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—— Abstract

The densest subgraph problem is a classic problem in combinatorial optimisation. Graphs with low
maximum subgraph density are often called “uniformly sparse”, leading to algorithms parameterised
by this density. However, in reality, the sparsity of a graph is not necessarily uniform. This calls for
a formally well-defined, fine-grained notion of density.

Danisch, Chan, and Sozio propose a definition for local density that assigns to each vertex v a
value p*(v). This local density is a generalisation of the maximum subgraph density of a graph. I.e.,
if p(G) is the subgraph density of a finite graph G, then p(G) equals the maximum local density
p*(v) over vertices v in G. They present a Frank-Wolfe-based algorithm to approximate the local
density of each vertex with no theoretical (asymptotic) guarantees.

We provide an extensive study of this local density measure. Just as with (global) maximum
subgraph density, we show that there is a dual relation between the local out-degrees and the
minimum out-degree orientations of the graph. We introduce the definition of the local out-degree
g"(v) of a vertex v, and show it to be equal to the local density p*(v). We consider the local
out-degree to be conceptually simpler, shorter to define, and easier to compute.

Using the local out-degree we show a previously unknown fact: that existing algorithms already
dynamically approximate the local density for each vertex with polylogarithmic update time. Next,
we provide the first distributed algorithms that compute the local density with provable guarantees:
given any ¢ such that e+ € O(poly n), we show a deterministic distributed algorithm in the LOCAL
model where, after O(¢~%log®n) rounds, every vertex v outputs a (1 + €)-approximation of their
local density p*(v). In CONGEST, we show a deterministic distributed algorithm that requires
poly(logn,e™') - 90(V/Iogn) rounds, which is sublinear in n.

As a corollary, we obtain the first deterministic algorithm running in a sublinear number of
rounds for (1 + ¢)-approximate densest subgraph detection in the CONGEST model.
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Local Density and Its Distributed Approximation

1 Introduction

Density or sparsity measures of graphs are widely studied and have many applications.
Examples include the arboricity, the degeneracy, and the maximum subgraph density, all
of which are asymptotically related within a factor of 2. Given a graph or subgraph H, its
density, p(H), is the average number of edges per vertex in H. The mazimum subgraph
density p™**(G) of a graph G is the maximum density p(H) amongst all subgraphs H C G.

Computing maximum subgraph density has been studied both in the dynamic [10, 27],
streaming [1, 4] and distributed [15, 28] setting. Often these measures are used to parameterise
the sparsity of “uniformly sparse graphs” [2, 8, 25]. These measures are global measures in
the sense that they measure the sparsity of the most dense part of the graph. In many cases
the graph is not equally sparse (or dense) everywhere. Consider for example a lollipop graph:
a large clique joined to a long path. The clique is a subgraph of high density, yet the vertices
along the path sit in a part of the graph that is significantly less dense. Often, solutions
for graph density related problems provide guarantees based on the most dense part of the
graph. In some areas of computation more “local” solutions are desirable. Prior works of
a global nature often completely disregard certain parts of the graphs, meaning that the
output in sparser parts holds little to no information. We give three examples:

1) Many dynamic algorithms for estimating the subgraph density rely on modifying the
solution locally. Algorithmic performance is expressed in terms of (global) graph sparsity,
and thus fails to exploit the more fine-grained guarantee that local sparse areas yield.

2) In network analysis, one is often interested in determining dense subgraphs as these
subgraphs can be interpreted, for instance, as communities within a social network. However,
since many classical algorithms are tuned towards only detecting the densest subgraphs,
these algorithms might fail to detect communities in sparser parts of the network [14, 26, 29].

3) Computing the maximum subgraph density is not very local, nor distributed. We
consider the models LOCAL and CONGEST, and the lollipop graph. Here, almost instantly,
the vertices of the clique realise they are part of a (very dense) clique. The vertices on the
path may have to wait for diameter-many rounds before realising the maximum subgraph
density of the graph. Distributed algorithms that wish to compute the value of the subgraph
density are thus posed with a choice: either use Q(D) rounds (where D is the diameter of the
graph), or let every vertex output a value that is at most the maximum subgraph density.

1.1 Local density and results

We consider the definition of local density p*(v) by Danisch, Chan, and Sozio [14], defined at
each node v of the graph (Definition 7). Our contributions can be split into four categories,
which we present in four sections with corresponding titles.

A: Conceptual results for local density. Our primary contribution is an extensive overview
of the theoretical properties of this local density measure. We show that, just as in the
maximum-subgraph density problem, computing local density has a natural dual problem as
we define the local out-degree. Consider a (fractional) orientation of the graph that is locally
fair. i.e., for each directed edge (u,v), the out-degree g(u) is at most g(v). We prove that
for each vertex v, the out-degree of v has the same value over all locally fair orientations.
We define this value g*(v) as the local out-degree of v. We prove that the local density of
each vertex is the dual of its local out-degree and thereby g*(v) = p*(v). This new definition
for local out-degree is considerably shorter than the definition for local density. It allows us
to show some previously unknown interesting properties of local density:
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B: Results for dynamic algorithms. We prove that in an approzimately fair orientation (a
definition by Chekuri et al. [10]) the out-degree g(v) of each vertex is a (1 4+ ¢)-approximation
of g*(v) = p*(v) (Theorem 12). This implies a previously unknown fact: that there exist
dynamic polylogarithmic algorithms [10, 13, 12] where each vertex v maintains a (1 + ¢)-
approximation of its local density p*(v) as by Danisch, Chan, and Sozio [14].

C: Results in LOCAL. We show that each node v can obtain a (1 + ¢)-approximation of
p*(v) by surveying its O(e~2log® n)-hop neighbourhood. This induces a LOCAL algorithm
where each vertex v € V computes a (1 + ¢)-approximation of p*(v) in O(¢~2log®n) rounds.

Commentary on runtime: We observe that p™**(G) can be computed in LOCAL in
O(e~'logn) rounds. In contrast, the stricter local density is computed in O(e=2log®n)
rounds. This gap may be explained by considering the local density p*(v) for low-local-
density vertices v in a graph that has high global density. The local density of v can be
affected by a dense subgraph within a hop distance of ©(¢~2log® n) (although it unclear if it
can be affected enough to prohibit a (1 4 )-approximation of p*(v) in o(¢~2log®n) time).
The potential for a barrier of O(e~21og?n) rounds is also illustrated by existing dynamic
algorithms [10, 28] that maintain n-fair orientations. In this scenario, these algorithms have
a worst-case recourse of Q(e=2log?n). We consider it an interesting open problem to either
improve our running time in LOCAL, or, show that O(¢~2log®n) is tight.

D: Results in CONGEST. We show a significantly more involved algorithm in CON-

GEST, where after O(poly{e~!,logn} - 2°(V1°8™)) rounds, each vertex v outputs a (1 + ¢)-

approximation of p*(v). Since max p*(v) = p™*(@Q), this is the first deterministic algorithm
ve

for (1 4 ¢)-approximating of the global subgraph density p™**(G) in CONGEST, that runs
in a number of rounds that is sublinear in the diameter of the graph.

In the main body, we focus on the value variant where we want each vertex v to output
an approximation of p*(v). In the full version, we extend our analysis so that each vertex v
can output a subgraph H with v € H where p(H) approximates p*(v). See also Table 1.

Table 1 Results in LOCAL (L) or CONGEST (C) where prior work for computing the global
subgraph density is compared to our running time for the local subgraph density. D denotes the
diameter. Orange running times are not deterministic and occur with high probability.

Model | Problem | Each v outputs p, with Rounds Source
L 2.1 pv € [(1+€)7p™(G), (1 +€)p™(G)] e(D) (28]
2.2 max, py € [(14 )71 p™*(G), (1 +£)p™*(G)] | O(e~*logn) (28]
3 pv € [(14+€)71p*(v), (1 +&)p* (v)] O(e 21og?n) Cor. 15
C 2.1 P € [(2+ )71 p™(G), (2 + €)p™(G)] O(D -e logn) [15]
21 | pu € [(142) o™ (G), (1 + £)p™(G) 28
2.2 max, py € [(1+ €)1 p™(@), (1 + )p™> (@) (28]
2.2 | py€[(1+€)2p*(v), (1 +&)p* )] O(poly{logn,e~"}) - 200Vieem | Thm. 16
3 po € [(1+€)72p*(v), (1 + €)p* (v)] O(poly{logn,e~}) - 20VIeem | Thm. 16
3 pv € [(1+€)7 p*(v), (1 +€)p*(v)] Thm. 16

2 Preliminaries and related work

Let G = (V, E) be an undirected weighted graph with n vertices and m edges. For any v € V
and any integer k, we denote by Hy(v) the k-hop neighborhood of v. For each edge e € E
we denote by g(e) the weight of e. Any edge with endpoints u,v may be denoted as uv.

25:3

STACS 2025



25:4

Local Density and Its Distributed Approximation

We can augment any weighted graph G with a (fractional) orientation. An orientation
assigns to each edge wv two positive real values: g(u — v) and g(v — u) such that
g(uv) = g(u — v) + g(v — u). These values may be interpreted as pointing a fraction of
the edge wv from u to v, and the other fraction from v to u. Given an orientation 8, we

denote by g(u) = > g(u—v) the out-degree of u (i.e., how much fractional edges point
veV

outwards from u in 8) Given these definitions, we can consider two graph measures of G:
the maximum subgraph density and the minimum orientation of G.

Global graph measures. For any subgraph H C G, its density p(H) is defined as p(H) =
WlH)\ > gle). The mazimum subgraph density p™**(G) is then the maximum over
e€E(H)

all H C G of p(H). A subgraph H C G is densest whenever p(H) = p™®*(G). For any
orientation 8 of G, its mazimum out-degree A(G) is the maximum over all u of the out-
degree g(u). The optimal out-degree of G, denoted by A™"((F), is subsequently the minimum
over all G of A(G). An orientation @ itself is ménimum whenever A(G) = A™Y(G).

The density of G and the optimal out-degree are closely related. One way to illustrate
this is through the following dual linear programs:

DS (Densest Subgraph) | FO (Fractional Orientation)
max Z g(Tv) - Yu v st || min p s.t.
TTEE
Ty, Ty > Yy VWO EE | glu—v)+glv—ou) > gluv) VYuww e E
qu,gl I p> Zg(u%v) YueV
veV veV
Ty Yuw >0 Yu,v eV | glu—v),glv—>u) >0 Vu,veV

Denote by R the optimal value of DS and by A the optimal value of FO. By duality, R = A.
Moreover, Charikar [9] relates these two linear programs to the densest subgraph problem:

» Theorem 1 (Theorem 1 in [9]). Let G be a unit weight graph. Denote by R the optimal
solution of DS and by D the optimal solution of FO. Then p™*(G) = R = A = A™3(G).

We show that this can be generalised to when G is a weighted graph:

» Lemma 2 (See the full version). Let G be any weighted graph. Denote by R the optimal
solution of DS and by D the optimal solution of FO. Then p™®(G) = R = D = A™(G).

2.1 Densest subgraph in dynamic algorithms

In a classical, non-distributed model of computation we can immediately formalise both the
value variant of the (approximate) densest subgraph:

» Problem 1. Given a graph G and an e > 0, output p' € [(14)71p™®(Q), (1+¢)p™>(G)].

Alternatively, in the Fractional Orientation (FO) problem the goal is to output a (1 + ¢)-
approximation of A™®(G). It turns out that FO is a more accessible problem to study.
The LP formulations allow for a straightforward way to compute A™®(G) and/or p™a*(Q).
However, solving the LP requires information about the entire graph, and this information is
expensive to collect. Sawlani and Wang [27] get around this difficulty by instead solving an
approximate version of (FO). They work with a concept we call local fairness.
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» Definition 3. Let 8 be a fractional orientation of a graph G. We say that 8 is locally
fair whenever g(u—v) > 0 implies g(u) < g(v).

Chekuri et al. [10] extend this definition to n-fairness:

» Definition 4. Let 8 be a fractional orientation of a graph G. We say that 8 s n-fair
(for n > 0) whenever g(u—v) > 0 implies that g(u) < (1 + n)g(v).

Related work in dynamic algorithms. Chekuri et al. [10] continue to focus on computing
a (1 + e)-approximation of the Densest Subgraph problem. They show that, if G is a unit
weight graph, there exists a (1 + ¢)-approximate solution to FO that is n-fair (for some
smartly chosen 7). They subsequently prove that an n-fair orientation allows you to find a
(14 ¢)-approximate densest subgraph. This allows them to dynamically maintain the value of
the densest subgraph of G in O(¢~%log® nlog p™*(@)) time per insertion or deletion of edges
in G. By leveraging the n-fairness of the orientation, they can report a (1 + ¢)-approximate
densest subgraph in time proportional to the size of the subgraph.

2.2 Approximate densest subgraph in LOCAL and CONGEST

We focus on the value variant of the problem, where each vertex outputs a value (as opposed
to the reporting variant in the full version, where the goal is to report a densest subgraph).

» Problem 2. Given a graph G and an € > 0, each vertex v outputs a value p, and either:
Problem 2.1: we require that Vv, p, € [(1 + )1 p™a(G), (1 + €)p™**(G)], or
Problem 2.2: we require that max, p, € [(1 + &) 1p™(G), (1 + ) p™(G)].

Related work. Problem 2.1 has a trivial Q(D) lower bound, obtained by constructing a
lollipop graph (where D denotes the diameter). In LOCAL, it is trivial to solve Problem 2.1
in ©(D) time. Problem 2.2 was studied by Ghaffari and Su [20] who present a randomised
(1 + £)-approximation in LOCAL that uses O(¢~%log®n) rounds. Fischer et al. [16] present
a deterministic (1 + ¢)-approximation in LOCAL that uses 20008* (™" logn)) rounds. Ghaffari
et al. [19] improve this to O(e~?log!® n) rounds. The work by Harris [24] improves this
to O(e~%1og®n) rounds. Su and Vu [28] present the state-of-the-art in this area. They
prove that for any graph G, there exists a vertex v such that for the k-hop neighbourhood
Hy(v) (with k € O(e~tlogn)) the density p™®(Hy) is a (1 + €)-approximation of p™a(G).
This immediately leads to a trivial LOCAL algorithm: each vertex u collects its k-hop
neighbourhood Hy(u) in O(s~!logn) rounds, solves the LP of Densest Subgraph in its own
node, and reports the value p™**(Hy(u)).

In CONGEST, the state-of-the-art deterministic algorithm for Problem 2.1 and 2.2 is
by Das Sarma et al. [15] who present a (2 + ¢)-approximation in O(D - e~!logn) rounds.
The best randomised work is by Su and Vu [28] who present a randomised algorithm for
Problem 2.2 that runs in O(¢~*log* n) rounds w.h.p. See also Table 1 for an overview.

2.3 Local density

Danisch, Chan, and Sozio [14] introduce a more local measure which they call the local
density. Its lengthy definition assigns to each vertex v a value. We note for the reader
that we almost immediately define our local out-degree (Definition 8), and only use local
out-degree in proofs. Hence, the reader is not required to have a thorough understanding of
the following:

25:5
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» Definition 5 (Definition 2.2 in [14]). Let G = (V, E) be a weighted graph where an edge e
has weight g(e). Let B C V. For any X CV — B, we define the quotient edges EB(X) as
all edges in G with one endpoint in X, and the other endpoint in X or B. We define:

for X CV — B, the quotient subgraph density pp(X) := ﬁ > gle).

EEEB(X)

the maximum quotient density pp(G) = (Bax . pB (X).
» Definition 6 (Definition 2.3 in [14]). Given a weighted undirected graph G = (V, E), we
define the diminishing-dense decomposition B of G as the sequence By C B1... C By =V:

We define By = 0. Fori>1if B;_1 =V then £ :=1i. Otherwise:

S; :=arg Xgr\?%)éi,l pB,_,(X), and B; :== B;_1 US,.
» Definition 7 (Definition 2.3 in [14]). Given a weighted undirected graph G = (V, E) and a
diminishing-dense decomposition B, each vertex v € V has one integer i where v € S;. We
define the local density p*(v) := pp,_, (S;).

The benefit of local measures. Problem 2’s variants have drawbacks in a distributed
model of computation. Problem 2.1 has an €(d) lower bound (making it trivial in LOCAL).
Problem 2.2 allows some vertices to output nonsense. The definition of local density alleviates
these issues, as we may define an algorithmic problem which we consider to be more natural:

» Problem 3. Given (G,¢), each vertez v outputs p, € [(1+¢)"tp*(v), (1 +¢)p*(v)].

Related work. Danisch, Chan, and Sozio [14] introduce the local density (Definition 7).
Intuitively, they define a partition V... Vy of V. For each i, they consider the set X; =
U;Zl V;. They then define the graph H; as the vertex-induced subgraph of X; where for
each edge in G between a vertex in X; and a vertex not in X, they add a self loop. They
define the quotient density of V; as the density of H;. The local density p*(v) of a vertex v is
the quotient density of V; for v € V;. Danisch, Chan, and Sozio [14] then define a quadratic
program FO?. The domain of this program is the space of all orientations of the graph
G. The cost function is the sum over all vertices u, of the out-degree squared. Consider
an orientation 8 of G that optimises the cost function. Danisch, Chan, and Sozio show
that for each vertex v it out-degree g(v) equals the local density p*(v). As a consequence,
over all optimal solutions to FO?, the out-degree of each vertex is unique. They provide a
Frank-Wolfe based algorithm to solve the quadratic program with no theoretical guarantees.

Chekuri, Harb, and Quanrud [22] study computing the local density by solving the
quadratic program. They show [22, Theorem 3.4] some interesting properties of FOZ.
Specifically, they show that the uniqueness property by Danish, Chan and Sozio is a
special case of Fujishige’s result [18] from 1980. They additionally show that the algorithm
GREEDY++ by Boob, Gao, Peng, Sawlani, Tsourakakis, Wang, and Wang [5] (when applied
to this quadratic program) converges to an orientation where the out-degree of each vertex v
is a (1 + €)-approximation of p*(v). Chekuri, Harb, and Quanrud [23] subsequently show
that the more general SUPER-GREEDY++ algorithm by Chekuri, Quanrud and Torres [11]
also converges to (1 + ¢)-approximation of each p*(v).

Borradaile, Migler, and Wilfong [7] observe that there is a correlation between the fairness
of an orientation and local density. An integral orientation is any orientation of the graph
where for each edge (u,v), glu—v) € {0,1}. They consider an egalitarian orientation which
is defined as an integral orientation where “the total available out-degree is shared among
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the vertices as equally as allowed by the topology of the graph”. An egalitarian orientation,
and other equivalent notions of “fair integral orientations”, are formally defined through an
integer flow problem on the graph [6, 17, 30]. From section 2 in [6] it follows that an integral
orientation is egalitarian if and only if g(u—v) = 1 implies that g(u) < g(v) + 1.

Using an egalitarian orientation, they create a decomposition of the graph that they call
a density decomposition. The density decomposition by Borradaile, Migler, and Wilfong [7]
is not equal to the local density. The analysis of Kopelowitz, Krauthgamer, Porat, and
Solomon shows that if G is an egalitarian orientation then max, g(v) < p(G) + O(logn).
Their decomposition, compared to the one used for the local density, can thus be viewed as
one that is coarser but similar in spirit. It can thereby be argued that Borradaile, Migler, and
Wilfong [7] are the first to show a connection between the local density and fair orientations
of a graph. However, we note that the integrality of their orientation prevents exact (or
(1 + &)-approximate) computations of the local density.

3 Results and organisation
Now we are ready to formally state our contributions. Our primary contribution is that we
show a dual definition to local density, which we call the local out-degree:
» Definition 8. Given a graph G = (V, E), we define the local out-degree as:
g"(u) := the out-degree g(u) in any locally fair fractional orientation of G.

It is not immediately clear that the local out-degree is well-defined. We prove (Theorem 9)
that each vertex in G has the same out-degree across all locally fair orientations of G' (and
thus, the set of all locally fair orientations of G assigns to each vertex a real value). We
believe that the local out-degree is conceptually simpler that the local density. Through this
definition, we are able to show various algorithms to approximate the local density.

3.A Conceptual results for local density

We prove in Section 4 that these local definitions generalise the global definition of subgraph
density and out-degree, as they exhibit the same dual behaviour. We show several previously
unknown properties of the local density, which we consider to be of independent interest:

» Theorem 9. For any weighted graph G, Yv € V, g*(v) is well-defined and equals p*(v).
» Corollary 10. Given a weighted graph G, p™*(G) = A™(G) = max, g*(v).

» Corollary 11. For any graph G, there exists a fractional orientation 8 that is locally fair.

3.B Results for dynamic algorithms
We show in Section 5 that n-fair orientations imply approximations for our local measures:

» Theorem 12. Let G be a weighted graph and 8 be an n-fair fractional orientation for
2
1< Toggogn- LThen Vo € Vi (14 e)71p*(v) < g(v) < (1 +¢)p*(v).

This immediately implies the following Corollary by applying [10]:

» Corollary 13. There exists an algorithm [10] that can fractionally orient a dynamic unit-
weight graph G with n vertices subject to edge insertions and deletions with deterministic
worst-case O(~%log* n)) update time such that for allv € V:

g(v) € [(1+e)7"p"(v), (1 +€)p"(v)].

25:7
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3.C Results in LOCAL

The local density as a measure is not entirely local. However, we prove in Section 6 that
far-away subgraphs affect the local density of a vertex v only marginally:

» Theorem 14. Let G be a unit-weight graph. For any e > 0 and vertex v, denote by p*(v) its
local density and by p;(v) its local density in Hy(v). Then p;(v) € [(1+¢) 7 p*(v), (14¢€)p* (v)]
for k € ©(¢~21og?n).

This immediately implies a trivial algorithm for problem 2 in LOCAL (where each vertex v
collects its k-hop neighbourhood Hy,(v) for k € ©(e~2log? n) and then solves FO on Hy(v)):

» Corollary 15. There exists an algorithm in LOCAL that given a unit graph G and € > 0
computes in O(e=2log®n) rounds for allv € V a value p, € [(1+¢)~'p*(v), (1 +)p*(v)].

3.D Results in CONGEST

Finally in Section 7, we solve Problem 3 in CONGEST by computing an n-fair orientation.
We use as a subroutine algorithm to compute blocking flows in an h-layered DAG [21]:

» Theorem 16. Suppose one can compute a blocking flow in an n-node h-layered DAG in
Blocking(h,n) rounds. There exists an algorithm in CONGEST that given a unit-weight
graph G and & > 0 computes in O(~3log* n - (e log® n + Blocking(e 2 log® n,n))) rounds
an orientation G such that for allv € V: g(v) € [(1+¢)"1p*(v)), (1 + &)p*(v)p*(v)].

As a corollary, we obtain the first deterministic algorithm running in a sublinear number of
rounds for (1 + €)-approximate dense subgraph detection in the CONGEST model (Table 1).

4 Conceptual results for local density

Our primary contribution is the definition of local out-degree as a dual to local density.

» Lemma 17. The local density is well-defined. That is, for any two locally fair orientations
or G' where a vertex u has out-degree g(u) or g (u) respectively, g(u) = g'(u).

Proof. Suppose for the sake of contradiction that there exists two locally fair orientations
( ,8') and a vertex v € V where g(u) > g'(u). We define their symmetric difference
graph S as a digraph where the vertices are V and there exists an edge % whenever
gla—b) > g’(a—b). We may assume that S contains no directed cycles:

Indeed if S contains any directed cycle m we change ? , where for all % € m we slightly
increase g’'(a—b) until S loses an edge. This operation does not change the out-degree of
any vertex in a. So, we still have two locally fair orientations (8, 8’) with g(u) > g'(u).

Since g(u) > g’'(u), the vertex u must have at least one out-edge in S and since S has no
cycles, it follows that v must have some directed path 7, to a sink v in S. Since v is a sink
in the symmetric difference graph it follows that g(v) < g'(v).

However we now observe the following property of the path 7,:

vab e v, §la—b) > g'(a—b). Thus, gla—b) > 0 and so there exists a directed path

from w to v in . Since G is locally fair this implies that g(u) < g(v).

vab € Ty, gla—b) > g'(a—b). Thus, g'(a—b) < g(ab) and so g'(b—a) > 0. It follows

that there exists a directed path from v to u in G’. Local fairness implies g’'(v) < g’(u).
The 4 equations: g(u) > g'(u), gv) < &), glu) < gv), and g'(u) > g(v) give a
contradiction. <
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Lemma 17 would imply that the local out-degree is well-defined, if the set of locally fair
orientations is non-empty. Bera, Bhattacharya, Choudhari and Ghosh already aim to prove
this in Section 4.1 of [3] (right above Equation 9). They claim that a locally fair orientation
always exist by the following argument: They consider an arbitrary orientation G that is
not locally fair. They claim that for any pair (u,v) where g(u) > g(v) and glu—v) > 0
it is possible to transfer some out-degree from g(u) to g(v). The existence of a locally fair
orientation would follow, if it can be shown that this procedure converges to a locally fair
orientation. Indeed, since the space of all orientations is a compact polytope, the limit of a
converging sequence over this domain must lie within the space.

It is intuitive but not clear that this procedure indeed converges. Indeed, decreasing
g(u) and increasing g(v) may cause some other edge (w,u) or (v, w) to start violating local
fairness. One way to show convergence is to define a potential function and to show that
such a transfer always decreases the potential. We define the potential function ), .y, 2% (v),
thereby creating a quadratic program where the domain is the space of all orientations of
G. We prove that any optimal solution to this quadratic program must be a locally fair
orientation. Any quadratic function over a compact domain has an optimum and so the
existence of a locally fair orientation follows.

» Theorem 9. For any weighted graph G, Yv € V, g*(v) is well-defined and equals p*(v).

Proof. We consider the following quadratic program FO? from [14, Section 4] where we
compute a fractional orientation of the graph G subject to a quadratic cost function:

min Z g(u)? s.t.

glu—v) + glv—u) > g(uv) Vuu € B
g(u) > Y g(u—v) VueV

veV
glu—wv), glv—u) >0 Yu,v eV

Consider any optimal solution to the quadratic program. It must be that g(u) =
> vev &(u—v). Danisch, Chan, and Sozio [14, Corollary 4.4] prove that for any vertex u,
the local density p*(u) = g(u).

We first note that any solution to the quadratic program is an orientation. Indeed,
suppose for the sake of contradiction that there exists an edge wo € E where g(u—v)+g(v—
u) > g(uv). We may now decrease either g(u — v) or g(v — u) to obtain another viable
solution to the program. Consider decreasing g(u — v), then we may decrease g(u) and
maintain a viable and better solution to the program — a contradiction.

Secondly, we claim that the optimal solution to the quadratic program is a locally fair
orientation. Suppose for the sake of contradiction that there exist u,v with g(u) = g(v) + ¢’
and g(u—v) =4 for 6,0’ > 0. We can decrease g(u— v) to zero by increasing g(v—u) by
A = min{4, '} and still maintain a solution to the program. This reduces the solution’s
value by (g(u) — A)? — (g(v) + A)2. However, we now found a solution to the quadratic
program with a lower value than the optimal solution — a contradiction.

Thus, the solution to FO? gives a locally fair orientation 8 where each vertex u has
out-degree g(u). The local density g*(u) = g(u) is by Lemma 17 well-defined. Danisch, Chan
and Sozio [14, Corollary 4.4] show that p*(u) = g(u), which proves the theorem. <

Since the local density equals the local out-degree, we conclude from [14] that:

» Corollary 10. Given a weighted graph G, p™*(G) = A™®(G) = max, g*(v).

25:9
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Since a quadratic program over a convex domain always has a solution, we may also note
the following interesting fact:

» Corollary 11. For any graph G, there exists a fractional orientation 8 that is locally fair.

5 Results for dynamic algorithms

We use our definition of local out-degree to show that there already exist dynamic algorithms
that approximate the local density of each vertex. Recall that an orientation G is n-fair
whenever for all wo € E(G), g(u—v) > 0 implies that g(u) < (1 +n)g(v). We show that
2
if we choose 1 < uEme, then for any n-fair orientation, for all v, the out-degree g(v)
is a (1 + €) approximation of g*(v) = p*(v). Moreover, we prove that the maximal local
out-degree (i.e. max,cy g(u)) is a (1 + ¢) approximation of A™*(G) = p™a*(q); illustrating
that approximating the local measures is a strictly more general problem. To this end, we
prove the following helper lemma:
2
> Lemma 18. Let n < 3575, and k <logy 1 n. Then (1+n)7F > (1+0.5¢) .

Proof. Using log(1 + ) > /2 whenever x < 1, we obtain:

log(n) S _ log(n) S _E. 128log(n)

- 10g1+%(n) =

Clogl+ts T 5 T4 £2
()2 (1 g )™ ) 5 (1 o T
- 128 - ¢ -logn - 128 - clogn
(1+n)*>EXP [—ﬂ > EXP [—1og(1+§)] >(1+35)7 <

» Theorem 12. Let G be a weighted graph and 8 be an n-fair fractional orientation for
2
n < 7128_510%_”. Then Vv € V: (1+¢)"1p*(v) < g(v) < (1+¢)p*(v).

Proof. First, we show that for all vertices v, g(v) < (1 + €)p*(v).

Suppose for the sake of contradiction that there exists a vertex u with g(u) > (1+¢)p*(u).
We fix p*(u) = g*(u) = v and work with « throughout the remainder of this proof to show a
contradiction. By Corollary 11, there exists at least one locally fair fractional orientation 895
By Corollary 10, every vertex v in this orientation has out-degree g, (v) = g*(v) = p*(v).
And thus, the fractional orientation 896 is not equal to G.

Given G and a locally fair fractional orientation 81,, we do three steps:

We partition the vertices of G to create two graphs GG; and Gs. The partition is based

on the orientation 895 as we set: G = Gv eV |g,(v) <7 and by G> = Gv € V |

g,(v) > 7). For ease of notation, we write any edge with one endpoint a € V(G') and

one endpoint b € V(G?) as (a,b) and never as (b, a).

From G', we create a family of nested subgraphs using 8 We define graphs G} :=

Gllv e V(GY) | g(v) > (fJ(:;))i]. We denote by k the lowest integer such that [V (G} )| <

(1+ 5)|V(Gt)|. We apply Lemma 18 to observe that (1+n7)~% > (1+¢/2)7".

Finally, we use both orientations to create three claims that contradict one another.
The first claim. We denote by Ej the set of all edges e = (a,b) with a € V(G},,) and
b € V(G?) and claim that:

Yoo+ Y gle< D gv). (1)

eEE(Gi_H) e€Ey vEV(Gi_H)
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Indeed for ab € E(G}, ), both endpoints are in V(Gj41). Because 890 is locally fair, this
implies that g, (a—b) + g,(b—a) = g(ab). For all ab € Ey, g, (b) > v > g,(a) per definition
of G! and G2. By local fairness, g,(a—b) = g(ab) and the inequality follows.

The second claim. We secondly claim that:

Yoo > Y gl (2)

veV(GL) veV(G) )

This is because we can lower bound 3, cy-(g1) 8(v) as follows:
k

> gw) = (L) gu) - [VIGH] > (140 gw) - V(Gh)l - (L4 1)
veV(G})

e €. _
>(1+§) 1'(1+€)7"V(G}’1€+1)|'(1+E) P>y [V(Grg)

The claim follows by noting that per definition of G*, for all v € V(G ), g,(v) < 7.

The third claim. Lastly, we claim that:

doogw)< > gle)+ Y ale) (3)

veV(G}) e€E(G) ) ecEy
Consider any v € V(G4) and any vertex a with g(v—a) > 0. Recall that @ is an n-fair
orientation. Thus, if a € G, then va € E(G}Hl). If a € G?, then per definition va € E;.
Per definition of a fractional orientation g(v—a) < g(va) and so the claim follows.
A contradiction. Equation 1, 2 and 3 contradict each other. Thus, we have proven that for
all vertices v, g(v) < (1 +¢)p*(v).

The full version finishes the proof by showing the other direction. <

If G is a unit-weight graph, Chekuri et al. [10] present a dynamic algorithm to maintain
an 7)-fair orientation in a unit-weight graph with n € O(¢~2logn). Thus, by Theorem 12, we
may now conclude that they approximate the local density (and/or the local out-degree):

» Corollary 13. There exists an algorithm [10] that can fractionally orient a dynamic unit-
weight graph G with n vertices subject to edge insertions and deletions with deterministic
worst-case O(~%log* n)) update time such that for allv € V:

g(v) € [(1+e)7p"(v), (1 +£)p"(v)].

6 Results in LOCAL

We prove that the local out-degree of each v € V is (largely) determined by its local
neighbourhood. As a result, we immediately get an algorithm to solve Problem 3 in LOCAL.

» Theorem 14. Let G be a unit-weight graph. For any e > 0 and vertex v, denote by p*(v) its
local density and by p;(v) its local density in Hy(v). Then p;(v) € [(1+¢) 7 p*(v), (1+¢€)p* (v)]
for k € ©(e~21og® n).

Proof. To prove the theorem, we design a simple deletion-only algorithm to maintain an

n-fair orientation. For n = this algorithm has a recursive depth of O(e=2log®n).

P
128logn’
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Algorithm 1 DECREASE(g(u—v) by A — assuming that A < g(u—v)).

w* < arg maxyey{g(w) | glw—u) > 0}
while A > 0 and g(w*) > (1+7)(g(u) — A) do
if A > g(w*—u) then
DECREASE(g(w* —v) by g(w* —v))
A=A—-glw" —u)
else
DECREASE(g(w* —v) by A)
w*  arg maxyev{g(w) | glw—u) > 0}

Specifically, we say that a directed edge wv is bad whenever g(u—wv) > 0 and g(u) >
(14 n)g(v). In an n-fair orientation no edge is bad. Whenever we delete an edge T1%g, the
out-degree g(z1) decreases by g(z1 —xg). For vertices xo with g(zes— 1) > 0, it may now
be that g(xs) > (1+n)g(x1) (and thus the edge T2Z1 becomes bad). Note if there exists such
a vertex x2, then it must hold for the vertex a3 := argmax,,cv{g(x2) | g(za — 1) > 0}.
This leads to a recursive algorithm to decrease the out-degree of a vertex (Algorithm 1).

We claim that this algorithm as a recursive depth of O(log, +n n). Indeed any sequence
of recursive calls is a path in G. Denote the path belonging to the longest sequence of
recursive calls by zg,z1,...xy. Since A is always at most 1, it must hold for all i that:
g(z;) > (1 +n)(g(zi—1) — 1)). Since a graph may have at most n? edges, g(z,) < n and it
follows that the recursive depth is at most £ € O(log; ., n). We now apply log(1 + z) > z/2

logn logn logn log® n
and note that: ¢ < m < ni/Z C 0(6462/glogn) C Ok,
Given this theoretical algorithm, we prove the lemma. Consider any fair orientation
. Then by Theorem 9 for any vertex v, g(v) = p*(v). Choose some k € ©(e~2log®n)
sufficiently large and let Hy(v) be the k-hop neighbourhood of v and Ej be all the edges in

Hj.11(v) that are not in Hy.

2 . . . o . . .
Choose 1 = —5z=——. The orientation 8 is per definition an n-fair orientation. We run on
1281logn

8 our deletion-only algorithm, deleting all edges in Fj. Since our algorithm has a recursive
depth of ¢ < k, we end up with an n-fair orientation of Hy(v) where g(v) = p*(v). We apply
Theorem 12 to conclude that p*(v) = g(v) € [(1+¢) " p}(v), (1 +¢)~'p}(v)] which concludes
the theorem. |

» Corollary 15. There exists an algorithm in LOCAL that given a unit graph G and € > 0
computes in O(e=2log®n) rounds for allv € V a value p, € [(1+ )~ p*(v), (1 +&)p*(v)].

7 Results in CONGEST

We now describe an algorithm in CONGEST that for any unit-weight graph G, creates an
n-fair orientation (with 7 = M;Tgn)' Our algorithm uses as a subroutine a distributed
algorithm to compute a blocking flow in an h-layered DAG in O(Blocking(h,n)) rounds.

» Definition 19. An edge-capacitated DAG G is h-layered if the vertices can be embedded on
a grid of height h, such that every directed edge uv points downwards.

» Definition 20. For an edge-capacitated DAG G with sources S and terminals T, a flow f
from S to T is blocking if every augmenting path of f contains at least one saturated edge.
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o Lgy:[0,0]
o L;:]0,1]
o Ly:[1,3]
o Ly:[3,5]
o Li:[510]

Figure 1 Given a graph G, we arbitrarily orient G. This allows us to partition the vertices of
G into levels L1,... Lg based on their current out-degree. We say that an edge (u,v) is violating
whenever g(u—v) >0, u € L;, v € Lj and i > j+ 1. We show violating edges in red. Our algorithm
iterates over an integer h from high to low, and tries to flip all violating edges from level Lyj,.

» Lemma 21 (Lemma 7.2 and 9.1 in [21]). There exists an algorithm which, given an n-node
h-layer edge-capacitated DAG D with sources S and terminals T computes a blocking ST-flow
in CONGEST in:

Blocking(h,n) = O(h*) rounds with high probability,

Blocking(h,n) = O(hS - 2“\/@) deterministic rounds for some constant c.

We compute an 7)-fair orientation by repeatedly constructing a DAG with h € O(e =2 log? n)
and computing blocking flows. Theorem 12 implies in an 7-fair orientation (for our choice of
1) the out-degree of each vertex v is a (1 4 ¢)-approximation p*(v).

The initialising step. Before we start our algorithm, we create a starting orientation where
we set for every edge e = uv, g(u—v) = 1g(e) and g(v—u) = g(e). This gives each vertex

u some out-degree g(u) which we partition:

» Definition 22. Let each vertex u have out-degree g(u). We define level i as:

Li:= {u eV |glu) e [(1 + g)i, 1+ g)”l] } .
A vertex u € L; is at level i and ¢/ denotes the highest level that is not empty.
Whenever g(u) = (1+ %)%, u may decide whether u € L; or u € L;_y; whenever our algorithm
increases g(u) the vertex u defaults to the lowest possible level and vice versa.

» Definition 23. Consider an edge uv with w € L; and v € Lj. We say that:
(u,v) is an out-edge from u and an in-edge into v whenever i > j and glu—v) > 0, and
(u,v) is violating whenever i > j+ 1 and glu—v) >0

Note that the orientation is n-fair whenever there exist no violating edges.

» Lemma 24. Letn < %. For our orientation, let £ be the highest level such that Ly

is not empty then ¢’ < e2log*n.

Proof. The maximal out-degree of a vertex is n. Thus, ¢ < lmgh()l%ﬂ)' We now apply
2
2

log(1 + «) > x/2 and note that: ¢ < 710!;?5_’%) < 713%1 = 32€lf/glzgn < 1052 . <

7.1 Algorithm overview

Denote £ = [e~2log® n]. Our algorithm runs on a “clock” denoted by (h : m : s) where:
Each HOUR h lasts 2[n~!] + 2 MINUTES,
Each even MINUTE m lasts 4[logg 7 n] + 2 rounds,
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Each odd MINUTE m in HOUR h lasts £ — h + 1 SECONDS,

Each SECOND s lasts £ + Blocking(¢, n) rounds.
Each vertex tracks the clock to know which actions of our algorithm it should execute (if
any). Our clock is special, in the sense that hours tick downwards. Minutes and seconds
tick upwards, starting from zero. Each vertex v in our graph keeps track of the current time,
measured in the current HOUR h, MINUTE m and SECOND s. We maintain the following:

» Invariant 1. During HOUR h, there are no violating out-edges from level k for all k > h+1.
At the start of each even MINUTE in HOUR h, there are no violating out-edges from level k
for all k > h.

This invariant implies that we compute an n-fair orientation when the clock reaches (0: 0 : 0).
Going from HOUR h to HOUR h — 1 we maintain this invariant by flipping directed paths:

» Definition 25. For any edge uv with g(u—v) > 0, we say that our algorithm is flipping
uv whenever it decreases g(u—v) (increasing g(v—u)). Moreover, we say that wv is flipped
whenever our algorithm has decreased g(u—v) such that g(lu—v) = 0.

Algorithm (see also Figure 2 and Algorithms 2 and 3 and 4 and 5). Each time frame has
a purpose:

FEach HOUR h, the goal is to identify and “fix” all violating out-edges from vertices in Lp;
without introducing violating out-edges from vertices in a level Ly with k > h. We do
this iteratively, using two different steps:

Each even MINUTE, we fix all violating out-edges from vertices in Ly, possibly creating

violating out-edges from vertices in Lj+1 to vetices in Ly_1.

Each odd MINUTE, we fix all violating out-edges from vertices in Lj4+1 to vertices in

Ly, 1. We do this in such a manner, that we create no new violating out-edges from

vertices in Ly for k > h. However, we may create violating out-edges from level Ly,.
Each even MINUTE m/, we define the set V,,,, C Lj of vertices that have at least one
violating out-edge. Over 4[logg /7 n] 4+ 2 rounds, each u € V,,,/ flips violating out-edges
uv. Moreover:

The out-degree g(u) is decreased such that w drops at most one level, and

The out-degree g(v) such that v increases its level up to at most h — 1.
We prove that at the end of this MINUTE m/, there exist no more u € V,,» with a violating
out-edge. Thus, for each vertex u € V,,/, either u decreased one level, or all uv that were
violating now have that g(u—v) =0, or v € Lj_.
In each odd MINUTE m, we inspect the vertices T, := {u € V,,,_1 that dropped a level}.
For each u € T, for each edge wu with w € Lp4q and g(w — u) > 0 the edge (w,u)
has become a violating in the previous MINUTE. We want to fix these edges, whilst
guaranteeing that we create no violating in-edges from vertices in level h + 2 and above.
We obtain this, by recording at the start of the MINUTE for every vertex u its level I, (u).
We then invoke ¢ — h + 1 SECONDS. Each SECOND s, we create a DAG D, where the sinks
are T,,. We increase for all u € T, the out-degree g(u) by flipping a directed path from
a source in Dy to T,. We construct our DAG in such a manner that this procedure does
not create new violating in-edges, and that for all SECONDS s, D1 is a subgraph of D;.
At the start of SECOND s of each MINUTE m, we fix for every edge wv the values g, (u—v),
and the levels I;(u) and I5(v) of v and v. We then define a graph Dy = (V, Ey) as follows:

The edges E; are all violating in-edges to vertices in T}, plus all wv with:

Is(u) =ln(u) > h+1, l5(u) > l;(v), and g,(u—v) > 0.

The vertices V; include T, plus all vertices in G with a directed path to T}, in Fj.
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The vertices Sy C V; are all sources in D; (these are not in T),).

For each v € T,,, we increase g(v) by flipping a directed path from a vertex in S to v.

We continue this until either g(v) = (1+ 2)"*!, or, there exist no more edges (u,v) € E
with g(u—wv) > 0. In both cases, v has no more violating in-edges. To find these directed
paths, we create a flow problem on a graph D} where the maximal path has length ¢+ 2:
For each u € S,, we define o(u) = g(u) — (1 + 2)'=(W=1 (the maximal amount we can
decrease g(u) such that is does not arrive in level [, (u) — 2). We connect every u € S,
to a unique source s, where the edge s, u has capacity o(u).
For each v € Ty, we define 6(v) = (14 2)"! — g(v) (the maximal amount we can
increase g(v) such that it does not arrive in level h + 1). We connect every v € T), to
a unique sink ¢, where the edge vt, has capacity §(v).
Each other edge wv € E; has capacity g(u—wv).
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Figure 2 (4:0:0) — at the first MINUTE start in HOUR 4, we consider all violating out-edges uv
from level 4 (red). Per definition, these edges point to level 2 or lower.
(4:0:0) — at the first MINUTE end, either u has dropped a level (pink), v increased their level
to h — 1 (green) or the edge wv is flipped (blue). We consider violating in-edges to pink vertices
(orange)
(4:1:0) — at the first SECOND start, we construct a DAG Do where the edges are the orange edges
plus black edges. The vertex set are all u with a directed path to a pink vertex (v € T1). The yellow
vertices are Sp.
(4:1:0) — at the first SECOND end, edges in the DAG may have flipped (blue), vertices in So may
have dropped a level or vertices in 71 may have increased a level (making some edges no longer
violating — purple).
(4:1:1) — at the second SECOND start, we construct a DAG D;. Note that D, is a subgraph of Dy.
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7.2 Formal algorithm definition

We now formalise our algorithm top-down, starting with defining variables.

» Definition 26. At the start of (h,m’,0), where m’ is even, we fix the set V,, :={v € Ly, |
v has at least one violating out-edge}. At the start of (h,m,0) where m is odd, we fix:

T :={v € Vi1 | v decreased by one level in the previous MINUTE and

v has at least one violating in-edge}.

Finally, we denote for any vertex u by l,,(u) its level at the start of the MINUTE m.

» Definition 27. At the start of (h: m : s), where m is odd, we fix the following:
For any vertex u, we denote by ls(u) its level at the start of the SECOND.
For any edge uv denote by g,(u—v) the out-degree from u to v at the start of the SECOND.
We define the edge set Es as all violating in-edges to vertices in Ty, plus all uwv with:
ls(u) =ln(u) > h+1, l5(u) > 15(v), and g,(u—v) > 0.
Vs are all vertices with a directed path to a vertex in T,.
D, = (Vs, Es) is a DAG where Ss are all the sources (per definition Ss N'T,, =0).

» Definition 28. At the start of (h,m,s) where m is odd, given T,,, Ss and D, we define
the DAG D? by connecting all u € Ss to a unique sink s, and all v € T, to a unique sink t,.
For u € S, the edge s, has capacity o(u) = g,(u) — (1 + £)tm (=1,
For v € T,,, the edge vl, has capacity §(v) = (1 + 1)"* — g (v).
Each other edge uwv € E4 has capacity g,(u—v).

» Observation 29. At the start of (h:m: s) with m odd, if every vertex w is given I, (u),
whether u € T,,, and h, then we may compute all elements of Definitions 27 and 28 in {
rounds.

Algorithm 2 HOUR(h).

for m =0to 2[n~1]+2do
if m is even then
EVENMINUTE(h, m)
else
ODDMINUTE(h, m)
if h > 0 then
HOUR(h — 1)

Algorithm 3 EVENMINUTE(int h, int m).

Vi :={v € Ly | v has at least one violating out-edge }
for ¢ =0 to 2[logg,7n] + 1 do
Let A; C Vi, be the set of vertices at level h with at least one violating out-edge
Each a € A; determines the set E;(a) of violating out-edges.
Each a € A; computes §;(a) = g(a) — (1 +7)"~! and reports 6,(a)/|F;(a)| across E;(a).
/* next round: */
Let B; be the set of vertices that receive at least one violating in-edge from A;.
Each b € B; determines the set I,(b) of vertices that reported a value to v.
Each b € By sorts the a € I;(b) by d(a).
Each b € By greedily decreases g(a—b) by at most &;(a) for a € I;(b); until g(b) = (1+ )"
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Algorithm 4 ODDMINUTE(int A, int m).

Tin :={v € Vi;,_1 | v has at least one violating in-edge }
for s =/ down to h do
SECOND(h,m, s)

Algorithm 5 SECOND(int h, int m, int s).

Compute the graph Dy in ¢ rounds.

Compute the graph D} by adding a shared source to S, and a shared sink to T,.
f = CompUTEBLOCKINGFLOW(DY)

Flip all edges in Dy with the corresponding flow in f.

7.3 Proving our algorithm’s correctness

Per definition, our algorithm runs in O(p~'logn - £ - (¢ 4+ Blocking(¢,n)) = O(e¢~3log* n -
(672 1og? n + Blocking(¢ 2 log® n,n))) rounds. What remains is to show that we maintain
Invariant 1, which implies that we compute an n-fair orientation.

We note that by the choice of our algorithm’s variables, we have the following property:

» Observation 30. For all times (h: m : s) with m odd:
Vertices at level k > h only decrease their level and by at most one (because afterwards,
ls(u) < lp(u) and thus u has no out-edges in Es),
vertices at level h — 1 only increase their level (by at most 1), and
vertices at level k' < h — 1 and level h do not change their level.

We use this observation in the full version to show that we maintain Invariant 1 by
induction. Trivially, Invariant 1 holds at the start of (£:0:0). We now assume that the
invariant holds at (h : 0:0), i.e. that there are no violating out-edges from level L with
k > h. We prove that our algorithm ensures that at the start of (h —1:0 : 0) there are no
violating out-edges from level Ly with k > h.

Moreover, we maintain the invariant that throughout HOUR (h — 1) there are no violating
out-edges from level Ly, with k' > h + 1. We prove this in the following way:

During (h : m : s) for m even, our algorithm eliminates all violating edges going from Ly,.

We show that in each iteration, the number of violating edges from Lj drops by a factor
7/8. The graph has at most n? edges. This implies that after the MINUTE, there are no
more violating edges going from L;. However, there may now be violating out-edges from
vertices in Ly to vertices in T;,41 C Lp_;.

During (h : m : s) for m odd, our algorithm eliminates all violating edges going from Lj;11
to T,,. We show that for all s, the DAG Dy is a subgraph of Ds;_; where the height is
one fewer. Since the height of Dy is at most ¢ — h 4 1, this implies that after the MINUTE
m, the graph Dy is empty and there are no more violating in-edges to T},.

Each MINUTE, our algorithm alternates between having violating edges from Lj and Lj41.

We show that our algorithm can alternate at most 7 times before there are no violating
edges from both Lj, and Ly, which implies Invariant 1 at the start of (h —1:0:0).
Invariant 1 implies that we compute an 7-fair orientation at time (0 : 0 : 0), thus:

» Theorem 16. Suppose one can compute a blocking flow in an n-node h-layered DAG in
Blocking(h,n) rounds. There exists an algorithm in CONGEST that given a unit-weight
graph G and & > 0 computes in O(~>log* n - (¢=2log® n + Blocking(¢ =2 log® n,n))) rounds
an orientation G such that forallv e V: g(v) € [(1+¢e)71p*(v)), (1 +¢&)p*(v)p*(v)].
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We plug in the runtime of Blocking(h,n) of Lemma 21 by Haeupler, Hershkowitz, and
Saranurak [21] to obtain the following runtime:

» Corollary 31. There is an algorithm in CONGEST that given a unit-weight graph G
and an ¢ > 0 computes an orientation G such that Vv € V, the out-degree g(v) € [(1 +

&) Lo (v), (1 + 2)p" (v)] in:

O(e= " log'? n) rounds with high probability, or
O(e= P 1log'% n - 20W108 ™)) deterministic rounds.

Finally, we apply Corollary 10 which states that p™3*(G) = A™1(G) = max, g*(v) to
conclude:

» Corollary 32. There is a deterministic algorithm in CONGEST that given a unit-weight
graph G and an € > 0, that computes an orientation G such that:

max g(v) € [(142)7'p"(G), (1+€)p™™(G)),

in a number of rounds that is sublinear in n.

This is the first deterministic sublinear algorithm that solves Problem 2.2.
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