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—— Abstract

In the Correlation Clustering problem we are given n nodes, and a preference for each pair of nodes
indicating whether we prefer the two endpoints to be in the same cluster or not. The output is a
clustering inducing the minimum number of violated preferences. In certain cases, however, the
preference between some pairs may be too important to be violated. The constrained version of
this problem specifies pairs of nodes that must be in the same cluster as well as pairs that must not
be in the same cluster (hard constraints). The output clustering has to satisfy all hard constraints
while minimizing the number of violated preferences.

Constrained Correlation Clustering is APX-Hard and has been approximated within a factor 3 by
van Zuylen et al. [SODA ’07]. Their algorithm is based on rounding an LP with ©(n®) constraints,
resulting in an Q(n*”) running time. In this work, using a more combinatorial approach, we show
how to approximate this problem significantly faster at the cost of a slightly weaker approximation
factor. In particular, our algorithm runs in 6(n3) time (notice that the input size is ©(n?)) and
approximates Constrained Correlation Clustering within a factor 16.

To achieve our result we need properties guaranteed by a particular influential algorithm for
(unconstrained) Correlation Clustering, the CC-PIVOT algorithm. This algorithm chooses a pivot
node u, creates a cluster containing u and all its preferred nodes, and recursively solves the rest of
the problem. It is known that selecting pivots at random gives a 3-approximation. As a byproduct
of our work, we provide a derandomization of the CC-PIVOT algorithm that still achieves the
3-approximation; furthermore, we show that there exist instances where no ordering of the pivots
can give a (3 — ¢)-approximation, for any constant e.

Finally, we introduce a node-weighted version of Correlation Clustering, which can be approx-
imated within factor 3 using our insights on Constrained Correlation Clustering. As the general
weighted version of Correlation Clustering would require a major breakthrough to approximate
within a factor o(logn), Node-Weighted Correlation Clustering may be a practical alternative.
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A Faster Algorithm for Constrained Correlation Clustering

1 Introduction

Clustering is a fundamental task related to unsupervised learning, with many applications
in machine learning and data mining. The goal of clustering is to partition a set of nodes
into disjoint clusters, such that (ideally) all nodes within a cluster are similar, and nodes in
different clusters are dissimilar. As no single definition best captures this abstract goal, a lot
of different clustering objectives have been suggested.

Correlation Clustering is one of the most well studied such formulations for a multitude
of reasons: Its definition is simple and natural, it does not need the number of clusters to
be part of the input, and it has found success in many applications. Some few examples
include automated labeling [1, 15], clustering ensembles [10], community detection [19, 36],
disambiguation tasks [30], duplicate detection [5] and image segmentation [31, 40].

In Correlation Clustering we are given a graph G = (V, E), and the output is a partition
(clustering) C' = {C4, ..., Cy} of the vertex set V. We refer to the sets C; of C' as clusters.
The goal is to minimize the number of edges between different clusters plus the number of
non-edges inside of clusters. More formally, the goal is to minimize |E A E¢/|, the cardinality
of the symmetric difference between E and E¢, where we define E¢ = Ule (02) In other
words, the goal is to transform the input graph into a collection of cliques with the minimal
number of edge insertions and deletions. An alternative description used by some authors is
that we are given a complete graph where the edges are labeled either “+” (corresponding to
the edges in our graph G) or “—” (corresponding to the non-edges in our graph G).

The problem is typically motivated as follows: Suppose that the input graph models the
relationships between different entities which shall be grouped. An edge describes that we
prefer its two endpoints to be clustered together, whereas a non-edge describes that we prefer
them to be separated. In this formulation the cost of a correlation clustering is the number
of violated preferences.

1.1 Previous Results

Correlation Clustering was initially introduced by Bansal, Blum, and Chawla [7], who
proved that it is NP-Hard, and provided a deterministic constant-factor approximation, the
constant being larger than 15,000. Subsequent improvements were based on rounding the
natural LP: Charikar, Guruswami and Wirt gave a deterministic 4-approximation [17], Ailon,
Charikar and Newman gave a randomized 2.5-approximation and proved that the problem is
APX-Hard [3], while a deterministic 2.06-approximation was given by Chawla, Makarychev,
Schramm and Yaroslavtsev [18]. The last result is near-optimal among algorithms rounding
the natural LP, as its integrality gap is at least 2. In a breakthrough result by Cohen-Addad,
Lee and Newman [23] a (1.994 + €)-approximation using the Sherali-Adams relaxation broke
the 2 barrier. It was later improved to 1.73 + € [22] by Cohen-Addad, Lee, Li and Newman,
and even to 1.437 by Cao et al. [13]. There is also a combinatorial 1.847-approximation
(Cohen-Addad et al. [24]).

Given the importance of Correlation Clustering, research does not only focus on improving
its approximation factor. Another important goal is efficient running times without big
sacrifices on the approximation factor. As the natural LP has ©(n?) constraints, using a
state-of-the-art LP solver requires time Q(n3+) = Q(n7-113).

In order to achieve efficient running times, an algorithm thus has to avoid solving the LP
using an all-purpose LP-solver, or the even more expensive Sherali-Adams relaxation; such
algorithms are usually called combinatorial algorithms!. Examples of such a direction can

1 On a more informal note, combinatorial algorithms are often not only faster, but also provide deeper
insights on a problem, compared to LP-based ones.
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be seen in [3] where, along with their LP-based 2.5-approximation, the authors also design a
combinatorial 3-approximation (the CC-PIVOT algorithm); despite its worse approximation,
it enjoys the benefit of being faster. Similarly, much later than the 2.06-approximation [18],
Veldt devised a faster combinatorial 6-approximation and a 4-approximation solving a less
expensive LP [35].

Another important direction is the design of deterministic algorithms. For example, [3]
posed as an open question the derandomization of CC-PIVOT. The question was (partially)
answered affirmatively by [34]. Deterministic algorithms were also explicitly pursued in [35],
and are a significant part of the technical contribution of [18].

Correlation Clustering has also been studied in different settings such as parameterized
algorithms [28], sublinear and streaming algorithms [6, 12, 8, 9, 12, 16], massively parallel
computation (MPC) algorithms [21, 14], and differentially private algorithms [11].

PIVOT. The CC-PIVOT algorithm [3] is a very influential algorithm for Correlation
Clustering. It provides a 3-approximation and is arguably the simplest constant factor
approximation algorithm for Correlation Clustering. It simply selects a node uniformly
at random, and creates a cluster C with this node and its neighbors in the (remaining)
input graph. It then removes C’s nodes and recurses on the remaining graph. Due to
its simplicity, CC-PIVOT has inspired several other algorithms, such as algorithms for
Correlation Clustering in the streaming model [6, 12, 8, 9, 12, 16] and algorithms for the
more general Fitting Utrametrics problem [2, 20].

One can define a meta-algorithm based on the above, where we do not necessarily pick
the pivots uniformly at random. Throughout this paper, we use the term PIVOT algorithm
to refer to an instantiation of the (Meta-)Algorithm 12. Obviously CC-PIVOT is an
instantiation of PIVOT, where the pivots are selected uniformly at random.

Algorithm 1 The PIVOT meta-algorithm. CC-PIVOT is an instantiation of PIVOT
where pivots are selected uniformly at random.

procedure PivoT(G = (V, E))

1 C<+0
2 | while V # () do
3 Pick a pivot node u
/* an instantiation of PIvoT() only needs to specify how the
pivot is selected in each iteration x/
4 Add a cluster containing w and all its neighbors to C'
5 Remove u, its neighbors and all their incident edges from G
6 return C

The paper that introduced CC-PIVOT [3] posed as an open question the derandomization
of the algorithm. The question was partially answered in the affirmative by [34]. Unfortunately
there are two drawbacks with this algorithm. First, it requires solving the natural LP, which
makes its running time equal to the pre-existing (better) 2.5-approximation. Second, this

2 This is not to be confused with the more general pivoting paradigm for Correlation Clustering algorithms.
In that design paradigm, the cluster we create for each pivot is not necessarily the full set of remaining
nodes with which the pivot prefers to be clustered, but can be decided in any other way (e.g. randomly,
based on a probability distribution related to an LP or more general hierarchies such as the Sherali-Adams
hierarchy).
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algorithm does not only derandomize the order in which pivots are selected, but also decides
the cluster of each pivot based on an auxiliary graph (dictated by the LP) rather than based
on the original graph. Therefore it is not an instantiation of PIVOT.

Weighted Correlation Clustering. In the weighted version of Correlation Clustering, we
are also given a weight for each preference. The final cost is then the sum of weights of
the violated preferences. An O(logn)-approximation for weighted Correlation Clustering is
known by Demaine, Emanuel, Fiat and Immorlica [25]. In the same paper they show that
the problem is equivalent to the Multicut problem, meaning that an o(logn)-approximation
would require a major breakthrough. As efficiently approximating the general weighted
version seems out of reach, research has focused on special cases for which constant-factor
approximations are possible [32, 33].

Constrained Correlation Clustering. Constrained Correlation Clustering is an interesting
variant of Correlation Clustering capturing the idea of critical pairs of nodes. To address
these situations, Constrained Correlation Clustering introduces hard constraints in addition
to the pairwise preferences. A clustering is valid if it satisfies all hard constraints, and the
goal is to find a valid clustering of minimal cost. We can phrase Constrained Correlation
Clustering as a weighted instance of Correlation Clustering: Simply give infinite weight to
pairs associated with a hard constraint and weight 1 to all other pairs.

To the best of our knowledge, the only known solution to Constrained Correlation
Clustering is given in the work of van Zuylen and Williamson who designed a deterministic
3-approximation [34]. The running time of this algorithm is O(n®*), where w < 2.3719 is the

matrix-multiplication exponent. Using the current best bound for w, this is Q(n7-113).

1.2 Qur Contribution

Our main result is the following theorem. It improves the Q(n”1*?) running time of the
state-of-the-art algorithm for Constrained Correlation Clustering while still providing a
constant (but larger than 3) approximation factor?.

» Theorem 1 (Constrained Correlation Clustering). There is a deterministic algorithm for
Constrained Correlation Clustering computing a 16-approzimation in time O(n?).

We first show how to obtain this result, but with a randomized algorithm that holds with
high probability, instead of a deterministic one. In order to do so, we perform a (deterministic)
preprocessing step and then use the CC-PIVOT algorithm. Of course CC-PIVOT alone,
without the preprocessing step, would not output a clustering respecting the hard constraints.
Its properties however (and more generally the properties of PIVOT algorithms) are crucial;
we are not aware of any other algorithm that we could use instead and still satisfy all the
hard constraints of Constrained Correlation Clustering after our preprocessing step.

To obtain our deterministic algorithm we derandomize the CC-PIVOT algorithm.

» Theorem 2 (Deterministic PIVOT). There are the following deterministic PIVOT algo-
rithms for Correlation Clustering:

A combinatorial (3 + €)-approximation, for any constant € > 0, in time 6(n3)
A non-combinatorial 3-approximation in time O(n®).

3 We write 5(T) to suppress polylogarithmic factors, i.e., 5(T) = T(log T)O(l).
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We note that the final approximation of our algorithm for Constrained Correlation
Clustering depends on the approximation of the applied PIVOT algorithm. If it was possible
to select the order of the pivots in a way that guarantees a better approximation, this would
immediately improve the approximation of our Constrained Correlation Clustering algorithm.
For this reason, we study lower bounds for PIVOT; currently, we know of instances for which
selecting the pivots at random doesn’t give a better-than-3-approximation in expectation [3];
however, for these particular instances there does exist a way to choose the pivots that
gives better approximations. Ideally, we want a lower bound applying for any order of the
pivots (such as the lower bound for the generalized PIVOT solving the Ultrametric Violation
Distance problem in [20]). We show that our algorithm is optimal, as there exist instances
where no ordering of the pivots will yield a better-than-3-approximation.

» Theorem 3 (PIVOT Lower Bound). There is no constant € > 0 for which there exists a
PIVOT algorithm for Correlation Clustering with approzimation factor 3 — .

We also introduce the Node-Weighted Correlation Clustering problem, which is related
to (but incomparable, due to their asymmetric assignment of weights) a family of problems
introduced in [36]. As weighted Correlation Clustering is equivalent to Multicut, improving
over the current O (log n)-approximation seems out of reach. The advantage of our alternative
type of weighted Correlation Clustering is that it is natural and approximable within a
constant factor.

In Node-Weighted Correlation Clustering we assign weights to the nodes, rather than
to pairs of nodes. Violating the preference between nodes u,v with weights w, and w,
incurs cost wy, - w,. We provide three algorithms computing (almost-)3-approximations for
Node-Weighted Correlation Clustering:

» Theorem 4 (Node-Weighted Correlation Clustering, Deterministic). There are the following
deterministic algorithms for Node- Weighted Correlation Clustering: N
A combinatorial (3 + €)-approzimation, for any constant € > 0, in time O(n?).

A non-combinatorial 3-approzimation in time O(n7-116).

» Theorem 5 (Node-Weighted Correlation Clustering, Randomized). There is a randomized
combinatorial algorithm for Node- Weighted Correlation Clustering computing an expected
3-approzimation in time O(n +m) with high probability 1 — 1/ poly(n).

1.3 Overview of Our Techniques

Constrained Correlation Clustering. We obtain a faster algorithm for Constrained Correla-
tion Clustering by

1. modifying the input graph using a subroutine aware of the hard-constraints, and

2. applying a PIVOT algorithm on this modified graph.

In fact, no matter what PIVOT algorithm is used, the output clustering respects all hard
constraints when the algorithm is applied on the modified graph.

To motivate this two-step procedure, we note that inputs exist where no PIVOT algorithm,
if applied to the unmodified graph, would respect the hard constraints. One such example is
the cycle on four vertices, with two vertex-disjoint edges made into hard constraints.

The solution of [34] is similar to ours, as it also modifies the graph before applying a
Correlation Clustering algorithm. However, both their initial modification and the follow-
ing Correlation Clustering algorithm require solving the standard LP, which is expensive
(Q(n7-113) time). In our case both steps are implemented with deterministic and combinatorial
algorithms which brings the running time down to O(n3).

32:5
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For the first step, our algorithm carefully modifies the input graph so that on one hand
the optimal cost is not significantly changed, and on the other hand any PIVOT algorithm
on the transformed graph returns a clustering that respects all hard constraints. For the
second step, we use a deterministic combinatorial PIVOT algorithm.

Concerning the effect of modifying the graph, roughly speaking we get that the final
approximation factor is (2 + \/5) -« + 3, where « is the approximation factor of the PIVOT
algorithm we use. Plugging in o = 3 + € from Theorem 2 we get the first combinatorial
constant-factor approximation for Constrained Correlation Clustering in 6(713) time.

Node-Weighted Correlation Clustering. We generalize the deterministic combinatorial
techniques from before to the Node-Weighted Correlation Clustering problem. In addition,
we also provide a very efficient randomized algorithm for the problem. It relies on a weighted
random sampling technique.

One way to view the algorithm is to reduce Node-Weighted Correlation Clustering to an
instance of Constrained Correlation Clustering, with the caveat that the new instance’s size
depends on the weights (and can thus even be exponential). Each node u is replaced by a
set of nodes of size related to u’s weight and these nodes have constraints forcing them to be
in the same cluster.

We show that we can simulate a simple randomized PIVOT algorithm on that instance,
where instead of sampling uniformly at random, we sample with probabilities proportional
to the weights. Assuming polynomial weights, we can achieve this in linear time. To do so,
we design an efficient data structure supporting such sampling and removal of elements.

It is easy to implement such a data structure using any balanced binary search tree,
but the time for constructing it and applying all operations would be O(nlogn). Using a
non-trivial combination of the Alias Method [38, 37] and Rejection Sampling, we achieve a
linear bound.

Due to space constraints the presentation of our algorithms for Node-Weighted Correlation
Clustering is deferred to the full version of the paper [26].

Deterministic PIVOT algorithms. Our algorithms are based on a simple framework by
van Zuylen and Williamson [34]. In this framework we assign a nonnegative “charge” to
each pair of nodes. Using these charges, a PIVOT algorithm decides which pivot to choose
next. The approximation factor depends on the total charge (as compared with the cost of
an optimal clustering), and the minimum charge assigned to any bad triplet (an induced
subgraph K 3).

The reason why these bad triplets play an important role is that for any bad triplet, any
clustering needs to pay at least 1. To see this, let uvw be a bad triplet with uv being the
only missing edge. For a clustering to pay 0, it must be the case that both uw and vw are
together. However, this would imply that uv are also together although they prefer not to.

Our combinatorial (3 + €)-approximation uses the multiplicative weights update method,
which can be intuitively described as follows: We start with a tiny charge on all pairs. Then
we repeatedly find a bad triplet uvw with currently minimal charge (more precisely: for
which the sum of the charges of uv, vw,wu is minimal), and scale the involved charges by
1+ €. One can prove that this eventually results in an almost-optimal distribution of charges,
up to rescaling.

For this purpose it suffices to show that the total assigned charge is not large compared
to the cost of the optimal correlation clustering. We do so by observing that our algorithm
(1 + €)-approximates the covering LP of Figure 1, which we refer to as the charging LP.
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Our faster deterministic non-combinatorial algorithm solves the charging LP using an LP
solver tailored to covering LPs [4, 39]. An improved solver for covering LPs would directly
improve the running time of this algorithm.

Figure 1 The primal and dual LP relaxations for Correlation Clustering, which we refer to as
the charging LP. T(G) is the set of all bad triplets in G.

min g Tov

wve(y)
St. Zyw + Tow + Twuw > 1 YVuvw € T(G),
Typ >0 Yuv € (‘2/)

nax § yuvw

uvw€eT (G)
s.t. Z Yuow <1 Vuw € (‘2/),
w:uvweT (G)
Yuow > 0 Yuvw € T(G)

Lower Bound. Our lower bound is obtained by taking a complete graph K,, for some even
number of vertices n, and removing a perfect matching. Each vertex in the resulting graph is
adjacent to all but one other vertex and so any PIVOT algorithm will partition the vertices
into a large cluster of n — 1 vertices and a singleton cluster. A non PIVOT algorithm,
however, is free to create just a single cluster of size n, at much lower cost. The ratio between
these solutions tends to 3 with increasing n.

We note that in [3] the authors proved that CC-PIVOT’s analysis is tight. That is, its
expected approximation factor is not better than 3. However, their lower bound construction
(a complete graph K, minus one edge) only works for CC-PIVOT, not for PIVOT algorithms
in general.

1.4 Open Problems

We finally raise some open questions.

1. Can we improve the approximation factor of Constrained Correlation Clustering from 16
to 3 while keeping the running time at O(n®)?

2. We measure the performance of a PIVOT algorithm by comparing it to the best correlation
clustering obtained by any algorithm. But as Theorem 3 proves, there is no PIVOT
algorithm with an approximation factor better than 3. If we instead compare the output
to the best correlation clustering obtained by a PIVOT algorithm, can we get better
guarantees (perhaps even an exact algorithm in polynomial time)?

3. In the Node-Weighted Correlation Clustering problem, we studied the natural objective
of minimizing the total cost w, - w, of all violated preferences uv. Are there specific
applications of this problem? Can we achieve similar for other cost functions such
as wy + wy?

32:7
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2 Preliminaries

We denote the set {1,...,n} by [n]. We denote all subsets of size k of a set A by (%). The
symmetric difference between two sets A, B is denoted by A A B. We write poly(n) = n©®)
and O(n) = n(logn)°®).

In this paper all graphs G = (V, E) are undirected and unweighted. We typically
set n = |V] and m = |E|. For two disjoint subsets Uy, Us C V', we denote the set of edges
with one endpoint in U; and the other in Uy by E(Uy, Us). The subgraph of G induced by
vertex-set U; is denoted by G[U;]. For vertices u, v, w we often abbreviate the (unordered)
set {u,v} by wv and similarly write uow for {u,v,w}. We say that uvw is a bad triplet
in G if the induced subgraph Guvw| contains exactly two edges (i.e., is isomorphic to Kj ).
Let T(G) denote the set of bad triplets in G. We say that the edge set F¢ of a clustering
C={Cy,...,C;} of V is the set of pairs with both endpoints in the same set in C'. More
formally, Ec = Ui;l (CQ)

We now formally define the problems of interest.

» Definition 6 (Correlation Clustering). Given a graph G = (V, E), output a clustering
C={C1,...,Cr} of V with edge set Ec minimizing |E A\ Ec|.

An algorithm for Correlation Clustering is said to be a PIVOT algorithm if it is an
instantiation of Algorithm 1 (Page 3). That is, an algorithm which, based on some criterion,
picks an unclustered node u (the pivot), creates a cluster containing u and its unclustered
neighbors in (V, F), and repeats the process until all nodes are clustered. In particular, the
algorithm may not modify the graph in other ways before choosing a pivot.

The constrained version of Correlation Clustering is defined as follows.

» Definition 7 (Constrained Correlation Clustering). Given a graph G = (V, E), a set of friendly
pairs F' C (‘2/) and a set of hostile pairs H C (‘2/), compute a clustering C = {C,...,Cy }
of V. with edge set Ec such that no pair uv € F has u,v in different clusters and no
pair uwv € H has u,v in the same cluster. The clustering C shall minimize |E A E¢|.

We also introduce Node-Weighted Correlation Clustering, a new related problem that
may be of independent interest.

» Definition 8 (Node-Weighted Correlation Clustering). Given a graph G = (V| E) and positive
weights { wy, buev on the nodes, compute a clustering C = {Cy,...,Cy } of V with edge
set Ec minimizing

g Way * Wy -

wEEANAEc

For simplicity, we assume that the weights are bounded by poly(n), and thereby fit into
a constant number of word RAM cells of size w = O(logn). We remark that our randomized
algorithm would be a polynomial (but not linear) time one if we allowed the weights to be of
exponential size.

The Node-Weighted Correlation Clustering problem clearly generalizes Correlation Clus-
tering since we pay w(u) - w(v) (instead of 1) for each pair uv violating a preference.
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3 Combinatorial Algorithms for Constrained Correlation Clustering

Let us fix the following notation: A connected component in (V) F') is a supernode. The set
of supernodes partitions V' and is denoted by SN. Given a node u, we let s(u) be the unique
supernode containing u. Two supernodes U, W are hostile if there exists a hostile pair uw
with u € U,w € W. Two supernodes U, W are connected if |E(U, W)| > 1. Two supernodes
U, W are -connected if |E(U,W)| > g -|U| - |W|.

The first step of our combinatorial approach is to transform the graph G into a more
manageable form G’, see procedure TRANSFORM of Algorithm 2. The high-level idea is that
in G":

1. If uv is a friendly pair, then u and v are connected and have the same neighborhood.
2. If uwv is a hostile pair, then u and v are not connected and have no common neighbor.

3. An O(1)-approximation of the G’ instance is also an O(1)-approximation of the G instance.

As was already noticed in [34], Properties 1 and 2 imply that a PIVOT algorithm on G’ gives
a clustering satisfying the hard constraints. Along with Property 3 and our deterministic

combinatorial PIVOT algorithm for Correlation Clustering in Theorem 2, we prove Theorem 1.

Properties 1 and 2 (related to correctness) and the running time (O(n?)) of our algorithm
are relatively straightforward to prove. Due to space constraints, their proofs can be found
in the full version of the paper [26]. In this section we instead focus on the most technically
challenging part, the approximation guarantee.

Our algorithm works as follows (see also Figure 2): If some supernode is hostile to
itself, then it outputs that no clustering satisfies the hard constraints. Else, starting from
the edge set F, it adds all edges within each supernode. Then it drops all edges between
hostile supernodes. Subsequently, it repeatedly detects hostile supernodes that are connected
with the same supernode, and drops one edge from each such connection. Finally, for each
[B-connected pair of supernodes, it connects all their nodes if g > 3-v5

3
them otherwise?.

, and disconnects

From a high-level view, the first two modifications are directly related to the hard
constraints: If uy,us are friendly and us, us are friendly, then any valid clustering has u, us3
in the same cluster, even if a preference discourages it. Similarly, if uy, us are friendly, us, uy
are friendly, but w1, uz are hostile, then any valid clustering has wus, u4 in different clusters,
even if a preference discourages it. Our first two modifications simply make the preferences
consistent with the hard constraints.

The third modification guarantees that hostile supernodes share no common neighbor.

A PIVOT algorithm will thus never put their nodes in the same cluster, as the hostility
constraints require. Concerning the cost, notice that if hostile supernodes U, Us are connected

with supernode Us, then no valid clustering can put all three of them in the same cluster.

Therefore we always need to pay either for the connections between U; and Us, or for the
connections between Us and Us.

Finally, after the rounding step, for each pair of supernodes Uy, Uz, the edge set E(Uy, Us)
is either empty or the full set of size |U;| - |[Uz|. This ensures that a PIVOT algorithm
always puts all nodes of a supernode in the same cluster, thus also obeying the friendliness
constraints. Concerning the cost of the rounded instance, a case analysis shows that it is
always within a constant factor of the cost of the instance before rounding.

4 The constant 372‘/5 optimizes the approximation factor. The natural choice of 0.5 would still give a

constant approximation factor, albeit slightly worse.
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(a) The original graph. The set of friendly (b) Line 3 introduces edge {1,3}, and
pairs is F' = {{1,2},{2,3},{4,5},{6,7}}, Line 4 disconnects the supernodes contain-
and the only hostile pair in H is {2,5}. ing 2 and 5.

0/696 @49

(c) Line 6 removes the pair of edges {1,7} (d) Line 9 introduces all edges connecting
and {4, 6} because 1, 4 are in hostile supern- supernodes {4,5} and {6, 7} because there
odes while 6,7 are in the same supernode. were enough edges between them already.

Figure 2 Illustrates an application of TRANSFORM(G,F.H) (Algorithm 2). In the transformed
graph, for any two supernodes Ui, Uz, either all pairs with an endpoint in U; and an endpoint in Us
share an edge, or none of them do. Furthermore, all pairs within a supernode are connected and no
hostile supernodes are connected.

Formally, let E’ be the edge set of the transformed graph G’, let E3 be the edge set at
Line 8 of Algorithm 2 (exactly before the rounding step), OPT be the edge set of an optimal
clustering for E satisfying the hard constraints described by F and H, OPT’ be the edge
set of an optimal clustering for the preferences defined by E’, and E¢ be the edge set of
the clustering returned by our algorithm. Finally, let « be the approximation factor of the
PIVOT algorithm used.

» Lemma 9. Given an instance (V, E, F, H) of Constrained Correlation Clustering, if two
nodes ui,us are in the same supernode, then they must be in the same cluster.

Proof. The proof follows by “in the same cluster” being a transitive property.

More formally, u1,us are in the same connected component in (V, F'), as s(u1) = s(ua).
Thus, there exists a path from u; to uz. We claim that all nodes in a path must be in the
same cluster. This is trivial if the path is of length 0 (u; = ug) or of length 1 (ujus € F). Else,

the path is w1, ws, ..., wk, us for some k > 1. We inductively have that all of wy, ..., wg, us
must be in the same cluster, and u; must be in the same cluster with w; because ujw; € F.
Therefore, all nodes in the path must be in the same cluster with w;. |

We now show that it is enough to bound the symmetric difference between E and E’.



N. Fischer, E. Kipouridis, J. Klausen, and M. Thorup 32:11

Algorithm 2 The procedure CONSTRAINEDCLUSTER is given a graph G = (V| E) describ-
ing the preferences, a set of friendly pairs F' and a set of hostile pairs H. It creates a new
graph G’ using the procedure TRANSFORM and uses any PIVOT algorithm on G’ to return
a clustering.

procedure TRANSFORM(G = (V, E), F, H)
1 Compute the connected components of (V, F')

// Impossible iff some pair must both be and not be in the same

cluster.

2 if 3U € SN hostile to itself then return G’ = (0, ()

// Connect nodes in the same supernode.

3 E1<—Eu{uv€(‘2/)|s(u):s(v)}

// Disconnect pairs in hostile supernodes.
4 | BEy<+ B\ {w € (})|s(u) and s(v) are hostile }

// While hostile supernodes U;,Us are both connected with super-
// node Us, drop an edge between U;,Us and an edge between Us,Us
5 FEs + FEo

6 | while 3U1,Us,Us € (°) such that Uy, Us are hostile and

duy € Ur,us € Us,ug € Ug,ué € Uz such that uius € EB,UQUé € F3 do

7 L FEs (—Eg\{ulu;g,UQ’ué}

// Round connections between pairs of supernodes

8 Ey <+ FE3

o | foreach {Uy,Us} € (°)) do

10 EUl.,Ug — {u1u2 | up € Ul,UQ S UQ}

11 if |EU1,U2 ﬂE4| > 3_2\/5‘U1| . ‘U2| then Fy + FE4 UEUl,Ug
12 else £y < E, \ EUl,Uz

13 return G' = (V, Ey)

procedure CONSTRAINEDCLUSTER(G = (V, E), F, H)
14 G’ < TRANSFORM(G=(V,E), F, H)

15 if G’ = (0,0) then return “Impossible”

16 return PIVOT(G)

» Lemma 10. The cost of our clustering C is |E AN Ec| < (a+ 1)|E A E'| + o|E A OPT].
Proof. The symmetric difference of sets satisfies the triangle inequality; we therefore have
|EANEc| <|EAFE|+|E A Ec|.

C is an a-approximation for G’ = (V, E') and thus |[E' AE¢| < o| B’ AOPT | < a| E’ AOPT|.
Therefore:

|ENEc| <|ENANE'|+alE AOPT| < |EAE'|+a|lE' A E|+ a|lE A OPT).
with the second inequality following by applying the triangle inequality again. |

In order to upper bound |E A E’| by the cost of the optimal clustering |E A OPT|, we
first need to lower bound the cost of the optimal clustering.
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» Lemma 11. Let S be the set of all pairs of distinct supernodes U, W that are in the same
cluster in OPT. Then |[E A OPT| = 32y es [E(U, W) A Es(U, W)

Proof. The high-level idea is that when a node is connected to two hostile nodes, then any
valid clustering needs to pay for at least one of these edges. Extending this fact to supernodes,
we construct an edge set of size 3y eg [E(U, W) A E3(U, W)| such that the optimal
clustering needs to pay for each edge in this set.

First, for any {U,W} € S it holds that E(U,W) A Es(U,W) = E(U,W) \ E3(U,W)
because Line 3 (Algorithm 2) does not modify edges between pairs of distinct supernodes,
and Lines 4 and 6 only remove edges.

Each edge of E(U, W)\ E5(U, W) is the result of applying Line 6, seeing as Line 4 only
removes edges from hostile pairs of supernodes. Thus each edge uw € E(U, W) \ E3(U, W)
can be paired up with a unique edge zy € E which is removed together with uww. Without
loss of generality it holds that = € U,y € Z for some supernode Z different from U and W.
Due to the way Line 6 chooses edges it must be the case that Z and W are hostile, hence
xy € EAOPT.

Summing over all pairs of clustered supernodes gives the result stated in the lemma. <

We are now ready to bound |E A E'|.
» Lemma 12. |[E A E'| < (14 V5)|E A OPT|

Proof. To prove this, we first charge each pair of nodes in a way such that the total charge
is at most 2|E A OPT|. Then we partition the pairs of nodes into 5 different sets, and show
that the size of the intersection between E'A E’ and each of the 5 sets is at most HTﬁ times
the total charge given to the pairs in the given set.

The first three sets contain the pairs across non-hostile supernodes; out of them the first
one is the most technically challenging, requiring a combination of Lemma 11 (related to
Line 6 of Algorithm 2) and a direct analysis on E A OPT, as neither of them would suffice
on their own. The analysis of the second and third sets relate to the rounding in Line 9. The
fourth set contains pairs across hostile supernodes, while the fifth set contains pairs within
supernodes. Their analysis is directly based on the hard constraints.

Let us define our charging scheme: first, each pair of nodes is charged if the optimal
clustering pays for it, i.e. if this pair is in £ /A OPT. We further put a charge on the pairs
uw € E' /A F5 which connect supernodes that are clustered together in OPT. Notice that the
number of such edges is a lower bound on |E A OPT | by Lemma 11. Therefore the total
charge over all pairs of nodes is at most 2|E A OPT | and no pair is charged twice.

Case 1. Consider two distinct supernodes U, W that are not hostile, which have more
than 377\/5 |U|-|W | edges between them in E, and have at most % |U|-|W | edges in E3. Then
the rounding of Line 9 removes all edges between them. Therefore |E(U, W) A E'(U,W)| =
|[E(U,W)| < |U|-|W|. If OPT separates U and W, then the pairs are charged |E(U, W)|;
else they are charged |U| - |W|— |E(U, W)| due to the part of the charging scheme related
to E A OPT. In the latter case, they are also charged |E(U, W)| — |Es(U, W)| due to the
part of the charging scheme related to Lemma 11. Therefore they are charged at least

U[- W[ = |EWUW)|+ [EU,W)[ - |Es(U,W)| = |U| - [W| - [E3(U, W))]
> U] |W| = 252 (0] (W],
Thus, in the worst case, these pairs contribute

EWW) |E(U,W)| __ 1 1+Vs
[EUWI |- (w| - 35810 - W]

- 1— 3—V5 2
times more in |[E A E’| compared to their charge.
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Case 2. Consider two distinct supernodes U, W that are not hostile, which have more

than 3_T‘/5|U| - |W| edges between them in E, and more than 3_2‘/5|U| - |W| edges in Ej3.

Then the rounding of Line 9 will include all |U| - |WW| edges between them. Thus we have

|[E(UW)AE(UW)| =|U|-|W|-|EUW)| < (1- 3_T‘/g)|U| - |W|. If OPT separates U

and W it pays for |E(U, W)| > %W\ - |[W| pairs. Otherwise it pays |U| - |W|— |E(U, W)|.
3-VE

Thus, in the worst case, these pairs contribute 1;:/255 = 1+T\/g times more in |E A E’|
2

compared to their charge.

Case 3. If two distinct supernodes U, W are not hostile and have at most 3’2—\/5|U |- W]
edges between them in FE, then they also have at most that many edges in E3 as we
only remove edges between such supernodes. There are thus no edges between them in
E’, meaning that |[E(U, W) A E'(UW)| = |[E(UW)| < %\m -|W|. If OPT separates
U, W it pays for |E(U, W)| pairs related to the connection between U, W; else it pays for
U|-|W| = |EU,W)| > (1 - 3=5)U] - |[W| > 3=5|U] - [W]. Thus these pairs’ contribution
in |[E A E’| is at most as much as their charge.

Case 4. Pairs uv with s(u) # s(v) and s(u) hostile with s(v) are not present in E’. That is
because by Line 4 no pair of hostile supernodes is connected; then Line 6 only removes edges,
and Line 9 does not add any edge between s(u) and s(v) as they had 0 < %Lﬁ(uﬂ - 1s(v)]
edges between them. The edge wv is also not present in OPT as s(u) and s(v) are not in the
same cluster because they are hostile. These pairs’ contribution in |E A E’| is exactly equal
to their charge.

Case 5. Pairs uv with s(u) = s(v) are present in E’ by Line 3 and the fact that all
subsequent steps only modify edges whose endpoints are in different supernodes. The pair
wv is also present in OPT, by Lemma 9. Therefore these pairs’ contribution in |[E A E'| is
exactly equal to their charge.

In the worst case, the pairs of each of the five sets contribute at most % times more
in |E A E'| compared to their charge, which proves our lemma. |

We are now ready to prove the main theorem.

Proof of Theorem 1. In Theorem 2 we established that there is a deterministic combinatorial
PIVOT algorithm computing a Correlation Clustering with approximation factor « = 3 + €
in time O(n?), for any constant ¢ > 0. Using this algorithm in Algorithm 2 gives a valid
clustering. By Lemmas 10 and 12, its approximation factor is bounded by (a+1)-(14+/5)+a.
This is less than 16 for e = 0.01. <

4 PIVOT Algorithms for Correlation Clustering
4.1 Lower Bound

First we prove Theorem 3 which states that there is no PIVOT algorithm for Correlation
Clustering with approximation factor better than 3.

Proof of Theorem 3. Let G = ([2n], E) for some integer n, where the edge set F contains
all pairs of nodes except for pairs of the form (2k + 1,2k + 2). In other words, the edge set
of G contains all edges except for a perfect matching.

Note that if we create a single cluster containing all nodes, then the cost is exactly n.

On the other hand, let u be the first choice that a PIVOT algorithm makes. If u is even,
let v = u — 1, otherwise let v = v + 1. By definition of G, v is the only node not adjacent
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to u. Therefore, the algorithm creates two clusters — one containing all nodes except for v,
and one containing only v. There are 2n — 2 edges across the two clusters, and n — 1 missing
edges in the big cluster, meaning that the cost is 3n — 3.

Therefore, the approximation factor of any PIVOT algorithm is at least (3n—3)/n = 3— 2.
This proves the theorem, as for any constant less than 3, there exists a sufficiently large n
such that 3 — % is larger than that constant. <

4.2 Optimal Deterministic PIVOT: 3-Approximation

A covering LP is a linear program of the form min,{cz | Az > b} where A,b,c, and z
are restricted to vectors and matrices of non-negative entries. Covering LPs can be solved
more efficiently than LPs in general and we rely on the following known machinery to prove
Theorem 2:

» Theorem 13 (Covering LPs, Combinatorial [29, 27]). Any covering LP with at most N
nonzero entries in the constraint matriz can be (1 + €)-approximated by a combinatorial
algorithm in time O(Ne3).5

» Theorem 14 (Covering LPs, Non-Combinatorial [4, 39]). Any covering LP with at most N
nonzero entries in the constraint matriz can be (1 + €)-approxvimated in time O(Ne 1).

Of the two theorems, the time complexity of the algorithm promised by Theorem 14 is
obviously better. However, the algorithm of Theorem 13 is remarkably simple in our setting
and could thus prove to be faster in practice. Note that either theorem suffices to obtain a
(3 + €)-approximation for Correlation Clustering in O(n®) time, for constant € > 0.

For completeness, and in order to demonstrate how simple the algorithm from Theorem 13
is in our setting, we include the pseudocode as Algorithm 3. In [26] we formally prove that
Algorithm 3 indeed has the properties promised by Theorem 13.

Algorithm 3 The combinatorial algorithm to (1 + O(e))-approximate the LP in Figure 1
(Page 7) using the multiplicative weights update method. The general method was given
by Garg and Koénemann [29] and later refined by Fleischer [27]. We here use the notation
m(z) = MilyyweT(@) Tuv + Tow + Twu-

procedure CHARGE(G = (V, E))

1 Initialize .y, 2, < 1 for all uv € (‘2/)

2 | while} zu, <B:=((3)(1+¢€)"/(1+e¢) do

3 Find a bad triplet vvw minimizing T, + Tyw + Twwu
4 Tuw < (1 +€) - Typ

5 Tow ¢ (14 €) - Ty

6 Tpw < (L4 €) - Topu

7 if (O ., Tuw) /m(z) < (32, 25,) /m(z") then

8 foreach uv € (‘2/) do 7, <+ Ty

9 return {2, /m(z*) }up

ot

The running time we state seems worse by a factor of ¢~' as compared to the theorems in [29, 27].
This is because the authors assume access to a machine model with exact arithmetic of numbers of
size exponential in e~!. We can simulate this model using fixed-point arithmetic with a running time
overhead of O(e™1).
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The solution found by Algorithm 3 is used together with the framework by van Zuylen
and Williamson [34], see CLUSTER in Algorithm 4. CLUSTER is discussed further in the full
version [26], where the following lemmas are proven.

Algorithm 4 The PIVOT algorithm by van Zuylen and Williamson [34]. Given a
graph G and a good charging { Zuv }uv (in the sense of Lemma 15), it computes a correlation
clustering.

procedure CLUSTER(G = (V, E),x = { Zyy }me(g))

1| C+0
2 | while V # () do
3 Pick a pivot node v € V minimizing
> o
vwuvweT (G)
> ww
vw:uovweT (G)
4 Add a cluster containing u and all its neighbors to C
5 | Remove u, its neighbors and all their incident edges from G
6 | return C

» Lemma 15 (Correctness of CLUSTER). Assume that © = { Zyy }uv @5 a feasible solution to the
LP in Figure 1. Then CLUSTER(G, z) computes a correlation clustering of cost 3, Zuy. In
particular, if x is an a-approximate solution to the LP (for some o > 1), then CLUSTER(G, )
returns a 3a-approximate correlation clustering.

» Lemma 16 (Running Time of CLUSTER, [34]). CLUSTER(G, z) runs in time O(n?3).
Given Theorems 13 and 14 we quickly prove Theorem 2.

Proof of Theorem 2. We compute a (1 4 €/3)-approximate solution z of the charging LP
using Theorem 13 (that is, using the procedure CHARGE(G)). Plugging this solution « into
CLUSTER(G, z) returns a (3 + ¢)-approximate correlation clustering by Lemma 15. The
total running time is bounded by O(n?®) by Lemma 16 plus O(n3¢~3) by Theorem 13 (note
that there are n constraints, each affecting only a constant number of variables, hence the
number of nonzeros in the constraint matrix is N < O(n?)). For constant ¢ > 0, this becomes
O(n?).

To obtain a 3-approximation, we observe that any correlation clustering has cost less
than (5). Hence, we can run the previous algorithm with ¢ = 1/(}) and the (3 + ¢)-
approximate solution is guaranteed to also be 3-approximate. The running time would be

bounded by O(n®). To improve upon this, we use the covering LP solver in Theorem 14 which

runs in time O(n®¢~!). By again setting € = 1/(%), the running time becomes O(n%). <
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