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—— Abstract

We contribute to the theory of (homotopy) colimits inside homotopy type theory. The heart of our
work characterizes the connection between colimits in coslices of a universe, called coslice colimits,
and colimits in the universe (i.e., ordinary colimits). To derive this characterization, we find an
explicit construction of colimits in coslices that is tailored to reveal the connection. We use the
construction to derive properties of colimits. Notably, we prove that the forgetful functor from a
coslice creates colimits over trees. We also use the construction to examine how colimits interact with
orthogonal factorization systems and with cohomology theories. As a consequence of their interaction
with orthogonal factorization systems, all pointed colimits (special kinds of coslice colimits) preserve
n-connectedness, which implies that higher groups are closed under colimits on directed graphs. We
have formalized our main construction of the coslice colimit functor in Agda.
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1 Introduction

Homotopy type theory (HoTT) extends Martin-Lof type theory (MLTT) with univalence and
higher inductive types [27]. The key feature of HoTT is that all types behave as homotopy
types of topological spaces [9]. Thus, with HoTT, we can use purely type-theoretic methods
to prove new properties of spaces. Moreover, higher inductive types (HITS) let us bring a
vast range of spaces into HoTT. As a result, HoTT is a useful system for developing synthetic
homotopy theory and formalizing it in proof assistants like Coq and Agda [5, §].

We study HITs arising as (homotopy) colimits in coslices of a universe, called coslice
colimits. Coslices of a universe are type-theoretic versions of coslice categories. A colimit
in a category is an object formed by gluing together simpler objects in a coherent fashion.
The coherent requirement ensures that the colimit has a universal property, which reduces
proofs about the colimit to proofs about the simpler objects it is built out of. When these
objects are spaces, perhaps endowed with extra structure, colimits built out of them find
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wide use in homotopy theory. For example, the class of HITs we study includes colimits of
pointed spaces. Such colimits are key to the Brown representability theorem, which is about
homotopy functors on the (co-)category of pointed connected spaces. Indeed, its proof relies
on the fact that this category is generated under colimits by compact cogroups.

1.1 Contributions

In this section, we explain the contributions of the paper along with its organization. We
start by outlining the heart of the paper, which we call the main connection. Afterward,
we describe three independent applications of the main connection in synthetic homotopy
theory. Details, proofs, and related additional results are found in our associated technical
report [6]. Further, we have formalized in Agda our construction of A-colimits as well as the
universality of ordinary colimits for Corollary 21.

1.1.1 The main connection (Section 5)

Suppose U is a universe and A is a type in . We want to construct colimits in the coslice A/U,
or A-colimits. The (wild) category A/U has objects Y ;,, A — T and morphisms X —, Y =
Zk;prl(x)_mrl(y) ko pry(X) ~ pry(Y). Here, ~ is defined by f1 ~ fo :=[],.x fi(2) = f2(2)
for any dependent functions fi, f2 : [[,.y Y (), called the type of homotopies from fi to fo.

HoTT has a general schema for HITs that would let us simply postulate A-colimits. We,
however, explicitly construct A-colimits with just the machinery of MLTT augmented with
pushouts (Section 5.3).! We take this different approach to reveal the connection between
A-colimits and their underlying colimits in Y. In fact, our construction is not a case of a
general method to encode higher-dimensional HITs with pushouts but rather tailored to
reveal this connection.

Why do we care about this connection? It sheds light on three established areas of
synthetic homotopy theory. We preview them now and return to them in Sections 6-8.

The universality of colimits (Section 6)

The universality of colimits is a special feature of locally cartesian closed (LCC) co-categories,
such as that of spaces. The main connection will establish a well-known classical result inside
type theory: The forgetful functor A/U — U creates colimits of diagrams over contractible
graphs (Theorem 18), which make up a large subclass of graphs.? Examples of such colimits
include sequential colimits [25]. With the forgetful functor creating colimits, we can transfer
universality of ordinary colimits to A-colimits over contractible graphs (Corollary 21). This
is notable as LCC oo-categories are not closed under coslices.

The categories of higher groups are cocomplete (Section 7)

A striking feature of colimits is their interaction with (orthogonal) factorization systems. In
Section 7, we use the main connection to show that colimits in A/U preserve left classes of
maps of factorization systems on U. It is significant that we consider factorization systems
on U rather than A/U. We could derive a similar preservation theorem for systems on A/U
directly from the universal property of an A-colimit. In practice, however, the factorization

LA theoretical advantage of such a construction is that pushouts, the simplest nontrivial HITs, can be
postulated with a less powerful schema than that required to postulate A-colimits.
2 For a definition of creating (co)limits, see [16].
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systems we tend to care about are on Y. Since the main connection relates the action of
A-colimits on maps to the action of the underlying ordinary colimits on maps (Section 5.4),
we manage to deduce the preservation theorem for systems on U.

To prove this theorem, we find it useful to develop the theory of factorization systems
in a more general setting than Y. In Section 4.1, we study such systems on wild categories,
which make up one approach to category theory in HoTT. We prove that if a functor F
of well-behaved wild categories with factorization systems has a right adjoint G, then F
preserves the left class when G preserves the right class (Theorem 13). We combine this
result with the main connection to deduce the desired preservation property.

When we focus on the (n-connected, n-truncated) factorization system on U [27,
Chapter 7.6] and take A as the unit type, the main connection shows that the colimit
of every diagram of pointed n-connected types is n-connected. One useful corollary of this
is that the higher category (n, k) GType of k-tuply groupal n-groupoids considered by [2] is
cocomplete on (directed) graphs for all truncation levels —2 < n < co and —1 < k < o0
(Example 23).

Cohomology sends colimits to weak limits (Section 8)

Finally, we examine how colimits interact with cohomology theories, which are important
algebraic invariants of spaces. To do so, we consider weak limits, which are key ingredients
in the Brown representability theorem (BRT). A weak colimit in a category need not satify
the uniqueness property required of a colimit. The BRT specifies conditions for a presheaf
on the homotopy category Ho(Top, .) of pointed connected spaces to be representable. The
standard proof of the BRT requires the presheaf to send countable homotopy colimits in
Top, . to weak limits in Set [14, Section 1.4.1]. Eilenberg-Steenrod cohomology theories
enjoy this property as set-valued functors.

In Section 8, we use the main connection to establish a restricted, type-theoretic version
of this property. From the main connection we derive another construction of A-colimits, as
pushouts of coproducts (Corollary 26), which mirrors a well-known classical lemma. We take
A as the unit type and combine the new construction with the Mayer-Vietoris sequence to
find that cohomology takes finite colimits to weak limits assuming the axiom of choice.

2 Additional related work

2.1 Construction of nonrecursive 2-HITs

The HITs we consider are nonrecursive 2-HITs, in the sense that they have only nonrecursive
constructors of points and of paths of dimension one or two. Van Doorn et al. explicitly
construct nonrecursive 2-HITs in MLTT augmented with pushouts [28, Section 5. When
specialized to A-colimits, however, their construction has a significantly different form from
ours and does not directly lead to the properties of A-colimits we derive. Moreover, they do
not prove the full induction principle enjoyed by the 2-HIT for their construction, whereas
we do for ours. The full induction principle is necessary (and sufficient) to characterize the
2-HIT uniquely.

2.2 Orthogonal factorization systems

Our work also builds on the theory of factorization systems. Such systems play important
roles in model category theory [20], a key framework for classical homotopy theory. Moreover,
in type theory, Rijke et al. have shown that factorization systems on U are closely connected

46:3

CSL 2025



46:4

Coslice Colimits in Homotopy Type Theory

to modalities [22], which are important in logic. We extend factorization systems to wild
categories other than U. Moreover, we lift factorization systems on U to wild categories of
U-valued diagrams (Lemma 22).

3 Background on type theory and colimits

Before describing the main connection and its applications, we need to review the type
system we work in. For us, the most important data type of this system is the ordinary
colimit, i.e., the colimit of a diagram of types over a graph. We define this type in Section 3.3
and call it “ordinary” to distinguish it from the notion of coslice colimit. The latter takes
place in coslices of a universe rather than the universe itself, and we will construct coslice
colimits out of ordinary colimits.

3.1 Type system

We assume the reader is familiar with MLTT and HITs in the style of [27]. We will work
in MLTT augmented with ordinary colimits and denote this system by MLTT + Colim. In
fact, we need only augment MLTT with pushouts as they let us construct all nonrecursive
1-HITs, including ordinary colimits, with all of their computational properties. Notably,
MLTT + Colim comes with strong function extensionality for free. This property is critical
for reasoning about functions in type theory and underlies our entire development (see, for
example, Lemma 8). Overall, we carry out our proofs inside MLTT + Colim until Section 7.
For Section 7 and Section 8, we also assume Voevodsky’s univalence axiom.

Before reviewing ordinary colimits, we recall two essential constructions in our type
system. The first is the function ap : (r =y) — (f(z) = f(y)) defined by path induction
for all functions f : X — Y and z,y : X. (We use = for the identity type and = for
definitional equality.) If we view X as an oo-groupoid, then ap is the action of f on
morphisms of X (thereby exhibiting f as a functor). The second is the transport function
transpY : [L,x 1.z Y(2) = Y(y) for any type family ¥ over X. This notion also
gives us a dependent version of ap: If f : [[,.x Y(z), then we have a function apd; :
[Lyx ey transpY (p, f(x)) = f(y). The transport function is essential for stating the
induction principle for HITs, e.g., the colimits in Section 3.3. It also satisfies the following
coherence law, which we need for our construction of A-colimits.

» Lemma 1. Let f,g: X =Y. Forallz,y: X,p:xz =1y, and H : f ~ g, we have a
commuting square of identities

f(x) 2@ g(x)
ap; (p)H H"Pg (»)
() (v)

transp™ TI=90) (p H (2)

Finally, a remark on notation: we may use the Agda notation (z: X) — Y (x) for the
type [[,.x Y (x) for any type family Y over X.
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3.2 Graphs

Let U be a universe and A : Y. In classical 1-category theory, a diagram in a category C is
a functor F : Z — C, where 7 is the shape of the diagram. As long as C is cocomplete, we
can form the functor colimz sending each diagram over Z to its colimit in C. We, however,
want the colimit of a diagram in the oo-category A/U. This requires the diagram to be an
oo-functor: the functor laws must satisfy coherence laws up to homotopy, which themselves
must satisfy higher coherence laws, and so on at arbitrarily high levels. It is unknown whether
such oco-functors are definable in HoTT.

To avoid infinite coherence conditions, we specialize Z to the free category generated by
a graph. A graph T is a pair (I, T'1) consisting of a type Iy : U of vertices and a family
'y : Ty — Ty = U of edges. A T'-shaped diagram F in A/U is a pair (Fp, F}) consisting of a
function Fy : T'g — A/U and a family of maps Fy : (i,5: To) = T'1(é,5) — Fo(i) = a Fo(j).
We may write F' for Fy and Fy. The induced diagram in A/U satisfies all the infinite
coherence laws because its domain is freely generated by the points and edges of T'.

» Example 2. For each graph I' and D : Ob(A/U), the constant diagram constp(D) at
D is defined by (constr(D)), (i) == D and (constr(D)), (4,7,9) = idp. We often refer to
constr (D) simply by D.

We will see that A-colimits interact nicely with trees. A tree is a graph without non-
directed cycles. Formally, a graph T is a tree if the quotient T'y/T'y is contractible. Both N
and Z are trees when equipped with the successor ordering:

N =0 1 2 7Z = --- -1 0 1

Another example of a tree is a span e < e — e, on which pushouts are defined.

Rijke has defined the notion of directed tree and has defined an interpretation function
sending an element of a W-type to a directed tree [23, The underlying trees of elements of
W-types]. Intuitively, a directed tree is a rooted graph such that for each vertex v, there is a
single directed path (including the trivial path) from v to the root. Every directed tree is a
tree in our sense [6, Corollary 4.0.6]. Thus, elements of a W-type can be realized as trees.

3.3 Colimits in 4

Let F be a I'-shaped diagram in U. The (ordinary) colimit of F is the HIT colimp(F)
generated by

Fij.g

F; F;
t: (i:To) = F; = colimp(F)

k2 (4,5:T0)(g:T1(4,5)) = vjo Fijg~ti

Kij,g

colimp(F)

These two constructors make colimp(F') a cocone under F (or F-cocone): a type C equipped
with maps w : Hi:FO F; — C and homotopies K : Hi,j,g uj o Fj j 4 ~ u;. What characterizes
colimp(F) as a colimit of F is that & is a (homotopy) initial F-cocone [24]. Equivalently, for
every X : U, the function

postcomp : (colimp(F) — X) — Coconep(X)
postcomp(f) = (Ni.f o 15, NAjAGA(z : Fy). ap s (ki jg()))

is an equivalence, where Coconer(X) denotes the type of F-cocones on X.

CSL 2025
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Our proof of Theorem 15 will use the induction principle for colimp(F'). This states that
for every type family F over colimp(F') together with data

ro [T EGw@) R T I I1transe® (ki (2).r(i. Fijg(2)) = r(i,z)

:Io z: F; 1,7:T0 g:T'1(2,5) =: F;

we have a function ind(E, 7, R) : [, cojimp.(r) £(2) that satisfies ind(E, 7, R)(vi(z)) = (i, z)
and is equipped with an identity pina(z,r,r) (%, J, 9, ) : apdind(E’T’R) (Kijq(x)) = R(4,7,9, ).

4  Wild categories

Any universe, along with its coslices, fits into the framework of wild categories. This is one
approach to category theory in HoTT and is used by other works of synthetic homotopy
theory [3, 5, 11]. It is useful for the relationship between A-colimits and factorization systems
we establish in Section 7. This requires us to formulate factorization systems on categories
other than universes, namely the category of type-valued diagrams over a graph.

The key distinction between wild categories and (pre-)categories [27, Chapter 9.1] is that
the latter have 0-truncated hom types. This means that instead of trivializing the higher
coherence data for morphisms, wild categories simply ignore them. We choose them over
pre-categories because we will focus on universes and their coslices (see Example 7), which
are wild categories but not pre-categories.

» Definition 3 ([6, Definition 3.1.1]). A wild category (in a universe U) is a tuple consisting
of a type Ob : U of objects, a family hom : Ob — Ob — U of hom types, identity morphisms
id, composition o, left LId and right Rld unit laws for o, and associativity laws assoc for o.

By itself, the data of a wild category is insufficient for our work on factorization systems.
We need two extra ingredients. The first is the notion of a wild bicategory. The second is a
wild-categorical version of univalence.

» Definition 4. A wild category C is o (wild) bicategory if it is equipped with identities
(a) ap_,(assoc(k, g,h)) - assoc(k, g o h, f) - apy,_(assoc(g, h, k)) =

assoc(k o g, h, f) - assoc(k, g, h o f) for all composable morphisms k, g, h, and f
(b) assoc(g,id,h) - ap,, (LId(R)) = ap_.,(RId(g)) for all composable morphisms g and h.?

» Remark. For us, a bicategory is always a wild (2, 1)-category since the 2-cells, which are
identities in U, are invertible.

Before moving to univalence, we transfer a well-known lemma of classical 2-category
theory to type theory. This was first proved for monoidal categories [10], but the proof is
applicable to all bicategories. (The type-theoretic version also appears as [3, Lemma 4.3].)

» Lemma 5 ([6, Lemma 3.1.3]). LetC be a bicategory. For all A, B,C : Ob(C), f : hom¢ (A4, B),
g : home (B, C), we have Lld(g o f)~" - assoc(id, g, f) ™' - ap_,(LId(g)) = reflyoy.

» Definition 6. We say that a wild category C is univalent if the canonical function
(A =0b(C) B) — (A ~¢ B) is an equivalence. Here, elements of the righthand type are
equivalences, defined as bi-invertible morphisms (in the manner of [27, Definition 4.3.1]).

3 A wild bicategory is called a wild 2-precategory by [3].
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» Example 7. The following are univalent bicategories assuming the univalence axiom.
The category U of types and functions
For each A : U, the coslice A/U of U under A
The category Diag(T", A/U) of T-shaped diagrams in A/U. We define its hom types (natural
transformations) when we present the action of the A-colimit on maps (Section 5.4).

Our ultimate interest is in colimits in the wild category A/U. This category is defined by
Ob(A/U) = > vy A—X hom,y(X,Y) == X =Y

For each X : Ob(A/U), the identity morphism on X is (idprl(X), )\a‘reflprg(x)(a)). Composition
is defined by (g, gp) o (f, fp) = (g o f, Aa.ap,(fp(a)) - gp(a)). The associativity and unit laws
follow from routine path algebra. Note that the categories 0/U and U are equivalent.

We write ty and str for the functions pr; : Ob(A/U) — U and pry : (Z: Ob(A/U)) —
A — pry(Z), i.e., the underlying type and structure map of an object in A/U, respectively.
Also, we write fun and pt for the functions pr; : hom, (W, Z) — ty(W) — ty(Z) and
pry : (h:homy (W, Z)) — pry(h) o str(W) ~ str(Z), respectively.

» Lemma8. Let f,g: X —4 Y. Define f ~4 g as the type of homotopies H : fun(f) ~ fun(g)
equipped with a commuting triangle

fun(f)(str(X)(a)) =L str(v)(a)

H(str(X)(u))ﬂ pt(g)(a)

fun(g)(str(X)(a))

for each a : A. The canonical function f = g — f ~a g is an equivalence, with inverse
denoted by (—, =) : f~ag— f=g.

Elements of f ~4 g are called A-homotopies between f and g.

4.1 Orthogonal factorization systems

We now introduce (orthogonal) factorization systems on wild categories. For us, the key
property of such systems is that they interact nicely with adjunctions. In Section 7, we
deduce from this property, combined with the main connection, that A-colimits preserve the
left classes of factorization systems on Y.

» Definition 9. Let C be a wild category. An orthogonal factorization system (OFS) on C
consists of predicates L, R : HA}B:C hom¢ (A, B) — Prop such that

1. both L and R are closed under composition and have all identities

2. for every h : hom¢ (A, B), the following type is contractible:

facte(h) = Y ) > (gof=h)xL(f)xR(9)
D:0Ob(C) f:home¢(A,D) g:home (D,B)

For the next lemma, where C is a univalent bicategory, C is similar enough to U that the
proof of the lemma, for & can be transferred to C.* Indeed, univalence lets us characterize the
identity types of fact,  (h) via the fundamental theorem of identity types [21, Theorem 11.2.2].
Moreover, Lemma 5 gives us a suitable diagonal filler for the key commuting square used by
the proof. Before stating the next lemma, we need a definition.

4 For the proof of this lemma for U, see [22, Lemma 1.46].
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» Definition 10. Let C be a wild category. Let | : hom¢(A, B) and H be a property of
morphisms in C. We say that | has the left lifting property against H if for every r :
hom¢(C, D) such that H(r) and every commuting square

A1 ,¢

| s |

B —— D
the type of diagonal fillers

Z Z Z assoc(r,d,l) - ap,,_(Hy) = ap_o;(Hg) - S

d:hom¢ (B,C) Hy:dol=f Hg:rod=g
is contractible.

» Lemma 11 ([6, Corollary 3.3.6]). Suppose that C is a univalent bicategory with an OFS
(L,R). A map is in L if and only if it has the left lifting property against R.

This alternative definition of £ is useful for the proof of Theorem 13, below. For this
theorem, we need to introduce adjoint pairs of functors between wild categories.

» Definition 12. Let L : C — D and R : D — C be functors of wild categories. An adjunction
L - R consists of an equivalence « : homp(LA, X) =~ hom¢(A, RX) for all A : Ob(C) and
X : Ob(D) along with naturality proofs:

T | 11 [T R@eah =algohn)

A:0b(C) X,Y:0b(D) g:homp (X,Y) h:homp (LA, X)

ny H H H H a(h)o f=alhoL(f))

Y:0b(D) A,B:0b(C) f:hom¢(A,B) h:homp(LB,Y)

» Theorem 13 ([6, Corollary 3.3.9]). Consider an adjunction L =4 R where both C and D are
univalent bicategories. If R preserves R, then L preserves L.

5 The main connection

Let U be a universe. Let T' be a graph and suppose F is a diagram in A/U over T'. Working
in MLTT + Colim, we want to construct the A-colimit of F so as to show the connection
between A-colimits and ordinary colimits. After defining A-colimit, we mention a reasonable
yet wrong approach to constructing it. Then, we explain another construction and prove it
is correct by exhibiting it as left adjoint to the constant diagram functor. The Agda proof of
this adjunction is found in the folder [7, Colimit-code/Main-Theorem)|.

5.1 Definition of A-colimits

We can generalize ordinary colimits in Section 3 to all coslices A/U. For each Y : Ob(A/U),
an F-cocone on Y consists of a family of maps h: (i : T'g) = F; —4 Y in A/U together with
an identity H, j 4 : hjoF; ;4 =h; foralli,j:T'g and ¢g : I'1(¢, 7). In this situation, we say
that Y is a colimit of F' if (h, H) is initial in the category of F-cocones. This means that for
each X : Ob(A/U), the function

postcomp(h,H) : (Y =54 X) — Coconer(X)
postcomp(h, H, f) = ()\i.f o hi, MidjAg.assoc(f, hj, F; jq) - apfo_(HM_,g))
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is an equivalence. We must include the associativity term since associativity of maps does
not hold judgmentally in A/U (whereas it does in U).

Observe that by a variant of Lemma 8, hj o F; ; , = h; is equivalent to the type of
homotopies 7; j ¢ : fun(h;) o fun(F; ; 4) ~ fun(h;) equipped with a commuting square

i,5,9 (str(Fi)(a))
fun(h;)(fun(F; ; ) (str(F)(a))) —mimaass,

apmn<hj><pt(Fi,j,g>(a>>H Hptum(a) (2-¢)

fun(h;)(str(F})(a))

fun(h;)(str(F;)(a))

str(Y)(a)

pt(h;)(a)

of paths for each a : A. It is this family of 2-cells which distinguishes the colimit of F, in
AU, from colimp(F(F)). Here, we reuse F to denote the evident forgetful functor from
I'-shaped diagrams in A/U to those in Y. The 2-cells affect colimp(F(F')) by collapsing its
nontrivial loops formed by paths of the form n(str(F;)(a)). We call such loops distinguished
loops in colimp(F(F')). For example, if i = j and F; ; , = idp,, then (2-c) is equivalent to
n(str(F3)(a)) = reflynin, ) (str(Fi)(a))- In this case, it fills the loop n(str(F;)(a)).

5.2 Misleading approach

If our setting behaved like the classical one, the colimit of F' in A/U would arise as the
ordinary colimit of the augmented diagram: F(F') augmented with the canonical arrow from
A to F(F;) for each i : Ty [17, Proposition 4.6]. If T' is discrete, i.e., T'; is the empty relation,
then the A-colimit of F' inside HoTT is, in fact, the colimit of

A
/ \
F(F3) F(F;

)

In general, though, this construction is wrong inside HoTT. For example, the pointed colimit

of the diagram 1 Y1 trivial, but the colimit of the augmented diagram

1
/ \
1 a 1

is the circle S'. The reason for the discrepancy between the classical case and ours is that

unless T is discrete, the augmented diagram inside HoTT adds arrows that are intended as
composites but are not interpreted as such in the model of HoTT. Rather, the model sees
them as freely added to the diagram.

5.3 Our approach

Our approach to building the colimit of F' never creates an augmented diagram, thereby
avoiding the problem of Section 5.2. We start with the ordinary colimit colimp(F(F')) which
ignores the coslice structure of F. Then, we glue onto this colimit the 2-cells required by the
coslice colimit. We do this via a quotient of colimp(F(F)) that fills its distinguished loops.
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To this end, define colimp A LN colimp(F(F)) by colimit induction, as the function
induced by the cocone

Llos\ A

colimp(F

under the constant diagram at A. The homotopy W : ¢; o str(F}) ~ ¢; o str(F;) is defined by
W(a) = ap,, (pt(Fi j.g)(a)) ™! - ki jg(str(F;)(a)). Intutively, ¢ finds the distinguished loops
of colimp(F(F)). Next, form the pushout square

colimp A —2—— colimp(F(F))
[idA]i;FO[ [inr
A . Pr

inl

which, by the definition of pushout types, comes with a homotopy gluep, . : inloids] ~ inro.
This pushout is our approach to forming the desired quotient of colimp(F(F)).

» Example 14. Suppose that I has a single vertex v and a single loop ¢ at v. Let 2
denote the type of booleans. Define the pointed diagram F' over I' by F, := (2, true) and
Fyv0 = (ida,refl). Then colimp(F(F)) ~ S' + S'. In this case, the function 1 traces the
left copy of S, the distinguished loop, exactly once. The pushout Pg is formed from S 4 St
by filling this loop, which collapses the left copy of S to a point. As a result, Pp ~ 1 + S*.

Back to the general case, with the equivalence (—, —) of Lemma 8, we can form an F-cocone
on (Pg,inl)
F, Fis F;
(8ij.9:€i5.9) (ti(a) = gluep, (ti(a))™h)
(inrou;,73) (inroej,75)
Pr

as follows. We have a homotopy 0; j 4 == A(x : ty(F})). apjne(Ki,5,¢(z)) from inro¢; o fun(F; ; ¢)
to inr o ¢;. Further, for each a : A, we have a chain ¢; ; 4(a) of identities

APinr(Ki 3, Q(Str( 4)(0’)))71 ! apinrOLj (pt(Fi7j7g)(a)) ' Tj(a)

(
= apine(ap,, (P(Fij.g) (@) ™" - i g (str(F3) (a))) " - 75(a) - reflina)
= aPin (3P (Kij.g(a)) " - 7i(a) - reflinia) (via py(i, 5,9, a))
= apin(apy (kij,g(a))) ™ - 75(a) - apimi(appa ) (i s (a))) (via ppia) (i, J, 9, @))
= transp™ev~inlelidal . . (a),7i(a)) (Lemma 1)
= 7;(a) (by apdgie(—)-1(Ki,j,9(a)))

Let K(Pr) denote this F-cocone structure on (Pg,inl).
» Theorem 15 ([6, Theorem 5.4.3]). The function

postcomp(K(Pr), T, fr) : (Pp,inl) =4 (T, fr)) — Coconer(T, fr)
is an equivalence for every (T, fr) : Ob(A/U).
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Proof. We construct an inverse Coconep(T, fr) 2, ((Pp,inl) =4 (T, fr)) of
postcomp(K(Pr), T, fr) as follows. Let (r,K) : Coconep(T, fr). The forgetful func-
tor F from cocones under F' to ordinary cocones under F(F') gives rise to the function
ind 7 (. i) : colimp(F(F)) — T by colimit induction. For all i : 'y and a : A, we have

pt(ri)(a) "

fr(a)

Further, for all i,5 : Ty, g : T'1(4, ), and a : A, we have a chain of identities

fun(r;)(str(Fi(a))) == indz(, k) (str(Fi(a)))

transp/TClidal=indz (i) 0¥ (@) (Kij.g(a), pra(rs)(a)~")

= apy, (appa ) (Rig.g(a) ™" Pra(ri)(a) ™ - apa,. o, (aPy (Ki.g(a)) (Lemma 1)
= apy, (aPga ) (R, () ™1 - Pra(r)(@) ™1 - apy, oy (PE(Figig) (@) T - pry(Ki i) (str(F3) (a))
(via py (i, 4,9, a) and then pindr, ., (3,7, g,str(Fi)(a)))

-1

= (pry (Kus )t (F) (@) ™" 3By r (PE(FLs) (@) - () (a) ) (via piy(i:,9,0))
= pry(r)(@) (by ap_— (pr3 (K1) (@)

By induction on colimr A, this gives us a homotopy fr o [ida] ~ indz(, k) © 9 and thus a
function h, g : Pp =T

colimpr A ———— colimp(F(F))

|

A

defined by pushout induction on Pg. Finally, since h(inl(a)) = fr(a) for all a : A, we have
O(r, K) = (hrx, Aarefly o)) : (Pr,inl) =4 (T.fr)

Each of the homotopies postcomp(IC(Pr), T, fr)o0O ~ id and @opostcomp(K(Pr), T, fr) ~ id
requires intricate computations to prove. We leave their proofs to the formalization (see the
folders [7, Colimit-code/R-L-R] and [7, Colimit-code/L-R-L], respectively). <

5.4 Action on maps

So far, we have defined a function colimi := P : Ob(Diag(I', A/U)) — Ob(A/U) sending a
I'-shaped diagram in A/U to its A-colimit. We now make P a functor by describing its action
on maps of diagrams. We want to describe this action in terms of the action of the ordinary
colimit functor by using the special form of P’s object function. Moreover, we must verify
that such a description is correct by proving that P is left adjoint to the constant diagram
functor, i.e., enjoys the universal property of the colimit functor.

Suppose that F' and G are I'-shaped diagrams in A/U. The type of natural transformations
from F to G consists of families d : (i : Tg) — ty(F;) — 4 ty(G;) of maps equipped with an
A-homotopy G; jgo0d; ~a djoF; ;4 forall 4,j, g, where ~4 is as in Lemma 8. Consider a
natural transformation § := (d, <§, §~>)

F; ;
Fi JJy9 Fj
di‘/ <§i-,j,gré‘i’j’9> Ldj
Gi Gijg Gj
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from F to G, where (—, —) is as in Lemma 8. We form a map colimi(8) : colim# (F) —4

colim{(G) as follows. Start with the function colimp(F(F)) LN colimp(F(G)) induced by the
following map of U-valued diagrams over I':

fun(Fij,q)

ty(F) ty(F})
fun(di)L §id.g qun(dj)
(G g (G)

Note that for each a : A,

Eijia(a) : &isg(str(Fi)(a) ™ aPuna, , ) (PE(di)(a))str(Gijig) (a) = aPguna, ) (PE(Frj.0) (a))-PE(d;) (a)

id,9)
We may assume that &,jyg (a) instead has the equivalent type

(pt(di)(a)) - str(Gij.g)(a) - pt(d;)(a) " - aPn(a, (PE(Fi5.6) (@)

E; j.g(a)

€ijig(str(F3)(a)) = apgna,

i.d,g)

Here we abbreviate the right endpoint of the path by E; ; ;(a). Now, the triangle

colimp A

/ \ (1p-tri)

colimp(F —_— colimp (F(Q))

commutes by induction on colimpr A. Indeed, the computation rules of these functions give us

Ci(a) = ap,, (pt(di)(a)) : 8(vr(ui(a))) = Ya(ui(a))

for all i : T'p and a : A. Further, by defining A; ; 4(a) = Cj(a) - apy,, (ki j4(a)), we have a
chain of identities
transp® Y~V (ks ;o (a), Cj(a)
= aps(apy, (Ki,j, g(a))) Cj(a) - apy, (Ki,j,g(a)) (Lemma 1)
(ap,, (&ijg (str(Fi)(a))) ™" - Nz‘,j,g(fun(di)(Stf(Fi)(a))))71 “ AP, ofun(d,) (PL(Fij.g)(a)) - Aijg(a)
(via py (i, J,9,a) and then ps(i, j, g, str(Fi)(a)))
(ap,, (Bi,j,q (str(Fi)(a))) ™" - k5,0 (fun(ds) (str(F;) () e APy, ofun(d;) (P(Fij.g)(a)) - Aijig(a)
(by ap( -1 (&iggla)))

b, (=) ki, (un(d:) (str(F1) (2))) )
= O’L(a) (Uia pwc(iajzg’ a))

for all 4,5 : Tg, g : T'1(4,7), and a : A, so (¢-tri) commutes. We now have a map
A +— colimp A ———— colimp(F(F))
id‘ Az reflja) (o) lid Az.C(z)~} L&
A +—— colimp A ———— colimp(F(QG))

of spans, which induces a function ¥y : Pr — Pg by the universal property of pushouts. Since
W;(inl(a)) = inl(a) for all a : A, we may take colim{!() as (¥s, Aa.refliya)) : Pr —a Pe-
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LA
colimp

To verify that the functor Diag(T", A/U) A/U we’ve defined is correct, we must
show that it is left adjoint to the constant diagram functor. To do so, we construct the terms
ny and ns required by Definition 12.

» Lemma 16 ([6, Lemma 5.4.5]). For every map s : V — 4 U, the following square commutes:

colimf(F) -4V ——— colimr (F) =, U
postcomp(/C(PF),V)L Lpostcomp()C('Pp),U)
Coconer (V) Coconer(U)

Coconep (so—)

» Lemma 17 ([6, Lemma 5.4.12]). For every V : Ob(A/U) and ¢ : F =4 G, the following
square commutes:

—ocolimf (6
colimi (9) colimi(F) =, V

colimf (G) =4 V
postcomp(lC(PG),V)L LPOStcomP(}C(PF)vV)

Coconeg (V) Coconer (V)

Cocone (—06)

The two lower horizontal functions are induced by post-composition with s and pre-
composition with § [6, Definition 5.4.11], respectively.

Lemma 16 is a routine computation, whereas Lemma 17 is quite difficult. The proof of
Lemma 17 is easier for the map colim?(F) —A colim?(G) obtained by applying the inverse
of postcomp(K(Pr), Pg,inl) to the canonical F-cocone on Pg induced by §. Therefore, we
decide to reduce the goal to an equality between this map and colim?(é). We achieve this by
showing that they belong to the same fiber of postcomp(K(Pr), Pg, inl), which is contractible
by Theorem 15. Though much easier than a direct approach to Lemma 17, this method
requires intricate computations. We have formalized both Lemma 16 and Lemma 17 (see [7,
Colimit-code/Map-Nat/CosColimitPstCmp.agda] and [7, Colimit-code/Map-Nat/CosCo
limitPreCmp.agdal, respectively).

6 Creation of colimits

Classically, if D is an oco-category, then all forgetful functors of co-coslices create D-shaped
colimits when the co-groupoid obtained by freely inverting all morphisms of D is contractible
(see [15, Tag 02KS]). Theorem 18 expresses the same result inside HoTT.

» Theorem 18. The forgetful functor A/U — U creates colimits over trees.

Proof. The idea is that a tree has no cycles, and thus we have no distinguished loops to fill.

As a result, coslice colimits over trees look the same as their underlying colimits in U.
To be precise, suppose that I' is a tree and let F' be a diagram in A/U over I'. Then the
function [id4] : colimr A — A is an equivalence, and one can check that

colimp A - colimp(F(F))

MJ Jo

tpolid 4]
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is a pushout square. By uniqueness of pushouts, this gives us an equivalence 7 : Pp —»
colimp(F(F)) such that v(inr(¢;(z))) = vi(z) for all i : Ty and x : ty(F;). We also see that

ap’y(apinr(miaﬁg(x))) = ap'yoinr("iﬁjyg(x)) = apid(’iiaﬂg(‘r)) = Hivjag(x)

for all i,5: Tg, g : T'1(7,4), and x : ty(F;). This means that + is a morphism of cocones under
F(F). Tt follows that the forgetful functor preserves colimits over T

It remains to prove that the forgetful functor reflects colimits over I'. Consider an
A-cocone J under F

F Fijg F
(H,K)
Ti T"j
C

as well as the cocone F(J) = (ty(C),funor, H) under F(F) obtained by applying the
forgetful functor to J. Suppose that F(J) is colimiting in /. By the universal property of

colimits in A/U, we have a morphism (Pg, inl) = C of A-cocones, which induces a morphism

_F
Pr —>(T) ty(C) of cocones in Y. This morphism is unique by the universal property of

ordinary colimits. Moreover, by the uniqueness of ordinary colimits, there is a cocone
equivalence from Pr to ty(C) as both of them are colimiting. This implies F(7) is an
equivalence. Thus, 7 is an A-cocone morphism whose underlying function Pr — ty(C) is an
equivalence. This means that 7 is an A-cocone equivalence, so that J is colimiting. <

» Remark. The fact that the forgetful functor U* — U from pointed types creates pushouts
appears in the agda-unimath library, though without proof [23, Pushouts of pointed types].

Theorem 18 lets us lift powerful features of ordinary colimits to A-colimits. For example,
let T be a graph and F' be an A-diagram over I'. We say that colimf}(F) is universal, or
pullback-stable [19], if for every pullback square

colimir (F) xy Y —25 Y

A l (pb)

colim{* (F) — Vv

in A/U, the canonical map
ofn o colimin(Fi xy Y) =4 colimi(F) xy Y

is an equivalence.® The distinguishing feature of a LCC oo-category, such as I/, is that all of
its colimits are universal. Although the coslice of a LCC category need not be LCC, we now
show that all of its colimits over trees are universal.

» Lemma 19. The forgetful functor F : AJU — A preserves limits.
Proof. The functor F is right adjoint to the functor X +— X + A, so it preserves limits. <

» Theorem 20. All colimits in U are universal.

% We show how to construct pullbacks in A/ in [6, Note 6.0.4].
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We have formalized Theorem 20 in Agda (see the folder [7, Pullback-stability]).

» Corollary 21. For each tree I' and each A-diagram F over T', the colimit colimi (F) is
universal.

Proof. Suppose that I' is a tree and consider the pullback square (pb). By Theorem 18
combined with Theorem 20, the function

ty(colim?n(Fy xv ¥)) 2270 b (colimi (F)) xop(v ty(Y)

is an equivalence. The codomain is in this form because F preserves pullbacks by Lemma 19.

It follows that oy, is an equivalence. |

7 Preservation of the left class of an OFS

In this section, we combine our construction of colim?(é) from Section 5.4 with Theorem 13 to
prove that colim? always preserves the left class of an OFS on /. We assume the univalence
axiom to have access to the the tools of univalent bicategories developed in Section 4.

Let (£,R) be an OFS on Y. For all diagrams F,G : Dr := Diag(I',i{) and natural
transformations (H,v) : F' = G, define the predicates L(H,~) = (i:Ty) — L(H;) and

» Lemma 22 ([6, Theorem 7.0.8]). Let Q : F = G. The following type is contractible:

factz 5(Q) = Y > D (ToS=Q)xL(S)xR(I).

M:Dr S:F=M T:M=G

By Lemma 22, we see that (£, R) lifts levelwise to Dr. Since the functor constr : i — Dr
clearly takes R to R, we deduce that colimp(—) takes £ to £ by Theorem 13.6

For each X,Y : Ob(A/U), consider the predicate La(f,p) = L(f) on X —4 Y. Also,
define the predicate £4 on maps of A-diagrams over I' by L4 (H,~) == [1;.r, £a(H;). Then
the functor collmr takes LA to L. Indeed, consider a map ¢ : .A =4 B of A-diagrams over
I'. The underlying function of colim?(é) is induced by the morphism of spans

A +——— colimr A — colimp(F(A))

R

A +——— colimp A — colimp(F(B))

Thus, if ¢ is in L 4, then all three vertical functions are in £. Since a map of spans is a map
of diagrams, we see that colimi(6) is in £ 4.

Recall that a type X is (£, R)-connected if the function X — 1 isin £. If F is a
diagram of pointed types over I' such that each ty(F;) is (£, R)-connected, then the type
colim}(F) == colimp-(F) is also (£, R)-connected. Indeed, we can deduce that colimf1 = 1
from the construction of Pr. Thus, colim}. takes the unique map F =, 1 of pointed diagrams
to (¢, ¢p) : colimp(F) — colim{: 1 where ¢ : colim{:(F) — 1 is the constant map. In addition,
L(c) holds because colim{. takes L1 to Ly.

6 The adjunction colimp < constr follows directly from the equivalence postcomp in Section 3.3.
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» Example 23. Let n be a truncation level [27, Chapter 7]. The archetypal OFS in HoTT
has n-connected functions as its left class and n-truncated ones as its right. Thus, by our
preceding argument, if each ty(F;) is n-connected, then so is colim}:(F).

Now, let —1 < k < oo also be a truncation level. Recall the category (n, k) GType of
k-tuply groupal n-groupoids [2]. (These are examples of higher groups, in the sense of group
theory). This is equivalent to the full subcategory U3, ,, ., of U* on (k — 1)-connected,
(n + k)-truncated pointed types. For each truncation level m, consider the m-truncation
functor ||—||,, : A/U — A/U, which takes a type X to the universal m-type admitting
a function from X [27, Section 7.3]. This functor preserves colimits as a left adjoint [6,
Proposition 3.4.6], and its associated counit is an isomorphism. It follows that Uy <nik
hence (n, k) GType, inherits colimits over graphs from /*.

It is a special feature of pointed colimits that they always preserve n-connectedness. If '
is not a tree, then colimpr may fail to preserve n-connectedness. Indeed, let I' be the graph
with a single point * and a single edge from * to itself. Define the diagram F' over I" by
Fy(¥) == 1 and Fi .. = id;. Then colimp(F) is equivalent to the circle S, which is not
1-connected.

» Remark 24. Although Example 23 is only about pointed types, we do benefit from the
formulation of the main connection for general coslices. Indeed, for each object G of U, -, 11
the coslice G /UZy, <, 14, is a reflective subcategory of ty(G) /U, <n+k for which the reflector is
2-coherent [6, Definition B.0.1]. (Here U>j <n+% denotes the subuniverse of (k — 1)-connected,
(n + k)-truncated types.) Hence G /U%; ., inherits colimits over graphs from the coslice
ty(G) /U>k <n+k [6, Corollary 7.1.3]. In its full generality, Section 5 gives us an explciit
construction of such colimits.

In particular, let n,m : N with n > 0 and m < n. The Eilenberg-MacLane space
K(Z,n) [13] is the free group on one generator in the category (n,m)GType. Therefore,
when m > 0, we may view K(Z,n)/UZ,, -, ., as a higher version of the category of pointed
abelian groups [18]. We see, then, that Section 5 lets us build colimits of higher pointed
abelian groups inside HoTT.

8 Mapping colimits to weak limits

Finally, we look at the interaction between colimits and (Eilenberg-Steenrod) cohomology
theories. Specifically, we apply the 3 x 3 lemma to the main connection to obtain the familiar
construction of coIim?(F ) as a pushout of coproducts in A/U. Afterward, we apply this new
construction to the Mayer-Vietoris sequence to prove that cohomology theories send finite
colimits to weak limits in Set assuming the axiom of choice.

8.1 Decomposition of A-colimits into simpler pieces

To make use of the 3 x 3 lemma, we first form the following grid of commuting squares:

id +id (i,2)+ (G fun(Fi ,4) (2))
g () * (Zigg (F) + (g () ) — 220 57y ()

(4,,9,str(Fi)(a)) (i,3,9.str(Fi)(a))+(i,5,9.str(F:) (a)) (i,str(F;)(a))

| | |
(zm Fl(i,j)> A idid— ((zg Fl(i,j)> x A) n ((zi‘j I‘l(i,j)> x A) (a)+(.a) —> Tg x A
\ \ \

Pra pro + pry Pr

A - A A
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Call the pushouts of the left, middle, and right vertical spans V7, V5, and V3, respectively. Call
the pushouts of the top, middle, and bottom horizontal spans Hy, Hs, and Hj, respectively.
We can form two additional pushouts from this grid:

Ve — 2 Ly Hy — ™ o H
all l W’zl l
Vi ———— Py Hy ——— Py

01 denotes the function induced by the middle-to-left map of spans;

02 denotes the function induced by the middle-to-right map of spans;

71 denotes the function induced by the middle-to-top map of spans; and
72 denotes the function induced by the middle-to-bottom map of spans.

The 3 x 3 lemma now gives us an equivalence 71 : Py — Py of types defined by double
induction on pushouts [12, Section VII].

» Note. Let A be a discrete graph and G an A-diagram over A. The pushout

(i,a)—(i,str(G;)(a))

Ag x A 2in, Y(Gi)
pr2J/ J{inr
A ~ s D

inl
together with inl is the coproduct of the G; in A/U. We denote D by \/; 5, ty(Gi).

» Lemma 25. We have two equivalences of spans

1‘4 [da] colimp A v colimp (F(F))
: : -
H; s H, o H,
14 & Vo o 12
| ; |
Vi 0(F) g (Vi D))V (Vi 0(F)) ———— Vty(F)

where v is defined by double induction on pushouts through the commuting square

A vi,j7g ty(F3)
l refli(a) l(z‘,j,g,x)Hinru,fun(m,j,g)(x))
Vi g (F) V; ty(Fy)

(4,5,9,2)—inr(i,x)
Notice that the pushout of the topmost span appearing in Lemma 25 is exactly Pgr. As a
result, the equivalence supplied by the 3 x 3 lemma gives us colim?(F ) as a familiar pushout
of coproducts.
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» Corollary 26 ([6, Corollary 5.5.3]). We have a pushout square

(Vi 0 ED) v (Vi 0(E)) — Vi ty(F)

o T

Vij vl ——— colimi* (F)

8.2 Weak continuity of cohomology

With this new construction of colim? , we can transfer the weak continuity of cohomology to
HoTT. This application is described in detail in [6, Section 8].

Let Ab denote the category of abelian groups. Suppose that H* : (U*)® — Ab is a
cohomology theory.” Consider the pushout

A v

L

X inl P

of a span of pointed maps. In [4], Cavallo constructs the Mayer-Vietoris sequence for P, a
long exact sequence (LES) of the form

H"'(P) — s H"Y(X)x H" YY) ———— H"1(Z)

H"(P)

H™(X) x H™(Y)

H™(Z
(H™ (inl)  H ™ (inr) H™())=H"(9) 2)

Let F be a diagram of pointed types over a finite graph I', which means that I’y is finite
and T'y (7, §) is finite for all 7,5 : T'y. As cohomology preserves finite wedges [4, Section 4.2],
Corollary 26 combined with this LES gives us an exact squence

H"(colimp(F)) — IL ;2" (F:) x I[, H"(F) o [L,, H"(F) x 11, ;,, H" (F)

4,5,9
(prod-cohom)

for each n : Z.® Here, ¢, is defined as the composite
H"(colimf(F)) ===+ [[, ; , H"(Fy) x [T, H"(Fy)
(H"’(inl),H"’(inr))l

Hn(\/”g F;) x H™(V,; Fy)

M

and p, and v, are defined by (f, k) — (f, NiAjAg.H™(F} j 4)(h;)) and (f, k) — (f, NiAjAg.h;),
respectively. Moreover, the universal property of limits in Ab induces a commuting triangle

7 See [1, Section 6] for a description of Eilenberg-Steenrod cohomology theory inside HoTT. A slightly
more general definition, which works in our setting, is found in [6, Section 8.1].

8 When H* is a singular cohomology theory, we may extend the class of graphs to those satisfying the
set-level axiom of choice, in the sense of [1, Definition 6.1].
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Afp

H™(colimp(F)) ==mmmme = s limp H"(F)
Hm Pri
H"(F})

for each i : T'g, induced by the cone (H"(colim-(F)), H"(:)) over H"(F). One can check
that the exactness of (prod-cohom) implies that A is epic as a map of sets.

At this stage, if we were in a classical system, then it would follow that Ar has a section,
which in turn would imply that H"(colim[.(F')) is a weak limit in Set. Inside HoTT, we may
assume the axiom of choice [27, Chapter 3.8] to conclude that Ap is merely a weak limit.”
In this sense, H* enjoys a restricted version of weak continuity inside HoT'T.

9 Conclusion and future work

We explored colimits inside HoTT. The heart of our work was the connection between
A-colimits and ordinary colimits, i.e., the main connection. To derive the main connection,
we found an explicit construction of A-colimits that was tailored to reveal the connection. We
used the main connection to prove that the forgetful functor from a coslice creates colimits
over trees and that A-colimits over trees are universal. We also used the main connection
to examine how colimits interact with factorization systems. As a result, we found that all
pointed colimits preserve n-connectedness, which implies that higher groups are closed under
colimits on directed graphs. Finally, we used the main connection to see that cohomology
takes finite colimits to weak limits in Set assuming the axiom of choice.

A natural direction is to extend our development to colimits of diagrams over 2-
computads [26]. To our knowledge, colimits of type-valued diagrams over higer-dimensional
graphs have not been developed in the untruncated setting. We believe both Section 6 and
Section 7 can be generalized to the setting of 2-computads.
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