6] and quantum information theory [20].

In contrast to the above random matrices which are linear functions of independent
random variables, several recent applications in spectral algorithms and lower bounds for
statistical problems require understanding the (expected) norms of random matrices of the
form

SCn]

c i€S
[S|<d
The above random matrix, which denote as a matrix-valued function F(x), is a (multilinear, in
the example above) low-degree polynomial in the vector of random variables x = (x1, ..., x,).
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Such matrix-valued polynomial functions arise naturally in a variety of applications, including
algorithms for tensor decomposition and completion [13, 12, 18, 10], orbit recovery [24],
power-sum decompositions and learning of Gaussian mixtures [4], and lower bounds for
Sum-of-Squares hierarchies [2, 7, 16, 28]. In general, such matrices are often an important
technical component in the analysis of spectral algorithms, which require understanding the
spectrum of some random matrix depending on data obtained as independent samples. Given
the expressive power of polynomials, one can often write the matrix entries as low-degree
polynomials in the data.

In several applications above, one is interested in obtaining bounds on the spectral norm
of the deviation matrix F(x) — EF(x), which hold with high probability over the choice of x.
Although matrix-deviation inequalities for nonlinear random matrices have been a subject of
active research in recent work [26, 22, 3, 14, 15], the analyses in the applications above have
often needed to rely on estimating matrix norms via direct computations of trace moments.
While these do yield sharp bounds required for applications, they require somewhat intricate
computations and ingenious combinatorial arguments tailored to the applications at hand.

Analyzing concentration via moment estimates. We consider concentration bounds on a
scalar polynomial f(x) with mean zero. Using Markov’s inequality, this can be reduced to
computing moment estimates, since

PGl >N = P[(F)* > 0] < A7 B [(£(x)”]

Note that while in some cases E[(f(x))*'] can be computed by direct expansion, it often
involves an intricate analysis of the structure of terms with degrees growing with ¢, and
therefore indirect methods may be more convenient. Methods for obtaining concentration
of (scalar) polynomial functions have been the subject of a large body of work, including
results by Kim and Vu [17], Latala [21], Schudy and Sviridenko [31, 32], Adamczak and
Wolff [1], and Bobkov, Gotze and Sambale [8]. A useful comparison to direct computation,
is the method of Adamczak and Wolff, which is applicable to functions f(x) of a broad
range of random vectors x (with not necessarily independent coordinates) from a distribution
obeying the Poincaré inequality. They obtain such moment bounds by recursive applications
of the Poincaré inequality, reducing the computation of the moments of f to that of its
derivatives. For a degree-d polynomial function f, one can consider its coefficients as forming
a (symmetric) order-d tensor, and their results obtain bounds on the moments of f in terms
of the norms of various lower-order tensors “flattening” of this coefficient tensor. Thus, the
problem of estimating moments of the random variable f(x), can be reduced in a black-box
way, to understanding the norms of a small number (depending on d) of deterministic tensors.
Any dependence on the problem structure can then be limited to understanding these norms,
where often crude estimates can suffice.

The matrix analog of the Markov argument involves the Schatten-2¢ norm ||.||,,, which is
defined for a matrix M with non-zero singular values o1, ...,0, as ||MH§§ = e ot
For a function F with E[F(Z)] = 0, we have the following bound using Schatten norms.

Ploy(F) > A < A2 E|F|¥ = A2 . Etr [(F(X)F(X)T)t}

Several applications requiring norm bounds for matrix-valued polynomial functions, start
with the above inequality, and often rely on direct expansion of the trace for the matrix
power (F(x)F(x)T)". Recall that when A is the adjacency matrix of a graph, tr(A2) can be
interpreted as the number of cycles of length 2¢. Similarly, when working with matrices F(x)
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where each entry can be interpreted as arising from a combinatorial pattern, (F(X)F(X)T)t
can be viewed as the number of copies of such patterns “chained” together in a certain way.
Estimating the trace then amounts to estimating the (expected) number of such chainings [2].

Obtaining bounds on the E ||F||§i via this method requires first using problem structure
to decompose F into matrices with such combinatorial patterns, and then using (ingenious)
combinatorial arguments to understand the expected number of occurrences of such chains of
patterns. The focus of this work is understanding alternative general methods for estimating
such norm bounds, when the underlying problem may not necessarily have a combinatorial
flavor, or when such decompositions may be hard to analyze.

Decoupling. Decoupling inequalities were developed in the study of U-statistics [27], mul-
tiple stochastic integration [23], and polynomial chaos [19], and have found important
applications in applied mathematics, theoretical computer science, applied probability theory
and statistics. Some examples include the study of compressed sensing [30], query complexity
[25], the proof of Hanson-Wright inequality [35], learning mixture of Gaussians [11] and so
on. Moreover, the inequalities are applicable in both scalar and matrix settings, and even
more broadly in Banach spaces.

For a degree-d homogeneous multilinear polynomial f(x) in n independent random
variables, standard decoupling inequalities (see Section 3) can be used to obtain

[(f(x))ﬂ < i 'x<1>,.H§,x<d> [(f(x(l)""’x(d)))%] ’

%=

where f(x(),...,x(?) denotes the polynomial in d-n random variables obtained by replacing
the d variables in each (ordered) monomial by the corresponding d coordinates coming from
the d independent random vectors xV) ... x(@ and C, is a constant depending on the
degree d. One can now fix the vectors x(¥, ... x4V and consider the expectation

2t

IE |:(f(X(1),...7X(d))>2t:| = E Z fi(x(l)a"'ax(dil)) ‘ng) )

x(@) x(@) et
where we write f(x(M,...,x(¥) as a linear form in x(9 with coefficients f;(x(), ... x(¢=1),
The moments of such a linear form can be understood (for example) using the Khintchine
inequality, which bounds it in terms of a polynomial depending only on x™), ... x(@=1),

Similarly, in the matrix case, we use decoupling inequalities to reduce the problem of
estimating moments for degree-d homogeneous (and multilinear) matrix-valued polynomials,
to that of estimating moments for linear matrix-valued functions. At this point, one can
apply standard and well-known linear matrix concentration inequalities (we use the matrix
Rosenthal inequality) which yield a bound in terms of a degree-(d — 1) matrix-valued
polynomial function of the vectors x(1), ... x4~ Tterating this process gives a simple
method for obtaining norm bounds, applicable for multilinear polynomial functions on n
independent random variables (with any reasonable distribution).

While this method does not immediately apply for non-multilinear polynomials, it
suffices for many of the applications mentioned above. Moreover, for arbitrary polynomials
in Gaussian random variables, we can also obtain a simple recursion as an immediate
consequence of the more recent Poincaré inequalities of Huang and Tropp [15]. Together,
these suffice for most applications of interest.
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Methods and results: a technical overview

Let 1, ..., 2, be ii.d real-valued random variables with E[z;] = 0, E[z?] = 1 and |z;| < L for
each i € [n]. Let T,9 C [n]? denote the set of ordered d-tuples i = (i1, ...,iq) with i1,...,iq
all distinct. For a fixed sequence of (deterministic) matrices {Ai}ieT,;i C R4>42 we consider
a matrix-valued multilinear polynomial function defined as

F(x) = ZAi- HxZJ
]

ieTd jeld

We write the polynomial in terms of ordered tuples for decoupling, but since the variables
x1,...,T, commute, we can assume that for any permutation o : [d] — [d] permuting the d
coordinates of each tuple, A; = A, ;) (this is referred to as permutation symmetry of F). We
can use the decoupling inequalities from Section 3 to show that

IFGOly, < Ca|[FD,... x@)

4t:Cd. ZAIHxEj) )

S ;
ieTd J€[d] at

where |-||,, denotes the (expected) Schatten norm (E[tr(F(x)TF(x))ZtD1/4t.

We remark that while the constant Cy is of the form d? in general, this can be improved
when the underlying set of indices [n] has more structure. For example, when [n] corresponds
to the set of pairs in an base set [r] and each of the monomials involves at most k elements
of [r] (has index degree k), it is possible to improve the constant to k*. This is essentially
the “vertex partitioning” argument used in works on graph matrices, and is discussed in
Section 3 in the language of decoupling.

As mentioned earlier, we can now “linearize” the function F(x(l), . ,x(d)) by fixing
x(@ . x(@=1 and treating it only as a function of x(% i.e., we consider

4t
t

4
4 Z Ai. H LCS) - x(l),..ﬁ,zX(d—l) X]:(Ed) Z Z Ai. H ‘TS) .xl(cd)

ieTd JE[d] 4t ke€[n] \ ieTd jE[d—1]
ig=k At
4t
= E E Z (8 (d)F) -a)‘](cd)
x(1)7___7x(d*1) x(d) ka
ke[n] At

To bound the inner expectation, we can now use the matrix Rosenthal inequality (Lemma 8)
which says that for a collection of centered, independent random matrices {Y} with finite
moments, we have

4t 4t

4t

< (168)% - H (Z EYkYZ)

4t

1/2
E +

4t

1/2
(Z JEY[Yk> + (8t)4 (ZE IIYk||3§> :
k

k

Z Yk;
k

4t

Taking Yi = 8x<d)F . a:fcd) we can now compute the expectations (over X(d)) in the RHS as
k
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Z EYkYZ = [6z§d)F . 815'[1) F} [azgd)F . 815'[1) F} T

k

T T T T T
Z EYZYk = |:61(d)F c 8z(d)F :| [BI(@F .. 61((1) F :|
1 n 1 n
k
4t
:Ugd) . 6z(d>F 8z<d>F 4
1 1
D B[l = E < "
4§ 299 WF 0. F
Tn 4t "

Iterating the above argument, we can prove a bound in terms of a collection of partial
derivative matrices Fg 5 . (see Section 2 for details).

Note that in the above definition, we do not specify the order of differentiation, which
can be ignored due to the permutation symmetry of F and the fact that changing the order
does not change the Schatten norms (see Section 2 and Section 4 for details). This argument
yields the following bound for all homogeneous multilinear polynomial functions.

» Theorem 1 (Restatement of Theorem 10). Let x = {z;}?_; be a sequence of i.i.d random
variables with Bx; = 0, Bz = 1 and |z;| < L for all 1 <i < n. Let {Ai}icra be a multi-
indexed sequence of deterministic matrices of the same dimension. Define a permutation
symmetric, homogeneous multilinear polynomial random matriz of degree d as

F(x) = Z A;- H zj

ieTd j€{i1,....tqa}

Let a,b,c € Z>g andd =a+b+c. Then for 2 <t < oo,

B[R < S (48d0)"" . L [Fyp ]2
a,b,c:

a+b+c=d
We remark that the condition that |x;| < L can be replaced by a condition on the growth
of moments of x;, which is true for subgaussian variables. The above bound is in terms
of the norms of a constant number of deterministic matrices F, ., as is also the case for
general moment bounds on scalar polynomials [1]. We will see later that these deterministic
matrices can easily be interpreted in several cases of interest, to recover the bounds obtained
via combinatorial methods.

Gaussian polynomial matrices. While the above bounds are only for multilinear polynomials,
they can also be extended to arbitrary polynomials of independent Gaussian random variables,
using standard techniques to approximate them by multilinear polynomials. However, for
the case of Gaussian polynomials, the recent Poincaré inequalities of Huang and Tropp [14]
directly yield a simple bound, which is easier to apply. They show that for a Hermitian
matrix-valued function H of Gaussian valued random variables

n t
E|H(x) - EH(x)|5 < (V2t)%'-Etr (Z(@H(x))?) .
i=1
As before, one can apply this argument inductively to obtain a bound in terms of the matrices
F,, which are defined similarly as the matrices F ; . before, with ¢ = 0. Since we no longer
have EF,; = 0 for a + b < d, the bound is in terms of the expected matrices EF, ; for all
a,b with a +b < d.
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» Theorem 2 (Restatement of Theorem 14). Let x ~ N(0,1,) and {A;}icpne be a sequence
of deterministic matrices of the same dimension. Define a degree-d homogeneous Gaussian
polynomial random matrix as

F(x) = Z A;- H x;

i€[n]? j€{it,mnia)

Let a,b € Z>g. Then for 2 <t < oo,

E|F(x) - EF(x)[5 < ('V2t)* [ Y  |EF,,

1<a+b<d

While the above theorem is stated for homogeneous polynomials, the proof is identical also
for the non-homogeneous ones, with the sum in the definition being over all tuple sizes.

Do try this at home: applying the framework

We now discuss how to interpret the matrices F, 4 . arising in the bound in Theorem 1 to
recover the norm bounds for graph matrices derived via combinatorial methods. This is
discussed with more formal details in Section 6, but we present an intuitive (at least for the
authors) version of the argument here.

Graph matrices are defined using constant-sized template “shapes” and provide a con-
venient basis for expressing (large) random matrices where the the entries are low-degree
polynomials in the (normalized) indicators of edges in a G,, , random graph. Such matrices
and their norm bounds have been used for a large number of applications [2].

Let N = (%) and fix a canonical bijection between the space [N] and ([75]), and let [V] index
the space of all possible edges in a random graph on n vertices. For each e = {i,j} € ([Z]),
for Ay, = /(1 —p)/p let z. be independently 1/A, with probability (1 — p) and —A,, with
probability p, so that Ez. = 0, Ez2 = 1, and |z.| < A,.

Let (V (1), E(7)) be a graph on k vertices with d edges, and let U,, V; be ordered subsets
of V(7) of size k1 and kg respectively. The tuple 7 = (V (1), E(7), U, V) is referred to as a
“shape” and is used to define the following graph matrix M, with rows and columns indexed
by T,;** and T,*2 respectively

M- [i,j] = Z L=y - Lgwvay=sy - H T(eo) s
VETE co€B(r)

where we interpret a tuple ¢ € T,* as an injective function ¢ : V() — [n] in the canonical
way. If the function 1 maps U, to i (the row-index) and V; to j (the column index), we
add the monomial to M [i, j] corresponding to the product of the images of all edges in the
“pattern” E(7) under 9. Note that each nonzero entry of the matrix-valued function M is a
multilinear homogeneous polynomial in the variables {z.}, . (1) with degree d = |E(7)|. We

denote M- by F for ease of notation in the discussion below.
As will be apparent from the analysis below, the norm bounds for such matrices behave
different characterizations in the “dense” regime where p = Q(1) and the “sparse” one where

~1/2 is bounded in the first case,

p = o(1). This is because the subgaussian norm L = A, = p
and growing in the second case. The bounds for the first case are stated in terms of the size
the minimum vertex separator separating U, from V in the shape 7. For the second case,
one needs to augment the defintion of minimum vertex separator, to use a cost based on the
subgaussian norm A,. We will show how to recover both these characterizations, using the

matrices Fy 3 . given by Theorem 1.
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Figure 1 A shape 7.

Dense graph matrices. We start by considering p = 1/2 so that the random variables z.
are just independent Rademacher variables. Taking d to be constant, the bound in Theorem 1
involves only a constant number of matrices, and will depend on the dominant term. To
understand each of the terms, we first consider the matrices derived after one step of the
recursion.
0, F
Fioo = [0nF ... 0,.F]", Foio = [0nF ... 8,,F| and Fop, =
9y F

Since tr (), AZ-A;'-)%5 +tr (X, A;'-AZ-)275

> 3 tr (A;AT)* and L = 1, we will have that
IF10,0 \iz + HFO,LOHﬁ > L% ||[Foo1 |g. This will also be true (up to constant factors) for
any constant L, since we interested in the 4¢-th root of the above trace. Using a similar
argument, we can ignore terms with ¢ > 0 for now (we will come back to these in the sparse
case) and focus on matrices Fg p 0.

We now interpret the matrices F19,0 and Fg 1 9. The row-space of F1 o is now indexed
by (i,e) for e € ([g]) (respectively (j,e) for the column space of Fy19). We now include
terms corresponding to maps ¢ for which ¥(U;) = i, ¥(V;) = j and ¥(ep) = e for some
eo € E(7) so that 0z F[i, j] # 0.

Decomposing F1 o into |E(7)| matrices (one for each choice of eg), we can consider the
F1,0,0,c, as simply a new graph matrix we have deleted the edge ey and included both its
end points in U, (respectively in V; for Fg 1) to obtain a new shape 7/. Similarly, each
F,.b,0 can be decomposed into \E(T)|a+b graph matrices, where we delete a + b edges in total,
and include the endpoints in U, for a of them and V; for b of them. This is illustrated in
Figure 2 where we color the edges red or green depending on their inclusion in U, or V.

The bound in Theorem 1 is then in terms of these new graph matrices where we delete all
d edges, and split their endpoints between U, or V; to obtain U’, V' C V(r) = [k]. For an
entry M[i,j'] of any such matrix, there is at most one ¢ : V(1) — [n] such that (U’) =1

and (V') = j' (assuming 7 has no isolated vertices), and M[i’,j'] = Ly =iy - Lgpvr)=yy-

Taking S = U’ N V', this matrix can be simply written as a block-diagonal matrix with
181 of size nlV\| x nlVASL 1t s easy to check that the spectral norm of such a matrix is
n{UNSIHIVASD/2 — [ (=15D/2 gince [U7 U VY| = k and S = U’ N V.

Thus, each of the terms in the bound will correspond to graph matrices with different
U’ and V' (obtained by coloring edges red or green according to the above process) and
the dominant term will be the one with the smallest value of |U’ NV’|. We now claim that

91:7
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Foa,0:

Fi00:

30 o

Ve

Fo30 :

Figure 2 F1,0,0, FO,I,O and F273,0.

U’'NV’' must be a vertex separator separating U, and V; in the shape 7 i.e., any path between
them must pass through U’ NV’. If the path contains both red and green edges, then it
contains one vertex with both red and green edges incident on it, which is then in U’ NV’
(since U’ is obtain by adding endpoint of red edges to U, and V' similarly for green edges).
If path is entirely red, then we have an endpoint of a red edge in V; which is a vertex in
U’ NV’ and similarly for green paths.

Thus, we have n(k=150/2 < p(k=1)/2 \yhere r is the size of the minimum vertex separator
between U, and V., which recovers the known bound for dense graph matrices [2].

Sparse graph matrices. The argument for sparse graph matrices is almost the same as
above except now we also need to consider terms of the form F,; . for ¢ > 0. Just as we
interpreted Fy 5 as coloring a edges from E(7) as red and including in U’ D U, and b green
edges in V' D V,, we can now interpret F, ; . as having ¢ edges whose endpoints are included
in both U’ and V' (say these edges are colored yellow). This simply reflects the fact that the
derivatives in the definition of F, 4 .41 are placed as diagonal blocks.

Foo1 *

Figure 3 F070,1 .
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As we saw above, increasing the intersection of U’ and V' decreases the norm, and so the
matrices with ¢ > 0 should have a smaller Schatten norm. However, they are now included in
the bound with a multiplicative factor of L¢. Thus, we simply look for a vertex separator S
maximizing L% - n(*=15D/2 where e(S) counts the (yellow) edges contained in S = U’ NV".
This is precisely the “sparse vertex separator” which determines the norm bound for such
sparse graph matrices [16, 29].

2 Preliminaries and Notation

Vectors are denoted by bold face lower case letters x,y and z. Deterministic matrices are
denoted by bold face upper case letters A and B. Matrix-valued functions are denoted by
bold face upper case letters X, Y, F, M, H and P.

Sets and indices. For a set S, let |S| denote the number of distinct elements in S. We
denote [n] = {1,...,n} for any positive integer n. For i:= (i1,...,4y) € [n]™, define

T o= {(i1, .- im) : Vi, k € [m], j# k= ij #ir}.

Matrix norms. Let R% %% he the space of all dy x dg real matrices. Let HY be the subspace
of R¥*4 containing all Hermitian matrices. We write ||-||, for the ¢5 operator norm, ||| . for
the Frobenius norm, and tr(-) for the trace.

» Definition 3 (Schatten norm). For A € R4*d2 gnd t > 1, the Schatten 2t-norm is defined
as

1AL, = (tr(ATA))Z.

Polynomial random matrices. Let (Q, F, ) be a probability space. Introduce the random
vector X := (x1,...,%,) € Q where x1,...,x, are independent random variables. A polyno-
mial random matrix F(x) is a matrix-valued polynomial F : Q — R%*92. We can construct
a polynomial random matrix F(x) by drawing a copy of x ~ u. Note that despite x having
independent entries, the entries of F(x) can be dependent (or correlated) with each other.
Unlike Wigner matrices whose entries are i.i.d., the polynomial random matrices can have
dependencies among its entries.

» Definition 4 (Permutation Symmetric Property). Suppose F(x) is a degree-d homogeneous
multilinear polynomial random matriz, i.e.,

F(x):z A;- H x|,

€T gefin,. . ia}

where {Ai}ieTg s a multi-indezed sequence of deterministic matrices of the same dimension.
F(x) is permutation symmetric if A;, . i, = A e (d) for any permutation o € S4 and
any (i, ..., iq) € T,2.

lo(1))--

Partial derivatives. Let F(x) be an n-variate polynomial random matrix of degree D. For
a,b,c € Z>p and d = a+ b+ ¢, we consider the block matrices F ; . containing all d-th order
partial derivatives of F(x). We define F, ;. recursively as Fg o = F(x) and

T
Fa+1,b,c = [8121Fa,b,c ce 6a:nFa,b,c] 5

91:9

ITCS 2025



91:10 Simple Norm Bounds for Polynomial Random Matrices via Decoupling

Fa,b+1,c = [87"1 Fa,b,c cee ar,,,Fa,,b,c} ’

a:cl Fa,b,c
Fa,b,chl =
81:” Fa,b,c
It is evident from the definition that the block matrices Foi1pc, Fap+1,c; Fapet1 are
assembled from sub-blocks {0,,Fqp}7; arranged vertically, horizontally and diagonally
respectively. The order of increment between a and b doesn’t affect the resulting matrix, i.e.,
8ac1 Fa,b+17c 811 a:vl Fa,b,c ce 8ac1 awnFa,b,c

Foript1,e= : = [0, Fatipe - Ou Fayipe = :
8wnFa.,b+l,c 8wn,8w1Fa,b,c 81;77,81;77.Fa-,b;c

However, the order of increment involving ¢ affects the resulting matrix, i.e.,

6m1Fa,b+1,c
[azl Fa,b,c+1 cee arn Fa,b,chl] 7&
arnFa,b—&-l,c

Nevertheless, the order of increment doesn’t affect the Schatten norm. Since we will only be
interested in the Schatten norms of these matrices, we will simply label them as Fg p11,c41
without specifying the order. It is easy to see that F,; . is a deterministic matrix if
a+b+c=DandFqp.=0ifa+b+c>D.

Constants. We denote C for some universal constants and C, for constants depending only
on some parameter a. The values of the constants may differ from one instance to another.

3 Decoupling Inequalities

In this work, we focus on decoupling inequalities for moments, which is fairly elementary
and can be interpreted combinatorially as partitioning the random vector x.

» Lemma 5 (see [30] Lemma 6.21). Let x = {z;}7_; be a sequence of independent random
variables with Ex; = 0 for all j = 1,...,n. Let {Bi}ig—# be a multi-indezed sequence of
deterministic matrices of the same dimension. Then for 1 <t < oo

E||Y Biay ...z, <d E|Y Bi-zl). P |

PR 2
ieTd ieTd
ieTd ot ieTd ot

where x| ... x(@ denote d independent copies of x.

Improved Decoupling for Random Variables with Structured Indices

For a generic degree d multilinear polynomial random matrices, an application of Lemma 5
yields a decoupling constant of d?, which might not be optimal for polynomial random
matrices with additional structures. We will show that the additional structures enable us to
give a tighter decoupling inequality through a careful partitioning.
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Building on Lemma 5, we prove a decoupling inequality for polynomial random matrices,
in which the indices of random variables have a graph structure. Let G = (V, E) be a fixed
simple graph with |V| =k, and |E| = d. We denote the vertices by V(G) = {v1,..., v} and
the ordered edge set by F(G) = {(i1, 1), .-, (i, ja)}. For any o € T,*, we write (i) for the
i-th component of ¢ and ¢(E) for {(¢(i1), v(j1)),- -, (©(ia), ©(Ga))}-

» Lemma 6. Let z = {Z,(;), }4/,67—75@7(1-7]-)615 be a double sequence of independent random
variables with EZ ;) = 0 for all (i,§) € E and ¢ € T}, Let {By(p)}pers be a multi-
indezxed sequence of deterministic matrices of the same dimension. Then for d < k(k — 1)
and 1 <t < oo,

k. (d)
> Bow I Zewew|| < E| D Buwr Zi w60 Zotuwtn]| -
PETE (i,J)eE o pETE o
where zV ... 29 denote d independent copies of z.

» Remark 7. It is crucial for the indices of all monomials to share the same structure so that
d independent copies of z suffices. Otherwise, k(k — 1) independent copies are needed in
general.

Proof. Consider a random partition of the ground set [n] into k parts and let r be the vertex
partitioner. Formally, let r = (r1,...,7,) be a sequence of independent random variables
with each r, uniformly distributed on {1,...,k}, i.e., for 1 <p <mn,

Pirp,=1)=P(r,=2)=---=P(r, =k) =1/k.
Define an event A := {ry(,) =1, , () = k} for each ¢ € T,¥. Conditioned on z,

Er [HAA(TW(UI), - »Tga(vk))] = 1/l€k.

It follows that

> Bow - [ Zetret)

. o
pET (i,j)eE ot

k
= KBy [Er | D Kalron 7o) By ] Zewww

. i
wET} (i,5)€E o

k
<EEE, || Y Walrow) - Town) Bowy - ] Zewrww|

k
S‘JGT (ZJ)EE 2

where the last step is due to Jensen’s inequality and Fubini’s theorem. Since the expectation
over r satisfies the inequality, this implies the existence of an r* satisfying the inequality.
Fix r* and define the vertex partitioning with respect to r* as

Pi={pen]:ry=1}, ... \Po={p€n]:r, =k},
which in turn induces an edge partitioning,
Pe = {(P, Pj)}jyere-

Notice that there are k(k — 1) elements in P., but we only have d edges to partition. So we
select d elements out of P, in the following way. Fix an arbitrary ¢* € T,*, choose

Pl = (Poeiy)s Por ) -+ s Pq = (Por(ia)s Por (a))-
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Let’s call { P, ... Pj} a d-edge partitioning. In other words, we may select any d elements out
of P, to form a d-edge partitioning so long as the pattern of the indices of (P;, P;)’s matches
that of E(G). Since the elements in P, have no intersections, the partitions in {P},..., P;}
also have no intersections. Since Z, ;) ,(;)’s are independent random variables, replacing
d “ . o
Zotin)olin) " Zotiayoliny With 250 e 280 for any 9(E) € P} x -+ x Py will
not change the distribution. Hence
k. (1) . 7(d)
F<k-E > Bew) ZuGeun Ztiostio]|| (1)
P(E)EP XX P} ot
Denote all variables in P x --- x P} by
z:={z% Z80 o+ Y (@(0) () € PY, o (9lia), 9lia)) € Pi }
: wlin),e(i)’ "7 Telia)e(ia) LAEVER A 1o oe 5 (P, PUd df>

and denote the rest of the variables by Z¢. It remains to show that the sum on the right-hand
side of (1) is over all ¢ € T,*. Observe that

1) (@) _
Eze Yo Bewr) Zyinwi Zatowtn | £ | =0 (2)

P(E)gP; XX P}

Denote P x --- x Pj by P. Since the sum in (2) has conditional expectation zero, we can
add it to (1) to get
Z }

Since the two sums on the right-hand side are independent conditioned on Z, conditional
application of Jensen’s inequality yields the desired inequality,

F<Kk . Ez

(1) (d) (1) (d)
Z B T Ye(in), (i) ”Zw(id)aﬁﬁ(Jd +Ez |: Z B w(E) " Zw(ll W(il)".Zw(ld),w(jd)

p(E)eP w(E)¢P 2t

K ) (@)
F<k B a0 || D Bo Zyt) ot Zotarwtio)|| - <
PETK 2t

4  Multilinear Polynomial Random Matrices

In this section, we prove a moment bound for multilinear polynomial random matrices with
bounded, normalized random variables. We follow our recursion framework by decoupling the
polynomial random matrices first and then apply the matrix Rosenthal inequality recursively
to sums of (conditionally) independent random matrices.

To this end, we derive the non-Hermitian matrix Rosenthal inequality from the Hermitian
matrix Rosenthal inequality by Hermitian dilation (see [34] Sec. 2.1.16).

» Lemma 8 (Non-Hermitian Matrix Rosenthal Inequality). Suppose thatt =1 ort > 1.5.
Consider a finite sequence {Y}r>1 of centered, independent, random matrices, and assume
that B|[Yy |3 < oo. Then

4t 4t

4t

E ZYk
k At

1/2

k

1/2
(Z JEY{Yk>

< (16t)% - || <ZEYkYZ>
k

(menii) :
k

4t 4t
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Proof. For a sequence of Hermitian matrices {Xy}r>1 satisfying all the assumptions above,
we have (Hermitian) matrix Rosenthal inequality [22] Corollary 7.4,

1/2 4t
Z Xk (16t)3 (Z EX2> + (80" ) (Xl
k

4t 4t

We use Hermitian dilation to extend the inequality to non-Hermitian matrices by setting
X = H(Y%) and notice that

4t 4t
0 Y, (O, YR, Y 0
E =Et k k =2E Yl
Sl | e ((TTEPT santsvor]) |2
4t k at
1724 ot
ZE Y.Y., 0 . S LEYLY] 0
- 0 Y!Ys - 0 S LEYLY,
4t
1/2 4t 1/2||4
| ZIEYkYk (ZEYZh) ,
4t k 4t
0 Y
o || IED wetii
k
Hence, the result follows. <

> Claim 9. Let F(x) be a homogeneous multilinear polynomial random matrix of degree D.

Let F(x(M,...,x(P)) be the decoupled F(x), i.e

F(X(l),...,x(D) Z Aj- :c(l) gD

JD ’
jeTp

where {Ay }e7p is a multi-indexed sequence of deterministic matrices of the same dimension.

For some fixed a,b,c € Z>¢ and k = a+b+c < D, let F, ; . be the block matrix of k-th order
partial derivatives of F(x W, o xP )). Then F ;. is a homogeneous multilinear polynomial
random matrix of degree d = D — k. Furthermore,

4t t 4t 4t t 4t
E[Fopellyy < (160°  (EFasipelyy +ElFaprelliy) + (80" E[Fapesnlly;

Proof. Without loss of generality, we differentiate F(x(l)7 ..., xP)) with respect to x(P) first,
then x(P~Y and so on. It is straightforward to see that after k = a + b + ¢ rounds of

differentiation, Fa,lw(x(l)7 ..., x(?) is a homogeneous polynomial random matrix of degree
d=D —k. And
Fa,b,c(x(l) Z B; - z(l ) Ej),
ieTd

where {Bj}ie7a is a multi-indexed sequence of deterministic matrices of the same dimension.

More specifically, each B; is a block matrix whose blocks consist of {A;}jerr such that
J1 =11, Jd = 1d-

Conditioned on x(M, ... x(@=D F,p (x(V ... x(D) is a sum of centered, (conditionally)
independent random matrices in x(¥. It follows that
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4t
E (HFa,b,c(X(l)v . ,x(d))

4t
=K Ex(d) ZB .’E(l) N Ej)
ieTd
<6 - E|[| S| Y Bi-alla
ig=1 \ieT?
(16t)* - E > Bi-a,
ig=1 \ieT?

+ (8t)* L. Z ZB x

a=1 ieTd

Simple Norm Bounds for Polynomial Random Matrices via Decoupling

X(l),...X(d_l)>

4t
x(l),...x(d_l)
4t
o\ 1/2)
(d—1) (1) (d—1)
Lig_a Z Bi I T I
ieTd
4t
/2|4
(d 1) (1) (d—l)
Tig_s Z Bi - - Tig_y
ieT?
4t
4t
(d 1)
1d 1 ’
4t

where the inequality is due to matrix Rosenthal inequality (Lemma 8). Now we have

n
1 d—1 1 d—1
E E E B; .. gldY E B; - J;().. (d—1)
1 1d—1 d—1
ig=1 \ieT? ieTd
4t
4t
1/2
T
ngrnFa}b’c
4t
=E {81,@ Fope 6zgg>Fa,b,c} : =E|Fapr1.clly
0 wFT
zELd) a,b,c 4t
. 124
n
§ : E : e (d—1) E : . (1) (d—1)
E Bi-x T Td—1 B; Ty Lig 4
ig=1 \ieT? ieTd
4t
4t
1/2
O @Fape
1
T
=E {am§d)Fa,b7c 8ac§fi)Fayb,C} : =E[Fat1,.
8w(d)Fa,b,c
n 4t
4t
n
(1) (d—1)
DB Biay
ig=1 ieTd at
2t
T
awgd) Fa,b,c . 8w§d>Fa7b’c
4t
=Etr =E ||Fa,b,c+1||4t :

N
9, wFape-0,@Fqy,
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We present a moment bound for permutation symmetric, homogeneous multilinear
polynomial random matrices of degree d.

» Theorem 10 (Homogeneous Multilinear Recursion). Let x = {x;}7, be a sequences of
i.i.d random variables with Ex; = 0, Ez? = 1 and |x;| < L for all 1 <i <mn. Let {Ai}ie’];;i
be a multi-indexed sequence of deterministic matrices of the same dimension. Define a
permutation symmetric, homogeneous multilinear polynomial random matrix of degree d as

Fx)=> (A ] =

ieTd J€{i1,esia}
Let a,b,c € Z>p andd =a+b+c. Then for 2 <t < oo,

ElF(x) —EFx)[5 < > (48dt)*" - L ||Fq.|5; -

a,b,c:

a+b+c=d

Proof. Let x™1) ... %@ be d independent copies of x. We decouple F(x) by Lemma 5,

4t
E=E|F(x)|" < d4dt.EHF(x<1>,...,x<d>) .

4t

We take the partial derivative with respect to x(d) by applying Lemma 8 to get,
E < d*"(160)" - (E|[Fyoolly +EllFouol) +d* (80" L* - E|[Fo oIy

Note that F1,0,0, Fo,1,0, and Fg o1 are functions in variables X(l), - ,x(d_l). We take the
partial derivative with respect to the rest of the variables until F, ; .’s become deterministic
matrices. Apply Claim 9 recursively and use the permutation symmetric property of F(x),
we have

o d! 4
B < ) (16t LA (Bl -
a,b,c:
a+b+c=d
. d! d! d: 3V3 . 3d
Since cir < @@ A4 wETarsaE a3
E < ) (48dt)*. LA el - )
a,b,c:
a+b+c=d

As a corollary, we derive a moment bound for general multilinear polynomial random
matrices of degree D. The polynomials are split into homogeneous parts and each parts are
bounded separately. Let F=%(x) denote the degree-d homogeneous part of F(x).

» Corollary 11 (Multilinear Recursion). Let x = {z;}; be a sequences of i.i.d random
variables with Ex; = 0, Ex? = 1 and |x;| < L for all 1 < i < n. Let {Ai}ieT,;i be multi-
indexed sequences of deterministic matrices of the same dimension. Define a degree-D
multilinear polynomial random matriz as

Fx)=> > (A ][] =

d=1 ieTd €41, v8a}
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Suppose F=%(x) is permutation symmetric for 1 <d < D. Let a,b,c € Z>o and d = a+b-+c.
Then for 2 <t < oo,

E||F(x) - EF(x)|;, < ZD‘“ (48dt)*™ | > L4Ct||FabCH4t
W

Proof. We rewrite F(x) into a formal sum of its homogeneous parts F(x) = 25:1 F=4(x).
By the trace inequality (see [33] Theorem 3.1), we have

E|F(x) — EF(x D4tZIE||F—d ) — EF=(x)|[ ;-

By Theorem 10,

D
E|F(x) - EF(x)[l}l < D*> (asaty® | S L*|F5i. [, | <
=t a-ﬁgi(i::d

5 Gaussian Polynomial Random Matrices

In this section, we prove a moment bound for polynomial random matrices with Gaussian
random variables. While the decoupling technique could work for Gaussian polynomial
random matrices as well, we base our recursion framework on the following bound for its
simplicity.

» Lemma 12 (Polynomial Moments, see [14] Theorem 7.1). Let H(x) : Q — H¢ be a function
with x ~ N(0,1,,). Fort=1 andt > 1.5,

n

E|H(x) -EHX)[3 < (V20)* Etr (Z(@H(X)V) : 3)

i=1

The non-Hermitian version of Lemma 12 can be easily obtained by the technique of Hermitian
dilation.

» Lemma 13 (Non-Hermitian Polynomial Moments). Let F(x) : Q — R%*42 be q function

with x ~ N(0,1,,). Fort=1 andt > 1.5,
2t " 1/2 2t
E (Z IFT(x) 8iF(x)>
i=1

E|F(x) - EF(x)[3 <

<ZaF I,FT(x >1/2

2t 2t

» Theorem 14 (Gaussian Recursion). Let x ~ N(0,1,,) and {Ai}icpnje be multi-indeved
sequences of deterministic matrices of the same dimension. Define a degree-d homogeneous
Gaussian polynomial random matriz as

P(X) = Z Ai . H T

i€[n]d J€{it,sia}
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Let a,b € Z>g. Then for 2 <t < oo,

E|P(x) -EP(x)[5 < WV2t)* [ Y |EP,,
1<a+b<d

2t
2t

Proof. Start by applying Claim 15 with £ = 0. Apply Claim 15 recursively until k =d — 1
to get the desired bound. |

> Claim 15. Let x ~ N(0,T,,) and {A;}ie[,j¢ be multi-indexed sequences of deterministic
matrices of the same dimension. Define a degree-d homogeneous Gaussian polynomial random
matrix as

P(x) = Z A; - H Zj
i€[n]d J€{it,ia}

Let a,b € Z>p and a +b =k < d. Let P, ;(x) be the k-th partial derivative block matrix
associated to P(x). Then for 2 <t < oo,

E|[Pos —EPuul3 < (V2% (EPutrs — EPusrllyy + [EPas14]3)
+ (V20 - (E|Papis — EPupia 3 + [P s l3f) -

Proof. By the non-hermitian polynomial moment (Lemma 13), we have

2t

n 1/2|%t n 1/2
E:=E|P., —EP,,|5 < (V20)* - [E (Z OiPas aiP;b> +E <Z P, az-Pa,b>
=1 2t i=1 2t
-81Pa,b 2t
= (V2t)* - | E||[0:Pap ... 0uPus]|s+E[|
10nPayp

2t

= (V2" (E[Pusrall3s + E [Pasial)

where the last equality uses our notation for partial derivative block matrices introduced in
Section 2. Notice that Pq41 4 and P, 41 are homogeneous Gaussian polynomial random
matrix of degree £ — 1. Since P,11 3 and P, 341 are not necessarily centered,

E

IN

(V2)*" - (E|Pas1 — EPuyr + EPoy1yl3 + E[Papis — EPupi1 +EPopi |3

IN

(2V/2t)% . (E IPas1,o — EPas1plly; + IEPas16ll5; + EPaps — EPapra 5, + HIEPa,,bHHii) ;

where the last inequality is due to the trace inequality (see [33] Theorem 3.1). <

6 Application: Graph Matrices

Denote the Erdés-Rényi random graph on n vertices as G, ,, where each edge is present
with probability p independent of all other edges. When G, , is viewed as a probability

space, it is equal to (Q, F, ) where ) is the sample space of all possible graphs on n vertices.

Any G € Q is a random vector representing all edges. Each coordinate in G, denoted by
Gij, is an independent random variable representing a single edge. We can construct a
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random graph by drawing a copy of G ~ pu. To adopt the convention in p-biased Fourier
analysis, we normalize G;; such that EG;; = 0 and IEG% = 1, which leads to the sample

space ) = {—,/1%7”,1 /ﬁ}(”.
» Definition 16 (Shape, see e.g. [29] Definition 4.2). A shape is a tuple T =

(V(7),E(1),U;,V;) where (V(7),E(T)) is a graph and U., V; are ordered subsets of the
vertices.

» Definition 17 (Graph matrix, see e.g. [29] Definition 4.4). Given a shape 7, the associated
graph matriz M : Q — R4 X% s o matriz-valued function such that

ML, J] = 3 II Gowpw:

peTh  (ww)eB(r)
o(Ur)=I,p(Vr)=J

In other words, M maps an input graph G € Q) to a (nzll!fl)! X (nILIIJI)! matriz whose rows
and columns are indexed by I and J respectively.

» Definition 18 (Vertex Separator, see e.g. [29] Definition 4.8). For any shape T, a vertex
separator is a subset of vertices S C V(1) such that there is no path from U, to V. in 7 \ S,
which is the shape obtained by deleting S and all edges adjacent to S. We write S, for a
vertex separator of the minimum size.

> Claim 19. For any shape 7, let {E7, E2} be an arbitrary cover of E(7). Let S = E1 N Ey
be the vertex set of the overlapping edges between F; and Fs. If S contains Fy NV, and
E>NU,, then S is a vertex separator.

Proof. Since S = E; N Es, there is no path from F1\S to F>\S. Additionally, if S contains
E1NV,, then F1\S is not adjacent to V- and E;\S contains U-\S. If S also contains ExNU,,
then E5\S is not adjacent to U, and E5\S contains V;\\S. Since there is no path from U,\S
to V-\S, S is a vertex separator. <

» Theorem 20. For any shape 7 and 2 <t < o0,

4t|E(S-)|
T T T ]‘_p T)|—
E ML < (48t (7)) O (LB FOln V) ( p> 241V (1)~ 1S- )
where C' is an absolute constant and E(S;) are all edges adjacent to S;.

Proof. First, let |V (7)| = k and we write M as a polynomial whose coefficients are matrices,

M = Z B,k H Gl o)

wETr (i.5)€E(T)

where the [1, J]-entry of By, g is

1 ifoU;)=1 and p(V;)=J

B LJ =
ME)[ ] {0 otherwise.

Note that B, (g)’s have the same dimension as M and the rows and columns of B, (g)’s are
indexed in the same way as M. Since U, and V; are ordered and each ¢ assigns one set of
value to vertices in U, and V7, there is only one nonzero entry in each B,(g). But there
might be multiple ¢’s for which B (g)’s are identical due to free vertices.
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Let |E(7)| = d and we rewrite M in a permutation symmetric way,

1
M=} <d, > Botee)Gelinay)etinny) Gw(z'f,(d)),sa(jo(d)))

PETE T oeGy
1
= o1 D Ay Golinetn 0 Golia el
" pETE
where A gy = deed B, (4 (E))- Notice that the indices of the random variables of M have

the same structure as in Lemma 6, so we can decouple M using Lemma 6,
4t

4t
1
o 4t awvE) (L) . oW .q9
FeBIME < VOPYO(5) B Aue Gy G|
ETY

4t

where {G(, ..., G4} denote d independent copies of G. Since M is a multilinear polynomial
random matrix, EM = 0. An application of Theorem 10 yields,

1 4t 1 D 4ct
< 4|V ()] e 4t
Fe X aswvo) ™ (men) (V2] Mad

b,c: p
a,b,c:
a+b+c=|E(T)|

where {M, .} are partial derivative block matrices associated to M.

Fix a set of a,b,c, M, . is a block matrix whose blocks are comprised of {AW(E)}CPGTJC.

More specifically, the [I, J]-th block of M, ;. is

Mo p.c[l,J] =0y, -+ Oc,,, Oy, - 0a,, M= Ay = Y Boqus- (4)
ceSy

Algebraically, the last equality is due to the commutativity of partial derivative operators.

Combinatorially, if we fix an arbitrary ordering on the edge set E(7), the last expression is
summing up all permutations on d edges in E(7). Now let’s delve into the combinatorics. Let
E(r) = E1 U Ey, where E; contains a + ¢ edges and Fy contains b + ¢ edges with ¢ number
of overlapping edges. Let S = E1 N Es be the set of vertices shared by F; and Es. The row
and column blocks of M, ; . are indexed by ¢(E1) and ¢(Es;) respectively. Let’s write

Ma,b,c = E Ma,b,c,ov
ceGy

where Mg c.0[I,J] = By(jus). Applying the trace inequality (see [33] Theorem 3.1), it
follows that

4ct
Feo Y S asaveo () Ml )

a,b,c: ceGy
a+b+c=|E(7)|
For any two distinct o1 and oy € Gy, ||Ma7b,c7gl||i: = ||Ma7b,c702||i§ since Mg p ¢, and
M, b.c.0, are identical after permuting rows and columns. So we will focus on bounding
||Ma7b,c7go||j§ where o is the identity permutation. For identity permutation, we have
Ma,b,c,oo [I, J] =By by (4) Denote Ma,b,c,oo by F,

4t 4t 2t
E:= HMa,bA,C,ffo”;;: = HFH4I =tr (FTF)

=tr Y S FUL, ) B, Jo) B[, Jo] FlI, Js) - F L, Jor) F(lar, Ji]
Iy,.... Ja €[n]2@+e) Jy ..., oy €[n]2(b+e)
=tr Z Z B}'1UJ1 BIlUJZ B—IrzUJz BleJB U BLtU.]gt BIQtUJl (6)

In,eIar €[n]2(ate) Jy . Jor €[n]2(04e)
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First of all, By,uy, # 0 implies that I; U J; = ¢o(E; U Es), for some ¢ € 7;{“ and
I;(S) = Ji(S) for 1 <4 < 2t. Similarly, By,us,,, # 0 implies that I; UJ; 11 = ¢'(E1 U Ey), for
some ¢’ € T.* and I;(S) = J;11(S) for 1 <14 < 2t (the additions in the subscripts are in mod
2t,i.e., Jory1 = J1). Secondly, for each By, s, # 0, there is only one nonzero entry, namely
Bus, [Iz @] Jl(UT>, LU Jl(VT>] =1. So B-[I—,;UJiBIiUJ #0if ;U JZ<U-,—) =1;U Ji+1(UT) and

the only nonzero entry is

i+1

Br.us, Bro LU Ji(Ve), LU i1 (Vy)] = 1.

It follows that B};UJiBIiUJH»l 7é Oforl <i<2tif Jl(EgﬂU.,—) = JQ(EQHUT) =...= Jzt(Egﬂ
U.,-). Lastly, B};UJ,iBfiUJi+1B-II—,-+1UJi+1B1i+1UJ1,+2 7& 0if I; U Ji+1(VT) =11 U JH_l(V-,—) and
the only nonzero entry is

B-II—,L-UJiBIz'UJiJrlB-II—,£+1UJ,i+1B11+1UJi+2 [Il U JI(VT)v Iy U Ji+2(VT)] =1

It follows that B-Irlqu BhUJz B-Irgng B[2U]3 . 'B-II-%UJ% BIztUJI 7& 0 if Il(El n V—,—) =
L(EyNV;) =--- = I(F; NV;) and the only nonzero entry is

B—IrlUJl BIIUJQ B}—QUJQ BI2UJ3 e B}—QtUJQt BIQtUJI [Il U Jl(v'r)7 I2t U Jl(VT)] = ]"

Since I1 (E1 NV;) = I (Ey NV;), we have I} U J1(V;) = I U J1 (V7). So if the summand is
nonzero, it has a 1 on its diagonal.

To summarize, each summand in (6) is nonzero if and only if I; U J; = ¢;(Ey U E), I; U
Jiv1 = ¢i(Ey U Ey) for some p;, ¢ € TF, I;’s and J;’s agree on S, I;’s agree on E; NV,
and J;’s agree on Fo NU, for 1 <4 < 2t. Since each nonzero summand contributes a 1
on the diagonal, we can simply count the number of nonzero summands to compute the
trace in (6). Notice that the number of nonzero summands is equal to the number of
D1y -y Pty Py -« -5 P, that satisfy all the constraints. Hence

E< ISl gl BEanVel o [E2OU- | 26 EX\VS| 28 E2\UA\S| (7)

For a fixed set of a,b, ¢, (7) provides an upper bound for Mg .c.o ||ii for any permutation
|j§ among all possible sets of a, b, c? By

o € G4. But what is an upper bound for |Mg ..o
varying a, b, ¢, we can always make S = E; N Es large enough to contain vertices in Fy NV,
and F; NU,. Thus S is a vertex separator by Claim 19. It follows that E;\V;\S = E1\S
and Ex\U-\S = E2\S. Hence

E < nlVOl g2UENS| 20| < V)] 2tV ()] =IS-]), (®)

where S, is a vertex separator of minimum size. Substituting (8) into (5) yields the desired
bound. <

» Corollary 21. For any given shape T, any € > 0, with probability 1 — ¢,

|B(S,)]
vl [ T= S
M| < V()Y (Clog (|E(T)|\E<T>Inlv<f>l/g)) (\/7> JalV @IS

where C' > 0 is an absolute constant.

Proof. By Markov’s inequality and Theorem 20, we have

4 — 4
P(IM]| > 6) < P(|M]ly; >6*) < 67*E|M]|y,

T 1P|
= 07 ({ast]V ()Y O (CLB(r) ) FOlnlV ) < /p) P2VI-1S:D)(g)
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Set the right hand side of (9) to e by taking

6 = (=% (st|V (n)) VO (CIE())

Take

[E(

—\EE
) JaV@I-isH,

*[
<
-
—
Y
—
*|

1
_! BV ()]
t = log (|B()IFO VO /)

to complete the proof. <
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