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Abstract
The distance-d variants of Independent Set and Dominating Set problems have been extensively
studied from different algorithmic viewpoints. In particular, the complexity of these problems are
well understood on bounded-treewidth graphs [Katsikarelis, Lampis, and Paschos, Discret. Appl.
Math 2022][Borradaile and Le, IPEC 2016]: given a tree decomposition of width t, the two problems
can be solved in time dt · nO(1) and (2d + 1)t · nO(1), respectively. Furthermore, assuming the Strong
Exponential-Time Hypothesis (SETH), the base constants are best possible in these running times:
they cannot be improved to d−ε and 2d+1−ε, respectively, for any ε > 0. We investigate continuous
versions of these problems in a setting introduced by Megiddo and Tamir [SICOMP 1983], where
every edge is modeled by a unit-length interval of points. In the δ-Dispersion problem, the task is
to find a maximum number of points (possibly inside edges) that are pairwise at distance at least δ

from each other. Similarly, in the δ-Covering problem, the task is to find a minimum number of
points (possibly inside edges) such that every point of the graph (including those inside edges) is at
distance at most δ from the selected point set. We provide a comprehensive understanding of these
two problems on bounded-treewidth graphs.

1. Let δ = a/b with a and b being coprime. If a ≤ 2, then δ-Dispersion is polynomial-time solvable.
For a ≥ 3, given a tree decomposition of width t, the problem can be solved in time (2a)t · nO(1),
and, assuming SETH, there is no (2a − ε)t · nO(1) time algorithm for any ε > 0.

2. Let δ = a/b with a and b being coprime. If a = 1, then δ-Covering is polynomial-time
solvable. For a ≥ 2, given a tree decomposition of width t, the problem can be solved in time
((2 + 2(b mod 2))a)t · nO(1), and, assuming SETH, there is no ((2 + 2(b mod 2))a − ε)t · nO(1)

time algorithm for any ε > 0.

3. For every fixed irrational number δ > 0 satisfying some mild computability condition, both
δ-Dispersion and δ-Covering can be solved in time nO(t) on graphs of treewidth t. We
show a very explicitly defined irrational number δ = (4

∑∞
j=1 2−2j

)−1 ≈ 0.790085 such that
δ-Dispersion and δ/2-Covering are W[1]-hard parameterized by the treewidth t of the input
graph, and, assuming ETH, cannot be solved in time f(t) · no(t).

As a key step in obtaining these results, we extend earlier results on distance-d versions of
Independent Set and Dominating Set: We determine the exact complexity of these problems in
the special case when the input graph arises from some graph G′ by subdividing every edge exactly
b times.
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Article No. 44; pp. 44:1–44:19

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:tim.hartmann@cispa.de
https://orcid.org/0000-0002-1028-6351
mailto:marx@cispa.de
https://orcid.org/0000-0002-5686-8314
https://doi.org/10.4230/LIPIcs.STACS.2025.44
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


44:2 Independence and Domination on Bounded-Treewidth Graphs

1 Introduction

An independent set of a graph G is a subset of vertices that have pairwise distance at least 2.
A well-known generalization to higher distance is the notion of a-independent set for some
integer a, which is a subset of vertices that have pairwise distance at least a. Receiving
extensive attention in the literature, e.g. [12, 29, 13, 4, 32, 21], the problem seems reasonably
well understood. The dual notion of distance-d dominating set, which is a set D of vertices
such that every vertex of the graph is at distance at most d from S, was also similarly
well studied. In this paper, we present an extensive study of both problems, focusing on
their complexity on subdivided and bounded-treewidth graphs. Furthermore, we explore the
generalization of these problems to noninteger (even irrational!) distances in an appropriate
continuous model [8, 33] that received renewed attention lately [16, 17, 18, 14].

Independent Set and Dispersion
Integer distances. Finding a maximum a-independent set is NP-hard for a = 2 (as it is
the same as the classic Independent Set problem) and it is not difficult to show that it
remains NP-hard for any fixed a ≥ 2. In contrast, there are polynomial time algorithms for
a ∈ {2, 4} when the input is a 2-subdivided graph, that is a graph G that resulted from a
graph G′ by replacing every edge by a path of length two.

▶ Theorem 1.1 (Grigoriev et al. [14]). For a ∈ {2, 4}, a maximum a-independent set on a
2-subdivided graph can be found in linear time.1

Due to an important connection to the dispersion problem (see later in this section), we
are particularly interested in the complexity of finding a maximum a-independent set on
subdivided graphs, where every edge is replaced by a path of length b. Formally, let αa(G)
be the maximum cardinality of an a-independent set of a graph G. For a graph class G,
let a-Independent Set(G) be the corresponding decision problem, which is, given a graph
G ∈ G and integer k, deciding whether αa(G) ≥ k. Let Gb be class of graphs G that are
b-subdivisions, meaning G results from a graph G′ by replacing every edge by a path of
length b.

As a first contribution, for every fixed integer a, b, we settle the NP-hardness and the
parameterized complexity of finding a maximum a-independent set when parameterized by
the solution size (as color-coded in Figure 1). If the ratio a

b is smaller than 2, then the
problem is FPT, and otherwise it is W[1]-hard unless it is a polynomial time solvable case.

▶ Theorem 1.2 (Section 4). a-Independent Set(Gb) is
polynomial time solvable if b = ca or if b = c a

2 and a
2 is even for some integer c; and

NP-hard for all other integers a, b; and is
fixed-parameter tractable for the solution size as parameter if a

b < 2 or if a
b = 2, b even;

and W[1]-hard for all other integers a, b.

Next, we consider the problem parameterized by treewidth. Intuitively, the a-
Independent Set problem is harder for larger a. Indeed, for all a ≥ 2, there is a matching
upper and lower bound with a in the base of an exponential run time for graphs of bounded
treewidth, assuming the Strong Exponential Time Hypothesis (SETH).

1 The original statement is about a continuous dispersion problem, but can be put as above using a
connection of these two problem which we mention later.
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a

b 1 2 3 4 5 6

1 |V | |V | + |E| |V | + 2|E| |V | + 3|E| |V | + 4|E| |V | + 5|E|
2 IS 1-Disp IS+|E| 1/2-Disp IS+2|E| 1/3-Disp
3 3-IS |V | 3-IS+|E| |V | + |E|
4 4-IS 2-Disp 1-Disp 4-IS+|E| 2/3-Disp
5 5-IS |V | 5-IS+|E|
6 6-IS 3-Disp IS 3/2-Disp 1-Disp

Figure 1 Some problems, such as IndependentSet and Dispersion, (or solution sizes) cor-
responding to a-Independent Set on a graph Gb for small values of a, b and V = V (G) and
E = E(G). A light green cell indicates a polynomial time solvable case, an orange NP-hardness &
FPT, and a dark red NP-hardness & W[1]-hardness.

▶ Theorem 1.3 (Katsikarelis et al. [20]). For a ≥ 2, given a tree decomposition of width t

of an n vertex input graph, a maximum a-independent set can be found in time at · nO(1).
Assuming SETH, there is no (a − ε)tw(G) · nO(1) time algorithm for any ε > 0, even for
graphs without a cycle of length < a.2

We refine Theorem 1.3 by restricting the a-Independent Set problem to b-subdivided
graphs and determining the optimal base of the exponent for all integers a and b. We expect
that larger a makes the problem harder (as in Theorem 1.3) and larger b makes the problem
easier (as the graphs become more restricted), but it turns out that the optimal base depends
on a and b in a very subtle way. Let gcd(a, b) denote the greatest common divisor of integers
a and b.

▶ Theorem 1.4 (Section 5). Let a′, b′ integers with gcd(a′, b′) = c, ca = a′ and cb = b′.
Assume SETH, an ε > 0 and that a tree decomposition of width t is part of the input.

If gcd(a′, b′) is odd: If a = 1, a′-Independent Set(Gb′) is in P, else a′-
Independent Set(Gb′) can be solved in time at · nO(1) but not in (a − ε)pw(G) · nO(1).
If gcd(a′, b′) is even: If a ∈ {1, 2}, a′-Independent Set(Gb′) is in P, else a′-
Independent Set(Gb′) can be solved in time (2a)t · nO(1) but not in (2a − ε)pw(G) · nO(1).

The proof heavily uses hidden symmetries of a-independent sets on b-subdivided graphs
for different values of a and b. Such symmetries were explored first for a continuous version
of a-independent set, in a series of work [14, 17, 15]. We show that these results hold in
similar form for a-independent sets as well.

Rational distances. As the distance between any two vertices in a graph is an integer,
it makes no sense to consider a-independent sets for noninteger a. However, noninteger
distances can be highly relevant if we consider the complexity of the said continuous version
of a-independent. The continuous version, introduced by Dearing and Francis [8], is known as
δ-dispersion for a positive real distance δ. In this setting, instead of requiring a selection of
vertices of a graph G, we allow the selection of points that may be on a vertex or somewhere
on the continuum of an edge. We fix the length of the edges to 1, which defines a distance
relation of the points in the graph G. A δ-dispersed set then is a subset of points S where

2 The restriction to graphs without short cycles is not explicitly given, but easily observed. We will rely
on this restriction later.
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44:4 Independence and Domination on Bounded-Treewidth Graphs

every distinct points p, q ∈ S have distance at least δ; as studied for example in [35, 14, 17].
The problem δ-Dispersion is the decision version asking for a δ-dispersed set of size at
least k, for some budget k given in the input. It turns out that the notion of a

b -dispersed
sets is similar to a-independent sets on b-subdivided graphs. Indeed, a crucial connection
between the two types of sets is that a

b -dispersed sets are in one-to-one correspondence to
2a-independent sets on the 2b-subdivided graph, as follows from a discretization argument
by Grigoriev et al. [14]. Particularly, the polynomial time solvable case of a-independent set,
as stated in Theorem 1.1, follow from this discretization argument and a characterization
of the polynomial time solvable cases of δ-dispersion. Finding a maximum δ-dispersed set
is polynomial time solvable if δ is a twice a unit-fraction (including 1 and 2), and all other
cases are NP-hard [14]. Further, δ-dispersion when parameterized by the solution size is
FPT when δ ≤ 2 and otherwise W[1]-hard, as shown by Hartmann et al. [17].

With such connections and Theorem 1.4 at our hands, we can turn the results on a-
independent set on b-subdivided graphs into tight results for δ-Dispersion on bounded
treewidth graphs for every fixed rational δ.

▶ Theorem 1.5 (Section 5). Let coprime a, b define δ = a
b . If a ≤ 2, then δ-Dispersion is

in P. For a ≥ 3, given a tree decomposition of width t, the problem can be solved in time
(2a)t · nO(1), and, assuming SETH, there is no (2a − ε)t · nO(1) time algorithm for any ε > 0.

Irrational distances. By Theorem 1.5, for a fixed rational δ = a
b , finding a maximum size

a
b -dispersed set is fixed-parameter tractable in the treewidth of the input graph. This is not
necessarily the case for irrational δ. Deciding δ-Dispersion can be as hard as outputting the
digits of δ, which for some δ is not even computable. Consider, for example, a path of length
ℓ. Then there is a dispersed set of size k + 1 if and only if ℓ

k ≤ δ. Hence it is reasonable to
consider the question of efficient algorithms only if δ is efficiently comparable to rationals,
meaning that there is an algorithm that, given y

x , decides whether x
y ≤ δ in time polynomial

in log x + log y.
For every fixed efficiently comparable δ, it is possible to find a maximum δ-dispersed

set in an n-vertex graph in time nO(tw(G)), i.e., there is an XP algorithm parameterized by
treewidth. This follows from a rounding procedure by Hartmann et al. [17], by which for an
n-vertex graph the dispersion number of δ equals to the dispersion number of the smallest
rational x

y where δ ≤ x
y with x ≤ 2n. Using that δ is efficiently comparable, we can find this

rational in polynomial time since x ≤ 2n and y is in the order of n for a fixed δ. Then it
remains to apply the algorithm of Theorem 1.5 to find a maximum x

y -dispersed set.
In contrast, the above algorithm cannot be improved to a fixed-parameter tractable under

standard complexity assumptions. As we show, there is a very explicitly defined and efficiently
comparable irrational δ = (4

∑∞
j=1 2−2j )−1 ≈ 0.790085, for which computing the δ-dispersion

number is W[1]-hard parameterized by the treewidth (in fact even for pathwidth), and an
according lower bound holds under the Exponential Time Hypothesis (ETH).

▶ Theorem 1.6 (Section 6). There is an efficiently comparable irrational δ for which δ-
Dispersion is W[1]-hard in the pathwidth pw(G) of the n-vertex input graph G and, assuming
ETH, cannot be solved in time f(pw(G)) · no(pw(G)) for any computable function f .

Domination Problems
In addition to distance a-independent set, we perform a similar study of the dual domination
problems. As we show, the results for a-independence hold quite similarly for according
domination problems. We use a definition that unifies several concepts such as that of a
dominating set and a vertex cover.
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A distance-d dominating set D is a subset of vertices such that every other vertex is
at distance at most d to a vertex in D. The literature contains several more distance
domination-like problems, which are often quite well understood on bounded treewidth
graphs. A well-studied example is mixed dominating set, for example [38, 19, 25, 37, 10] and
under the name total covering [1, 11, 28, 2, 31], which is (even though not directly phrased as
such) equivalent to a distance-2 dominating set of the 2-subdivision of a graph G. Similarly,
a vertex-edge dominating set is a subset of vertices D such that every edge has one of its end
vertices in distance at most 1 to a vertex in D, as studied in [23, 40, 39]. More generally, a
distance-d vertex cover (not to be confused with a d-path vertex cover) is a subset of vertices
D such that every edge has one of its end vertices in distance at most d to a vertex in D, as
studied in [3, 7].

We unify all above concepts by the notion of an a-walk dominating set for an integer
a, which is a subset of vertices D such that for every edge e ∈ E(G), there are (possibly
identical) vertices w1, w2 ∈ D and a w1, w2-walk of length at most a containing edge e.

▶ Observation 1.7. For a graph G without isolated vertices, the following notions coincide:
a vertex cover and a 2-walk dominating set,
a dominating set and a 3-walk dominating set,
a vertex-edge dominating set and a 4-walk dominating set,
a distance-d dominating set and a (2d + 1)-walk dominating set, for every d ≥ 1,
a mixed dominating set in G and a 5-walk dominating set in the 2-subdivision G2, and
a distance-d vertex cover and a (2d + 2)-walk dominating set, for every d ≥ 0.

Integer distances. Finding a minimum a-walk dominating set is NP-hard for a = 2 (i.e.,
finding minimum vertex cover) and it is not difficult to show that it remains NP-hard for
any fixed a ≥ 2. In some cases, the hardness also extends to when we restrict the input to
2-subdivided graphs: Finding a minimum mixed dominating set, i.e., a 5-walk dominating
set of 2-subdivided graphs, is NP-hard, as shown by Majumdar [26]. In contrast, there are
polynomial time algorithms for a ∈ {2, 4} when the input is a 2-subdivided graph.

▶ Theorem 1.8 (Hartmann et al. [18]). For a ∈ {2, 4}, a minimum a-walk dominating set on
a 2-subdivided graph can be found in linear time.3

These examples give a glimpse into the complexity of finding an a-walk dominating set of
a b-subdivided graphs for integers a, b. This work settles, for every fixed integer a, b, whether
finding a minimum a-walk dominating set of a b-subdivided graph is polynomial time solvable
or NP-hard, and additionally settles the parameterized complexity for the solution size as
parameter (as color-coded in Figure 2). Formally, let γa(G) be the minimum cardinality of an
a-walk dominating set of a graph G. For a graph class G, let a-Walk Dominating Set(G)
be the according decision problem, which is, given a graph G ∈ G and an integer k, deciding
whether γa(G) ≥ k.

▶ Theorem 1.9 (⋆). a-Walk Dominating Set(Gb) is
polynomial time solvable if b = ca or if b = c a

2 and a
2 is even for some integer c; and is

NP-hard for all other integers a, b; and is
fixed-parameter tractable for the parameter solution size if a

b < 3; and W[2]-hard for all
other integers a, b.

3 The original statement is about a continuous covering problem, but can be phrased as here by using a
discretization argument given in the same work.
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a

b 1 2 3 4 5 6

1 |V | |V | + |E| |V | + 2|E| |V | + 3|E| |V | + 4|E| |V | + 5|E|
2 VC 1/2-Cover VC+|E| 1/4-Cover VC+2|E| 1/6-Cover
3 DS DS(G2) |V | DS+|E| DS(G2) + |E| |V | + |E|
4 VED 1-Cover 1/2-Cover VED+|E| 1/3-Cover
5 2-DS MDS MDS |V | 2-DS+|E|
6 3/2-Cover VC DS(G2) 1/2-Cover
7 3-DS
8 2-Cover 1-Cover 2/3-Cover
9 4-DS DS DS(G2)

Figure 2 Some problems, such as VertexCover, (Mixed)DominatingSet, VertexEdge
Domination, (or solution sizes) corresponding to a-Walk Dominating Set of a graph Gb for
small values of a, b, where V = V (G) and E = E(G). A light green cell indicates a polynomial time
solvable case, an orange NP-hardness and FPT, and a dark red NP-hardness & W[2]-hardness.

We note that a-Walk Dominating Set(Gb) is polynomial time solvable for the same set
of integers a, b where a-Independent Set(Gb) is polynomial time solvable. In contrast, the
threshold which separates the fixed-parameter tractable cases from the W[1]-hard/W[2]-hard
cases is shifted, which should be expected as Vertex Cover and Dominating Set are to
be separated by this threshold.

Further, we study the problem parameterized by treewidth. Again, intuitively, the a-walk
dominating set problem is harder for larger a. Indeed, for many cases the notion of an a-walk
dominating set corresponds to a known problem (as in Observation 1.7) where the literature
knows a matching upper and lower bound with a in the base of an exponential run time for
graphs of bounded treewidth, assuming SETH. This is also the case for a = 5 on 2-subdivided
graphs, as this corresponds to a mixed dominating set.

▶ Theorem 1.10 ([30, 36, 5, 24, 10]). For a ∈ {2} ∪ {3, 5, 7, . . . }, given a tree decomposition
of width t of an n vertex input graph, a minimum a-walk dominating set can be found in time
at · nO(1), and, assuming SETH, there is no (a − ε)t · nO(1) time algorithm for any ε > 0.
Moreover, for a = 5 this even holds when the input graph is restricted to 2-subdivided graphs.

We refine Theorem 1.10 by including also even distances a ≥ 4 and by considering the
restriction of a-Walk Dominating Set to b-subdivided graphs, beyond the case a = 5 and
b = 2. We determine the optimal base of the exponent for all integers a and b. As it turns
out, the optimal base depends on a and b in a very subtle way.

▶ Theorem 1.11 (⋆). Let a′, b′ integers with gcd(a′, b′) = c and ca = a′ and cb = b′. Assume
SETH, ε > 0, and that a tree decomposition of width t is part of the input.

If gcd(a′, b′) is odd: If a = 1, a′-Walk Dominating Set(Gb′) is in P, else a′-
Walk Dominating Set(Gb′) can be solved in time at ·nO(1) but not in (a−ε)pw(G) ·nO(1).
If gcd(a′, b′) is even: If a ∈ {1, 2}, a′-Walk Dominating Set(Gb′) is in P, else a′-
Walk Dominating Set(Gb′) can be solved in time (2a)t · nO(1) but not (2a − ε)pw(G) ·
nO(1).

The proof of Theorem 1.11 heavily uses hidden symmetries of a-walk dominating sets on
b-subdivided graphs, which are of similar nature as for independent sets. Such symmetries
were explored first for a continuous version of a-walk dominating set [18]. We show that
these results hold in similar form for a-walk dominating set as well.
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Regarding distance-d domination, our results so far imply the following.

▶ Corollary 1.12. Finding a minimum distance-d dominating set in b-subdivided graphs
is polynomial time solvable if b is a multiple of 2d + 1, otherwise is NP-hard;
if b is not a multiple of 2d+1, with gcd(2d+1, b) = c can be solved in time ((2d+1)/c)t·nO(1)

if a tree decomposition of width t is part of the input, and, assuming SETH, cannot be
solved in time ((2d + 1)/c − ε)pw(G) · nO(1); and
fixed-parameter tractable for the parameter solution size if 2d+1

b < 3; and W[2]-hard for
all other values of d, b.

Rational distances. The continuous version of a-walk dominating set, as introduced by
Shier [33], is known as δ-covering for a positive real distance δ. Similarly to δ-dispersion,
we allow the selection of points that may be on a vertex or somewhere on the continuum
of an edge. We fix the length of the edges to 1, which defines a distance relation of the
points in the graph G. A δ-cover is a set of points S that covers every point p in the graph,
that is there is a point q ∈ S such that p, q have distance at most δ; as studied for example
in [27, 34] and receiving renewed attention lately [16, 18]. The problem δ-Covering is the
decision version asking for a δ-cover of size at most k, for some budget k given in the input.
The notion of a a

b -cover is quite similar to an a-walk dominating set of a b-subdivided graph;
though the connection is more subtle compared to the independence problems. Based on
a discretization argument by Hartmann et al. [18] we show that a

b -covers are in one-to-one
correspondence to 2a-walk dominating sets on b-subdivided graphs, if b is even; while if b is
odd, a

b -covers are in one-to-one correspondence to 4a-walk dominating sets on 2b-subdivided
graphs. Particularly, we obtain the polynomial time solvable cases of δ-covering based on
this connection. Finding a minimum δ-cover is polynomial time solvable if δ is a unit-fraction
and otherwise NP-hard [18]. By the same work, δ-Covering parameterized by the solution
size is FPT in case δ < 3

2 an otherwise W[2]-hard. (We observe a similar dichotomy for
a-independent sets on b-subdivided graphs, as stated in Theorem 1.9.)

With such connections and Theorem 1.11 at our hands, we can turn the results on
a-independent set on b-subdivided graphs into tight results for δ-Covering on bounded
treewidth graphs for every fixed rational δ.

▶ Theorem 1.13 (⋆). Let a′, b′ integers with gcd(a′, b′) = c and ca = a′ and cb = b′. Assume
SETH, ε > 0, and that a tree decomposition of width t is part of the input.

a′

b′ -Covering for a = 1 is in P; if a ≥ 2 and b is odd, can be solved in time (4a)t · nO(1)

but not in (4a − ε)pw(G) · nO(1); if a′ ≥ 2 and b is even, can be solved in time (2a)t · nO(1)

but not in (2a − ε)pw(G) · nO(1).

Irrational distances. By Theorem 1.13, for every fixed rational δ = a
b , finding a minimum

a
b -cover is fixed-parameter tractable parameterized by the treewidth of the input graph. As
is the case for δ-covering, this is not necessarily true for irrational δ. Deciding δ-Covering
can be as hard as outputting the digits of δ, which for some δ is not even computable. For a
path of length ℓ, there is a covering set of size k if and only if δ ≥ ℓ

2k . Hence it is reasonable
to consider only δ which are efficiently comparable.

For every fixed efficiently comparable δ, it is possible to find a minimum δ-cover in time
nO(tw(G)), i.e., there is an XP algorithm parameterized by treewidth. This follows from a
rounding procedure by Tamir [34], by which for an n-vertex graph the covering number of δ

equals to the covering number of the largest rational x
y ≤ δ with x ≤ 2n. Using that δ is

STACS 2025
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efficiently comparable, we can find this rational in polynomial time since x < 2n and y is in
the order of n for a fixed δ. Then it remains to apply the algorithm of Theorem 1.13 to find
a minimum x

y -covering set.
In contrast, the above algorithm cannot be improved to a fixed-parameter tractable

under standard complexity assumptions. As we show, there is a very explicitly defined and
efficiently comparable irrational δ′ = (2

∑∞
j=1 2−2j )−1 ≈ 0.395043, for which computing the

δ′-covering number is W[1]-hard parameterized by the treewidth (in fact even for pathwidth),
and an according lower bound under ETH.

▶ Theorem 1.14 (⋆). There is an efficiently comparable irrational δ′ such that δ′-Covering
is W[1]-hard in the pathwidth pw(G) of the n-vertex input graph G and, assuming ETH,
cannot be solved in time f(pw(G)) · no(pw(G)) for any computable function f .

2 Preliminaries

All our graphs are simple and undirected. Usually we assume that our graphs as input do
not contain isolated vertices, as they can easily be preprocessed for the studied problems.

b-Subdivision. For a graph G and an integer b, the b-subdivision of G, denoted as Gb,
results from G by replacing every edge {u, v} ∈ E(G) by a u, v-path of length b. For example,
G = G1. For an edge {u, v} ∈ E(G) and β ∈ {0, . . . , b}, let v(u, v, β) be the unique vertex
on the unique shortest u, v-path in Gb with distance β to u and distance b − β to v. Let Gb

be the class of every graph H that is the b-subdivision Gb of a graph G.

Point space. For a graph G, we assume that its edges have unit length. Let p(u, v, λ), for
an edge {u, v} ∈ E(G) and a real λ ∈ [0, 1], denote the point on the edge {u, v} with distance
λ to u and distance 1 − λ to v. Hence p(u, v, λ) coincides with p(u, v, 1 − λ), and the point
p(u, v, 0) coincides with the vertex u. By P (G) we denote the set of points of a graph G. Let
d(p, q), for two points p, q ∈ P (G), denote the distance of p, q of the underlying metric space
on P (G).

Graph parameters. We use the following well known relation of graph parameters. By
ν(G) we denote the maximum size of a matching in a graph G. A tree decomposition (T, β)
of G consists of a tree T and a mapping β from the vertices of T (referred to as nodes) to
subsets of V (G) (referred to as bags), such that (1)

⋃
n∈V (T ) = V (G), (2) {u, v} ∈ E(G)

implies a node n ∈ V (T ) with {u, v} ⊆ β(n), and (3) for nodes n1, n2, n3 ∈ V (T ) where
n2 lies on the path from n1 to n2, we have β(n1) ∩ β(n3) ⊆ β(n2). The width of a tree
decomposition is the maximum of |β(n)| − 1 for all n ∈ V (T ). A path decomposition of G is
a tree decomposition (P, β) where P is a path. We let (β(n1), . . . , β(nt)) denote the path
decomposition using a path (n1, . . . , nt). The treewidth tw(G) of a graph is the minimum
width of a tree decomposition, and likewise the pathwidth pw(G) is the minimum width of a
path decomposition.

It is well known that 2ν(G) ≥ pw(G) ≥ tw(G). Hence a parameterized algorithm with
the treewidth as parameter is more general result than using the pathwidth (assuming a
respective decomposition is given in the input). On the other hand, a lower bound for the
parameter pathwidth also holds for the parameter treewidth.

Efficiently comparable real. A real δ is efficiently comparable if there is an algorithm that,
given y

x , decides whether x
y ≤ δ in time polynomial in log x + log y.
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3 Independent and Dispersed Sets

This section explores the close relationship between a-independent sets and δ-dispersed
sets. Our goal is to establish the following two transformations of δ-dispersed sets also for
independent sets. The first relates the dispersion number to the subdividing the graph.

▶ Lemma 3.1 ([14]). For every real δ > 0 and integer c ≥ 1, δ-disp(G) = cδ-disp(Gc).

The second relates the dispersion number of the same graph but of different distances.
For certain distances the solution size differs by exactly one point for every edge.

▶ Lemma 3.2 ([17, 15]). δ-disp(G) + |E(G)| = δ
1+δ -disp(G) for every real δ > 0 and graph

G without cycles of length < δ.

In a key result later, we will apply Lemma 3.2 multiple time, stated as follows. (The
proof thereof and of other statements marked with (⋆) can be found in the full version of
this paper.)

▶ Corollary 3.3 (⋆). δ-disp(G) = δ
1+b·δ -disp(G) − b|E(G)| for an integer b ≥ 1, real δ > 0

and graph G without cycles of length < δ.

To obtain Lemma 3.1 and Lemma 3.2 in terms of a-independent sets, we consider certain
normalized dispersed sets. To that end, recall that a point p(u, v, λ) ∈ P (G) is c-simple if λ

is a multiple of c. Further, let S ⊆ P (G) be c-simple if all its points are c-simple. The good
news is that there is a direct correspondence of b-simple a

b -dispersed sets in a graph G and
a-independent sets in the b-subdivision Gb.

▶ Observation 3.4. Let k ∈ N. There is an a-independent set of size k in Gb, if and only if
there is a b-simple a

b -dispersed set of size k in G.

Proof. The vertex v(u, v, β) for an edge {u, v} ∈ E(G) and β ∈ {0, . . . , b} corresponds to
the b-simple point p(u, v, i

b ) and vice versa. The distance between vertices corresponds to
the same distance of corresponding points multiplied by the factor 1

b . ◀

Unfortunately, there may be no minimum a
b -dispersed set that is b-simple. On the positive

side, a minimum a
b -dispersed set S can be modified to a 2b-simple dispersed set S⋆ of same

size. Actually, one can observe that S⋆ is not b-simple only because of certain points in S.

▶ Lemma 3.5 ([14]). For an a
b -dispersed set S, the following set S⋆ = {p⋆ | p ∈ S} is

2b-simple and a
b -dispersed. For each point p(u, v, λ) with λ ∈ ( i

b − 1
2b , i

b + 1
2b ) for some integer

i ≥ 0, let p⋆ := p(u, v, i
b ); for all other p ∈ S, let p⋆ = p.

▶ Corollary 3.6. a
b -disp(G) = α2a(G2b) for every a, b ∈ N+ and graph G.

This already implies a subdivision argument almost as for a-independent sets (Lemma 3.1).

▶ Lemma 3.7. For every graph G, αa(Gb) = αca(Gcb) if c is odd, or a, b are even.

Proof. First consider that a and b are even. Then αa(Gb) = α2a′(G2b′) for some integers a′, b′.
Then α2a′(G2b′) = a′

b′ -disp = ca′

cb′ -disp = α2ca′(G2cb′) = αca(Gcb), because of Corollary 3.6.
Now consider that c is odd. Clearly, an a-independent set in Gb corresponds to a ca-

independent set in Gcb. For the reverse direction, let I ⊆ V (Gcb) be a ca-independent set of
Gcb. Consider the corresponding a-dispersed set S ⊆ V (Gb) in Gb, which is bc-simple. We
apply the construction of Lemma 3.5. As c is odd, there is no point p ∈ S with edge position
1
2 . Hence the construction only produces points with edge position 0 or 1. That is, the
constructed set S⋆ is 1-simple, and hence S⋆ corresponds to an a-independent set in Gb. ◀
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Next, we obtain the second connection (Lemma 3.2) quite similarly for dispersed sets.
That is, we relate a-independent sets in the subdivided graphs Gb and Ga+b. The basic idea
is to translate the independent set to a dispersed set and apply Lemma 3.2. However, the
construction of Lemma 3.2 does not preserve simplicity. Hence we adapt the construction
slightly such that it always maps b-simple inputs to (a + b)-simple outputs. As we show in
the appendix, the correctness follows with almost the same proof as for Lemma 3.2.

▶ Lemma 3.8 (⋆). Let G be a graph without a cycle of length < a
b . A b-simple a

b -dispersed set
S implies an (a + b)-simple a

a+b -dispersed set of size |S| + |E(G)|. Further, an (a + b)-simple
a

a+b -dispersed set S′ implies a b-simple a
b -dispersed set of size |S′| − |E(G)|.

Equipped with Lemma 3.8, we obtain an result analogous to Lemma 3.2.

▶ Theorem 3.9. αa(Gb) + |E(G)| = αa(Ga+b) if graph Gb contains no cycle of length < a.

Proof. Let I be an a-independent set I in Gb. Then I corresponds to a b-simple a
b -dispersed

set S in G, by Observation 3.4. Lemma 3.8 maps S to an (a + b)-simple a
a+b -dispersed set

S′ in G of size |I| + |E(G)|. This construction is applicable since Gb contains no cycle of
length < a, and hence G contains no cycle of length < a

b . Then the (a + b)-simple set S′

corresponds to an a-independent set in Ga+b of size |I| + |E(G)|, by Observation 3.4. That
means αa(Gb) + |E(G)| ≤ αa(Ga+b).

Vice versa, let I be an a-independent set in Ga+b. Then I ′ corresponds to an (a + b)-
simple a

a+b -dispersed set S′ in G of size |I|, by Observation 3.4. Lemma 3.8 maps S to an
a-simple a

b -dispersed set S in G of size |I ′| − |E(G)|. Then the b-simple set S corresponds
to an a-independent set in Gb of size |I ′| − |E(G)|, by Observation 3.4. That means
αa(Gb) + |E(G)| ≥ αa(Ga+b). ◀

Now with these two relation of independent sets established (Corollary 3.6 and Theo-
rem 3.9), we easily obtain the the integers a, b for which finding a maximum a-independent set
on b-subdivided graphs is polynomial time solvable. A simple case is, that a is odd and b is a
multiple of a. By Lemma 3.7, this is equivalent to finding a maximum 1-independent set on a
a
b -subdivided graph, which trivially consist of all vertices. In the case that a is even and b is a
multiple of a, and that a

2 is even and b is a multiple of a
2 , Lemma 3.7 and Theorem 3.9 allow

to reduce the problem to a polynomial time solvable case from Theorem 1.2. Theorem 3.9 is
applicable as in above cases a

b ≤ 2.

▶ Theorem 3.10. a-Independent Set on b-subdivided graph is polynomial time solvable if
b is a multiple of a, or a

2 is even and b is an odd multiple of a
2 .

4 Independent Set with Parameter Solution Size

This section settles the parameterized complexity of finding a maximum a-independent set
on b-subdivided graphs with the solution size as parameter, for every integer a, b. These
results are also color-coded in Figure 1 and summarized as follows.

▶ Theorem 4.1 (Theorem 1.2 restated). a-Independent Set(Gb) is
polynomial time solvable if b = ca or if b = c a

2 and a
2 is even for some integer c; and

NP-hard for all other integers a, b; and is
fixed-parameter tractable for the solution size as parameter if a

b < 2 or if a
b = 2, b even;

and W[1]-hard for all other integers a, b.



T. A. Hartmann and D. Marx 44:11

The polynomial time solvable cases are already settled by Theorem 3.10. As is well-known,
2-Independent Set (on general graphs, hence 1-subdivided graphs) is W[1]-hard [9]. This
also puts all cases where a

b = 2 and b odd to W[1]-hard, by applying Lemma 3.7; while all
over cases with a

b = 2 are polynomial time solvable. The fixed-parameter tractable cases
rely on bounding the solution size below by the size of a maximum matching in a graph G,
denoted as ν(G); similarly as for the covering problem [17].

▶ Lemma 4.2. ν(G) ≤ αa(Gb) for every graph G and integers a, b with a
b < 2.

Proof. If a
b ≤ 1, then V (G) is an a-independent set in Gb. Since |V (G)| ≥ ν(G), the

statement follows for a
b ≤ 1. Otherwise, consider a maximum matching M ⊆ E(G). Then

the two vertices v(u, v, ⌊ b
2 ⌋) and v(u′, v′, ⌊ b

2 ⌋) for distinct matching edges {u, v}, {u′, v′} ∈ M

have distance at least b + 2⌊ b
2 ⌋ ≥ b + (b − 1) = 2b − 1 ≥ a. The last inequality holds since

otherwise 2b ≤ a in contradiction to a
b < 2. In conclusion {v(u, v, ⌊ b

2 ⌋) | {u, v} ∈ M, u ≺ v}
is an a-independent set of Gb, where ≺ is an arbitrary ordering of V (G). ◀

As the maximum size of a matching in a graph upper bounds the treewidth, an FPT-
algorithm results from a win-win situation. Either the input asks for an independent set that
is relatively large compared to ν(G) and hence also compared to the treewidth, in which case
we can use Theorem 1.3, or the answer is trivially “yes”.

▶ Lemma 4.3 (⋆). For every a, b with a
b < 2, a-Independent Set(Gb) is FPT for the

parameter solution size.

It remains to show W[1]-hardness if a
b > 2, which follows from two parameter preserving

reductions from Independent Set showing W[1]-hardness, the first for a
b ∈ (2, 3), the

second for a
b ≥ 3; similarly as for the covering problem [17].

▶ Lemma 4.4 (⋆). For integers a, b where a
b > 2, a-Independent Set(Gb) is W[1]-hard.

5 Dispersion for Rational Distances

This section derives the upper and lower bounds under SETH for finding a minimum a-
independent set on b-subdivided graphs for the parameter treewidth, for all integers a, b. All
lower bounds follow from the mere lower bound for even distance a ≥ 6.

▶ Theorem 5.1 (⋆). Let a ≥ 6 be even. Assuming SETH, a-Independent Set has no
(a − ε)pw(G) · nO(1) time algorithm for any ε > 0, even when the input is restricted to
2-subdivided graphs without a cycle of length < a.

In fact, we show this lower bound assuming the Primal Pathwidth SETH, recently
introduced by Lampis [22]. We provide the details in the full version.

▶ Theorem 5.2 (Theorem 1.4, Theorem 1.5 combined). Let integers a′, b′ define gcd(a′, b′) = c

and ca = a′ and cb = b′. Assume SETH, an ε > 0 and that a tree decomposition of width t

is part of the input.
If gcd(a′, b′) is odd: If a = 1, a′-Independent Set(Gb′) is in P, else a′-
Independent Set(Gb′) can be solved in time at · nO(1) but not in (a − ε)pw(G) · nO(1).
If gcd(a′, b′) is even: If a ∈ {1, 2}, a′-Independent Set(Gb′) is in P, else a′-
Independent Set(Gb′) can be solved in time (2a)t · nO(1) but not in (2a − ε)pw(G) · nO(1).
If a′ ∈ {1, 2}, a′

b′ -Dispersion is in P; while if a′ ≥ 3 can be solved in (2a)t · nO(1) time
but not in time (2a − ε)pw(G) · nO(1).
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Proof. First, we consider that c = gcd(a′, b′) is odd. Then ca-Independent Set(Gcb)
is equivalent to a-Independent Set(Gb) by Lemma 3.7. In case a = 1, then
1-Independent Set(Gb) has the trivial 1-independent set |V (G)|. Otherwise, a-
Independent Set(Gb) can be solved in time at · nO(1) using Theorem 1.3.

For the lower bound we use that yb = 1 + xa for some integers x, y. Assume SETH.
Then we know from Theorem 1.3 that a-Independent Set(G1) has no (a − ε)pw(G) · nO(1)

time algorithm for any ε > 0. Particularly, this lower bound relies on graphs without a cycle
of length < a. Then Theorem 3.9 applied x times yields that a-Independent Set(G1+xa),
and equivalently a-Independent Set(Gyb), also has no (a − ε)pw(G) · nO(1) time algorithm
for any ε > 0. Thus especially a-Independent Set(Gb) has no (a − ε)pw(G) · nO(1) time
algorithm. This settles the cases for independent set with odd gcd(a′, b′).

Next, we consider that c = gcd(a′, b′) is even, hence that c = 2ĉ for some integer ĉ. Then
(2ĉa)-Independent Set(G2ĉb) is equivalent to 2a-Independent Set(G2b), by Lemma 3.7.
Again, by Theorem 1.3, 2a-Independent Set(G2b) can be solved in time (2a)t · nO(1).

If a ∈ {1, 2}, then a-Dispersion is polynomial time solvable, by Theorem 1.1. Further,
as a

b ≤ 2, applying Lemma 3.2 yields that also a′

b′ -Dispersion is polynomial time solvable
(as also observed in [14]). By Corollary 3.6, 2a-Independent Set(G2b) is equivalent to
a′

b′ -Dispersion, hence polynomial time solvable.
In case a ≥ 3, and assuming SETH, Theorem 5.1 provides that 2a-Independent Set(G2)

has no (2a − ε)pw(G) · nO(1) time algorithm for any ε > 0. Particularly, this lower bound does
not rely on graphs with a cycle of length < a. Since a, b are co-prime, again Theorem 3.9
applies, and we obtain that 2a-Independent Set(G2b) has no (2a − ε)pw(G) · nO(1) for any
ε > 0. This settles the cases for independent set with even gcd(a′, b′).

Finally, a′

b′ -Dispersion is equivalent to a
b -Dispersion by definition. Then a

b -Dispersion
is equivalent to 2a-Independent Set(G2b) by Corollary 3.6. Since a, b are co-prime, 2a, 2b

have greatest common devisor 2. By the discussion for an greatest common devisor which
is even, we follow that a

b -Dispersion has an (2a)t · nO(1) time algorithm, and, assuming
SETH, has no (2a − ε)t · nO(1) time algorithm for any ε > 0. ◀

6 Dispersion for Irrational Distance

This section derives the hardness result for computing a maximum δ-dispersed set for the
efficiently comparable irrational δ = (

∑
j∈[i+1] 22−2j )−1 ≈ 0.790085.

▶ Theorem 6.1 (Theorem 1.6 restated). There is an efficiently comparable irrational δ for
which δ-Dispersion is W[1]-hard in the pathwidth pw(G) of the n-vertex input graph G and,
assuming ETH, cannot be solved in time f(pw(G)) · no(pw(G)) for any computable function f .

Our proof is based on two main reductions. The first one is fairly standard: It is a
reduction from a colorful clique problem to ci-Dispersion, where ci = 22i is a sufficiently large
integer (polynomially bounded in the number of vertices of the colorful clique problem). The
reduction is robust in the sense that it is simultaneously a reduction to (ci − 1)-Dispersion
as well, i.e., the yes/no answer does not change if we reduce the radius by 1. The second
reduction is the main nontrivial part of the proof: We reduce ci-Dispersion to δi-Dispersion
for some rational δi in a robust way. That is, the reduction can be interpreted also as a
reduction from (ci − 1)-Dispersion to γi-Dispersion for some γi < δi. Thus if the source
instance has the same yes/no answer for radius ci and ci − 1, then the target problem has
the same answer for any radius δ ∈ [γi, δi]. We manage to define γi, δi in such a way that
there is an irrational δ that is in [γi, δi] for every i. Thus for every i, the problem can be
reduced to δ-Dispersion.
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Colorful Clique
k color classes
each of size n

≤p

≤
p

ci-Dispersion
pathwidth O(k)

same mapping,
Lemma 6.2

(ci − 1)-Dispersion
pathwidth O(k)

≤p

same mapping,
Lemma 6.6

γi ≤ δ ≤ δi

≤p

δi-Dispersion
pathwidth O(k)

γi-Dispersion
pathwidth O(k)

=

=

δ-Dispersion
pathwidth O(k)

Figure 3 Reductions used for the proof of Theorem 6.1. Lemma 6.2 is simultaneously a reduction
to ci-Dispersion and to (ci − 1)-Dispersion. ’Agnostic’ to whether the distance is ci or ci − 1,
Lemma 6.6 reduces to Dispersion with distance γi respectively δi. These rationals γi and δi form an
approximation of δ from below and above. Thus the combined reduction reduces to δ-Dispersion.

Our main tools so far are subdividing (using Lemma 3.1), and translating (using
Lemma 3.2). Translating only applies to instances ⟨δ, G, k⟩ where the graph G contains no
cycle of length < δ. Hence, for convenience, let Dispersion⋆ be the Dispersion problem
restricted to instances where the graph G contains no cycle of length < δ.

The starting point is Colorful Clique where, given a graph G and an integer k and
a proper k-coloring of G, the task is to decide whether G contains a k-clique that contains
exactly one vertex of each color. It is known [6] that Colorful Clique is W[1]-hard
parameterized by the solution size k and, assuming ETH, has no f(k) · no(k) time algorithm
for any computable function f .

The first reduction is based on a reduction from Colorful Clique to the task of finding
a maximum a-independent set with a as part of the input, as given by Katsikarelis et al. [20].
We output a graph with enough leeway such that the δ-dispersion number does not change
for δ in the interval [c, c − 1] for some integer c. Doing so, our construction constitutes a
reduction from Colorful Clique to c-Dispersion and, at the same time, a reduction from
Colorful Clique to (c − 1)-Dispersion. Further, we make sure that the construction
does not introduce any short cycles.

▶ Lemma 6.2 (⋆). There is a polynomial time reduction that, given a Colorful Clique-
instance ⟨G, k⟩ with k color classes of size n, outputs a graph G′ of pathwidth O(k) and
integer k′, such that: ⟨G, k⟩ is a yes-instance of Colorful Clique if and only if ⟨G′, k′⟩
is a yes-instance of 32n-Dispersion⋆ if and only if ⟨G′, k′⟩ is a yes-instance of (32n − 1)-
Dispersion⋆.

Next, let us define δ in an abstract sense. Distance δ is approximated by values δi and
γi from below and above with increasing precision. The idea is to define distance δi by a
fraction ai

bi
that results from applying translation (Lemma 3.2) and subdivision (Lemma 3.1)

to a (quite large) distance ci. Later, our second reduction then reduces to δi-Dispersion
and to γi-Dispersion by applying the according translation and subdivision.

▶ Definition 6.3. Let c1, c2, · · · ∈ N+ be an increasing integer sequence. Then a0 = b0 = 1
and, for i ≥ 1,

ai := ai−1ci, bi := bi−1ci + 1, δi := ai

bi
, γi := ai − ai−1

bi − bi−1
.

This defines δ := limi→∞ δi.

The sequence is decreasing and bounded from below, hence the limit δ := limi→∞ δi is
well defined.
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▶ Lemma 6.4 (⋆). For i ≥ 2, and γi, δ, δi as defined in Definition 6.3, we have γi−1 < γi <

δ < δi < δi−1

We obtain nice computational properties if we use the double-exponential sequence for ci.

▶ Lemma 6.5. Using sequence ci := 22i for Definition 6.3, integers ai, bi are polynomial-time
computable given ci, and ai is polynomial in ci. Further, δ is efficiently comparable.

Proof. We observe that ai =
∏i

j=1 cj = 221 · 222 · · · 22i = 22i+1−2 = 22i+1
/4 = ci

2/4,
hence that ai is polynomial-time computable given ci and is polynomial in ci. Further,
bi = (. . . ((c1 + 1)c2 + 1) . . . )ci + 1 =

∑i
j=1 cjcj+1 . . . ci ≤ i · ai = log log ci · c2

i /4. Hence bi is
polynomial-time computable given ci, by at most 2i multiplications and additions of integers
that are polynomial in ci.

Let us determine δ. We let ηi =
∑i

j=1 2−2j . Then

bi =
∑i+1

j=1
∏i

k=j ck =
∏i

k=1 ck

∑i+1
j=1

∏j−1
k=1 c−1

k = ai

∑i+1
j=1 2−(2j−2) = 4aiηi+1.

This yields δ = limi→∞
ai

bi
=

(
4

∑∞
j=1 2−2j

)−1
≈ 0.790085.

We show that δ is efficiently comparable, that is there is an algorithm that, given a
rational x

y , decides whether x
y < δ in time polynomial in log x + log y. Our algorithm first

checks whether 1
2 < x

y < 1, and if not can conclude that x
y < δ or x

y > δ. Instead of
comparing x

y with δ, we compare their inverses y
x and δ−1, and output the negated answer.

In base 2, we obtain that δ−1 = 1.01000100000001 . . . , which is that the i-th digit 1 succeeds
the (i − 1)-st digit 1 in 2i steps. Hence the first j digits (after the dot) of δ−1 can be output
in time polynomial in j. We may also output the first j digits (after the dot) of y

x in time
polynomial in j. If there is a position where the digits differ, we can conclude whichever is
larger. It remains to show that there will be a difference in the first j = O(log x + log y)
digits of δ−1 and y

x , hence that comparing the first j digits suffices. Indeed, the digits of y
x

as a string cannot contain the substring 0⌈log x⌉1 after the dot. Otherwise y
x + y

x contains
the substring 0⌈log x⌉−11 after the dot, and by induction y

x · x = y contains the substring 1
after the dot, in contradiction that y is integer. In contrast, the first O(log x) digits of δ−1

do include the substring 0⌈log x⌉1. Thus it suffices to compare the fist log x digits of δ−1 and
y
x , which concludes the proof. ◀

The following lemma lies at the heart of our result: the definition of the sequences
ai, bi, ci allows us to reduce ci-Dispersion to δi-Dispersion and, at the same time,
(ci − 1)-Dispersion to γi-Dispersion with the same reduction.

▶ Lemma 6.6. Let sequence (ci)i≥1 be as in Definition 6.3. There is a polynomial-time
reduction that, given integers ci, k′ and a graph G′, outputs a subdivision G′′ of G′ and integer
k′′, such that: ⟨G′, k′⟩ is a yes-instance of ci-Dispersion⋆, if and only if the output ⟨G′′, k′′⟩
is a yes-instance of δi-Dispersion⋆. Also, ⟨G′, k′⟩ is a yes-instance of (ci − 1)-Dispersion⋆,
if and only if the output ⟨G′′, k′′⟩ is a yes-instance of γi-Dispersion⋆.

Proof. Let ai, bi and sequence (ci)i≥1 be defined as in Definition 6.3. Our algorithm begins
by addressing some border cases. If k′ = 0, we output a trivial simultaneous yes-instance
of δi-Dispersion⋆ and γi-Dispersion⋆. Else, if ci exceeds |V (G′)| and k′ ≥ 1, we output a
trivial simultaneous no-instance. Else, we output an ai−1-subdivision of the input graph G′

as G′′ and as budget k′′ = k′ + bi−1|E(G′)|. Hence G′ and G′′ have the same pathwidth up
to subdividing the edges. Any number of subdivisions of edges may increase the pathwidth
only by a total of one. To compute gi with ci as part of the input, we use Lemma 6.5
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to compute ai−1 and bi−1 in polynomial time. In particular, ai−1 is polynomial in ci and
hence polynomial in |V (G′)|, such that we may output G′′, the ai−1-subdivision of G′, in
polynomial time.

We have ci-disp(G′) = ci

1+ci
-disp(G′) − |E(G′)| by Lemma 3.2 and as G′ contains no cycle

of length < a. Applying this translation not only once but bi−1 times, by Corollary 3.3, we
obtain ci-disp(G′) = ci

1+bi−1ci
-disp(G′) − bi−1|E(G′)|. Then by an ai−1-subdivision of the

input graph we have ci

1+bi−1ci
-disp(G′) = ai−1ci

1+bi−1ci
-disp(G′

ai−1
) = ai

bi
-disp(G′′) = δi-disp(G′′)

by Lemma 3.1. Thus the input ⟨G′, k′⟩ is a yes-instance of ci-Dispersion⋆, if and only if
the output ⟨G′′, k′′⟩ is a yes-instance of δi-Dispersion⋆.

The analogous transformations yields that (ci − 1)-disp(G′) = ai−1(ci−1)
1+bi−1(ci−1) -disp(G′′) −

bi−1|E(G′)|. We observe that the numerator of the latter is ai−1(ci − 1) = ai−1ci − ai−1 =
ai − ai−1, while the denominator is 1 + bi−1(ci − 1) = 1 + bi−1ci − bi−1 = bi − bi−1. Hence
this rational is equal to γi. Thus ⟨G′, k′⟩ is a yes-instance of (ci − 1)-Dispersion⋆, if and
only if the output ⟨G′′, k′′⟩ is a yes-instance of γi-Dispersion⋆. ◀

Proof of Theorem 6.1. Let δ be defined by integer sequence ci = 22i for i ≥ 1. Then δ is
efficient comparable by Lemma 6.5. Consider a Colorful Clique-instance ⟨G, k⟩ with
color classes of size n̂. Let i be such that n̂ ≤ ci/32 = 22i−5 =: n, hence 32n = ci. We note
that cj+1 = c2

j , for j ≥ 0, and hence n ≤ n̂2. Thus n and ci are polynomial-time computable,
and n, ci are polynomial in n̂. We extend the color-classes of ⟨G, k⟩ with n − n̂ isolated
vertices each, resulting in color classes of size n. Next, we apply the reduction of Lemma 6.2
on ⟨G, k⟩, now with ci color classes, which outputs ⟨G′, k′⟩. In turn, we apply the reduction
of Lemma 6.6 on ⟨G′, k′⟩ which outputs ⟨G′′, k′′⟩, forming our final output.

We note that the reductions of Lemma 6.2 and Lemma 6.6 are polynomial-time computable.
The former outputs a graph of pathwidth O(k), the latter does not change the pathwidth up
to a constant. Hence overall we output a graph G′′ of pathwidth O(k).

By Lemma 6.2 and Lemma 6.6, ⟨G, k⟩ is a yes-instance of Colorful Clique, if and
only if ⟨G′′, k′′⟩ is a yes-instance of δi-Dispersion, if and only if ⟨G′′, k′′⟩ is a yes-instance
of γi-Dispersion. Since γi < δ < δi, by Lemma 6.4, the dispersion numbers satisfy
γi-disp(G′′) = δ-disp(G′′) = δ-disp(G′′). Thus the output ⟨G′′, k′′⟩ is a yes-instance of
δ-Dispersion, if and only if ⟨G, k⟩ is a yes-instance of Colorful Clique.

Since Colorful Clique is W[1]-hard parameterized by k, also δ-Dispersion is W[1]-
hard parameterized by the pathwidth of the input graph. For the lower bound under ETH,
assume an f(pw(G)) · no(pw(G)) time algorithm for δ-Dispersion for a computable function
f . Then using the above reduction on a Colorful Clique-instance yields an f(k) · no(k)

time algorithm for Colorful Clique, in contradiction to ETH. ◀

7 Domination and Covering

Finally, we turn to the domination problems and covering as their continuous counterpart.
This section outlines the connection of a-walk dominating set and δ-covers. We establish
tools that relate a-walk dominating set on b-subdivided graphs for different values of a, b,
similarly as we did for the independent set problem. These tools then allow to derive the
complexity results for a-Walk Dominating Set on b-subdivided graphs and δ-Covering
as stated in the introduction. The details thereof are deferred to the full version.

The notion of an a-walk dominating set can be defined in three different ways, (D1),
(D2) and (D3), which are useful for different kind of proofs. Let G be a graph without
isolated vertices. For an integer a, a subset D ⊆ V (G) a-walk dominates some subset of
edges E′ ⊆ E(G), defining V ′ := V (G[E′]), if:
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(D1) For every edge e ∈ E′, there are (possibly identical) vertices w1, w2 ∈ D and a
w1, w2-walk in G of length at most a that contains e; or
(D2) Every vertex u ∈ V (G[E′]) has d(u, D) ≤ a

2 , and the set vertices u ∈ V (G[E′])
where d(u, D) = a

2 forms an independent set.
(D3) D ⊆ V (G) a-dominates V ′ ∪ E′ in the 2-subdivision G2 of G (when identifiying an
edge {u, v} with the vertex with neighborhood {u, v} in G2). That is, for every vertex
u ∈ V ′ ∪ E′ , there is a vertex w ∈ D with dG2(u, w) ≤ a.

An a-walk dominating set of G is a subset D ⊆ V (G) that a-walk dominates E(G).

▶ Lemma 7.1 (⋆). Conditions (D1), (D2), (D3) are equivalent.

We have the following two transformation of δ-dispersed sets for different values of δ, as
shown by Hartmann et al. [18].

▶ Lemma 7.2 ([18]). For every real δ > 0 and integer c ≥ 1, δ-cover(G) = cδ-cover(Gc).

▶ Lemma 7.3 ([18]). δ-cover(G) + |E(G)| = δ
1+2δ -cover(G).

Aiming to translate these modifications to the realm of a-walk dominating set on b-
subdivided graphs, we observe the following connection.

▶ Observation 7.4 (⋆). Let k ∈ N. There is a b-simple a
2b -covering set of size k of a graph

G without isolated vertices, if and only if there is an a-walk dominating set of Gb of size k.

A minimum a
b -cover S can be assumed to be b-simple [18]. Actually, if b is even, we

observation can be improved. For example, a 1
2 -covering set implies a 2-simple 1

2 -covering
set of same size.

▶ Lemma 7.5 (⋆). Let S be an a
b -cover of a graph G for integers a, b ∈ N. Then there is an

a
b -cover S⋆ of G of size |S⋆| = |S| that is 2b-simple and, if b is a multiple of 2, is b-simple.

Assuming that S contains no point at a position 2i−1
2b for i ∈ N, then S⋆ is b-simple, and,

if additionally b is a multiple of 2, S⋆ is b
2 -simple.

With this connection at hand, we can state a refined connection of minimum a
b -covers of

a graph G and minimum a-walk dominating set on b-subdivided graphs.

▶ Corollary 7.6. a
b -cover(G) = γ4a(G2b) = γ4ca(G2cb); a

2b -cover(G) = γ2a(G2b) =
γ2ca(G2cb), for any a, b, c ∈ N and graph G without isolated vertices.

Now we can put the earlier stated transformation of δ-dispersed sets in terms of a-walk
dominating on b-subdivided graphs.

▶ Theorem 7.7 (⋆). γa(Gb) = γca(Gcb) when c is odd, or a, b are even.

▶ Theorem 7.8 (⋆). γa(Gb) + |E(G)| = γa(Ga+b).

These two transformation lay the groundwork for show Theorem 1.11, Theorem 1.13 and
Theorem 1.14. For details, we refer to the full version.
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