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—— Abstract

We design an algorithm that generates an n-vertex unlabeled chordal graph uniformly at random in
expected polynomial time. Along the way, we develop the following two results: (1) an FPT algorithm
for counting and sampling labeled chordal graphs with a given automorphism 7, parameterized
by the number of moved points of 7, and (2) a proof that the probability that a random n-vertex
labeled chordal graph has a given automorphism 7 € S, is at most 1/26"“”‘{“2’"}, where p is the
number of moved points of 7 and c is a constant. Our algorithm for sampling unlabeled chordal
graphs calls the aforementioned FPT algorithm as a black box with potentially large values of the
parameter p, but the probability of calling this algorithm with a large value of u is exponentially
small.
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1 Introduction

A graph is chordal if it has no induced cycles of length at least 4. The term was coined
by Gavril in 1972 [12], more than fifty years ago, but the notion of chordal graphs in fact
goes as far back as 1958 [13]. In the early papers, chordal graphs were referred to by other
names, such as triangulated graphs. By now, many structural results have been proved about
chordal graphs, and there are many algorithms that take a chordal graph as input. Thus it
would be useful to have an efficient algorithm for generating random chordal graphs, both
for the practical purpose of software testing, as well as the more mathematical purpose of
testing conjectures.

In [14], Hébert-Johnson et al. designed an algorithm that generates n-vertex labeled
chordal graphs uniformly at random. This algorithm runs in polynomial time, using at most
O(n") arithmetic operations for the first sample and O(n*) arithmetic operations for each
subsequent sample. However, when discussing the performance of an algorithm that is being
tested, the correct output typically does not depend on the labeling of the vertices. If we
use a labeled-graph sampling algorithm to generate random test cases, then asymmetric
graphs will be given too much weight/probability compared to those that happen to have
many automorphisms. This naturally leads to the question of efficiently generating unlabeled
chordal graphs uniformly at random. In this paper, we present an algorithm that solves this
problem and runs in expected polynomial time.
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Sampling Unlabeled Chordal Graphs in Expected Polynomial Time

» Theorem 1. There is a randomized algorithm that given n € N, generates a graph uniformly
at random from the set of all unlabeled chordal graphs on n vertices. This algorithm uses
O(n") arithmetic operations in expectation.

It is worth mentioning the difference between the running times for labeled vs. unlabeled
chordal graph sampling. The sampling algorithm of Hébert-Johnson et al. generates a
random n-vertex labeled chordal graph in polynomial time, even in the worst case. However,
obtaining a worst-case polynomial-time algorithm for sampling unlabeled chordal graphs —
or an expected-polynomial-time counting algorithm for such graphs — appears to be very
difficult since these questions remain open even for general graphs. This is relevant because
the class of chordal graphs is known to be Gl-complete. While there exist classes of graphs
(which we discuss below) for which efficient unlabeled sampling algorithms are known, we
are not aware of any Gl-complete graph class with such an algorithm.

Our algorithm for sampling unlabeled chordal graphs builds upon an algorithm of Wormald
that generates n-vertex unlabeled graphs uniformly at random in expected time O(n?) [20].
This in turn builds upon a related algorithm by Dixon and Wilf [7] that solves the same
problem but assumes that the exact number of n-vertex unlabeled graphs has already been
computed. In [20], the algorithm of Wormald follows a somewhat similar structure but
removes that assumption. As mentioned above, the question of computing the exact number
of n-vertex unlabeled graphs in expected polynomial time remains open to this day.

It often happens that we wish to sample from a particular graph class (e.g., chordal
graphs). For unlabeled trees, there is a uniform sampling algorithm that runs in polynomial
time [19]. One can also count the exact number of unlabeled trees on n vertices in polynomial
time [17, A000055]. On the topic of counting, an algorithm for counting unlabeled k-trees is
presented in [9], but the running time is not stated. An expected-polynomial-time algorithm
for uniform sampling of 2-connected unlabeled planar graphs was presented by Bodirsky
et al. in 2005 [4], followed by the same result for connected unlabeled cubic planar graphs
in 2008 [6]. For the class of connected unlabeled bipartite permutation graphs, a uniform
sampling algorithm was designed by Saitoh et al. that runs in O(n) time [18].

Although extensive research has been done on the topic of labeled graph sampling
[5, 8, 10, 11], to the best of our knowledge, the literature on sampling unlabeled graphs from
a given graph class is relatively sparse. As is the case for chordal graphs, the corresponding
labeled sampling problem tends to be solved first for a given graph class, and then perhaps
one can address the problem of efficiently sampling unlabeled graphs from the same graph
class.

1.1 Methods

The sampling algorithm of Wormald [20] is based on the fact that unlabeled graphs correspond
to orbits of the following group action: the symmetric group S,, acts on the set of labeled
graphs by permuting the vertex labels. This correspondence follows from the Frobenius-
Burnside lemma. Therefore, to sample a random unlabeled graph, it is enough to sample a
random orbit of this group action.

To make this approach work for chordal graphs, we need two ingredients: (1) an algorithm
for counting and sampling labeled chordal graphs with a given automorphism m, and (2)
a proof that the probability that a random n-vertex labeled chordal graph has a given
automorphism 7 € S, is at most 1/ 2“’“‘""‘{“27"}, where g is the number of moved points of
and c is a constant.
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For (1), we design an FPT (fixed-parameter tractable) counting algorithm that is param-
eterized by p, the number of moved points of 7. This algorithm uses O(27#n?) arithmetic
operations. Using the standard sampling-to-counting reduction of [15], we also obtain a
corresponding sampling algorithm with the same running time. Our main algorithm (for
sampling unlabeled chordal graphs) calls each of these FPT algorithms as a black box with
potentially large values of the parameter p. Nevertheless, using the bound from (2), we are
able to show that the probability of using a large value of pu is exponentially small, so the
expected running time is not significantly affected.

To design the counting algorithm for (1), we rewrite each of the recurrences from the
algorithm of Hébert-Johnson et al., now carrying around information about the automorphism
m and its moved points. The original algorithm is a dynamic-programming algorithm in
which there is a constant number of types of vertices (X, L, etc.) in each graph that we
wish to count. In our updated version, we now keep track of the type of each vertex that is
moved by .

To prove the bound for (2), we distinguish between the cases when p is small and p is
large (p is either less than or greater than ﬁgn, where d is a constant). When p is small,
we use the fact that almost every chordal graph is a split graph [1], and we strengthen this
by showing that in fact, almost every chordal graph is a balanced split graph. For the case
of balanced split graphs, the argument is easy and is similar to the proof of the bound for
general graphs [16]. When p is large, the argument is more complicated. We observe that
the vast majority of n-vertex labeled chordal graphs have maximum clique size close to n/2.
Along the way, we also use the fact that for every chordal graph G, there exists a PEO
(perfect elimination ordering) of G such that some maximum clique appears at the tail end
of that PEO.

2 Preliminaries

Let N be the set of natural numbers, not including 0. For n € N, we use the notation
[n] ={1,2,...,n}. For a graph G and vertex subsets S,T C V(G), we say S sees all of T if
T C N(9).

» Definition 2. Let A = {a1,...,a,} and B = {b1,...,b,} be finite subsets of N such
that |A| = |B|, where the elements a; and b; are listed in increasing order. We define
¢(A,B): A — B as the bijection that maps a; to b; for alli € [r].

2.1 Permutations and labeled graphs

For n € N, let S,, denote the group of all permutations of [n]. For a permutation m € S,
we define M, = {i € [n] : 7(i) # i} to be the set of points moved by 7. For n € N,
[n]o :=1{0,2,3,...,n} denotes the set of all possible values of |M,| for 7w € S,,.

Suppose 7 € S, C C [n]. We write 7(C) := {w(i) : ¢ € C} to denote the image of C
under m. We say C' is invariant under 7 if w(i) € C for all i € C. For a set C that is invariant
under 7, we write 7|c to denote the permutation 7 restricted to the domain C.

A labeled graph is a pair G = (V, E), where the vertex set V is a finite subset of N and
the edge set FE is a set of two-element subsets of V. For a permutation 7w € S,, and a labeled
graph G such that V(G) C [n] is invariant under 7, we say 7|y (¢ is an automorphism of G
if for all u,v € V(G), u and v are adjacent if and only if 7(u) and 7(v) are adjacent.
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2.2 Chordal graphs and related notions

A vertex v in a graph G is simplicial if its neighborhood N (v) is a clique. A perfect elimination
ordering (PEO) of a graph G is an ordering vy, ..., v, of the vertices of G such that for
all i € [n], v; is simplicial in the subgraph induced by the vertices v;,...,v,. A graph is
chordal if and only if it has a perfect elimination ordering [3]. The following two lemmas are
well-known facts about chordal graphs. The proof of the first can be found in [3].

» Lemma 3. FEvery chordal graph G contains a simplicial vertex. If G is not a complete
graph, then G contains two non-adjacent simplicial vertices.

» Lemma 4. A chordal graph G on n vertices has at most n maximal cliques.

Proof. Let C' be a maximal clique in G, and let v; be the leftmost vertex of C in a
given perfect elimination ordering vy, ..., v, of G. We claim that C is equal to the closed
neighborhood to the right of v;, i.e., C' = N[v;] N {v;,...,v,}. It is clear that C is contained
in Nv;] N {vi,...,vn} since v; has no other neighbors to its right, so we indeed have
C = N[v;] Nn{v,...,v,} by maximality of C. Therefore, there are at most n maximal
cliques. |

» Definition 5. Let G1, G3 be two graphs, and suppose C ==V (G1) NV (G2) is a clique in
both G1 and G5. When we say we glue Gy and G5 together at C to obtain G, this means
G is the union of G1 and Gy: the vertex set is V(G) = V(G1) UV (G2), and the edge set is
E(G) = F(G1) U E(Gy).

As is shown in [14], if G; and G5 are both chordal, then the resulting graph G is chordal.

2.3 Evaporation sequences

Our algorithm for counting the number of labeled chordal graphs with a given automorphism
will use the notion of evaporation sequences from [14].

Suppose we are given a chordal graph G and a clique X C V(G). The evaporation
sequence of G with exception set X is defined as follows: If X = V(G), then the evaporation
sequence of G is the empty sequence. If X C V(G), then let Zl be the set of all simplicial
vertices in GG, and let Ly = Zl \ X. Suppose Lo, ..., L; is the evaporation sequence of G\ L;
(with exception set X). Then Ly, Lo, ..., L; is the evaporation sequence of G. As is shown
n [14], the fact that X is a clique implies that all vertices outside of X eventually evaporate,
so this is well-defined.

If the evaporation sequence Ly, Lo, ..., L; of G has length t, then we say G evaporates at
time t with exception set X, and t is called the evaporation time. We define Lg(X) == Ly
to be the last set in the evaporation sequence of G, and we let Lg(X) = 0 if the sequence
is empty. Similarly, we define the evaporation time of a vertex subset. Suppose G has
evaporation sequence Lj, Lo, ..., L; with exception set X, and suppose S C V(G) \ X is
a nonempty vertex subset. Let tg be the largest index ¢ such that L; NS # (). We say S
evaporates at time tg in G with exception set X.

3 Sampling unlabeled chordal graphs

In [20], Wormald presented an algorithm that generates an n-vertex unlabeled graph uniformly
at random in expected time O(n?). In this paper, we achieve a similar result for chordal
graphs:
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» Theorem 1. There is a randomized algorithm that given n € N, generates a graph uniformly
at random from the set of all unlabeled chordal graphs on n vertices. This algorithm uses
O(n") arithmetic operations in expectation.

The sampling algorithm of Wormald makes use of the fact that unlabeled graphs corre-
spond to orbits of a particular group action. Since our algorithm will follow a similar outline,
we begin by discussing some of the ideas behind the algorithm of Wormald.

Suppose we have been given n € N as input, and let €2 be the set of all labeled graphs
with vertex set [n]. The symmetric group S, acts on Q in the following way: For each m € S,
and G € ), 7 - G is the graph that results from permuting the vertex labels of G according
to . The orbits of 2 under the action of .S,, are the isomorphism classes of labeled graphs,
each of which corresponds to an unlabeled graph. Let

I'={(n,G) € S, x Q: 7 is an automorphism of G}.

Suppose we fix an n-vertex unlabeled graph H, and let the corresponding isomorphism class
of labeled graphs be H. As is shown in [20], the number of pairs (7, G) € T such that G € H
is equal to |S,| = n!. This follows from the Frobenius-Burnside lemma. Therefore, if we
sample a random pair (7, G) € T' uniformly at random, and then we forget the labels on the
graph G, this amounts to sampling an n-vertex unlabeled graph uniformly at random.

In the case of chordal graphs, the same statements hold true. Let Qchorq be the set of all
labeled chordal graphs with vertex set [n]. The symmetric group S, acts on Qchorg in the
same way as above, by permuting the vertex labels. The set of orbits of this group action
corresponds to the set of unlabeled chordal graphs. Let

Cehord = {(7,G) € Sy, X Qehord : 7 is an automorphism of G}.

Let H. be an unlabeled chordal graph, and let H,. be the corresponding isomorphism class of
labeled graphs. Applying the Frobenius-Burnside lemma to the orbit corresponding to H.
shows that the number of pairs (7, G) € T'chora such that G € H, is equal to n!.

In [20], Wormald describes an algorithm for sampling a random pair (7, G) € T in order
to sample a random unlabeled graph. The same outline can be used to sample a random
pair (7, G) € T'chord. However, there are two key points where some difficulty arises. First
of all, in one of the steps of the algorithm that samples from I, it is necessary to count
the number of n-vertex labeled graphs with a given automorphism (and sample from the
set of such graphs). This is easy to do for general graphs but becomes more complicated
for chordal graphs (see Section 4). Second, the algorithm of Wormald uses the fact that
the number of labeled graphs with a given automorphism 7 is at most 2(721)7”"/2+“(“+2)/4,
where p = | M| is the number of moved points of 7. To transform this into an algorithm for
sampling unlabeled chordal graphs, it is necessary to prove similar bounds on the number
of labeled chordal graphs with a given automorphism. These will be the bounds B,, in our
algorithm.

3.1 Algorithm for sampling unlabeled chordal graphs

Let CoUNT__CHORDAL__LAB(n) stand for the counting algorithm in [14] that computes the
number of n-vertex labeled chordal graphs. In the full version of the paper, we prove the
following two theorems.

» Theorem 6. There is a deterministic algorithm that given n € N and w € S, computes
the number of labeled chordal graphs with vertex set [n] for which m is an automorphism.
This algorithm uses O(27#n?) arithmetic operations, where p = |My|.
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» Theorem 7. There is a randomized algorithm that given n € N and m € S,,, generates a
graph uniformly at random from the set of all labeled chordal graphs with vertex set [n] for

which m is an automorphism. This algorithm uses O(27#n?) arithmetic operations, where
1= |Mx|.

See Section 4 for the details of the counting algorithm of Theorem 6 along with
some intuition behind the proof of correctness. In our algorithm for sampling unlabeled
chordal graphs, COUNT__CHORDAL__LAB(n,7) stands for the algorithm of Theorem 6 and
SAMPLE__CHORDAL__LAB(n,7) stands for the algorithm of Theorem 7.

Recall that [n]o = {0,2,3,...,n}. For u € [n]o, let R, == {7 € S,, : [M;| = p} be the
set of permutations with exactly © moved points. For 7w € S,,, let Fix(7) denote the set of
n-vertex labeled chordal graphs G such that 7 is an automorphism of G. To follow the same
approach as the algorithm of Wormald, for each p € [n]o, we need an upper bound B,, that
satisfies B,, > |R,||Fix(m)| for all 7 € R,,. Let By be the number of n-vertex labeled chordal

graphs, which is exactly equal to [Ro||Fix(id)|. For 2 <y < 55570, let

B, = (30(9/10)” 4 om2?/9 4 2"2/4+”/2) nhul, (1)
and for m < pu<n,let

B, = p2ntlgn®/4=f ) i 1. (2)

where f(p) = % — 45+ In Section 3.2, we will prove that we indeed have B,, > |R,,||Fix(r)|
for all m € R, when n is sufficiently large. Let B =}, (.1, Bu-

Our algorithm for sampling a random n-vertex unlabeled chordal graph is given in
Algorithm 1. The general idea is as follows. For u € [nlo, let T'), = {(7, G) € Tchora : |M=| =
p}. We choose p such that the probability of each value of p is B,,/B, which is approximately
equal to '), /T'chora. (We do not know how to efficiently compute the exact value of ', /T chord
since we do not know the exact number of unlabeled chordal graphs.) Since B, /B is not
exactly equal to I',/T'chora, We adjust for this by restarting with a certain probability in
Step 11. We then proceed to select a random pair (7, G) € I';,, and we output the graph G
without labels.

Algorithm 1 Unlabeled chordal graph sampler.

procedure SAMPLE_ CHORDAL__UNLABELED(n)
> Setup
By + CouNT__CHORDAL__LAB(n)
Let B,, be given by Equation (1) for 2 < p <

1:

2

3

& 00 logn
5: Let B,, be given by Equation (2) for

6

7

8

9

n
00logn <M =7

B+ Zp,e[n]o BN

> Main algorithm

Choose i € [n]p at random such that p = 4 with probability B;/B for each i € [n]o
10: Choose m € R, uniformly at random
11: Restart (go back to Step 9) with probability

1—|R,|- CouNT_CHORDAL LAB(n,m)/B,

12: G <+ SAMPLE__ CHORDAL_ LAB(n, )
13: Forget the labels on the vertices of G
14: return G
15: end procedure
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Step 10 can easily be implemented in O(n) time in the following way. If p = 0, let
m =1id. For pu > 2, we can repeatedly choose a random permutation of [u] until we obtain a
derangement. The expected number of trials for this is a constant (see [20]).

In Step 11, to compute |R, |, we observe that |Ryg| = 1 and |R,| = !M(Z) for ;1 > 2. Here I
is the number of derangements of y. We compute !y using the formula !'m = m! > (—1)"/i!
for m € N, which can be derived using the inclusion-exclusion principle.

3.2 Correctness of Algorithm 1

The correctness of COUNT__CHORDAL_ LAB(n,7) and SAMPLE_ CHORDAL__LAB(n, ) is
proved in the full version of the paper.

We need to show that the output graph is chosen uniformly at random. One “iteration”
refers to one run of Steps 9 to 11 or 9 to 14. In a given iteration, we say the pair (7, G) was
“chosen” if 7 was chosen from R, and G was chosen by SAMPLE _CHORDAL__LAB(n,m). We
claim that for all (7, G) € Tchora, in any given iteration, the probability that (7, G) is chosen

is 1/B. Indeed, this probability is equal to

B, 1 [R,[|Fix(m)] 1 1
B |R,| B, [Fix(m)] B’

where u = | M|, since the probability of choosing G in Step 12 is 1/|Fix(7)|. Therefore, we
output all n-vertex unlabeled chordal graphs with equal probability.

Next, we need to show that B, > |R,||Fix(r)| for all 7 € R,, to verify that the probability
|R,||Fix(m)|/B,, in Step 11 is at most 1. When g = 0 this is an equality, so suppose p > 2.
Clearly |R,| < n*pu!, so we just need to prove that the number of n-vertex labeled chordal
graphs with automorphism 7 is at most B,,/(n*u!) for all © € S,, with  moved points.

In the case when B, is defined according to Equation (2), this follows from Theorem 8.
The proof this theorem can be found in the full version of the paper. (The bound in Theorem 8
is in fact true for all values of u — the reason why we define B,, differently for smaller values
of 1 will become clear when we discuss the running time in Section 3.3.)

» Theorem 8. Letn € N, 7 € S,,, and let u = |My|. The number of labeled chordal graphs
with vertex set [n] for which m is an automorphism is at most

p2n+lgn? 4=f ().

2
where f(1) = &5 — 15-

For the other case, suppose 2 < p < m, and suppose m € S, is a permutation with
© moved points. We need to show that the number of n-vertex labeled chordal graphs with
automorphism 7 is at most B,,/(n*u!). We begin by reducing to the case of split graphs. A
split graph is a graph whose vertex set can be partitioned into a clique and an independent
set, with arbitrary edges between the two parts. It is easy to see that every split graph is
chordal. Furthermore, the following result by Bender et al. [1] shows that a random n-vertex

labeled chordal graph is a split graph with probability 1 — o(1).

» Proposition 9 (Bender et al. [1]). If a > \/3/2, n is sufficiently large, and G is a random
n-vertex labeled chordal graph, then

Pr(G is a split graph) > 1 — a".
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Applying this proposition with a = 19—0 tells us that the number of n-vertex labeled chordal
graphs that are not split is at most By (lg—o)n. To bound the number of n-vertex labeled split
graphs with automorphism 7, we consider two cases: balanced split graphs and unbalanced
split graphs. We say a partition of the vertex set of a split graph G is a split partition if it
partitions G into a clique and an independent set; i.e., a split partition is a partition that
demonstrates that G is split. We denote a split partition that consists of the clique C' and
the independent set I by the ordered pair (C,I). We say an n-vertex split graph is balanced
if |C| > % and |I| > % for every split partition (C,I) of G. It is easy to bound the number
of unbalanced split graph as follows.

» Lemma 10. The number of labeled split graphs on n vertices that are not balanced is at
most 212207 /9.

Proof. Suppose (C,I) is a partition of [n] into two parts such that |[C] < % or |[I| < . The
number of labeled split graphs with this particular split partition is at most 2//11€1 < 25 % =
22n°/9 Therefore, the number of unbalanced labeled split graphs on n vertices is at most
2722n°/9 gince there are at most 2" possible partitions. <

The following lemma will be useful for bounding the number of balanced split graphs.

» Lemma 11. Let m € S, and let G be an n-vertex labeled split graph. If ™ is an automor-
phism of G, then there exists a split partition (C,I) of G such that C and I are invariant
under m.

Proof. Let C be the set of vertices that belong to the clique in every split partition of G, let
I be the set of vertices that belong to the independent set in every split partition of G, and
let Q = V(G)\ (CUI). By Observation 7.3 in [14], every vertex in Q is adjacent to every
vertex in C' and is non-adjacent to every vertex in I. By Lemma 7.4 in [14], Q is either a
clique or an independent set. Suppose 7 is an automorphism of G. If Q is a clique, then the
split partition (C’ U Q, I ) has the desired property. If @ is an independent set, then the split
partition (C’, IuU Q) has the desired property. <

» Lemma 12. Let w € S, and suppose |M,| > 2. The number of balanced labeled split
graphs G on n vertices such that w is an automorphism of G is at most

n - 2n2/4+n/2.

Proof. Suppose (C,I) is a partition of [n] into two parts. Let ¢ = |I| and ¢ = |C|. The
number of labeled split graphs with this particular split partition is 2!. Therefore, the
number of labeled split graphs with automorphism 7 for which (C,I) has the property from
Lemma 11 is at most 2%. Let Z(c,1y be the number of such graphs. Whenever two vertices
u,v € I (resp. C) belong to the same cycle in the cycle decomposition of 7, v and v must
have the same relationship as each other to each of the vertices in C (resp. I). Therefore,
we in fact have an upper bound of maux{Q(i_l)c7 2i(c_1)} on Zc,r), since 7 has at least two
moved points. If i > 2 and ¢ > %, then we have max{20-1e 2i(c=1)} < on?/4=n/2

By Lemma 11, every balanced labeled split graph on n vertices with automorphism 7
has a split partition (C,I) such that C' and I are invariant under 7. Furthermore, this split
partition is balanced (i.e., both parts have size at least 5 ). Therefore, the number of balanced
labeled split graphs on n vertices with automorphism 7 is at most

Z on . 2n2/47n/2 <n- 2n2/4+n/2
[51<i<( %)

since the number of partitions (C, I) with |I| =i is certainly at most 2. <
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Putting together Proposition 9 and Lemmas 10 and 12, we can see that
(Bo(9/10)" 4 27220°/% 4 . 272/ 440/2) ey

is an upper bound on |R,||Fix(7)| when n is sufficiently large.

Let Ny be the cutoff such that this works for n > Ny. To be precise, when implementing
this algorithm, we would solve the problem by brute force if n < Ny (by generating all
possible n-vertex chordal graphs and then selecting one at random), and we would run
Algorithm 1 as written if n > Nj.

3.3 Running time of Algorithm 1

The running time of Steps 1-6 is O(n”) arithmetic operations since that is the running time
of CouNT CHORDAL_LAB(n). In this section, we will show that the rest of the algorithm
uses only O(n”) arithmetic operations in expectation.

If we choose p = 0 in Step 9 of Algorithm 1, then the algorithm is guaranteed to terminate
in that iteration. Thus the expected number of iterations is at most B/By. Let T be the
expected running time of Algorithm 1 after completing Step 6 (this is where we choose u at
random and the loop begins). In Lemma 13, we show that E[T] is at most the product of
B/ By and the expected running time of one iteration.

Let N be the number of iterations of Algorithm 1, and let 7} be the time spent in
iteration j for each j € [N]. We have T = Zjvzl T;.

» Lemma 13. We have E[T] < B%)E[Tl].

Proof. Clearly E[T] is finite since the expected number of iterations is finite and the
procedures COUNT__CHORDAL__LAB(n, ) and SAMPLE_ CHORDAL__LAB(n, ) have worst-
case running time bounds. Therefore, we can solve for E[T] in the following way.

The steps that we run in one iteration (Steps 9-14) do not depend on j — they are
always the same, regardless of how many iterations have happened so far. Thus we have
E {zjv: ,Tj | N > 1} = E[T], which implies E[T'| N > 1] = E[T} | N > 1] + E[T]. Therefore,

we have

E[T|=E[T | N =1]Pr(N =1)+E[T | N > 1]Pr(N > 1)
=E[I} | N=1]Pr(N =1)+ (E[T} | N > 1]+ E[T]) - Pr(N > 1)

— E[T](1—Pr(N > 1)) = E[T} | N = 1]Pr(N = 1) + E[T} | N > 1] Pr(N > 1)
= E[T1]

BIL] EE[Tl]. <

= Bl =537 =5

For p € [nlo, let T(n,u) be an upper bound on the time it takes to run one iter-
ation, assuming we have chosen this particular value of p in Step 9. By the running
time of COUNT__CHORDAL__LAB(n,7) and SAMPLE_ CHORDAL__LAB(n, ), we can assume
T(n,u) = O(27#n?). We have

B = Y e )

pE[n]o
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To prove a bound on E[T}], we will start by proving a bound on B, /B for all u € [n]o. Since
By < B, it is sufficient to prove a bound on B, /By for all u € [n]g. The following lemma
gives us a lower bound on Bjy.

» Lemma 14. For n > 2, the number of n-vertex labeled chordal graphs is at least

2n2n2/4

n2

Proof. Tt is enough to just consider n-vertex labeled split graphs with a split partition (C, I)
such that [C| = |%]. Since (LZJ) > 2" /n for n > 2, the number of such graphs is at least

n 2712/4 2n2n2/4
> —.
()=

We divide by n in the first expression since each split graph can have up to n distinct split

partitions in which C' is of a given size [2]. <
» Lemma 15. Suppose n > 13. If2 < pu < m, then

Bu o 3

BO - 7116“

Proof. Let Bﬁl), B,(f), and B,(f) be the three terms that are added together in Equation (1),
in order, so that B, = (B,(Ll) + Bf?) + Bf?)) ntp!. We have

7B£L1)nuu' = g nn“ '
By 10 H

and we claim that this is at most 1/n1%*. Since u! < n#, it is sufficient to show n'8* < (10/9)",
which is true when p < m.
For the next term, by Lemma 14 we have

2
B;(L )““N! < p29—n°/36

Mol
Bo n*pl.

19/200 < 9n/36 gince u < 2= This

To see that this is at most 1/n'0# it is sufficient to show n 300 -

is indeed true for n > 13.
For the third term, by Lemma 14 we have

Bfﬁ)n“u!

< n327 2k,
By <n ntu

To see that this is at most 1/n16“, it is sufficient to show n2%* < 2”/2, which is true when
w< ﬁ. Adding together these three terms, we obtain B, /By < 3/n1ok, >

» Lemma 16. For sufficiently large n, if m < p < n, then

1
nl6u”

By _
By —
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Proof. Lemma 14 implies By > 2n* /4 for > 4, so we have

& < n?n+12—f(u)num7
0

where f(u) = 9“—020 — 4. We claim that this expression is at most 1/n'%. Since pu! < n*,
it is sufficient to show n2"t1n!8 < 2/ When n is sufficiently large,! we have log®n <

L n’_ Since w> this implies

n
2002:1800 2n+1" 200 logn’

p2ntl < 2,ﬂ/1800' (3)

When n is sufficiently large,? we also have n > 18 - 900 - 2001log® n + 90 - 200logn. Since
w> m, this implies

81 < gu?/1800—u/10 (4)

Multiplying Equations (3) and (4) gives us the desired bound of n?"+1p18k < 2/,
<

By Lemmas 15 and 16, the above summation for E[T}] is at most T'(n,0) + O(1) since
T(n, p) is certainly at most O(n'%*). For an iteration in which we have chosen y = 0, when
counting and sampling n-vertex labeled chordal graphs with automorphism 7 = id, we can
simply run the counting and sampling algorithms of [14], rather than passing in 7 = id as an
input. Thus the expected running time E[T}] of one iteration is at most O(n”) arithmetic
operations. Lemmas 15 and 16 also immediately give us a bound on B/ By, since we have

Therefore, by Lemma 13, the overall running time is at most O(n”) arithmetic operations in
expectation.

4  Counting labeled chordal graphs with a given automorphism

In this section, we describe the algorithm for COUNT__CHORDAL__LAB(n, 7), which counts
the number of labeled chordal graphs with a given automorphism. In the full version of
the paper, we prove correctness, analyze the running time, and derive the corresponding
sampling algorithm (Theorem 7).

» Theorem 6. There is a deterministic algorithm that given n € N and w € S,,, computes
the number of labeled chordal graphs with vertex set [n] for which w is an automorphism.
This algorithm uses O(27n®) arithmetic operations, where i = |My|.

There is a known dynamic-programming algorithm for computing the number n-vertex
labeled chordal graphs that uses O(n”) arithmetic operations, if we do not require the graphs
to have a particular automorphism [14]. Our algorithm is closely based on that one, but
we add more arguments and more details to each of the recurrences to keep track of the
behavior of the automorphism. As was done in [14], we evaluate the recurrences top-down
using memoization.

1 This holds for n > 2.6 - 10°.
2 This holds for n > 3.3 -10°.
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4.1 Reducing from counting chordal graphs to counting connected
chordal graphs

For k € N, let a(k) denote the number of labeled chordal graphs with vertex set [k], and
let ¢(k) denote the number of connected labeled chordal graphs with vertex set [k]. The
algorithm of [14] begins by reducing from counting chordal graphs to counting connected
chordal graphs via the following recurrence, which appears as Lemma 3.13 in [14]. (We omit
the “w-colorable” requirement since we will not need that here.)

» Lemma 17 ([14]). The number of labeled chordal graphs with vertex set [k] is given by

2 k-1 ’ /
a(k) = (k, - 1)c(k Ya(k — k')
k=1
for all k € N.

Here k' stands for the number of vertices in the connected component that contains
the label 1. The remaining connected components have a total of k — k' vertices. Since
this recurrence is relatively simple, most of the difficulty in the algorithm of [14] lies in the
recurrences for counting connected chordal graphs. However, when counting graphs with a
given automorphism, the step of reducing to connected graphs is already quite a bit more
involved.

Suppose we are given n € N and 7 € 5, as input. From now on, whenever we refer to n
or 7, we mean these particular values from the input.

We will first define a(k,p, M) and c(k, p, M), which are variations of a(k) and c(k) that
only count graphs for which 77|y () is an automorphism (see Definition 18). Here 77 stands
for 7 to the power p, i.e., the permutation that arises from applying 7w a total of p times.
The reason for raising 7 to a power will be apparent in the recurrence for a(k,p, M). In the
initial, highest-level recursive call, we will have p = 1 and thus 7P = 7.

In [14], when counting the number of possibilities for a subgraph of size k" (for example,
a connected component), the authors essentially relabel that subgraph to have vertex set [£'],
so that one can count the number of possibilities using, for example, c(k’). In our algorithm,
we want to relabel the vertices of each subgraph in a similar way. However, this time, we do
not relabel the vertices that are moved by w. This ensures that the automorphism in each
later recursive call will still be 7, or a permutation closely related to 7.

As a consequence, the vertex sets of the subgraphs that we wish to count become slightly
more complicated. For example, suppose we wish to count the number of possibilities for
a b-vertex subgraph that originally contains the moved vertices 2,8,9 € M. Since we do
not relabel the moved vertices, the resulting vertex set after relabeling is {1, 2,3, 8,9} rather
than {1,2,3,4,5}. More formally, suppose we have been given k € N and M C M, where
|M| < k. Let V be the set of the first & — |M| natural numbers in N\ M,. We define
Vienr ==V U M. For example, if k =5 and M = M, = {2,8,9}, then Vj »r = {1,2,3,8,9}.
Intuitively, Vi, is the label set of size & whose intersection with M, is M and that otherwise
contains labels that are as small as possible.

For & € S, and M C [n], recall that M is énvariant under # if #(i) € M for all i € M.
For M', M C [n], we write M" C; M to indicate that M’ C M and M’ is invariant under 7.
Intuitively, M’ is a subset of M that respects the cycles of # by taking all or nothing of each
cycle.

» Definition 18. Suppose k,p € [n] and suppose M C,» My, where |M| < k. Let a(k,p, M)
(resp. c(k,p, M) ) denote the number of labeled chordal graphs (resp. connected labeled chordal
graphs) with vertex set Vi, ar for which 7P|y () is an automorphism.
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Our algorithm returns a(n, 1, M,;). This is precisely the number of labeled chordal graphs
with vertex set [n] and automorphism 7 since V,, ar, = [n].

Suppose we have been given fixed values of the arguments k,p, M of a(k,p, M). Let
s be the smallest label in the vertex set Vi ar. For k' € [k], let Py be the family of sets
M’ Cp» M such that |[M| —k+ k' < |M’'| <k’ and such that the following condition holds:
if s € M, then s € M’, and otherwise, |M'| <k’ — 1. This last condition will ensure that s
belongs to the connected component of size &’ in the recurrence for a(k,p, M).

Suppose C C [n], o € S,,. For an element i € C, we say the period of i with respect to
(C,0) is the smallest positive integer j such that ¢7(i) € C. Let Q be the family of sets
C C M such that all elements of C' have the same period j > 2 with respect to (C,7P), and
such that s € C. For a set C' € Q, we write pc to denote the period of the elements of C
(with respect to (C, 7)), and we let C,, ;== C U (C)U---UcPc~1(C) denote the union of
the sets that C' is mapped to by powers of o, where o = 7P.

To compute a(k,p, M), we use the following recurrence. The dot in front of the curly
braces denotes multiplication. Note that we have |[M’| < k' and |[M \ M'| < k — k' by the
definition of Py

» Lemma 19. Let k,p € [n] and suppose M Crpo M, where |M| < k. We have

k—|M)| .
a(k,p, M) = Z C(k’,p, M/)a(k . k‘/,p,M\M’) ) {(k’l\/l’) ifseM

k—1—|M .
1<k'<k k’—l—lMll) otherwise
M'€Py
+ Z C(|C‘,ppc70)a(k _pC|C|ap,M\C7rP)~

CceQ

For some intuition, suppose G is a graph counted by a(k, p, M), and let C' be the connected
component of G that contains s. The first line of the recurrence for a(k, p, M) covers the case
when C' is invariant under «P. This case is analogous to Lemma 17. In the first summation,
k' stands for |C| and M’ stands for the set of vertices in C' that can be moved by #?. If
s € M, then in addition to the vertices in M’, we need to choose k' — | M’| additional vertices
for C' so that |C| = k’. For these, we must choose non-moved vertices, so there are k — | M|
possible vertices to choose from. If s ¢ M, then we subtract 1 from each of the numbers in
the binomial coefficient since we already know that s is a non-moved vertex in C'.

The second line covers the case when C' is not invariant under n?, which means all of
C is mapped to some other connected component of G by nP. In this case, we have pc
components of size |C| that are all isomorphic to C, and the rest of the graph has k — pc|C|
vertices. We do not need a binomial coefficient in this case because all of the vertices in
C' are moved. There are ¢(|C|,p - pc, C) possibilities for the edges of C since 7PP¢ is an
automorphism of C. As an example, suppose p = 1. If we apply 7P = 7 to the vertices of
C' a total of pc times, then the image 7€ (C) is equal to C, although these two sets might
not match up pointwise. To ensure that the image 7P¢ (C') matches up with the edges of
C, we require that 7P¢ is an automorphism of C'. This is why we need the argument p in
a(k,p, M) and c(k,p, M).

Note that for a graph G counted by a(k,p, M), we have M,» NV(G) C M, NV (G) C M
since V(G) = Vi, ar. This means no vertex in V(G) \ M is moved by 7P, so we are free to
relabel these vertices in the proof of Lemma 19 without changing the automorphism. In the
initial recursive call a(n, 1, M, ), we have p =1 and M = M, so M» NV (G) = M. Later
on in the algorithm, it is possible that some vertices in M are not actually moved by #P. For
example, in the previous paragraph, it could happen that 7PP¢ is the identity on C' (and
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then p- pc becomes the new value of p). However, we always have M C M, by the definition
of a(k,p, M), so if |M| = p, then |M| < p. This fact will be useful for the running time
analysis.

The proof of Lemma 19, along with the proofs of all of the following recurrences, can be
found in the full version of the paper.

4.2 Recurrences for counting connected chordal graphs

To compute c¢(k,p, M), we will define various counter functions that are analogous to those
in [14]. First, we recall the counter functions from [14]. We refer to functions 1-4 in
Definition 20 as g-functions, and we refer to the others as f-functions. See Figure 1 in [14]
for an illustration of all of these functions.

» Definition 20 ([14]). The following functions count various subclasses of chordal graphs.
The arguments t,x, 0, k,z are nonnegative integers, where t < n, z < n, x + k < n for
g-functions, and x + ¢ + k <n for f-functions. These also satisfy the domain requirements
listed below.

1. g(t,x,k,z) is the number of labeled connected chordal graphs G with vertex set [z + k]
that evaporate in time at most t with exception set X = [x], where X is a clique, with the
following property: every connected component of G\ X (if any) has at least one neighbor
in X\ [2]. Domain: t >0, x>1, z < x.

2. g(t,x,k, z) is the same as g(t,x,k, z), except every connected component of G\ X (if
any) evaporates at time exactly t in G. Note: A graph with V(G) = X would be counted
because in that case, g is the same as g. Domain: t > 1,z > 1, z < x.

3. Gp(t,x, k, 2) is the same as §(t,x, k, z), except no connected component of G\ X sees all
of X. Domain: t>1,z>1, z < x.

4. §1(t,z, k) and g>o(t, x, k) are the same as §(t,z, k, z), except every connected component
of G\ X sees all of X (hence we no longer require every component of G\ X to have
a neighbor in X \ [z]), and furthermore, for g1 we require that G\ X has exactly one
connected component, and for §>o we require that G\ X has at least two components.
Domain for §i: t > 1, x > 0. Domain for j>p: t>1, z > 1.

5. f(t,x, L, k) is the number of labeled connected chordal graphs G with vertex set [x + £ + k]
that evaporate at time exactly t with exception set X = [z], such that G \ X is connected,
Lo(X)={z+1,...,2+ ¢}, and X ULg(X) is a cligue. Domain: t > 1, >0, ¢ > 1.

6. f(t, x4, k) is the same as f(t,x, 4, k), except every connected component of G\(XULg (X))
evaporates at time exactly t — 1 in G, and there exists at least one such component, i.e.,
XULg(X)CV(G). Domain: t > 2, x>0, (> 1.

7. fp(t, x,0, k) is the same as f(t,x,0, k), except no connected component of G\ (X ULg(X))
sees all of X U Lg(X). Domain: t >2, x>0, (> 1.

8. fp(t,m,f, k,z) is the same as fp(t,x,& k), except rather than requiring that G \ X is
connected, we require that G \ [z] is connected. Domain: t >2, x>0, {>1, z < x.

The counter functions for our algorithm will be similar to these, except we only want to
count graphs with a particular automorphism. Therefore, we will have several more arguments
in addition to the usual ones t, z, ¢, k, z from Definition 20. As above, the argument p will
indicate that 7P is the current automorphism. We also introduce the arguments Mx, M,
My, and M, each of which is a subset of M,.. Roughly, these sets specify which vertices —
in X, L:= Lg(X), Z = [2], and the rest of the graph, respectively — can be moved by the
current permutation (but the sets X, L, and Z will be modified slightly).
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In Definition 20, the g-functions count graphs with vertex set [z + k], and the f-functions
count graphs with vertex set [z 4+ £+ k]. For our algorithm, we will make some adjustments
to these vertex sets to ensure that the vertices moved by the current permutation still appear
in the graph. This is similar to how we defined V »s above. To do so, we define several
symbols for these vertex sets and vertex subsets (Vargs, etc.). Each of these depends on the
list of arguments of the function in question, which we denote by args. For example, when

t T k
defining g, we have args = (
& p My Mg
First, suppose args comes from one of the g-functions in Definition 21. Let Vx be the set

of the first & — | M x| natural numbers in N\ M, and let Vi be the set of the first k — | M|

Ajz) (see Definition 21).

natural numbers in N\ (Vx UM, ). We define X,¢s == VxUMx and Virgs = Xargs UVKk UM .

Also, if z is included in args, then let Vz be the set of the first z — |Mz| natural numbers in
N\ M. In this case, we define Z,qs = Vz U M.

For the other case, suppose args comes from one of the f-functions. Let Vx be the set
of the first  — |[Mx| natural numbers in N\ M, let V; be the set of the first £ — | M|
natural numbers in N\ (Vx U M), and let Vi be the set of the first k — |Mk| natural
numbers in N\ (Vx UVy U M;). We define Xorgs = Vx U Mx, Largs = Vi U My, and
Vargs = Xargs U Largs UVK UMy . Also, if z is included in args, then let Vz be the set of the
first z — |Mz| natural numbers in N\ M. In this case, we again define Z;4s == Vz U M.

These vertex subsets still have the same sizes as they did in the original algorithm: the
size of Vypgs is @ + k or @ + € + k, |Xargs| = @, |Largs| = ¢, the rest of the graph has
size k, and |Zgrgs| = z. Just as we had Z C X in the original algorithm, we now have
Zargs € Xargs- This is because we require Mz C Mx in Definition 21, and we also require
z — |Mz| < x — |Mx|, which implies V; C Vx.

For g-functions, we have Myr N Vyrgs € Mx U Mk, and for f-functions, we have My » N
Vargs € Mx U My U Mg, by the definition of V,,.4s. We are now ready to define our new
counter functions.

» Definition 21. The following functions count various subclasses of chordal graphs. The
arguments t,x,{, k, z are nonnegative integers with the same domains as in Definition 20. We
have p € [n], and the arguments Mx, My, Mk, Mz are subsets of M. All other requirements
for their domains are specified below.

1 <t x k z ) ~(t x k z > _ (t x k z )
Np My Mg M) I\ Mx Mg M) TP\p My Mg Mz)
t x k t T k
g d g th t,z, k g(t,x, k
(0 ar an) ()7 ) are the same as gt b2), 360k,
gp(t,x, k. 2), §1(t,z, k), and §>2(t,x, k), respectively, except we only count graphs for
which 7P|y () is an automorphism, and we make the following changes to the vertices of

the graph: the vertex set is Vargs rather than [z + k|, the exception set is Xgrgs Tather
than [z], and [2] is replaced by Zgrgs.

Domain: Mx Cpp My, Mg Coo Mz \ Mx, Mz Coo Mx, |Mx| < z, |Mg| < k,
[Mz| <z, and z — |Mz| < x — |Mx|.

9 f(t x 14 k) f(t x 14 k) f(t x 14 k) and
“\p Mx Mp Mg)' '\p Mx My, Mg) "P\p Mx My, Mg)’
- (t x 14 k z 5 =
Jip (p My M, My MZ) are the same as f(t,x, 0, k), f(t,z,0,k), fp(t,z, ¢, k), and
To(t,z, €, k, 2), respectively, except we only count graphs for which P |y is an automor-
phism, and we make the following changes to the vertices of the graph: the vertex set is
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Vargs rather than [z + £ + k], the exception set is Xqrgs rather than [z], the last set to
evaporate is Lorgs rather than {x +1,...,x + £}, and [2] is replaced by Zgrgs.

Domain: MX gﬂp Mrr; ML gﬂp Mﬂ' \ MX; MK gﬂi’ M7r \ (MX UML); MZ gﬂl’ MX7
|Mx| <z, [Mp| < [Mg| <k, |Mz| <z, and z — [Mz| <z —[Mx|.

For a graph G counted by one of these functions, 77|y () is indeed a permutation of
V(G) since Mx and Mg (and My, if needed) are invariant under 7P.

To compute c(k,p, M), we consider all possibilities for the evaporation time. In the
following recurrence, §; (with those particular arguments) counts the number of labeled
connected chordal graphs with vertex set Vi,gs = Vi as and automorphism 7P|y () that
evaporate at time exactly ¢t with empty exception set.

» Lemma 22. Let k,p € [n] and suppose M C.» M, where |M| < k. We have

k
t 0 k
lk,p, M z_: <p 0 M)

To compute gi, we consider all possibilities for the size £ of L4y4s. The set M in the
inner sum stands for the set of vertices in L,.¢s that can be moved by 7”. Note that we
have |[M| < ¢ and |Mxk \ M| < k — ¢ by the definition of Z,. For §; and all of the following
functions, we recommend reading the analogous recurrences in [14] for further insight into
what is happening with the arguments ¢, x, ¢, k, z in each recursive call.

» Lemma 23. For g, we have

o ) B NG )

(=1 MeT,
where Ty = {M C.» Mg : |Mg|—k+¢<|M|<{}.

To compute f, we consider all possibilities for the set of labels that appear in connected
components of G\ (Xgrgs U Largs) that evaporate at time exactly t — 1. These components
correspond to the recursive call to f. The set M stands for the set of vertices in components
that evaporate at time exactly ¢ — 1 that can be moved by 7P. Note that we have |M| <k’
and |[Mg \ M| < k — k' by the definition of Zy/. Since |Mp| < ¢, we also have z — |[Mx| <
x4+ ¢ — |Mx U Mp|, which is required by the domain of g.

» Lemma 24. For f, we have
f(t x ¢ k )_
p Mx M, Mg
W1 MeT,, |M| p Mx Mp, M P Mx U Mj, MK\M Mx
whereIk/:{MQ,rp MK‘MK|—/€+]€/§|M|§]€/}

To compute g, we consider all possibilities for the set of labels that appear in connected
components of G \ X,,¢s that evaporate at time exactly ¢. These components correspond to
the recursive call to §. The set M stands for the set of vertices in components that evaporate
at time exactly ¢ that can be moved by #P.
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» Lemma 25. For g, we have
t x k z 0\
g(P Mx Mg MZ)_
ZZ \MgN\.(t = K 2\ (t—1 = k—k =z
OMeI,( M|> (p Mx M MZ>g( p Mx Mg\M Mz>7
E+k <|M| <K}

where Ty = {M Cpp Mg : |[Mg| —

For the next recurrence, we will need a few more definitions. Suppose we have been given
fixed values of the arguments of §. Let s be the smallest label in Viygs \ Xqrgs. For k' € [E],
let Py be the family of sets M C,» Mg such that |[Mg| —k 4+ k' < |M| <k’ and such that
the following condition holds: if s € M, then s € M, and otherwise, |[M| < k' — 1. For
' € x], let Tpy = {M' Cop Mx : |M'| < 2'}.

Let Q be the family of pairs (C, M), where C C My and M’ C Mx, such that all elements
of C have the same period pc > 2 with respect to (C, 7P), such that s € C, and such that M’
is invariant under 7PP¢. For a set C' from such a pair, we let C,, :== CUo(C)U---UaPc (),
where o = 7P.

To compute g, we consider all possibilities for the label set of the connected component C
of G\ Xqrgs that contains s. In the definition of g, the components of G \ X,rgs are similar
enough (since they all evaporate at time t) that they can potentially be mapped to one
another by 7P. Thus we consider two cases: either C' is invariant under 7P, or C' is mapped
to some other component of G \ X4rgs by 7. We add together the summations from these
two cases, in a similar way to the recurrence for a(k,p, M). In the recurrence for g, k' stands
for |C|, and ' stands for |[N(C')|. The set M stands for the set of vertices in C' that can be
moved by 7P, and M’ stands for the set of vertices in N(C') that can be moved by 7P.

» Lemma 26. For g, we have

At ® ko2 _ 3 t o K\.(t =z k=K 2z
gp Mx Mg Mg —1<k/<k91 p M M gp Mx Mg\ M My
1<z’'<z | ‘
MeP,, k—|M )
M’eezi/ _ (ku\z\Z) if s € Mk
(IZ,__II__UIVIAZI) otherwise
G if Mg My
(ﬁ/__‘%ﬂ) — (;,__‘ﬁf/ll) otherwise
- t ! |C’|) ~(t x  k—pclC| =z )
+
Z, gl(ZJ'pc M 0 )9\p Mx Mg\Cw M
1<z'<z
o (oY) if M' ¢ My
(il‘f\ﬁi;) - (;jlj\]{/f,ll) otherwise.

To compute f, we consider three cases: either no component of G\ (Xgargs U Largs)
sees all of Xgrgs U Lgrgs, exactly one component sees all of Xg,g5 U Lgrgs, OF at least two
components see all of Xg5g5 U Lgrgs. The recursive calls to §g; and §>2 correspond to the
component/components that see all of X4 U Largs. In the second and third cases, the
set M stands for the set of vertices that can be moved by 7P in components that see all of
Xargs U LaTgs-
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» Lemma 27. For f, we have
p Mx My Mg) “"\p Mx M, Mg
E—|Mg|\. (t—1 x4+ E\(t = 14 k—k
+ . (k’M)gl( p Mxum, M)\ M oM M\ M

1<k'<k
MeTZ,,

4 Z E—|Mg]\. [(t—1 z+ 0 E\. (t—1 x+4 k—K x
M| )92\ p o Mxum, M)\ p MxUM, Mx\M Mx)’
<K'<

11\712125C
where Ly = {M Corr Mg : ‘MK| —k+k < |M| < k/}

For the next recurrence, suppose we have been given fixed values of the arguments of
g>2. Let s be the smallest label in Viygs \ Xargs, and let Py be defined as it was in the
recurrence for §g. Let Q be the family of sets C C M such that all elements of C' have the
same period pc > 2 with respect to (C,#P), and such that s € C. For a set C € Q, we let
C, =CUa(C)U---UcgPc™(C), where o = 7P.

» Lemma 28. For §>o, we have

_ t x k _
922 p MX MK -

Z [t x K [t x k—kK 45 t T k—k
I\ Mmx M)\I\p Mx Me\M)TIZ2\p My Mi\M

1<k/<k
MEP, ke | M|
Mg .
G if s € Mk
k—l—\MKI) ;
(k’—l—\M\ otherwise

[t x JCI\ (. (t =z k—pc|C]| - ([t = k—pc|C|
+Czejggl<p.pc Mx c><91<p Mx M\C™) T 922\p My MeNCT) |

To compute gy, all we need to do is make a slight adjustment to the recurrence for g.

» Lemma 29. The recurrence for gy is exactly the same as the recurrence for g in Lemma 26,
except for the two sums over x': In both summations, rather than summing over x’ such that
1 <2’ <z, we sum over ' such that 1 <z’ <z —1.

To compute fp, we first observe that when z = z, requiring G \ Z,,4s to be connected is
the same as requiring G \ Xg,¢s to be connected.

st x ¢ k (1 x 14 k x
» Lemma 30. We have f,,(p My M, MK)—fp<p Mx M, Mx MX)'

For the next fp recurrence, we need one last round of definitions. Suppose we have been
given fixed values of the arguments of fp, including z and M. Let s be the smallest label
in Vargs \ (Xargs U Largs). For k' € [k], let Py be the family of sets M Cr» Mg such that
IMg| —k + k" < |M| <k and such that the following condition holds: if s € M, then
s € M, and otherwise, |M| < k' —1. For 0 < 2’ <z, let Z,y = {M' Cr» Mx : |M'| <2z'}.
Also, for 0 < ¢/ < ¢, let Jp = {M' Cpp» My : |M'| <}

Let Q be the family of triples (C, M%, M} ), where C C My, M5 C Mx, and M; C My,
such that all elements of C' have the same period pc > 2 with respect to (C, 7P), such that
s € C, and such that M% U M} is invariant under 7P7¢. For a set C' from such a triple, we
let Cy :=CUc(C)U---UgPc=(C), where o = 7P.
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» Lemma 31. For fp with the argument z, we have

=~ (t T 14 k z _(t—1 z + 4
fp(p Mx M, Mg MZ>: 2 2 91< p My UM, M)
1<k'<k  MePy X L
0<z'<z MY €T,
0<U<t  MLeTy
0<z' +0' <z+£

_ (e— |ML|) _ {(’2?'%) if s € M

O — M7z (12/—_11—11?4]\?“) otherwise
—|Mx| ,
(;']'ﬁi ‘|) o if 0 >0 or My € My
r— z— .
(:L"—lMZ |) - (I’—l]WZ;( |) otherwise

~ [t A - k—k
7 v : il <

o (t-1 x+/ k—k z )
Jp otherwise
p MxUM/L MK\M My

(t=1 @ O] [t~ My
" Zf’l(p-pc Moy ¢) \e -y

0<z'<z
0<e' <L
0<1‘//Jr[/</x+z xf‘]\/fx‘ o ,
(C, M, M})EQ . (x’flel) if ¢ >0 or My € My
x—|M z—|M .
(I’JIMZ‘l) — (a;u||MZ;(I|) otherwise
S [t A 4 k— C
i v L
P MXuML ML\ML ]\4}(\6’7T My
_(t—1 x+{ k—pc|C| =z )
Jp , otherwise.
P MX U ML MK \ (o MZ

See the full version of the paper for more intuition behind the recurrences for g>2 and
fp- The base cases for all of these counter functions are the same as in [14] since they only
depend on the arguments ¢, x, ¢, k, z.

5 Conclusion

We built upon the algorithm of Wormald for generating random unlabeled graphs to design
an algorithm that, given n, generates a random unlabeled chordal graph on n vertices in
expected polynomial time. This serves as a proof of concept that one can obtain a sampling
algorithm for unlabeled graphs from a Gl-complete graph class G using the following two
ingredients: (1) an FPT algorithm for counting labeled graphs in G with a given automorphism
7 parameterized by the number of moved points of 7 and (2) a bound on the probability
that a labeled graph in G has a given automorphism. A few potential candidates for this
are bipartite graphs, strongly chordal graphs, and chordal bipartite graphs, all of which are
Gl-complete. An additional open problem would be to design a uniform, or approximately
uniform, sampling algorithm — either for unlabeled chordal graphs or general unlabeled
graphs — that runs in expected polynomial time even when we condition on the output graph.

STACS 2025



46:20

Sampling Unlabeled Chordal Graphs in Expected Polynomial Time

—— References

1

10

11

12

13

14

15

16

17

18

19

20

Edward A. Bender, L. Bruce Richmond, and Nicholas C. Wormald. Almost all chordal graphs
split. Journal of the Australian Mathematical Society, 38(2):214-221, 1985.

Vladislav Bina and Jifi Ptibil. Note on enumeration of labeled split graphs. Commentationes
Mathematicae Universitatis Carolinae, 56(2):133-137, 2015.

Jean R.S. Blair and Barry Peyton. An introduction to chordal graphs and clique trees. In
Graph theory and sparse matriz computation, pages 1-29. Springer, 1993.

Manuel Bodirsky, Clemens Groépl, and Mihyun Kang. Sampling unlabeled biconnected
planar graphs. In Algorithms and Computation: 16th International Symposium, ISAAC 2005,
Sanya, Hainan, China, December 19-21, 2005. Proceedings 16, pages 593-603. Springer, 2005.
doi:10.1007/11602613_60.

Manuel Bodirsky, Clemens Gropl, and Mihyun Kang. Generating labeled planar graphs
uniformly at random. Theoretical Computer Science, 379(3):377-386, 2007. doi:10.1016/7J.
TCS.2007.02.045.

Manuel Bodirsky, Clemens Gropl, and Mihyun Kang. Generating unlabeled connected cubic
planar graphs uniformly at random. Random Structures & Algorithms, 32(2):157-180, 2008.
doi:10.1002/RSA.20206.

John D. Dixon and Herbert S. Wilf. The random selection of unlabeled graphs. Journal of
Algorithms, 4(3):205-213, 1983. doi:10.1016/0196-6774(83)90021-4.

Eric Fusy. Uniform random sampling of planar graphs in linear time. Random Structures &
Algorithms, 35(4):464-522, 2009. doi:10.1002/RSA.20275.

Andrew Gainer-Dewar and Ira M. Gessel. Counting unlabeled k-trees. Journal of Combinatorial
Theory, Series A, 126:177-193, 2014. d0i:10.1016/J.JCTA.2014.05.002.

Pu Gao and Nicholas Wormald. Uniform generation of random regular graphs. SIAM Journal
on Computing, 46:1395-1427, 2017. doi:10.1137/15M1052779.

Pu Gao and Nicholas Wormald. Uniform generation of random graphs with power-law degree
sequences. In Proceedings of the 29th Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA), pages 1741-1758, 2018. doi:10.1137/1.9781611975031.114.

Fanica Gavril. Algorithms for minimum coloring, maximum clique, minimum covering by
cliques, and maximum independent set of a chordal graph. SIAM Journal on Computing,
1(2):180-187, 1972. doi:10.1137/0201013.

Andras Hajnal and Janos Suranyi. Uber die aufldsung von graphen in vollstindige teilgraphen.
Ann. Univ. Sci. Budapest, Eétvés Sect. Math, 1:113—-121, 1958.

Ursula Hébert-Johnson, Daniel Lokshtanov, and Eric Vigoda. Counting and sampling labeled
chordal graphs in polynomial time, 2023. doi:10.48550/arXiv.2308.09703.

Mark R. Jerrum, Leslie G. Valiant, and Vijay V. Vazirani. Random generation of combinatorial
structures from a uniform distribution. Theoretical Computer Science, 43:169-188, 1986.
doi:10.1016/0304-3975(86)90174-X.

Walter Oberschelp. Kombinatorische anzahlbestimmungen in relationen. Mathematische
Annalen, 174:53-78, 1967.

OEIS Foundation Inc. Entry A058862 in the On-Line Encyclopedia of Integer Sequences, 2024.
Published electronically at http://oeis.org.

Toshiki Saitoh, Yota Otachi, Katsuhisa Yamanaka, and Ryuhei Uehara. Random generation
and enumeration of bipartite permutation graphs. Journal of Discrete Algorithms, 10:84-97,
2012. doi:10.1016/J.JDA.2011.11.001.

Herbert S. Wilf. The uniform selection of free trees. Journal of Algorithms, 2(2):204-207,
1981. d0i:10.1016/0196-6774(81)90021-3.

Nicholas C. Wormald. Generating random unlabelled graphs. SIAM Journal on Computing,
16(4):717-727, 1987. doi:10.1137/0216048.


https://doi.org/10.1007/11602613_60
https://doi.org/10.1016/J.TCS.2007.02.045
https://doi.org/10.1016/J.TCS.2007.02.045
https://doi.org/10.1002/RSA.20206
https://doi.org/10.1016/0196-6774(83)90021-4
https://doi.org/10.1002/RSA.20275
https://doi.org/10.1016/J.JCTA.2014.05.002
https://doi.org/10.1137/15M1052779
https://doi.org/10.1137/1.9781611975031.114
https://doi.org/10.1137/0201013
https://doi.org/10.48550/arXiv.2308.09703
https://doi.org/10.1016/0304-3975(86)90174-X
https://doi.org/10.1016/J.JDA.2011.11.001
https://doi.org/10.1016/0196-6774(81)90021-3
https://doi.org/10.1137/0216048

	1 Introduction
	1.1 Methods

	2 Preliminaries
	2.1 Permutations and labeled graphs
	2.2 Chordal graphs and related notions
	2.3 Evaporation sequences

	3 Sampling unlabeled chordal graphs
	3.1 Algorithm for sampling unlabeled chordal graphs
	3.2 Correctness of Algorithm 1
	3.3 Running time of Algorithm 1

	4 Counting labeled chordal graphs with a given automorphism
	4.1 Reducing from counting chordal graphs to counting connected chordal graphs
	4.2 Recurrences for counting connected chordal graphs

	5 Conclusion

