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—— Abstract

In this paper, we study the parameterized complexity of the MAXMIN versions of two fundamental
separation problems: MAXIMUM MINIMAL st-SEPARATOR and MAXIMUM MINIMAL ODD CYCLE
TRANSVERSAL (OCT), both parameterized by the solution size. In the MAXIMUM MINIMAL st-
SEPARATOR problem, given a graph G, two distinct vertices s and ¢ and a positive integer k, the
goal is to determine whether there exists a minimal st-separator in G of size at least k. Similarly,
the MaxiMuM MINIMAL OCT problem seeks to determine if there exists a minimal set of vertices
whose deletion results in a bipartite graph, and whose size is at least k. We demonstrate that both
problems are fixed-parameter tractable parameterized by k. Our FPT algorithm for MAXIMUM
MINIMAL st-SEPARATOR answers the open question by Hanaka, Bodlaender, van der Zanden & Ono
[TCS 2019].

One unique insight from this work is the following. We use the meta-result of Lokshtanov,
Ramanujan, Saurabh & Zehavi [ICALP 2018] that enables us to reduce our problems to highly
unbreakable graphs. This is interesting, as an explicit use of the recursive understanding and random-
ized contractions framework of Chitnis, Cygan, Hajiaghayi, Pilipczuk & Pilipczuk [SICOMP 2016]
to reduce to the highly unbreakable graphs setting (which is the result that Lokshtanov et al. tries
to abstract out in their meta-theorem) does not seem obvious because certain “extension” variants
of our problems are W[1]-hard.
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MaxMin Separation Problems

1 Introduction

In this work we study fixed-parameter tractability of two fundamental MaxMin separation
problems: MAXIMUM MINIMUM st-SEPARATOR (MAXMIN st-SEP) and MAXIMUM MINIMUM
ODD CYCLE TRANSVERSAL (MAXMIN OCT). In the MAXMIN st-SEP problem, the input
is an undirected graph G, two distinct vertices s,t of G and a positive integer k. The goal is
to determine if there exists a subset of vertices Z, of size at least k, such that Z is a minimal
st-separator in GG. That is, the deletion of Z disconnects s and ¢ and the deletion of any
proper subset of Z results in a graph where s and ¢ are connected. Similarly, in the MAXMIN
OCT problem, given G, k, the goal is to determine if there exists a set of vertices Z, of size
at least k, such that Z intersects all odd length cycles in G and Z is minimal, that is no
proper subset of Z intersects all odd length cycles in G.

In contrast to the classical polynomial-time solvable st-SEPARATOR problem, where the
goal is to find an st-separator of size at most k, the MAXMIN st-SEP problem is NP-hard [20].
The MAXMIN OCT problem can also be shown to be NP-hard by giving a reduction from
the MAXMIN st-SEP problem (see Section 2.1).

In this work we show that both MAXMIN st-SEP and MAXMIN OCT are fixed-parameter
tractable with respect to the parameter k. The first result, in fact, resolves an open problem
which was explicitly posed by Hanaka, Bodlaender, van der Zanden & Ono [20].

MaXMIN versions of several classical vertex/edge deletion minimization problems have
been studied in the literature. The original motivation behind studying such versions is
that the size of the solution of the MAXMIN versions reflects on the worst-case guarantees
of a greedy heuristic. In addition to this, the MAXMIN problems have received a lot of
attention also because of their deep combinatorial structure which makes them stubborn
even towards basic algorithmic ideas. As we will highlight later, neither greedy, nor an
exhaustive-search strategy like branching, works for the MAXMIN versions of even the
“simplest” problems without significant effort. The MAXMIN versions are even harder to
approximate. For example, the classic VERTEX COVER and FEEDBACK VERTEX SET
problems admit 2-approximation algorithms [4], which are tight under the Unique Games
Conjecture [21]. But the MAXMIN VERTEX COVER admits a n'/?-approximation, which
is tight unless P = NP [8, 31], and the MAXMIN FEEDBACK VERTEX SET admits a tight
n?/3-approximation [13].

We note here that the study of MaxMin versions of classical deletion problems is not the
only proposed way of understanding worst-case heursitics guarantees (though in this work
we only focus on such versions). Several variations of different problems have been defined
whose core is similar. This includes problems like b-COLORING, GRUNDY COLORING etc,
which are analogs for the classic CHROMATIC NUMBER problem.

Parameterized Complexity of MaxMin problems in literature. Given the extensive study
of the VERTEX COVER problem in parameterized complexity, the parameterized complexity
MAXMIN VERTEX COVER has naturally garnered significant attention [30, 8, 31, 2]. More
recently, MAXMIN FEEDBACK VERTEX SET problem has also been explored in [13, 24],
where several faster FPT algorithms are proposed. The MAXMIN UPPER DOMINATING SET
problem has been studied in [1, 3, 5, 14], and its edge variant, the MAXMIN UPPER EDGE
DOMINATING SET, is addressed in [28, 17]. Additionally, MAXMIN and MINMAX formulations
have been investigated for a range of other problems, including cut and separation problems
[23, 12], knapsack problems [18, 16], matching problems [9], and coloring problems [6]. We
elaborate more on the literature around MAXMIN versions of cut and separation problems in
the later paragraph.
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We remark that for most problems mentioned in the paragraph above, showing that they
are FPT parameterized by the solution size is not very difficult (though designing faster
FPT algorithms could be much challenging and require deep problem-specific combinatorial
insights). The reason is that it is easy to bound the treewidth of the input graph: find a
greedy packing of obstructions (edges for MAXMIN VERTEX COVER and cycles for MAXMIN
FEEDBACK VERTEX SET); if the packing size is at least k, then the instance is a yes-instance,
otherwise there exists a vertex cover (resp. feedback vertex set) of the input graph, of size at
most 2k (resp. O(klogk) from the Erdos-Pésa theorem). In both case, the treewidth of the
graph is bounded by a function of k. Since these problems are expressible in Monadic Second
Order (MSO) Logic, from Courcelle’s theorem a linear-time FPT in & algorithm follows.

Parameterized Complexity of MAXMIN cut and separation problems in literature. The
key challenge in the study of cut and separation problems, in contrast to the vertex/edge-
deletion problems mentioned in the paragraph above, is that it is not always easy to bound
the treewidth of the instances. Having said that the existing work on MAXMIN versions of
cut and separation problems are still based on treewidth win-win approaches as explained
below.

Hanaka et al. [20] studied the parameterized complexity of the MAXMIN SEPARATOR
problem. Here the input is only a connected graph G and a positive integer k, and the goal
is to find a minimal vertex set of size at least k whose deletion disconnects the graph. This
problem has an easy FPT algorithm parameterized by k based on a win-win approach: if the
input graph has large treewidth, then it has a large grid-minor which implies the existence
of a large solution; otherwise the treewidth is bounded and since the problem is expressible
in MSO, one can solve the problem in linear time on bounded treewidth graphs. Note that
this approach completely fails when we are looking for an st-separator (which is the problem
we attack in the present work) for fixed vertices s and ¢. In particular, a large grid minor
does not necessarily imply a large st-separator.

In the same work Hanaka et al. designed an explicit FPT algorithm parameterized by
treewidth for the MAXMIN st-SEP problem and left open the question of determining the
parameterized complexity of MAXMIN st-SEP parameterized by the solution size k.

Common techniques like flow augmentation [22] and treewidth reduction [27] are not
suitable for solving the MAXIMUM MINIMAL st-SEPARATOR, problem. This is because the
size of the solution in this problem can be arbitrarily large, rather than being bounded by
a function of k. When the solution size is unbounded, these methods fail to simplify the
problem or give meaningful reductions. We also considered the idea to reduce the problem
to a scenario where the solution size is bounded by some function of k£ using some win-win
approach, and then use techniques like treewidth-reduction, unbreakable tree decompositions
or even flow-augmentation. But showing the first part seemed tricky and even if one shows
that the solution size is bounded, it is still not straightforward to use these classical cut-based
techniques as maintaining certificates of minimality of a partial solution is hard in general.

Later Duarte et al. [12] studied the edge-deletion variant of the MAXMIN st-SEP problem.
They termed it the LARGEST st-BOND problem and showed, amongst other results, that
it is FPT parameterized by the solution size k. At the core of this algorithm is another
treewidth-based win-win approach, which seems hard to generalize to the vertex-deletion
case.

Problem 1: MaxMin st-Sep. In this work, for the first time, we use the power of highly
unbreakable instances to show fixed-parameter tractability of some MAXMIN separation
problems. For two positive integers ¢, k, a graph G is called (g, k)-unbreakable if no vertex
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set of size at most k can disconnect two (large) sets of size at least ¢ each. For the purposes
of an informal discussion, we say a graph is unbreakable if it is (g, k)-unbreakable for some
values of ¢ and k.

Chitnis et al. [10] developed a win-win approach based on this unbreakable structure of the
graph. The approach has two parts: recursive understanding and randomized contractions.
In the first part, a large enough part of the input graph is detected that is unbreakable and
has small boundary to the rest of the graph. In the second part, a family of “partial solutions”
are computed for this unbreakable part of the graph depending on how the solution for the
whole graph interacts with its boundary. If the unbreakable part is large enough, then there
exists an irrelevant edge/vertex that does not participate in the computed partial solutions,
which helps in reducing the size of the graph.

Unfortunately, at the first glance it looks impossible to use this approach for solving
any of the two problems MAXMIN st-SEP and MAXMIN OCT. The problem is that in the
above approach one needs to find partial solutions on unbreakable graphs for a more general
“extension-kind” of problem. In particular, the family of partial solutions should be such
that if there exists a solution for the whole graph, then one should be able to replace the
part of this solution that intersects with the unbreakable part, with one of the computed
partial solutions. To do so, for example, it seems necessary to, in some implicit way at least,
guess how an optimum solution of the whole graph intersects with the boundary of this
unbreakable part and the partial solution should at least try to be “compatible” with this
guess. The bottleneck here is that given a vertex v, finding whether the graph G has any
minimal st-separator containing v is NP-hard (see Lemmas 1 and 2). Thus, the problem of
determining, given a subset of vertices X, whether G has a minimal st-separator of size at
least k, that contains X, is W[1]-hard (it is in fact para-NP-hard).

» Lemma 1. Let G be a graph containing vertices s and t. A vertex v € V(Q) is in some
minimal st-separator Z if and only if there is an induced path between s and t containing v.

Proof. For the first part, assume there exists a minimal st-separator Z that contains v. By
the minimality of Z, there must be a path P between s and ¢ in the graph G — (Z \ {v}),
which passes through v. In other words, path P is such that no vertex in Z other than
v appears on it. However, since there is no induced path between s and ¢ through v, two
vertices, say a and b, on P must be adjacent, with a lying between s and v, and b lying
between v and t. This creates a new path between s and t that does not include any vertex
from Z, contradicting the assumption that Z is an st-separator.

For the second part, if there exists an induced path between s and t passing through v,
we can construct a minimal st-separator Z that includes v. According to Definition 13, let .S
be the set of all vertices on the induced path from s to a, and T the set of all vertices on the
induced path from b to ¢, where a is a predecessor of v and b a successor of v. These sets, S
and T, serve as a certificate for the st-separator minimality for v. By Lemma 14, we can
then construct a minimal st-separator that contains v. |

» Lemma 2 ([19]). Given a graph G and any three arbitrary vertices s,t and v, determining
if there exist an induced path between s and t through v is NP-hard.

Therefore, a first glance suggests that computing “partial solutions” may be W([1]-hard
in general. One can ask if the hardness holds even when the graph is unbreakable (which
is our scenario). It turns out yes, because a result by Lokshtanov et al. [26], shows that
the FPT algorithm for unbreakable graphs can be lifted to an FPT algorithm on general
graphs for problems definable in Counting Monadic Second Order (CMSO) Logic. Since
the extension version is also CMSO definable, there shouldn’t be an FPT algorithm for the
extension version even on unbreakable graphs.
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Despite this issue, we show that the core lies in solving the problem on unbreakable
graphs, and in fact the problem on unbreakable graphs is FPT using non-trivial insights. In
fact the result of Lokshtanov et al. [26] comes to rescue. In [26] Lokshtanov et al. show that,
in order to show fixed-parameter tractability of CMSO definable problems parameterized
by the solution size (say k), it is enough to design FPT algorithms for such problems when
the input graph is (g, k)-unbreakable, for some large enough ¢ that depends only on k and
the problem. The highlight of this result, compared to explicitly doing the above-mentioned
approach of recursive understanding and randomized contractions is that, this results says
that it is enough to solve the same problem on unbreakable graphs. This allows us to skip
taking the provably hard route of dealing with extension-kind problems.

After overcoming the above issues, we can safely say that the core lies in designing an
FPT algorithm for the unbreakable case, which itself is far from obvious. We give a technical
overview of this phase in Section 1.1.

Problem 2: MaxMin OCT. The challenges continue for the MAXMIN OCT problem. In
parameterized complexity, the first FPT algorithm for the classical ODD CYCLE TRANS-
VERSAL (OCT) problem parameterized by the solution size, introduced the technique of
Tterative Compression [29]. Using this, it was shown that OCT reduces to solving at most
3% . n instances of the polynomial-time st-SEPARATOR problem. Most algorithms for different
variants of the OCT problem, like INDEPENDENT OCT, use the same framework and reduce
to essentially solving the variant of st-SEPARATOR, like INDEPENDENT $t-SEPARATOR. [25].

For the MAXMIN variant, unfortunately this is not the case. In fact our FPT algorithm
for MAXMIN OCT is independent of our FPT algorithm for MAXMIN st-SEP. The reason
is again that finding a minimal odd cycle transversal set (oct) that extends a given vertex is
NP-hard (see Observation 3 and Lemma 4).

» Observation 3. A vertex v € V(G) does not participate in any induced odd cycle of G if
and only if v is not in any minimal OC'T.

Proof. For the forward direction, let Z be a minimal oct of GG of size at least k. Then G — Z
is bipartite. Additionally, for any z € Z, the graph G — (Z \ {z}) contains an odd cycle
through z, implying the existence of an induced odd cycle C, containing z. As the cycle is an
induced odd cycle, we know that the vertex v does not lie on this cycle. We will show that
Z is also a minimal oct in G — v. Clearly, G — (Z U {v}) is a bipartite graph. Therefore, Z
is an oct of G —v. For any vertex z € Z, there is an induced odd cycle C, in G — (Z U {v}).
Therefore, Z is also a minimal odd cycle traversal of G — v.

For the other direction, let Z be a minimal oct of G —v with |Z| > k. Then, G — (ZU{v})
is bipartite. For each z € Z, the graph G — ((Z \ {z}) U {v}) contains an induced odd cycle
C. Since v is not part of any induced odd cycle, G — Z is bipartite, and Z remains a minimal
odd cycle transversal in G. |

» Lemma 4. Given a graph G and a vertex v € V(G), determining whether there is an
induced odd cycle containing a given vertex is NP-complete.

Proof. We know that given two vertices a and b, determining if a graph contains an induced
path of odd length between a and b is NP-complete [7]. Construct a graph G’ by adding a
new vertex x to G and making it adjacent to vertices a and b. It is clear that there exists
an induced odd cycle through z in G’ if and only if there is an induced path of odd length
between a and b in G. This finishes the proof. <

36:5

STACS 2025



36:6

MaxMin Separation Problems

At the core of the Iterative Compression based approach for OCT, a subset of vertices
X is guessed to be in the solution, and after deleting X, the problem reduces to finding an
st-separator, for some s,t. In particular, the final solution is this set X union a minimum
st-separator. For the MAXMIN case, this amounts to finding a minimal st-separator that
together with X forms a minimal oct. Since the extension version of both the MAXMIN
st-SEPARATOR and MAXMIN OCT are para-NP-hard, this leaves little hope to use the same
approach for MAXMIN versions.

Having eliminated this approach, we again go back to the approach via unbreakable
graphs. This time again the core lies in designing an FPT algorithm when the graph is highly
unbreakable and this algorithm require lot more insights than that of the MAXMIN st-SEP.
We give a technical overview of this stage in Section 1.1.

1.1 Our results and technical overview
Below we state two main theorems of this work.

» Theorem 5. MAXIMUM MINIMAL st-SEPARATOR. parameterized by k is FPT.

» Theorem 6. MAXIMUM MINIMAL OCT parameterized by k is FPT.

As discussed earlier, to prove both our theorems we first show that both MAXMIN st-SEP
and MAXMIN OCT are CMSO definable. We then use Proposition 7, to reduce to solving
the problem on unbreakable graphs.

» Proposition 7 (Theorem 1, [26]). Let ¢ be a CMSO formula. For all ¢ € N, there exists
s € N such that if there exists an algorithm that solves CMSOf)] on (s, c)-unbreakable
structures in time O(n?) for some d > 4, then there exists an algorithm that solves CMSO[)]
on general structures in time O(n?).

In particular, to prove Theorems 5 and 6, it is enough to prove Theorems 8 and 9.

» Theorem 8. For positive integers q,k > 1, MAXIMUM MINIMAL st-SEPARATOR on
(q, k)-unbreakable graphs on n vertices can be solved in time (k — 1)%4 . nCW),

» Theorem 9. For any positive integers ¢,k > 1, MaximuM MINIMAL OCT on (q,k)-
unbreakable graphs on n vertices can be solved in time 2@k o),

MaxMin st-Sep on (g, k)-unbreakable graphs. To prove Theorem 8, we develop a branch-
ing algorithm which exploits the unbreakability of the input graph. The key observation
behind the algorithm is that for any two vertex sets S and T such that s € S, t € T and G[S]
and G[T] are connected, every minimal ST-separator is also a minimal st-separator. As we
are working on (g, k)-unbreakable graphs, if we manage to find such sets where |S| > ¢ and
|T| > ¢, then every minimal ST-separator has size at least k. In this case, we can construct a
minimal ST-separator greedily in polynomial time, which can then be returned as a solution.
Therefore, the goal of our branching algorithm is to construct such sets S and 7.

The algorithm begins with S = {s} and T = {t}. We use a reduction rule which ensures
that at any point N(S) and N(T') (the neighborhoods of S and T') are minimal ST-separators
in G. Clearly, we can assume that |[N(S)| < k and |N(T')| < k; otherwise, we have already
found a solution. A crucial observation is that if there exists a minimal ST-separator Z of
size at least k, then there exists a vertex u € N(S)\ N(T') (resp. u € N(T) \ N(S)) such
that v ¢ Z. This implies that such a vertex u remains reachable from S even after removing
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the solution Z. This observation allows us to grow the set S to SU{u} (resp. T to T U {u}).
Since |[N(S)| < k (resp. |[N(T)| < k), one can branch on all possible vertices u € N(S)
(resp. u € N(T')) and in each branch grow S (resp. T'). Based on whether min(|S],|T) is | S|
or |T|, we branch on the vertices in N(S)\ N(T) or N(T')\ N(S), respectively, to increase
the size of these sets. Once both S and T have sizes of at least ¢, we can greedily construct
and output a minimal ST-separator (which is also a minimal st-separator) of size at least k.

MaxMin OCT on (g, k)-unbreakable graphs. The algorithm for this case uses two key
lemmas, both of which provide sufficient conditions for a yes instance. Here the input is a
(¢, 2k)-unbreakable graph.

Our first key lemma (Lemma 26) says that if there exists an induced odd cycle of length
at least 2¢ + 2 in G, then there always exist a minimal oct in G of size at least k. The proof
of this result is based on a branching algorithm, which works similarly to the branching
algorithm for the MAXMIN st-SEPARATOR problem on (g, k)-unbreakable graphs, by carefully
selecting the sets S and T at the beginning of the algorithm. Note that we cannot use this
lemma, on its own as a a stopping criterion, because one does not know how to find a long
induced odd length cycle efficiently. Nevertheless, as we see later it becomes useful together
with our second sufficient condition.

Our second key lemma (Lemma 28), which states a second sufficient condition, says that
if there exists a large enough family of distinct (and not necessarily disjoint) induced odd
cycles in G of lengths at most 2¢g + 1, then there always exists a minimal oct in G of size
at least k. The proof of this result relies on the Sunflower Lemma [15, 11], along with the
observation that the subgraph induced by the core of the sunflower must be bipartite. Such a
large sunflower then serves as a certificate that any oct which is disjoint from the core of the
sunflower is large. Also since the core is bipartite, there exists an oct that is disjoint from it.

Another simple, yet important observation is that, if a vertex is not part of any induced
odd cycle, then deleting this vertex from the graph does not affect the solution. Again, the
problem here is that determining whether a vertex passes through an induced odd cycle is
NP-hard (see Lemma 4), therefore we cannot use it as a reduction rule.

Finally, using these two sufficient conditions and the observation above, we provide an
FPT algorithm that, given a vertex z, either outputs an induced odd cycle containing x if it
exists, or concludes correctly that one of the two scenarios mentioned above occurs. In the
later situation we are done. Also if the induced odd cycle containing x, which is returned, is
long, then also we are done because of the first sufficient condition. If the algorithm outputs,
that there is no induced odd cycle through z, then we can safely delete x from the graph
and reduce its size. Because of deleting such vertices, the new graph may no longer be
unbreakable, in which case we start solving the problem on the reduced graph completely
from scratch.

By running this algorithm for each « € V(G), we reduce the graph to one where each
vertex is contained in some small induced odd cycle. If such a graph contains a sufficiently
large number of vertices, it guarantees the existence of a large family of distinct small induced
odd cycles in G, each of length at most 2¢ 4+ 2, in which case we can return a yes instance
because of the second sufficient condition. This result finally allows us to bound the number
of vertices in the graph by (gk)©(@. We can then solve the problem using a brute-force
algorithm on this graph.
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2 Preliminaries

Throughout this article, G = (V, E) denotes a finite, simple and undirected graph of order
[V| = n. The (open) neighbourhood N (v) of a vertex v € V(G) is the set {u | (u,v) € E(G)}.
The closed neighbourhood Ng[v] of a vertex v € V(G) is the set {v} U Ng(v). The degree
of v € V(G) is |[Ng(v)| and is denoted by dg(v). The subgraph induced by D C V(G) is
denoted by G[D]. For X, Y C V(G) such that X NY =0, Eg(X,Y) denote the edges of
G with one endpoint in X and the other in Y. We will drop the subscripts in the above
notation, whenever it is clear from the context. For s,t € V(G), by an st-path in G we mean
a path from s to ¢t in G. For S,T C V(G), by an ST-path we mean a path between a vertex
of S to a vertex of T. For i € N, [i] denotes the set {1, ...,¢}.

Let G be a graph. A pair (X,Y), where X UY = V(G), is called a separation if
E(X\Y,Y\ X)=0. The order of (X,Y) is |X NY|. If there exists a separation (X,Y) of
order at most k such that |X \ Y| > g and |Y \ X| > ¢, then G is (¢, k)-breakable and the
separation (X,Y") is called a witnessing separation for the (g, k)-breakability of G. Otherwise,
G is (q, k)-unbreakable.

We refer to [11] for the formal definition of Counting Monadic Second Order (CMSO)
logic. We will crucially use the following result of Lokshtanov et al. [26] that allows one to
show that a CMSO-expressible graph problem is FPT by designing an FPT algorithm for
the problem on (g, k)-unbreakable graphs, for any k and a sufficiently large ¢ that depends
only on k.

» Proposition 7 (Theorem 1, [26]). Let ¢ be a CMSO formula. For all ¢ € N, there exists
s € N such that if there exists an algorithm that solves CMSOM)] on (s,c)-unbreakable
structures in time O(n?) for some d > 4, then there exists an algorithm that solves CMSOf)]
on general structures in time O(n?).

Next, we state the Sunflower Lemma which is used in this paper. We first define the
terminology used in the statement of the next lemma. Given a set system (U, F), where U is
a set and F is a family containing distinct subsets of U, a sunflower with k petals and a
core Y is a collection of sets S1,59,...,5, € F such that S;NS; =Y for all i # j. The sets
Si \ 'Y are called the petals of this sunflower. If the sets in F are distinct and k > 2, then
none of the petals of the sunflower are empty. Note that a family of pairwise disjoint sets is
a sunflower (with an empty core).

» Theorem 10 (Sunflower Lemma, [15, 11]). Let F be a family of distinct sets over a universe
U, such that each set in F has cardinality exactly d. If |F| > d\(k — 1)?, then F contains a
sunflower with k petals and such a sunflower can be computed in time polynomial in |F|, |U|,
and k.

2.1 NP-hardness of Maximum Minimal OCT
» Lemma 11. MaxiMmuM MINIMAL OCT 4s NP-hard.

Proof. It was shown in [20] that MAXIMUM WEIGHT MINIMAL st-SEPARATOR is NP-hard
on bipartite graphs, even when all vertex weights are identical. This implies that MAXIMUM
MINIMAL st-SEPARATOR is NP-hard on bipartite graphs. We provide a polynomial-time
reduction from the MAXIMUM MINIMAL st-SEPARATOR to the MAXIMUM MINIMAL OCT.
Given an instance I = (G, s,t, k) of the MAXIMUM MINIMAL st-SEPARATOR, we construct
an instance I’ = (G', k' = k) of the MaXIMUM MINIMAL OCT as follows. We assume that
k > 1. We consider two cases based on the bipartition of G:
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Case 1. If s and ¢ are on the same side of the bipartition, we add an edge between s and t,
and subdivide it by adding two vertices u and v, creating a new graph G’.

Case 2. If s and t are on opposite sides of the bipartition, we add a subdivided edge between
s and t with one new vertex v/, resulting in G'.

In both cases, the newly added path between s and ¢ in G’ is denoted by P’.

We now prove that the instances I and I’ are equivalent.

In the forward direction, let Z be a minimal st-separator in G of size at least k. We claim
that Z is a minimal oct in G’. Since G is bipartite, any odd cycle in G’ must involve s and t.
Removing Z from G separates s and ¢, meaning G’ — Z contains only the newly added path
P’, ensuring no odd cycles in G’. Thus, Z is an oct in G'.

Next, we show that Z is minimal. For every z € Z, the graph G — (Z \ {z}) contains a
path between s and t. Lets call it P. In Case 1, this path is even-length, and in Case 2, it is
odd-length. In both cases, the graph G’ — (Z \ {z}) contains two vertex-disjoint paths P
nad P’ between s and t of different parities, forming an odd cycle. Therefore, Z is a minimal
oct in G'.

In the backward direction, let Z’ be a minimal oct in G’ of size at least k. Since k > 1,
Z' does not include the newly added vertices u,v (in Case 1) or «’ (in Case 2). We claim
that Z’ is a minimal st-separator in G.

If Z' were not an st-separator in G, then there would exist a path between s and ¢ in
G — 7', implying the presence of an odd cycle in G’ — Z’ involving the path P’. Since Z’
is a minimal oct in G’, for every z € Z', the graph G’ — (Z’ \ {z}) contains an odd cycle.
Therefore, G’ — (Z' \ {#}) must contain a path P which is a vertex-disjoint st-path from
P’. This implies that G — (Z’ \ {z}) contains an st-path, proving that Z’ is a minimal
st-separator in GG. Thus, I and I’ are equivalent, completing the proof. <

3 Maximum Minimal st-Separator parameterized by the solution size

The goal of this section is to prove Theorem 5.
» Theorem 5. MAXIMUM MINIMAL st-SEPARATOR parameterized by k is FPT.

Let (G, k) be an instance of MAXMIN st-SEPARATOR. The goal is to reduce the task
to designing an algorithm for (g, k)-unbreakable graphs. For this we first show that the
problem can be expressed in CMSO (in fact in MSO). Since MAXMIN st-SEPARATOR is
a maximization problem, the size of the solution can potentially be as large as O(n). To
formulate a CMSO sentence that is bounded by a function of k, we focus on a k-sized subset
of the solution and encode the minimality of each of its vertices in a way that allows for its
extension to a “full-blown” minimal solution.

» Lemma 12. MAXIMUM MINIMAL st-SEPARATOR is CMSO-definable with a formula of
length O(k).

Proof. The instance (G, k) is a yes instance of MAXMIN st-SEP if there exists Z C V(G) of
size at least k such that G — Z has no st-path (equivalently s and ¢ are in different connected
components of G — Z), and for each v € Z, G — (Z \ {v}) has an st-path (that is s and ¢ are
in the same connected component of G — (Z \ {v})).

Alternately, suppose Z C V(G) (of arbitrarily large size) such that G — Z has no st-path,
and Z contains k distinct vertices vy, ..., vy such that for each i € [k], G — (Z\ {v;}) contains
an st-path. Then Z may not be a minimal st-separator but it always contains a minimal
st-separator of size at least k. In fact, (G, k) is a yes instance if and only if such a set Z
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exists. These properties of Z can be incorporated as a CMSO formula v as follows, where
conn(U) is a CMSO sentence that checks whether a vertex set U induces a connected graph.
The CMSO description of CMSO can be, for example, found in [11].

wzﬂZgV(G)<3v1,v2,...,vkEZ /\ v; # v;

1<i<j<k

AU CV(G)\ Z((s ceU)AN(EteU)A conn(U))

k
A\ -3U € V(G)\ (2 {v:}) ((s cUYA(teU)A conn(U)))
i=1

It is clear that the size of the above formula ¢ depends linearly on k. <

From Lemma 12 and Proposition 7, to prove Theorem 5, it is enough to prove Theorem 8.

» Theorem 8. For positive integers q,k > 1, MAXIMUM MINIMAL st-SEPARATOR on
(q, k)-unbreakable graphs on n vertices can be solved in time (k — 1)4 - n©M),

We prove Theorem 8 in Section 3.1. As mentioned earlier, given a vertex set V', it may
not always be possible to extend it to a minimal st-separator. Below, we give a definition
for a certificate for the st-separator minimality of a set V' C V(G), which guarantees the
existence of a minimal st-separator that contains (extends) the set V.

» Definition 13. Let G be a graph, s,t € V(G) and V' C V(G). We say that two sets of
vertices S and T serve as a certificate for the st-separator minimality for V' if the following
conditions hold: s € S andt € T, SNT = 0, G[S] and G[T] are connected subgraphs,
Eq(S,T) =0, and for every v € V', the subgraph G[S UT U {v}] is connected. Note that
V'n(suT)=0.

» Lemma 14. Let G be a graph, and let s,t € V(G). If there exists a certificate for the
st-separator minimality of V! C V(QG), then there exists a minimal st-separator in G that
includes all the vertices of V.

Proof. Let S and T serve as a certificate for the st-separator minimality of V. We will
construct a set V! C Z C V(G) \ (SUT) which is a minimal st-separator in G. The set Z is
constructed iteratively. Initialize Z := () and G’ := G[S U T]. Fix an arbitrary ordering of
the vertices in V(G) \ (SUT).

For each vertex v in the prescribed order: (i) if G[S UT U {v}] is connected, then update
7 = ZU{w}, otherwise (ii) if G[SUTU{v}] is not connected, then update G’ := G[V (G")U{v}],
update S to be the vertices reachable from old S in G’, and update T to be the vertices
reachable from old T in G'.

The process continues until all vertices in V(G) \ V(G’) have been processed. The final
set Z is then returned as a minimal st-separator of G. Note that if the initial sets S and T
served as a certificate for the minimality of the st-separator V', then V' C Z, as the subgraph
G[S UT U {v}] will always be connected for each v € V' during every stage of the above
process. <

3.1 Maximum Minimal st-Separator on (g, k)-unbreakable graphs

In this section, we prove Theorem 8. To prove Theorem 8 we design a branching algorithm
that maintains a tuple (G, S, T, k,q) where G is a (¢, k)-unbreakable graph, S;T C V(G)
and ¢, k are positive integers. Additionally the sets S, T satisfy the following properties.
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seSandteT,

SNT =0,

both G[S] and G[T] are connected and
E(S,T)=0.

bl o\

An instance (G, S, T, k, q) satisfying the above properties is called a valid instance. Given
a valid instance, we design a branching algorithm that outputs a minimal ST-separator of G,
which is disjoint from S U T, and has size at least k, if it exists. The algorithm initializes
S :={s} and T := {t}. Note that the above-mentioned properties of the sets S, T ensure that
at each stage of the algorithm, every minimal ST-separator is also a minimal st-separator.

The algorithm has one reduction rule (Reduction Rule 3), four stopping criteria (Reduction
Rules 1, 2, 4 and 5) and one branching rule (Branching Rule 1). The branching rule is applied
when neither the reduction rule nor the three stopping criterion can be applied. The overall
idea is the following. Observe that N(S) N N(T) is a part of any minimal ST-separator.
Therefore, if |[N(S) N N(T)| > k, then we can correctly report that G has a minimal ST-
separator of size at least k. Reduction Rule 3 ensures that N(S) (resp. N(T)) is a minimal
ST-separator. Therefore when Reduction Rule 3 is no longer applicable, if |[N(S)| > k
(resp. [N(T)| > k), then we can correctly report that G has a minimal ST-separator of size at
least k. In fact, |[N(S)| (resp. |[N(T)|) is a minimal ST-separator of size at least k. Otherwise,
we have that both |[N(S)| < k and |N(T')| < k. In this case, we use the branching rule. Say,
without loss of generality that |S| < |T|. Since N(S) is a minimal ST-separator, but its size
is strictly less than k and every minimal ST-separator contains N(S) N N(T'), there exists a
vertex in N(S) \ N(T) that does not belong to the solution (if there exists a solution of size
at least k). In this case we branch on the vertices of N(S)\ N(T'). If we guess that a vertex
v € N(S) does not belong to the solution, since v € N(S), v remains reachable from S after
removing the solution. In this case, we update S := S U {v}. Therefore, each application
of the branching rule increases the size of the smaller of the two sets S or 7. When both
|S| > ¢ and |T'| > g, from the (g, k)-unbreakability of G, we know that every ST-separator
of G has size at least k. And hence there is a minimal st-separator of size at least k.

Below we formalize the above arguments. Given I = (G, S, T, k, q), we define its measure
w(I) = ¢ —min(|S|, |T|). We state the reduction rules and a branching rule below. We apply
the reduction rules in order exhaustively before applying the branching rule.

» Lemma 15. Let I = (G, S,T,k,q) where G is (q, k)-unbreakable. If u(I) <0, then every
minimal ST-separator, which is disjoint from SUT, is of size at least k.

Proof. If p(I) < 0, then ¢ < min(|S|,|T]). For the sake of contradiction, let us assume
that there exists a minimal ST-separator Z in G, which is disjoint from S U T, and has size
strictly less than k. Note that G\ Z contains two connected components of size at least
q each: one containing S, say Cg, and the other containing T. Consider the separation
(CsU Z,V(G)\ Cg) of G. This is a witnessing separation that G is (g, k)-breakable, which
is a contradiction. |

The safeness of Reduction Rule 1 is immediate from Lemma 15.
» Reduction Rule 1. If (1) < 0, then report a yes instance.
» Reduction Rule 2. If |[N(S) N N(T')| > k, then report a yes instance.

» Lemma 16. Reduction Rule 2 is safe.

STACS 2025
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Proof. The above reduction rule is safe because the sets S and T serve as a certificate for
the st-separator minimality of the vertex set N(S) N N(T). From Lemma 14, there exists a
minimal st-separator in G that contains N(S)NN(T). Since |N(S)NN(T)| > k, we conclude
that G contains a minimal st-separator of size at least k. |

» Lemma 17. If there exists v € N(S) (resp. v € N(T)), such that every path from v to
any vertex of T (resp. S) intersects N(S)\ {v} (resp. N(T)\ {v}), or there is no path from
v to any vertex of T (resp. S), then there is no minimal ST -separator which is disjoint from
S UT and that contains v.

Proof. When v has no path to any vertex of T, then such a vertex cannot lie on any ST-path
and hence, is not a part of any minimal ST -separator.

Suppose now that v € N(S) and every path from v to any vertex of T" intersects N (S)\{v}.
The other case when v € N(T') is symmetric. For the sake of contradiction, say there exists
a minimal ST-separator Z such that v € Z and Z N (SUT) = (). This implies that in the
graph G — Z, there is no path from any vertex in S to any vertex in 7', but in the graph
G — (Z \ {v}), such a path, say P, exists. Let P be a path from s’ to t' in G — (Z \ {v}),
where s’ € Sand t' € T

Since v cannot reach any vertex of T (in particular ¢') in G, without traversing another
vertex, say u, in N(S), consider the u to ¢’ subpath of P (which does not contain v). Since
u € N(S),let s € N(u)NS. Since ZN (SUT) =0, there exists a path P’ from s’ to ¢’ in
G — (Z \ {v}) that does not contain v (take the edge (s”,u), followed by the u to ¢’ subpath
of P). This contradicts that Z is an ST-separator. |

The following reduction rule ensures that both N(S) and N(T') are minimal ST-separators.

» Reduction Rule 3. If there exists v € N(S) (resp. v € N(T)), such that every path from
v to any vertex of T' (resp. S) intersects N(S) (resp. N(T)), or there is no path from v to
any vertex of T' (resp. S), then update S := S U {v} (resp. T := T U {v}).

» Lemma 18. Reduction Rule 3 is safe.

Proof. From Lemma 17, no minimal ST-separator, that is disjoint from S U T, contains v.
Since v € N(S) (resp. v € N(T)), for any minimal ST-separator Z, v is reachable from S
in G—Z,since ZNS =0 (resp. ZNT =0). Thus, Z is also a minimal separator between
SuU{v}and T. <

» Lemma 19. When Reduction Rule 3 is no longer applicable, N(S) (resp. N(T)) is a
manimal ST-separator.

Proof. First note that N(S) (resp. N(T)) is an ST-separator in G which is disjoint from
SUT, since N(S)NT = 0 because E(S,T) = 0.

For the sake of contradiction, say N(S) is not a minimal ST-separator in G. In particular,
there exists v € N(S) such that N(S) \ {v} is also an ST-separator. Since Reduction Rule 3
is no longer applicable, there exists a path from v to a vertex of T, say ¢, which has no
other vertex of N(S). Such a path together with an edge from v to a vertex of S, gives an
ST-path, which intersects N(S) only at v. <

From Lemma 19, the safeness of Reduction Rule 4 is immediate.
» Reduction Rule 4. If [N(S)| > k or |[N(T')| > k then report a yes instance.

» Reduction Rule 5. If N(S)\ N(T) =0 or N(T)\ N(S) =0, then report a no instance.
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» Lemma 20. Reduction Rule 5 is safe.

Proof. Suppose N(S)\ N(T) = . The other case is symmetric. Then any ST-path uses
only the vertices of SUT U (N(S)N N(T)). In this case there is a unique ST-separator in G
which is disjoint from S UT. This separator is N(S) N N(T). Since Reduction Rule 2 is no
longer applicable, |N(S) N N(T)| < k. Thus G has no ST-separator of size at least k. <

» Branching Rule 1. If|S| < |T| (resp. |T| < |S]) and N(S)\N(T) # 0 (resp. N(T)\N(S) #
0), then for each vertex x € N(S)\ N(T) (resp. x € N(T)\ N(S)), we recursively solve the
instance (G,SU{x},T,k,q) (resp. (G,S, T U{x},k,q)).

First observe that the new instances created in this branching rule are all valid, that is,
the sets S U {z}, T (respectively S, T'U {x}) satisfy the desired properties: the two sets
SU{a} and T (resp. S and T U {z}) are disjoint, G[S U {z}] (resp. G[T U {z}]) is connected
and Eg(SU{z},T) =0 (resp. E¢(S,T U{x})) because z € N(S)\ N(T).

» Lemma 21. Branching Rule 1 is exhaustive, that is, G has a minimal ST-separator of
size at least k which is disjoint from S UT if and only if there exists x € N(S)\ N(T)
(resp. x € N(T)\ N(S)) such that G has a minimal separator of size at least k between
SU{z} and T (resp. S and T U{x}), which is disjoint from SUT U{z}.

Proof. Assume that |S| < |T|. The other case is symmetric. Since Reduction Rule 4 is no
longer applicable, |[N(S)| < k. Since Reduction Rule 3 is no longer applicable and because of
Lemma 19, N(S) is a minimal ST-separator. Also because N(S)NN(T) is contained in every
minimal ST-separator in G (from the proof of Lemma 16), for any minimal ST-separator in
G of size at least k, say Z, which is disjoint from SUT, there exists a vertex z € N(S)\ N(T)
such that = ¢ Z. Since x € N(S), x remains reachable from S in G — Z. In particular, Z is
also a minimal separator between S U {z} and T.

In the other direction say the instance (G, S U {z},T, k, q) reports a minimal separator,
say Z, between S U {z} and T of size at least k. Since S U {z} and T satisfy the desired
properties of a valid instance, Z is also a minimal ST-separator in G. <

Proof of Theorem 8. Initialize an instance I = (G, S,T,k,q) where S = {s} and T = {t}.

Note that u(I) = g — 1. Apply Reduction Rules 1-5 exhaustively in-order. Without loss of
generality, say |S| < |T, the other case is analogous. Since none of the reduction rules are
applicable, 1 < |N(S)\ N(T)| < k. Now apply Branching Rule 1. After every application of
the Branching Rule 1, u(I"), where I’ is the new instance, strictly decreases if |S| # |T|. If
|S| = |T|, then after every two applications of the Branching Rule 1, the measure p decreases
by 1. From Reduction Rule 1, if u of an instance is at most 0, then we stop and report a
yes instance. The correctness of this algorithm follows from the safeness of the Reduction
Rules 1-5 and Branching Rule 1. We now argue about the running time.

Note that all reduction rules can be applied in polynomial time. Also all reduction
rules, except Reduction Rule 3, is applied only once throughout the algorithm. Reduction
Rule 3 is applied at most 2¢ times (or until both S and T grow to a size of ¢ each). Thus
only polynomial time is spent on all applications of all reduction rules. The branching rule
branches in at most & — 1 instances and has depth bounded by 2q. Therefore the overall
running time is (k — 1)27. n©M), <

4 Maximum MiNniMAL OCT parameterized by solution size

In this section, we prove Theorem 6.

» Theorem 6. MaAxiMuM MINIMAL OCT parameterized by k is FPT.
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Throughout this section, we call a set of vertices of G whose deletion results in a
bipartite graph, an oct of G. To prove Theorem 6, we first show that the problem is CMSO
definable (Lemma 22). Using Proposition 7, one can reduce to solving this problem on
(¢, 2k)-unbreakable graphs. On (g, 2k)-unbreakable graphs, we then list and prove two
sufficient conditions (Lemmas 28 and 26) which always imply a yes instance (in fact the
first one implies a yes instance even when the input graph is not (g, 2k)-unbreakable). We
also make an observation about irrelevant vertices that can be deleted without changing the
solution of the instance (Observation 3). Even though checking whether any one of these
sufficient conditions hold or finding these irrelevant vertices, may not be efficient, nonetheless
we design an FPT algorithm that correctly concludes that at least one of the sufficient
conditions is met, or outputs an irrelevant vertex, whenever the number of vertices in the
graph is strictly more than a number with is a function of ¢ and k (Theorem 25). In the case
when an irrelevant vertex is outputted, deleting them reduces the size of the graph but the
resulting graph may not be (g, 2k)-unbreakable. In this case, we start from the beginning
and solve the problem from scratch (on general graphs). If none of the above hold, then the
number of vertices in the graph is bounded, and we can solve the problem using brute-force.

» Lemma 22. MaxiMum MINIMAL OCT is CMSO-definable by a formula of length O(k).

Proof. Let (G, k) be an instance of MAXIMUM MINIMAL OCT. Then (G, k) is a yes instance
if there exists Z C V(G) of size at least k such that G — Z is bipartite and for each v € Z,
G — (Z \ {v}) is not bipartite.

Alternately, let Z C V(@) such that Z contains k distinct vertices vy, ..., vk, such that
G — Z is bipartite and for each i € [k], G — (Z \ {v}) is not bipartite. Observe that if such a
set Z exists, it may not be a minimal oct of G, but it definitely contains a minimal oct of
size at least k. In fact, (G, k) is a yes instance if and only if such a set Z exists. We phrase
this description of Z as the CMSO formula 1) as defined below.

<p:3ZCV(G)(Elvl,vg,...,vkeZ< /\ vi#vj>

1<i<j<k
A bipartite(V(G) \ Z)

k
A (/\ —bipartite(V(G) \ (Z \ {W})) )

i=1

where bipartite(1V) is a CMSO sentence given below, which checks whether the graph
induced by the vertices in W is bipartite.

bipartite(WW) =3X C W,q3Y C W

((XmY:(Z))A(XUY:W)
AVu,v € W (E(u,v) = (ue X < veY))).

It is clear that the size of the above formula ¢ depends linearly on k. |

Proof of Observation 3. For the forward direction, let Z be a minimal oct of G of size at
least k. Then G — Z is bipartite. Additionally, for any z € Z, the graph G — (Z\ {z}) contains
an odd cycle through z, implying the existence of an induced odd cycle C, containing z. As
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the cycle is an induced odd cycle, we know that the vertex v does not lie on this cycle. We
will show that Z is also a minimal oct in G — v. Clearly, G — (Z U {v}) is a bipartite graph.
Therefore, Z is an oct of G — v. For any vertex z € Z, there is an induced odd cycle C, in
G — (ZU{v}). Therefore, Z is also a minimal odd cycle traversal of G — v.

For the other direction, let Z be a minimal oct of G —v with |Z| > k. Then, G— (ZU{v})
is bipartite. For each z € Z, the graph G — ((Z \ {z}) U {v}) contains an induced odd cycle
C,. Since v is not part of any induced odd cycle, G — Z is bipartite, and Z remains a minimal
odd cycle transversal in G. |

Because of Lemma 22 we can invoke Proposition 7. We invoke Proposition 7 with ¢ = 2k.
Let g be the s from this proposition that corresponds to this choice of c. We conclude that
to prove Theorem 6 it is enough to prove Theorem 9.

» Theorem 9. For any positive integers ¢,k > 1, MAXIMUM MINIMAL OCT on (q,k)-
unbreakable graphs on n vertices can be solved in time 2(ak) @ o),

We prove Theorem 9 in Section 4.1. Next we define a certificate for minimality of oct for
a vertex set V’. The existence of such certificates guarantees the existence of a minimal oct
which contains V.

» Definition 23. Given a graph G and a set of vertices V' C V(G), we say that an induced
subgraph G’ of G is a certificate for the oct-minimality of V', if G' is bipartite and for every
ve V', GIV(G') U{v}] contains an odd cycle.

» Lemma 24. Given a graph G and a set of vertices V', if there is a certificate for the
oct-minimality of V' then there exists a minimal oct of G that contains all the vertices in V.

Proof. Let G’ be a certificate for minimality of V’. First observe that V' NV (G') = 0
because G’ is bipartite, but G[V(G’) U {v}], for any v € V', contains an odd cycle. We now
construct a minimal oct of G, say Z, iteratively as follows. Initialize Z = (). Fix an arbitrary
ordering of the vertices in V/(G)\ V(G’) (note that V' C V(G)\ V(G")). Traverse the vertices
of V(G)\ V(G') in this order. For any vertex v € V(G) \ V(G’) in the chosen order:
if G[V(G")U{v}] is bipartite, update G’ := G[V(G") U {v}], that is add v to G’, otherwise
G[V(G’) U {v}] contains an odd cycle, in which case add v to the set Z.
When all the vertices in V(G) \ V(G’) have been processed as stated above, then the set Z
is a minimal oct of G. Moreover, one can observe that if we start with G’ which a certificate
for minimality of V/ then V' C Z. <

4.1 Maximum Minimal OCT on (g, 2k)-unbreakable graphs

The goal of this section is to prove Theorem 9. Let (G, k) be an instance of MAXMIN OCT.
A vertex v € V(G) is called irrelevant if (G, k) is equivalent to (G —wv, k). To prove Theorem 9
it is enough to prove Theorem 25.

» Theorem 25. For positive integers g,k > 1, given as input a graph G which is (g, 2k)-
unbreakable on at least (2q + 2)?(2q + 2)!(k — 1)29%2 + 1 wertices, there exists an algorithm
that runs in time (qk)o(q) -nPW and either returns a minimal oct of G of size at least k or,
outputs an irrelevant vertex v.

To see the proof of Theorem 9 assuming Theorem 25, observe that if the number of
vertices is at most (2q + 2)2(2¢ + 2)!(k — 1)?9*2 then the problem can be solved using
brute-force. Otherwise, the algorithm of Theorem 25 either reports a yes instance, or finds
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an irrelevant vertex v, in which case, delete v from the graph and solve the problem on G — v
(which is not necessarily (g, 2k)-unbreakable). The rest of the section is devoted to the proof
of Theorem 25.

Irrelevant vertices. Recall Observation 3 from Section 1.

» Observation 3. A vertex v € V(G) does not participate in any induced odd cycle of G if
and only if v is not in any minimal OCT.

Note that we cannot explicitly design a (polynomial-time) reduction rule based on the
above observation, because determining whether there is an induced odd cycle containing a
given vertex is NP-complete (see Lemma 4).

Sufficient condition 1 [Long induced odd cycle in G].

» Lemma 26. For any positive integers q, k, if G is (q,2k)-unbreakable and there exists an
induced odd cycle in G of length at least 2q + 2, then G has a minimal oct of size at least k.

Proof. Let C be an induced odd cycle of length at least 2¢ + 2 in G. Let x,y € V(C) be
arbitrarily chosen vertices such that C'\ {z,y} contains exactly two paths S and T each of
length at least ¢ each. Moreover since C' is an odd cycle one of these two paths is odd and
the other is even. Without loss of generality, we can assume that S is a path of even length
and T is a path of odd length. Let Z, := {z} and Z, := {y}.

Below we define a procedure that iteratively grows the sets in (S, T, Z,, Z,) while main-
taining the following invaraints.

The sets S,T" and Z, U Z, are pairwise disjoint.

G[S] is connected, bipartite and |S| > q.

G|[T)] is connected, bipartite and |T'| > q.

G[SUTU{y}] is a certificate for the oct-minimality for Z,, (and in particular, G[SUT U{y}]
is bipartite).

G[SUTU{z}] is a certificate for the oct-minimality for Z, (and in particular, G[SUTU{x}]
is bipartite).

N@)NnS#0, Nx)NT #0, N(y)yNS #0 and N(y)NT # 0.

Observe that the starting sets (S, T, Z;, Z,) defined earlier satisfy these invariant. Note
that in invariants 4 and 5, the sets G[S U T U {y}] and G[S U T U {z}], which serve as a
certificate of minimality for Z, and Z, respectively, rely on the fact that C' is an induced
odd cycle. Since the iterative procedure grows these sets, the last property always hold. Also
G[SUT U{z} U {y}] contains the odd cycle C. The idea is to grow these sets until Z,, or Z,
has size at least k. If this happens then we can use Lemma 24, to conclude that G has a
minimal oct of size at least k.

Since G is (¢, 2k)-unbreakable and |S|, |T| > ¢, we have that every ST-separator in G
has size at least 2k + 1. In particular, |N(S) U N(T)| > 2k + 1. Thus, if we guarantee that
(N(S)UN(T)) C (Z, U Zy), then |Z, U Z,| > 2k + 1. Hence either |Z,| > k or |Z,| > k.

Towards this we grow the sets in (S,T, Z,, Z,) as follows. Let us call the vertices in
SuUTUZ,U Z, as marked.

> Claim 27. Let v € N(S) N N(T) be an unmarked vertex. Either G[S U T U {y,v}] or
G[SUT U {z,v}] contains an odd cycle.
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Proof. Since both G[S] and G[T] are connected bipartite graphs, there exists a unique
bipartition, say S = Ag U Bg and T = Ar U By of S and T respectively. Recall that x has
neighbours in both the sets S and T'. Since the graph G[S U {x}] is bipartite, without loss of
generality, assume that (N(z) N S) C Bg. Since G[T U {z}] is also bipartite, without loss
of generality assume that N(z) NT C Br. Since the graph G[S UT U {z}] is connected
and bipartite, we know that there is an unique bipartition of G[S UT U {x}] which is
GISUTU{z}] = ((As UAr U{z}) U (Bs U Br)).

Now, let us focus on the connected graph G[S UT U {y}]. Because G[S U {y}] is bipartite,
without loss of generality, we can assume that (N(y) N S) C Bgs. We now show that
(N(y)NT) C Ap. For the sake of contradiction, assume that this is not the case. This implies
that there are two possibilities. If y has neighbours in both the sets Ar and Br then it leads
to a contradiction as G[T U {y}] is bipartite. If the neighbours of y are contained in the set
By then it leads to a contradiction as it would imply that G[S UT U {z,y}| is bipartite.

Therefore, we get an unique bipartition G[SUT U{y}] = ((As U Br U{y}) U (Bs U Ar))
of GISUT U {y}]. As the vertex v has neighbours in both the sets S and T, there are four
possibilities: (i) if v has a neighbour in Ag and Ar then G[S UT U {y,v} contains an odd
cycle, (ii) if v has a neighbour in Ag and Br then G[SUT U {z,v} contains an odd cycle,
(iii) if v has a neighbour in Ay and Bg then G[SUT U {x, v} contains an odd cycle, or (iv) if
v has a neighbour in Ay and Br then G[SUT U {y,v} contains an odd cycle. This finishes
the proof of the claim. <

Let v be an arbitrarily chosen unmarked vertex.
Case 1: v € N(S) N N(T). From Lemma 27, either G[SUT U{z,v}] or G[SUT U {y,v}]
or both contain an odd cycle. If G[S U T U {z,v}] contain an odd cycle, then update

Zy = ZyU{v}. If GISUT U {y,v}| contain an odd cycle, then update Z, := Z, U {v}.

If both are true then update Z, := Z, U {v} and Z, := Z, U {v}. The sets S,T remain
the same. Observe that in either case, the updated sets satisfy all the invariants.

Case 2: v € N(S) \ N(T). In this case, if G[SU{v}] is bipartite, then update S := SU{v}.

The other sets T, Z,, Z, remain the same. Note that the updated sets (in particular S)
maintains the invariant. Otherwise G[S U {v}] contain an odd cycle. In this case update
Zy = Z, U{v} and Z, := Z, U{v}.

Case 3: v € N(T) \ N(S). This case is symmetric to Case 2.

We repeat the above process until we have sets (5,7, Z,, Z,) such that all vertices in
N(S)UN(T) are marked. In particular, in this case (N(S)UN(T)) C (Z, U Z,). As argued
earlier, this implies either |Z;| > k or |Z,| > k. In both cases, we report that G has a
minimal oct of size at least k from Lemma 24. <

Sufficient condition 2 [Large family of short induced odd cycles].

» Lemma 28. Let (G, k) be an instance of MaxiMuMm MINIMAL OCT. Let d be any positive
integer. If F is a family containing distinct induced odd cycles of G of length at most d and
|F| > d(d)(k — 1)% then G has a minimal oct of size at least k.

Proof. From the Sunflower Lemma (Theorem 10), we can conclude that there exist at least
k induced odd cycles {Fy, Fy, ..., Fi} C F such that V(F;)NV(F;) =Y for all i,j € [k]. As
the cycles in F are induced odd cycles, the graph induced by the set of vertices in Y must
be bipartite. Note that Y could possibly be empty. We claim that G has a minimal odd
cycle transversal of size at least k. Such a minimal odd cycle transversal can be obtained
by the greedy algorithm described in the proof of Lemma 24. We start with the induced

36:17

STACS 2025



36:18

MaxMin Separation Problems

subgraph G[Y]. Clearly, any minimal odd cycle transversal obtained by this algorithm will
contain at least one vertex from V(F;) \'Y for each i € [k]. Since the sets V(F;) \ 'Y for each
i € [k] are disjoint, a minimal odd cycle transversal must have a size of at least k. |

The combination lemma.

» Lemma 29. Given a graph G, a vertex x € V(G) and positive integers d, k, there is an

algorithm that runs in (kd)o(d) -nOM) time, and correctly outputs one of the following:

1. an induced odd cycle containing x,

2. an induced odd cycle of length at least d,

3. a family F of distinct induced odd cycles, each of length at most d — 1, such that
Fl>d-d- (k- 1),

4. o determination that there is no induced odd cycle containing x in G.

Proof. Suppose G contains an induced odd cycle containing x. Let C,, be one such cycle. We
design an iterative algorithm that maintains a pair (G’, F), where G’ is an induced subgraph
of G and F is a family of induced odd cycles of length at most d — 1 in G, with the following
additional properties. The graph G’ is guaranteed to contain the cycle C,, if C, existed
in the first place in G, and every induced odd cycle in G’ is distinct from any cycle in the
family F.

Initialize G’ := G and F = (). In each iteration, the algorithm finds an arbitrary induced
odd cycle of G, say F, in polynomial time, if it exists. The following cases can now arise.
1. The algorithm fails to find the cycle F'. That is G’ has no induced odd cycle. In this case,

report that G has no induced odd cycle passing through x.

This is correct because if G had such an induced odd cycle passing through z, then

C, exists in G and by the invariants of the algorithm C, also exists in G’, which is a

candidate for the cycle F.

2. If F contains x, then return F' as the induced odd cycle containing x.
3. If the length of F is at least d, then return F' as an induced odd cycle of length at least d

in G.

4. Otherwise, F' exists but does not contain = and has a length of at most d — 1.

By the invariants of the pair (G', F), F' is distinct from all the cycles in F. Update F by

adding F' to it. Then the updated F satisfies the required invariants.

To update G’ proceed as follows. Guess the intersection of V(F') with V(C,) (in G’).

Let this be F’. The number of guesses is bounded by 2/F1 < 29=1_ Since F does not

contain z, F' is not equal to C,. Hence, F'\ F’ is non-empty. Update G’ := G’ — (F'\ F’).

Observe that the updated G’ contains C,. if the old G, contained it. Also every induced

odd cycle in the updated G’ is distinct from F' (that has been newly added to F) because

a non-empty subset of V/(F)) (that is V(F) \ V(F")) has been deleted in the updated G'.

If the first, second or third condition mentioned above does not apply in each of the first
d-d!- (k—1)? iterations, then at the end of the i-th iteration where i = d - d! - (k — 1),
|F| =d-d' (k— 1) In this case, we return F as a large family of induced odd cycles of
length at most d — 1 of G.

This finishes the description and correctness of the algorithm. For the running time
observe that in each iteration, the algorithm runs in polynomial time to find F' and check
the first three conditions. The fourth condition in each iteration makes 29~ guesses and

the number of iterations is at most d - d! - (k — 1)%. Therefore the overall running time is
(kd)O(D) . nOM) <
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Proof of Theorem 25. The algorithm for Theorem 25 proceeds as follows. Recall that G is
a (g, k)-unbreakable graph. For each z € V(G), run the algorithm of Lemma 29 on input
(G,z,2q + 2, k).

If for some = € V(G), the algorithm returns an induced odd cycle of length at least
2q + 2 or a family F of distinct induced odd cycles of length at most 2g 4+ 1 such that
|F| > (2 + 2)(2q + 2)!(k — 1)2772 then we return a yes instance due to Lemma 26 or 28,
respectively. If the algorithm returns that there is no induced odd cycle containing x in
G then we can delete x from G and solve the problem on the reduced graph. This is safe
because of Observation 3. Finally, if the algorithm returns an induced odd cycle containing

x of length at least 2q + 2, then again report that it is a yes instance because of Lemma 26.

If none of the above conditions hold, then for each € V(G), the algorithm of Lemma 29
returns an induced odd cycle containing z, say C,, of length at most 2¢ + 1. Note that the
cycles returned for each z € V(@) in this case may not be distinct.

The following claim shows that if the number of vertices in G is large (and there is an
induced odd cycle of small length for each vertex of the graph), then there exists a large
family containing distinct induced odd cycles of small length in G, in which case we can
report a yes instance by Lemma 28.

> Claim 30. If the number of vertices in G is at least (2q +2)%(2q +2)!(k — 1)2472 4 1, then
G contains a minimal oct of size at least k.

Proof. We will construct a F of distinct induced odd cycles in G of length at most 2¢+ 1. For
every vertex x € V(G), we take a cycle C,. Unless the cycle C,, is already in F, we will update
F = FU{C,}. As the length of cycles in C, returned by the above algorithm is bounded by
2g + 1, if the number of vertices in G is more than (2¢ + 1)(2¢ + 2)(2q + 2)!(k — 1)?9*2 then
|F| > (2 +2)(2¢ + 2)!(k — 1)29*2. Due to Lemma 28, we return a yes instance. <

This finishes the proof of Theorem 25. <

5 Conclusion

In this paper, we established that both MAXIMUM MINIMAL st-SEPARATOR and MAXIMUM
MINIMAL ODD CYCLE TRANSVERSAL (OCT) are fixed-parameter tractable parameterized
by the solution size. Instead of using treewidth-based win-win approaches, we design
FPT algorithms for highly unbreakable graphs for both these problems. While we have
demonstrated the FPT nature of these problems, the challenge of developing efficient FPT
algorithms remains open. Additionally, the edge-deletion version of the MAXIMUM MINIMAL
OCT can be shown to be FPT using similar techniques, but with much simpler ideas. But
designing an faster/explicit FPT algorithm even for this version remains an interesting
direction for future research. Finally, the parameterized complexity of the weighted version
of MAXIMUM MINIMAL st-SEPARATOR and MAXIMUM MINIMAL WEIGHT OCT remain
open as very large weights cause problems while formulating the problem in CMSQO, in order
to reduce it to the unbreakable case.
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