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Abstract
We investigate the tree-to-tree functions computed by “affine λ-transducers”: tree automata whose
memory consists of an affine λ-term instead of a finite state. They can be seen as variations on
Gallot, Lemay and Salvati’s Linear High-Order Deterministic Tree Transducers.

When the memory is almost purely affine (à la Kanazawa), we show that these machines can
be translated to tree-walking transducers (and with a purely affine memory, we get a reversible
tree-walking transducer). This leads to a proof of an inexpressivity conjecture of Nguyễn and Pradic
on “implicit automata” in an affine λ-calculus. We also prove that a more powerful variant, extended
with preprocessing by an MSO relabeling and allowing a limited amount of non-linearity, is equivalent
in expressive power to Engelfriet, Hoogeboom and Samwel’s invisible pebble tree transducers.

The key technical tool in our proofs is the Interaction Abstract Machine (IAM), an operational
avatar of Girard’s geometry of interaction, a semantics of linear logic. We work with ad-hoc
specializations to λ-terms of low exponential depth of a tree-generating version of the IAM.
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1 Introduction

This paper investigates the expressive power of various kinds of tree transducers: automata
computing tree-to-tree functions. This is a topic with a long history, and many equivalences
between machine models are already known. For instance, the class of monadic second-
order transductions1 (MSOTs), whose name refers to a definition by logic, is also captured
by various tree transducer models (e.g. [19]) or by a system of primitive functions and
combinators [10]. This class is closed under composition, and includes functions such as:

mirror and add a d above each b: a(b(c), c) 7→ a(c, d(b(c)))
relabel each c by parity of its depth: a(b(c), c) 7→ a(b(0), 1)

count number of non-a nodes in unary: a(b(c), c) 7→ S(S(S(0)))

1 We consider only tree-to-tree transductions here, but there is a rich theory of MSOTs between graphs,
or between arbitrary relational structures, cf. [12]. See also [8] for a history of MSO transductions. In
the well-studied special case of string functions, MSOTs are called “regular functions”, cf. [33].
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68:2 Slightly Non-Linear Higher-Order Tree Transducers

Some machines for MSOTs, such as the restricted macro tree transducers2 of [20], involve tree
contexts as data structures used in their computation. A tree context is a tree with “holes”
at some leaves – for example b(a(c, a(⟨·⟩, c))) – and these holes are meant to be substituted
by other trees. Thus, it represents a simple function taking trees to trees: these transducers
use functions as data. From this point of view, in the spirit of functional programming, it
also makes sense to consider transducers manipulating higher-order data, that is, functions
that may take functions as arguments (a function of order k + 1 takes arguments of order
at most k). This idea goes back to the 1980s [21] (cf. Remark 2.9), and a recent variant by
Gallot, Lemay and Salvati [22, 23] computes exactly the tree-to-tree MSOTs.

Linear/affine λ-calculus for MSOTs. Gallot et al. [22, 23] use the λ-calculus to represent
higher-order data, and in order to control the expressive power, they impose a linearity
restriction on λ-terms. In programming language theory, a linear function uses its argument
exactly once, while an affine function must use its argument at most once – affineness thus
mirrors the “single-use restrictions” that appear in various tree transducer models [7, 20, 4, 10].

An independent but similar characterization of MSOTs appeared around the same time
in Nguyễn and Pradic’s work on “implicit automata” [37, 34]. In an analogous fashion to
how the untyped λ-calculus can be used as a Turing-complete programming language, they
consider typed λ-terms seen as standalone programs. For a well-chosen type system – which
enforces a linearity restriction – and input/output convention, it turns out that the functions
computed by these λ-terms are exactly the MSO tree transductions [34, Theorem 1.2.3].

In fact, the proof of [34, Theorem 1.2.3] introduces, as an intermediate step, a machine
model – the “single-state L-BRTTs” of [34, Section 6.4] – that uses λ-terms as memory
to capture the class of MSOTs. Clearly, this device is very close to the tree transducer
model of Gallot et al. Yet there are also important differences between the two: they can be
understood as two distinct ways of extending what we call “purely linear λ-transducers”, as
we will explain. Actually, to avoid some uninteresting pathologies (cf. [34, Theorem 7.0.2]),
we shall prefer to work with affine λ-transducers instead.

▶ Example 1.1. Purely affine λ-transducers will be properly defined later, but for now, for
the sake of concreteness, let us exhibit one such transducer. It takes input trees with binary
a-labeled nodes, unary b-labeled nodes and c-labeled leaves, and is specified by the λ-terms:

ta = λℓ. λr. λx. ℓ (r x) tb = λf. λx. S (f x) tc = S u = λf. f 0

where S and 0 are constants from the output alphabet. The input a(b(c), c) is then mapped
to u (ta (tb tc) tc) which evaluates to the normal form S (S (S 0)). So this λ-transducer
computes the aforementioned “number of non-a nodes written in unary” function. (It actually
is purely linear: each bound variable has exactly one occurrence.)

The issue with this transducer model is its lack of expressiveness, as shown by the following
consequence of our results, which settles an equivalent3 conjecture on “implicit automata”
that had been put forth by Nguyễn and Pradic in [37, Section 5.3]. (We will come back in
Remark 7.1 to how they overcome this to characterize tree-to-tree MSO transductions.)

2 Which are very similar to some other transducer models for MSOTs: the bottom-up ranked tree
transducers of [4, Sections 3.7–3.8] and the register tree transducers of [10, Section 4].

3 A routine syntactic analysis akin to [37, Lemma 3.6] shows that it is indeed equivalent. Note that the
results of [37] are indeed about affine, not linear, λ-calculi.
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▶ Corollary 1.2 (of Theorem 1.4 below). There exists a regular tree4 language whose indicator
function cannot be computed by any purely affine λ-transducer.

Gallot et al. avoid this limitation by extending the transducer model with common
automata-theoretic features. They then show [23, Chapter 7] that the usual linear λ-terms
lead to the previously mentioned characterization of MSOTs, while relaxing the linearity
condition to “almost linearity” yields the larger class of “MSOTs with sharing”5 (MSOT-S).

This notion of almost linear λ-term was introduced by Kanazawa [28], who also studied
the almost affine case in [28, 27]. In fact, the aforementioned characterization of MSOT-S
was first claimed by Kanazawa in a talk more than 15 years ago [26], although he never
published a proof to the best of our knowledge.

Flavors of affine types. We shall work with an affine type system that allows some data
to be marked as duplicable via the exponential modality “!”. The grammar of types is thus
A, B ::= o | A⊸ B | !A – the connective ⊸ is the affine function arrow.

The point is to allow us to restrict duplication by means of syntactic constraints on ‘!’.

▶ Definition 1.3. A purely affine type does not contain any ‘!’, i.e. is built from o and ⊸.
A type is said to be almost purely affine when the only occurrences of ‘!’ are applied to o.

In particular, every purely affine type is almost purely affine.

For example, (o⊸ !o)⊸ !o is almost purely affine but not !(o⊸ o).
The latter definition is motivated by the aforementioned almost affine λ-terms [27], which

allow the variables of base type o to be used multiple times, e.g. λy. λf. λg. (λx. f x x) (g y y)
is almost affine (and even almost linear) for x : o and y : o. Inconveniently, almost linear/affine
λ-terms are not closed under β-reduction, as remarked in [27, §4]. For instance, the previous
term reduces to λy. λf. λg. f (g y y) (g y y) which uses g : o ⊸ o ⊸ o twice. The “!”
modality provides a convenient way to realize a similar idea while avoiding this drawback.

Each λ-transducer has in its definition a memory type, which is for instance o⊸ o for
Example 1.1. We extend Definition 1.3 to λ-transducers: a λ-transducer is purely (resp.
almost purely) affine when its memory type is purely (resp. almost purely) affine.

Contributions. First, we study (almost) purely affine λ-transducers, relating them to yet
another machine model: tree-walking tree transducers, see e.g. [19]. Those are devices with a
finite-state control and a reading head moving around the nodes of the input tree; in one
step, the head can move to the parent or one of the children of the current node.

▶ Theorem 1.4. Writing ⊆ for a comparison in expressive power, we have:

purely affine λ-transducer ⊆ reversible tree-walking transducer
almost purely affine λ-transducer ⊆ tree-walking transducer

Corollary 1.2 then follows immediately from a result of Bojańczyk and Colcombet [9]:
there exists a regular tree language not recognized by any tree-walking automaton.

4 This phenomenon depends on using trees as inputs. Over strings, purely affine λ-terms can be used to
recognize any regular language [37, Theorem 5.1].

5 An MSOT-S can be decomposed as an MSO tree-to-graph transduction (Footnote 1), that produces a
rooted directed acyclic graph (DAG), followed by the unfolding of this graph into a tree. The rooted
DAG is a compressed representation of the output tree with some “sharing” of subtrees.
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We also obtain characterizations of MSOTs and of MSOT-Ss, by preprocessing the input
with an MSO relabeling – a special kind of MSOT that can only change the node labels in a
tree, but keeps its structure as it is. Morally, this preprocessing amounts to the same thing
as the automata-theoretic features – finite states and regular look-ahead – used in [22, 23].

▶ Theorem 1.5. Using ≡ to denote an equivalence in expressive power, we have:

purely affine λ-transducer ◦ MSO relabeling ≡ MSOT
almost purely affine λ-transducer ◦ MSO relabeling ≡ MSOT-S

This should be informally understood as a mere rephrasing of the results of Gallot et al. and
of Kanazawa, except with affine rather than linear λ-terms. On a technical level, we derive
our right-to-left inclusions from their results; there turns out to be a minor mismatch, and
working with affineness rather than linearity proves convenient to overcome it. As for the
left-to-right inclusions, we get them as corollaries of Theorem 1.4.

Finally, we give a genuinely new characterization of the class MSOT-S2 of functions that
can be written as compositions of two MSO transductions with sharing.

▶ Definition 1.6. A type is almost !-depth 1 when the only occurrences of ‘!’ are applied to
almost purely affine types (e.g. !(!o⊸ o) is almost !-depth 1, but not !!(o⊸ o)).

▶ Theorem 1.7. Almost !-depth 1 λ-transducer ◦ MSO relabeling ≡ MSOT-S2.

To prove the left-to-right inclusion, we compile these λ-transducers to invisible pebble tree
transducers [18] – an extension of tree-walking transducers known to capture MSOT-S2. For
the converse, we rely on a simple composition procedure for λ-transducers, which gives us:

▶ Proposition 1.8. Suppose that the tree-to-tree functions f and g are computed by λ-
transducers with respective memory types A and B. Then g ◦ f is computed by a λ-transducer
with memory type A{o := B}.

Key tool: the Interaction Abstract Machine (IAM). To translate λ-transducers into
tree-walking or invisible pebble tree transducers, we use a mechanism that evaluates a λ-term
using a pointer to its syntax tree that is moved by local steps – just like a tree-walking
reading head. This mechanism, called the Interaction Abstract Machine, was derived from a
family of semantics of linear λ-calculi known as “geometry of interaction” (GoI) – for more
on its history, see [46, Chapter 3]. Our approach thus differs from both the proofs of Gallot
et al. in [23], which go through a syntactic procedure for lowering the order of λ-terms, and
those of Nguyễn and Pradic in [34], which rely on another kind of denotational semantics.

The IAM satisfies a well-known reversibility property, see e.g. [46, Proposition 3.3.4] –
it even appears in the title of the seminal paper [14]. In the purely affine case, this gives
us reversible tree-walking transducers in Theorem 1.4 – these have not appeared explicitly
in the literature, but we define them similarly to the existing reversible graph-walking
automata [39] and reversible two-way string transducers [15]. In the almost purely affine and
almost !-depth 1 cases, we use an ad-hoc optimization of the IAM that breaks reversibility.

Preliminaries on trees. A ranked alphabet Σ is a finite set with a “rank” (or “arity”)
rk(c) ∈ N = {0, 1, . . . } associated to each “letter” c ∈ Σ. It can be seen as a first-order
signature of function symbols, and by a tree over Σ we mean a closed first-order term over
this signature. For instance, a tree over {a : 2, b : 1, c : 0} may have binary a-labeled nodes,
unary b-labeled nodes and c-labeled leaves; examples include a(b(c), c) or b(a(a(c, c), c)).
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We write Tree(Σ) for the set of trees over the ranked alphabet Σ. It will also be convenient
to work with the sets Tree(Σ, X) = Tree(Σ ∪ {x : 0 | x ∈ X}) of trees over Σ with the
additional possibility of having X-labeled leaves.

2 Affine λ-terms and tree-to-tree λ-transducers

The grammar of our λ-terms, where a ranges over constants and x over variables, is

t, u ::= a | x | λx. t | t u | !t | let !x = u in t

These λ-terms are considered up to renaming of bound variables (λx. t binds x in t, while
let !x = u in t binds x in t but not in u). We will also use contexts, which are λ-terms
containing one occurrence of a special symbol, the hole ⟨·⟩:

C, D, E ::= ⟨·⟩ | λx. C | t C | C u | !C | let !x = C in t | let !x = u in C

Plugging, i.e. substituting the hole of a context C for a term t, potentially capturing free
variables, is written C⟨t⟩. For example, if C = λx. t ⟨·⟩, then C⟨u v⟩ = λx. t (u v). The
linear logic tradition calls a term of the form !t a box, and the number of nested boxes
surrounding a subterm of some term is called its depth within this term. Similarly, the depth
of a context C is defined to be the number of boxes surrounding the hole ⟨·⟩. In this paper,
however, we are counting only boxes which do not surround terms of the base type o.

Typing rules. Our type system is a variant of Dual Intuitionistic Linear Logic [6], with
weakening to make it affine. As already said, our grammar of types is A, B ::= o | A⊸ B | !A.
As usual, ⊸ is right-associative: the parentheses in A⊸ (B ⊸ C) can be dropped.

The typing contexts are of the form (unrestricted variables) | (affine variables). In the
rules below, a comma between two sets of typed affine variables denotes a disjoint union; this
corresponds to prohibiting the use of the same affine free variable in two distinct subterms.

Θ | Φ, x : A ⊢ x : A

Θ | Φ, x : A ⊢ t : B

Θ | Φ ⊢ λx. t : A⊸ B

Θ | Φ ⊢ t : A⊸ B Θ | Φ′ ⊢ u : A

Θ | Φ, Φ′ ⊢ t u : B

Θ, x : A | Φ ⊢ x : A

Θ | ∅ ⊢ t : A

Θ | ∅ ⊢ !t : !A
Θ | Φ ⊢ u : !A Θ, x : A | Φ′ ⊢ t : B

Θ | Φ, Φ′ ⊢ let !x = u in t : B

We also work with constants whose types are fixed in advance. Fixing a : A means that we
have the typing rule Θ | Φ ⊢ a : A. We shall also abbreviate ∅ | ∅ ⊢ t : A as t : A.

▷ Claim 2.1 (Affineness). If λx. t is well-typed, the variable x occurs at most once in t, at
depth 0. (But let-bound variables are not subject to any such restriction).

Normalization. Our β-reduction rules, which can be applied in any context C, are as follows,
where the context L consists of a succession of let-binders (i.e. L ::= ⟨·⟩ | let !x′ = t′ in L):

L⟨λx. t⟩ u −→β L⟨t{x := u}⟩ let !x = L⟨!u⟩ in t −→β L⟨t{x := u}⟩

For instance, the following is a valid β-reduction:

(let !x = u in let !y = v in λz. z x y) t −→∗
β let !x = u in let !y = v in t x y

This “reduction at a distance” – an idea of Accattoli & Kesner [3] – is a way to get the desirable
Proposition 2.4 below without having to introduce cumbersome “commuting conversions”.
For an extended discussion in the context of a system very close to ours, see [32, §1.2.1].

STACS 2025



68:6 Slightly Non-Linear Higher-Order Tree Transducers

▶ Proposition 2.2 (Normalization and subject reduction). Any well-typed term has a β-normal
form. Furthermore, if Θ | Φ ⊢ t : A then Θ | Φ ⊢ t′ : A for any β-normal form t′ of t.

▶ Definition 2.3. We say that a term Θ | Φ ⊢ t : A is purely affine when all of its subterms
have purely affine types (cf. Definition 1.3) and Θ = ∅, which implies that it contains no
!-box or let-binding. We also call almost purely affine (resp. almost !-depth 1) the terms
Θ | Φ ⊢ t : A in which, for every subterm u of t,

the type of u is almost purely affine (resp. almost !-depth 1 – cf. Definition 1.6),
if u = !r then r is purely (resp. almost purely) affine,
Θ = x1 : o, . . . , xn : o (resp. Θ = x1 : A1, . . . , xn : An where A1, . . . , An are almost purely
affine).

▶ Proposition 2.4. Assume that we work with purely affine constants, as will always be the
case in this paper. Let Θ | Φ ⊢ t : A and suppose t is in normal form. If A and the types in
Θ and Φ are purely affine (resp. almost purely affine, almost !-depth 1), then so is t.

For example, let !z = !(λx. x) in z : o⊸ o is not purely affine but its normal form λx. x is.

Encoding of trees in our affine λ-calculus. Fix a ranked alphabet Σ. We consider λ-terms
built over the constants c : ork(c) ⊸ o for c ∈ Σ. There is a canonical encoding ›( · ) of trees
as closed terms of type o; for instance, τ = a(b(c), c) is encoded as τ̃ = a (b c) c.

▶ Proposition 2.5. Every closed term of type o using these constants admits a unique
normal form. Furthermore, ›( · ) is a bijection between Tree(Σ) and these normal forms.

Given a type A and a family of λ-terms t⃗ = (tc)c∈Σ such that tc : Ark(c) ⊸ A for each
letter c ∈ Σ, we write τ̂ (⃗t) for the result of replacing each constant c in τ̃ by tc. It is always well
typed, with type A. For the example τ = a(b(c), c), we have τ̂((tx)x∈{a,b,c}) = ta (tb tc) tc.

Higher-order transducers (or λ-transducers). Let us fix an input ranked alphabet Γ.

▶ Definition 2.6. An (affine) λ-transducer Tree(Γ) → Tree(Σ) is specified by a memory
type A and a family of terms (that can use the aforementioned constants from Σ):

ta : Ark(a) ⊸ A︸ ︷︷ ︸
“transition terms”

for each letter a ∈ Γ and u : A⊸ o︸ ︷︷ ︸
“output term”

The λ-transducer defines the function

τ ∈ Tree(Γ) 7→ σ ∈ Tree(Σ) such that σ̃ is the normal form of
well-typed with type o︷ ︸︸ ︷

u τ̂((ta)a∈Γ)︸ ︷︷ ︸
well-defined and unique thanks to Proposition 2.5

This amounts to specifying a structurally recursive function over Tree(Γ) with return type A,
followed by some post-processing that produces an output tree. Alternatively, a λ-transducer
can be seen as a kind of tree automaton whose memory consists of affine λ-terms of some
type A (with constants from Σ) and whose bottom-up transitions are also defined by λ-terms.

In addition to the purely affine Example 1.1, we exhibit two other λ-transducers.

▶ Example 2.7. The following almost affine λ-transducer maps Sn(0) = S(. . . (S(0))) to the
list [1, 2, . . . , n], encoded as the tree cons(S(0), . . . (cons(Sn(0), nil) . . . ).

t0 = λx. nil : !o⊸ o (memory type) u = λg. g !(S 0)
tS = λg. λx. let !y = x in cons y (g !(S y))
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▶ Example 2.8. The following λ-transducer takes as input the binary encoding of a natural
number n and returns a complete binary tree of height n, e.g. 0(0(1(0(ε)))) 7→ a(a(c, c), a(c, c)).
Thus, its growth is doubly exponential. Its memory type !(!o⊸ !o)⊸ o is almost !-depth 1.

t0 = λg. λx. let !f = x in g !(λy. f (f y)) tε = λx. let !f = x in let !z = f !c in z

t1 = λg. λx. let !f = x in g !(λy. let !z = f (f y) in !(a z z)) u = λg. g !(λy. y)

Moreover, composing Examples 1.1 and 2.7 according to Proposition 1.8 gives another
almost purely affine example.
▶ Remark 2.9. The original impetus for Engelfriet and Vogler’s higher-order transducers [21]
was that their transducers of order k are equivalent to compositions of k unrestricted macro
tree transducers. A major motivation of Gallot et al.’s machine model using linear λ-terms
was also function composition, for which they give efficient constructions [23, Chapter 6]
(which are non-trivial). And in Nguyễn and Pradic’s “implicit automata”, composition is
just a matter of plugging two λ-terms together [37, Lemma 2.8].

3 Tree-walking transducers (last definitions needed for Theorem 1.4)

Generalities. In this paper, we shall encounter several machine models that generate
some output tree in a top-down fashion, starting from the root. (This is not the case of
λ-transducers.) They follow a common pattern, which we abstract as a lightweight formalism
here: essentially, a deterministic regular tree grammar with infinitely many non-terminals.
▶ Remark 3.1. Engelfriet’s tree grammars with storage (see for instance [17]) are more
complex formalisms that also attempt to unify several definitions of tree transducer models.

▶ Definition 3.2. A tree-generating machine over the ranked alphabet Σ consists of:
a (possibly infinite) set K of configurations;
an initial configuration κ0 ∈ K – in concrete instances, κ0 will be defined as a simple
function of some input tree (for tree transducers) or some given λ-term (for the IAM);
a computation-step (partial) function K ⇀ Tree(Σ, K).

▶ Example 3.3. To motivate the formal semantics for these machines that we will soon
define, we give a tree-generating machine that is meant to produce the list [1, 2, . . . , n] (for
an arbitrarily chosen n ∈ N), encoded as in Example 2.7.

The set of configurations is K = {spine, num}×N where spine and num are formal symbols.
The initial configuration is (spine, n) – let us write this pair as ⟨spine, n⟩.

The computation-step function is


⟨spine, 0⟩ 7→ nil

⟨spine, m + 1⟩ 7→ cons(⟨num, n − m⟩, ⟨spine, m⟩)
⟨num, 0⟩ 7→ 0

⟨num, m + 1⟩ 7→ S(⟨num, m⟩)
For n = 3, one possible run is

⟨spine, 3⟩⇝ cons(⟨num, 1⟩, ⟨spine, 2⟩)⇝ cons(S(⟨num, 0⟩), ⟨spine, 2⟩)⇝ . . .

All runs starting from ⟨spine, 3⟩ eventually reach the tree that encodes [1, 2, 3].

Let us now discuss the general case. Intuitively, the execution of the machine involves
spawning several independent concurrent processes, outputting disjoint subtrees. We formalize
this parallel computation as a rewriting system ⇝ on Tree(Σ, K): we have τ1 ⇝ τ2 whenever

STACS 2025



68:8 Slightly Non-Linear Higher-Order Tree Transducers

τ2 is obtained from τ1 by substituting one of its configuration leaves by its image by the
computation-step function. This rewriting system is orthogonal, and therefore confluent,
which means that the initial configuration has at most one normal form. If this normal form
exists and belongs to Tree(Σ), it is the output of the machine; we then say that the machine
converges. Otherwise, the output is undefined; the machine diverges.

Tree-walking transducers. Before giving the definition, let us see a concrete example.

▶ Example 3.4. According to Theorem 1.4, since the λ-transducer of Example 1.1 is purely
affine, the function “count non-a nodes” that it defines can also be computed by some
(reversible) tree-walking transducer. We show the run of such a transducer on the input
a1(b2(c3), c4) – the indices are not part of the node labels, they serve to distinguish positions:

(q,⟲, a1)⇝ (q, ↓•, b2)⇝ S((q, ↓•, c3))⇝ S(S((q, ↑•
1, b2)))⇝ S(S((q, ↑•

1, a1)))
⇝ S(S((q, ↓•, c4)))⇝ S(S(S((q, ↑•

2, a1)))))⇝ S(S(S(0)))

where q is the single state of the transducer. The second component records the “provenance”,
i.e. the previous position of the tree-walking transducer relatively to the current node (stored
in the third component): ↓• refers to its parent, ⟲ to itself, and ↑•

i to its i-th child.

▶ Definition 3.5. A tree-walking transducer (TWT) Tree(Γ) ⇀ Tree(Σ) consists of:
a finite set of states Q with an initial state q0 ∈ Q

a family of (partial) transition functions for a ∈ Γ

δa : Q × {↓•,⟲, ↑•
1, . . . , ↑•

k} ⇀ Tree(Σ, Q × {↑•,⟲, ↓•
1, . . . , ↓•

k}) where k = rk(a)

a family of (partial) transition functions at the root for a ∈ Γ

δroot
a : Q × {⟲, ↑•

1, . . . , ↑•
k} ⇀ Tree(Σ, Q × {⟲, ↓•

1, . . . , ↓•
k}) where k = rk(a)

The TWT associates to each input tree τ a tree-generating machine whose output is the
image of τ . Its set of configurations is Q × {↓•,⟲, ↑•

1, . . . } × {nodes of τ} and its initial
configuration of is (q0, ⟲, root of τ).

To define the image of (q, p, v) by the computation-step function (it is undefined if one of
the following steps is undefined), we start with either δroot

a (q, p) if v is the root or δa(q, p)
otherwise – where a is the label of the node v – then replace each (q′, p) ∈ Q × {↑•, . . . } by(q′, ↓•, i-th child of v) if p = ↓•

i (q′,⟲, v) if p = ⟲
(q′, ↑•

j , parent of v) if p = ↑• and v is the j-th child of its parent

▶ Example 3.6. Using the idea of Example 3.3, we define a tree-walking transducer that
computes the function “n 7→ [1, . . . , n] modulo encodings” of Example 2.7. Its set of states is
Q = {spine, num}, its initial state is spine and its transitions are

δroot
S (spine,⟲) = δS(spine, ↓•) = cons((num,⟲), (spine, ↓•

1))
δS(num,⟲) = δS(num, ↑•

1) = S((num, ↑•))
δroot

S (num,⟲) = δroot
S (num, ↑•

1) = S(0) δroot
0 (spine,⟲) = δ0(spine, ↓•) = nil

▶ Remark 3.7. In the above example, the provenance information in {↓•, . . . } plays no role.
On the contrary, it is crucial in the former Example 3.4, where we have δroot

a (q, ↑•
2) = 0 and

δroot
a (q,⟲) = δa(q, ↓•) = (q, ↓•

1) δroot
a (q, ↑•

1) = δa(q, ↑•
1) = (q, ↓•

2)︸ ︷︷ ︸
“after returning from the 1st child, the traversal starts visiting the 2nd child”

δa(q, ↑•
2) = (q, ↑•)
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In the definitions of tree-walking automata or transducers in the literature, e.g. [9, 16, 19],
transitions often do not have access to this provenance, but instead they can depend on the
“child number” i of the current node (such that the node is an i-th child of its parent). One
can easily simulate one variant with the other; but if neither of these features were available,
the machine model would be strictly weaker [25, Theorem 5.5].

Our main motivation for using provenances instead of child numbers is that, according
to [39, Sections 5 and 6], being “direction-determinate” – i.e. knowing which previous node
the current configuration came from – is important in the reversible case. This can indeed
be observed in the proof of Claim 3.9. (Directed states are used in [15] for a similar reason.)

Let us say that a map δ : X → Tree(Σ, Y ) is Y -leaf-injective whenever in the family of
trees (δ(x) | x ∈ X), each y ∈ Y occurs at most once: y appears in at most one tree of the
family, and if it does appear, this tree has a single leaf with label y.

▶ Definition 3.8. A tree-walking transducer Tree(Γ) ⇀ Tree(Σ) is reversible when all maps
δa and δroot

a for a ∈ Γ are (Q × {↑•,⟲, ↓•
1, . . . , ↓•

rk(a)})-leaf-injective.

Example 3.4 is reversible, but not Example 3.6.

▷ Claim 3.9 (The meaning of reversibility). Fix a reversible tree-walking transducer and
an input tree. Any configuration C has at most one predecessor configuration, i.e. one
configuration C ′ whose image by the computation-step function contains C as a leaf.

Proof. Let (q, p, v) = C, and assume that (q′, p′, v′) = C ′ exists. The provenance information
p tells us where v′ is situated in the input tree relatively to v, so we determine v′ along with
its label a. Among the leaves of δa(q′, p′) (or δroot

a (q′, p′) if v′ is the root), there must be one
of the form (q, p) where q and p are related (in a one-to-one fashion) as defined just above
Example 3.6. By leaf-injectivity this uniquely determines q′ and p′. ◁

4 From the Interaction Abstract Machine to (reversible) TWTs

This section finally discusses the proof of Theorem 1.4. (For lack of space, we focus on stating
some key definitions and illustrating the ideas on examples; rigorous details are left to the
technical report.) By definition, computing the image of an input tree by a λ-transducer
involves normalizing a λ-term. Unfortunately, iterating β-reductions until a normal form is
reached requires too much working memory to be implemented by a finite-state device, such
as a tree-walking transducer. That is why we rely on other ways to normalize terms of base
type o, namely variants of the Interaction Abstract Machine (IAM).

The purely affine IAM. Let us start with a machine that can normalize a purely affine
term v : o. Intuitively, it moves a token around the edges of the syntax tree of v; we represent
the situation where the token is on the edge connecting the subterm t to its context C (such
that C⟨t⟩ = v) and is moving down (resp. up) as C⟨t⟩ (resp. C⟨t⟩). The token carries a small
amount of additional information: a “tape” which is a stack using the symbols • and ◦.

We reuse the formalism of tree-generating machines from the previous section, and we
denote by X∗ (with the Kleene star) the set of lists with elements in X.

▶ Definition 4.1. Let v : o be purely affine. The tree-generating machine PAIAM(v) has:
configurations of the form (d, t, C, T ) where d ∈ {↓, ↑}, C⟨t⟩ = v and T ∈ {•, ◦}∗ – which
we abbreviate as (C⟨t⟩, T ) when d = ↓ or (C⟨t⟩, T ) when d = ↑;
the initial configuration (t, ε) = (↓, t, ⟨·⟩, ε);
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the following computation-step function:
(C⟨t u⟩, T ) 7→ (C⟨t u⟩, •·T ) (C⟨t u⟩, •·T ) 7→ (C⟨t u⟩, T )
(C⟨t u⟩, T ) 7→ (C⟨t u⟩, ◦·T ) (C⟨t u⟩, ◦·T ) 7→ (C⟨t u⟩, T )

(C⟨λx. t⟩, T ) 7→ (C⟨λx. t⟩, •·T ) (C⟨λx. t⟩, •·T ) 7→ (C⟨λx. t⟩, T )
(C⟨λx. D⟨x⟩⟩, T ) 7→ (C⟨λx. D⟨x⟩⟩, ◦·T ) (C⟨λx. D⟨x⟩⟩, ◦·T ) 7→ (C⟨λx. D⟨x⟩⟩, T )

(C⟨c⟩, •rk(c)·T ) 7→ c
Ä
(C⟨c⟩, ◦·T ), (C⟨c⟩, •· ◦ ·T ), . . . , (C⟨c⟩, •rk(c)−1· ◦ ·T )

ä
The last rule handles constants c : ork(c) ⊸ o coming from a fixed ranked alphabet Σ. When
rk(c) = 0, the right-hand side is simply the tree with a single node labeled by c; otherwise, it
is a tree of height 1, whose leaves are all configurations.

▶ Example 4.2. Let u and (tx)x∈{a,b,c} be the terms defining the purely affine λ-transducer
from Example 1.1. On the term v = u (ta (tb tc) tc), we have the following IAM execution
(where C ⇝n C ′ means that C rewrites into C ′ in n steps):

(v, ε)⇝ (u (ta (tb tc) tc), •)⇝ ((λf. f 0) (ta (tb tc) tc), ε)⇝ ((λf. f 0) (. . . ), •)
⇝ ((λf. f 0) (ta (tb tc) tc), ◦•)⇝ (u (ta (tb tc) tc), •)⇝2 (u (ta (tb tc) tc), • • •)
⇝4 (u ((λℓ. λr. λx. ℓ (r x)) (tb tc) tc), •)⇝ (u (ta (tb tc) tc), ◦•)⇝2 (. . . tb . . . , ••)
⇝3 (u (ta ((λf. λx. S (f x)) tc) tc), •)⇝ S

output node (will be the root of the output tree)
((u (ta ((λf. λx. S (f x)) tc) tc), ◦))

⇝∗ . . . [many steps] . . .

⇝∗ S(S((u (. . . tc), •)))⇝ S3((u (ta (tb tc) S), ◦))⇝ S3((u (ta (tb tc) S), ◦◦))
⇝2 S3((u ((λℓ. λr. λx. ℓ (r x)) (tb tc) tc), ◦◦))⇝ S3((. . . (r x) . . . , ◦))

⇝ S3((. . . (r x) . . . , ε))⇝ S3((u ((λℓ. λr. λx. ℓ (r x)) (tb tc) tc), ◦))
⇝2 S3((u (ta (tb tc) tc), • • ◦))⇝2 S3((u (ta (tb tc) tc), ◦))⇝ S3((u . . . , ◦◦))
⇝ S3(((λf. f 0) . . . , ◦))⇝ S3(((λf. f 0) . . . , ε))⇝ S(S(S(0)))

Aside from our bespoke extension dedicated to constants from Σ, all the other rules in
Definition 4.1 come from the “Linear IAM” described by Accattoli et al. [1, Section 3] (see
also [46, §3.1]) – we refer to those papers for high-level explanations of these rules. Despite
its name, the Linear IAM also works for affine terms (cf. [32, §3.3.4]). In particular, when run
on closed normal forms of type o, namely encoding of trees by Prop. 2.5, the IAM outputs
the encoded tree.

▶ Proposition 4.3. For each tree τ ∈ Tree(Σ), (τ̃ , ε)⇝∗ τ .

Proof. We strengthen the statement, considering the reduction (C⟨τ̃⟩, ε)⇝∗ τ . Then, we
proceed by induction on the structure of τ . If τ is a leaf, then we have τ̃ = c and rk(c) = 0.
Thus, we have (C⟨c⟩, ε) ⇝ c, which concludes this case. Otherwise τ is not a leaf, and in
particular it is of the form c (τ1 . . . τk), where k = rk(c) ≥ 1. Then we have:

(C⟨c τ̃1 . . . τ̃k⟩, ε) ⇝k (C⟨c τ̃1 . . . τ̃k⟩, •k)
⇝ c

Ä
(C⟨c τ̃1 . . . τ̃k⟩), ◦, . . . , (C⟨c τ̃1 . . . τ̃k⟩, •k−1·◦)

ä
⇝∗ c

Ä
(C⟨c τ̃1τ̃2 . . . τ̃k⟩, ε), . . . , (C⟨c τ̃1 . . . τ̃k−1τ̃k⟩, ε)

ä
⇝∗ c (τ1 . . . τk)

Where the last reduction comes from applying the induction hypothesis to each configuration.
◀

The soundness of the machine comes from the standard fact (see e.g. [1, 31]) that what is
computed by the IAM, in our case the tree, is invariant by β-reduction, the details are in the
technical report [38].
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▶ Theorem 4.4 (Soundness of the purely affine IAM). For any purely affine term v : o, the
output of PAIAM(v) is the unique τ ∈ Tree(Σ) such that τ̃ is the normal form of v.

Simulating λ-transducers by tree-walking transducers. Fix a purely affine λ-transducer
given by ta : Ark(a) ⊸ A for a ∈ Γ and u : A ⊸ o. Thanks to Proposition 2.2, we may
assume that u and every ta are in normal form. Proposition 2.4 then tells us that since
A is purely affine, so are these terms – and therefore, so is u τ̂((ta)a∈Γ) : o for any input
τ ∈ Tree(Γ). Thus, we can use the purely affine IAM to compute the tree encoded by its
normal form – which, by definition, gives us the image of τ by our λ-transducer.

To prove the first part of Theorem 1.4, we just need to simulate (in an appropriate sense,
made precise in the technical report [38]) PAIAM(u τ̂((ta)a∈Γ)) by a TWT running on τ .
Example 4.5 below illustrates how this works: a configuration of PAIAM(u τ̂((ta)a∈Γ)) is
represented by a configuration on input τ of a TWT in which each state consists of

a formal symbol in {U, T, ∇, ∆};
if the symbol is U (resp. T), a position in u (resp. ta ♢1 . . . ♢rk(a) for some a ∈ Γ);
a tape in {•, ◦}∗ that appears in the run of PAIAM(u σ̂((ta)a∈Γ)) for some σ ∈ Tree(Γ).

The information in the first two components is clearly bounded, but this is not so obvious
for the third one. We shall address this issue using Corollary 4.7 below, after the example.

▶ Example 4.5. We translate Example 1.1 to a TWT that has the following run on the
input a1(b2(c3), c4) – note how the steps correspond to those of the IAM run in Example 4.2.
This run visits the same input nodes as Example 3.4, in the same order. The only difference
is that it stays for longer on each node (⟲ appears very frequently).

(I,⟲, a1)⇝ (U(λf. f 0, •),⟲, a1)⇝3 (U(λf. f 0, ◦•),⟲, a1)⇝ (∇(•),⟲, a1)
⇝ (T(ta ♢1 ♢2, ••),⟲, a1)⇝5 (T((λℓ. λr. λx. ℓ (r x)) ♢1 ♢2, •),⟲, a1)
⇝ (T(ta ♢1 ♢2, ◦•),⟲, a1)⇝ (∇(•), ↓•, b2)⇝ (T(tb ♢1, ••),⟲, b2)
⇝3 (T((λf. λx. S (f x)) ♢1, •),⟲, b2)⇝ S((T((λf. λx. S (f x)) ♢1, ◦),⟲, b2))
⇝∗ . . . [many steps] . . .

⇝∗ S(S((∇(•), ↓•, c4)))⇝ S3((∆(◦), ↑•
2, a1))⇝ (T(ta ♢1 ♢2, ◦◦),⟲, a1)

⇝7 S3(T(ta ♢1 ♢2), • • ◦),⟲, a1)⇝2 S3((∆(◦),⟲, a1))⇝ S3(U(u, ◦◦),⟲, a1)
⇝2 S3((U(λf. f 0, ε),⟲, a1))⇝ S(S(S(0)))

Finite states via a typing invariant. To bound the size of tapes T ∈ {•, ◦}∗, we leverage the
type system. The idea is that a tape that appears in an IAM run “points to” an occurrence
of the base type o in the type of the current subterm. Formally, we define inductively:

A ε = A (A⊸ B) (◦·T ) = A T (A⊸ B) (•·T ) = B T

(thus, o T is undefined for T ̸= ε). We then have the following invariant on configurations:

▶ Proposition 4.6 (compare with [32, Lemma 32 in §3.3.5]). Suppose that either (C⟨t⟩, T ) or
(C⟨t⟩, T ) appears in a run of PAIAM(v) for some v : o. If the (not necessarily closed) term t

is given the type A as part of a typing derivation for v : o, then A T = o.

Since |T | ≤ height(A) is a necessary condition for A T to be defined, we immediately get:

▶ Corollary 4.7. The sizes of the tapes that appear in a run of PAIAM(v) are bounded by
the maximum, over all subterms t of v, of the height of the syntax tree of the type of v.
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Therefore, the tapes that can appear in a run of PAIAM(u τ̂((ta)a∈Γ)) have their size bounded
depending only on the subterms of u and of each ta, independently of τ ∈ Tree(Γ). This
ensures that the TWT we build from a purely affine λ-transducer has a finite set of states –
which concludes our exposition of the key ingredients for the first half of Theorem 1.4.

The almost purely affine case. To prove the second half of Theorem 1.4, we add non-
standard rules for let-bindings and !-boxes to the Interaction Abstract Machine.

▶ Definition 4.8. Let v : o be an almost purely affine term. APAIAM(v) is the extension of
PAIAM(v) (cf. Definition 4.1) with the following new cases in the computation-step function:

(C⟨let !x = u in t⟩, T ) 7→ (C⟨let !x = u in t⟩, T ) (C⟨!t⟩, T ) 7→ (C⟨!t⟩, T )
(C⟨let !x = u in t⟩, T ) 7→ (C⟨let !x = u in t⟩, T )

(C⟨let !x = u in D⟨x⟩⟩, T ) 7→ (C⟨let !x = u in D⟨x⟩⟩, T )

▷ Claim 4.9. Proposition 4.6 extends to APAIAM(v) with !A T = A T .

The last rule (and the rule for !-boxes) in Definition 4.8 break(s) a key duality principle
at work in the purely affine IAM (and suggested by the layout of Definition 4.1): if any rule –
except the one for constants from Σ – sends a configuration κ1 to another configuration κ2,
then there is a dual rule sending κ⊥

2 to κ⊥
1 , where (C⟨t⟩, T )⊥ = (C⟨t⟩, T ) and conversely

(C⟨t⟩, T )⊥ = (C⟨t⟩, T ).
In fact, our new rule for let-bound variables x cannot have a dual, because it is not

injective. Indeed, consider a term of the form C⟨let !x = u in t⟩ where t contains multiple
occurrences of x, i.e. t = D1⟨x⟩ = D2⟨x⟩ for some contexts D1 ̸= D2 – this may happen,
since let-bound variables are not affine. Then for any T ∈ {•, ◦}∗, the computation-step
function sends both (C⟨let !x = u in D1⟨x⟩⟩, T ) and (C⟨let !x = u in D2⟨x⟩⟩, T ) to the
same configuration (C⟨let !x = u in t⟩, T ) due to the x rule. This is why reversible TWTs
can simulate the purely affine IAM, but not the almost purely affine IAM.

To be sure that the missing dual rule is unnecessary, we show that configurations of the
form (C⟨let !x = u in t⟩, T ) cannot occur in an actual run. Assume the opposite for the
sake of contradiction. The typing rule for let-bindings forces the type of u to have the form
!A, and by almost pure affineness, it must be !o. By Claim 4.9, !o T = o T ; therefore, T = ε,
which contradicts another invariant:

▶ Proposition 4.10. If (C⟨t⟩, T ) (resp. (C⟨t⟩, T )) appears in a run of APAIAM(v) for some
almost purely affine v : o, then T contains an odd (resp. even) number of ◦s.

(The same reasoning also shows that (C⟨!t⟩, T ) cannot occur in a run).
Having ruled out these problematic configurations, we can establish soundness for the

almost purely affine IAM exactly as before, extending Theorem 4.4.

▶ Proposition 4.11 (Soundness of the almost purely affine IAM). For any almost purely affine
term v : o, the output of APAIAM(v) is the unique τ ∈ Tree(Σ) such that τ̃ is the normal
form of v.

The simulation by tree-walking transducers then follows the same pattern than in the purely
affine case (except that we do not get reversibility).
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5 From the almost !-depth 1 IAM to invisible pebbles

Now that we have seen how to prove Theorem 1.4, let us apply the same methodology to the
almost !-depth 1 case, with another variation on the Interaction Abstract Machine.

The key challenge is that we can no longer rule out positions of the form C⟨let !x = u in t⟩
for the IAM token. If x has multiple occurrences in t, we need some information to know
which of these occurrences we should move to. The standard solution to this problem is to
enrich the IAM configurations with another data structure – cf. the “boxes stack” of [14] or
the “log” of [1]. In our simple low-depth case, a stack of variable occurrences will be enough.

The almost !-depth 1 IAM. Let v : o be an almost !-depth 1 term. To compute its normal
form, we introduce a tree-generating machine whose configurations are of the form (C⟨t⟩, T, L)
or (C⟨t⟩, T, L), where C⟨t⟩ = v, T ∈ {•, ◦, l}∗, and logs L and logged positions l are defined
by mutual induction as follows (please notice that n ∈ {0, 1} for !-depth 1 terms):

l ::= (Dn, Ln) L0 ::= ε Ln ::= l · Ln−1

The initial configuration is (v, ε, ε). To define the computation-step function, we start by
reusing all the rules of the almost purely affine IAM (Definition 4.8) except the x-rule for
let-bound x, and the one for !-boxes, adapting them so that they do not change the log L.
We then add the rules below, where Ci ranges over contexts of depth i ∈ {0, 1} (as defined in
Section 2) and A ̸= o. Please notice that transition rules now depend also on the type of
the current subterm, indeed we have to distinguish between the “almost” and the “depth-1”
exponentials:

(C0⟨let !x = u in Dn⟨x!A⟩⟩, T, Ln) 7→ (C0⟨let !x = u!A in Dn⟨x⟩⟩, (Dn, Ln)·T, ε)

(C0⟨let !x = u!A in Dn⟨x⟩⟩, (Dn, Ln)·T, ε) 7→ (C0⟨let !x = u in Dn⟨x!A⟩⟩, T, Ln)

(C⟨let !x = u in Dn⟨x!o⟩⟩, T, Ln·L) 7→ (C⟨let !x = u!o in Dn⟨x⟩⟩, T, L) (non-reversible)

(C0⟨!t!A⟩, l · T, ε) 7→ (C0⟨!tA⟩, T, l) (C0⟨!tA⟩, T, l) 7→ (C0⟨!t!A⟩, l · T, ε)

(C⟨!t!o⟩, T, L) 7→ (C⟨!to⟩, T, L) (non-reversible)

Again, this device, which is a just a specialization of the standard IAM (but again
non-reversible in order to handle linearly the almost affine terms), successfully normalizes
almost !-depth 1 terms of base type. Next, we would like to simulate it by some automaton
model, to get a counterpart of Theorem 1.4 in this setting. The problem now is that both the
log L and the tape T do not fit into the finite state of a tree-walking transducer, since their
size cannot be statically bounded. Therefore, we need to target a more powerful machine
model.

Invisible pebbles. Luckily, a suitable device has already been introduced by Engelfriet,
Hoogeboom and Samwel [18]: the invisible pebble tree transducer (IPTT). Informally, it is
a TWT extended with the ability to put down pebbles on input nodes. The pebbles have
colors that are taken in a finite set. They can be later examined and removed: an IPTT can
check whether the last pebble to have been put down is on the current position, and if so, it
can observe its color, and perhaps decide to remove it. The “invisible” part means that only
the last pebble can be seen. Thus, the lifetimes of the pebbles follow a stack discipline (last
put down, first removed). The number of pebbles used in a computation may be unbounded.
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▶ Definition 5.1 ([18]). An invisible pebble tree transducer Tree(Γ) ⇀ Tree(Σ) is made of:
a finite set of states Q with an initial state q0 ∈ Q

a finite set of colors C

a (partial) transition function that sends tuples consisting of
an input letter a ∈ Γ, a state q ∈ Q, a provenance p ∈ {↓•,⟲, ↑•

1, . . . , ↑•
rk(a)}

a boolean isRoot which must be false if p = ↓•

a value z which is either a color in C or the symbol None
to Tree(Σ, Q × ({↑•

prohibited if isRoot is true

,⟲, ↓•
1, . . . , ↓•

k, remove︸ ︷︷ ︸
prohibited if z = None

} ∪ {putc | c ∈ C}))

Note that removing z in the arguments and remove/putc in the codomain would just yield
an alternative presentation of tree-walking transducers (Definition 3.5).

The set of configurations of an invisible pebble tree transducer on an input tree τ is

Q × {↓•,⟲, ↑•
1, . . . } × {nodes of τ}︸ ︷︷ ︸

TWT configuration

× (C × {nodes of τ})∗︸ ︷︷ ︸
pebble stack

The transition function of the IPTT determines a computation-step function by extending
Definition 3.5 in the expected way (the transducer stays at the same node after a remove
or putc instruction). Here is an example of a configuration over τ = a1(b2(c3), c4) for some
invisible pebble tree transducer: (q, ↓•, c3, [(a, b2), (b, c3)]). The top of the stack is the leftmost
element the list: it is an a-colored pebble on position b2. Since this differs from the current
node c3, the transducer does not see any pebble (z = None) even though there is a b-colored
pebble on c3 further down the stack. If we execute the instruction puta while transitioning to
state q′, we get the configuration (q′,⟲, c3, [(a, c3), (a, b2), (b, c3)]). In that new configuration,
the IPTT now sees the topmost pebble (z = a) and is thus allowed to remove it.

Outcome of the simulation. We use a single stack implementation (detailed in the technical
report [38]) of the IAM presented above to compile λ-transducers to IPTTs as in the previous
section, thus establishing the following comparison in expressive power:

▶ Lemma 5.2. Almost !-depth 1 λ-transducer ⊆ invisible pebble tree transducer ≡ MSOT-S2.

Here, the equivalence between IPTT and MSOT-S2 is a rephrasing of a result of Engelfriet
et al. [18, Theorem 53], as explained in [35, §3.3].

6 Expressiveness of λ-transducers with preprocessing

Now, let us prove Theorems 1.5 and 1.7. We first note that the left-to-right inclusions are
immediate consequences of Theorem 1.4 and Lemma 5.2 combined with the following facts:

MSOT-S (and, therefore, MSOT-S2) are closed under precomposition by MSO relabeling
(cf. [7, Section 3] where MSOT-S are called “MSO term graph transductions”);
TWT ⊂ MSOT-S (a slight variant of [7, Theorem 9], cf. [35, §3.2]);
TWT of linear growth ⊂ MSOT (see e.g. [19, §6.2]), and purely affine λ-transducers have
linear growth because the size of purely affine terms is non-increasing during β-reduction.

(“f has linear growth” means that |f(t)| = O(|t|).) Next, we turn to the converse inclusions.
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MSOT ⊆ purely affine λ-transducer ◦ MSO relabeling. We derive this from the results
of Gallot, Lemay and Salvati [22, 23]. First, we introduce a slight generalization of their
machine model for MSOTs [22, §2.3]. Their model involves bottom-up regular lookahead,
but as usual in automata theory, this feature can be simulated by preprocessing by an MSO
relabeling; this is why we do not include it in our version.

▶ Definition 6.1. A GLS-transducer Tree(Γ) → Tree(Σ) consists of:
a finite set Q of states, with a family (Aq)q∈Q of purely affine types;
an initial state q0 ∈ Q and an output term u : Aq0 ⊸ o – which, like all the terms t below,
may use constants c : ork(c) ⊸ o for c ∈ Σ;
for each q ∈ Q and a ∈ Γ, a rule q⟨a(x1, . . . , xrk(a))⟩ → t q1⟨x1⟩ . . . qrk(a)⟨xrk(a)⟩ where
the qi and t : Aq1 ⊸ · · ·⊸ Aqrk(a) ⊸ Aq are chosen depending on (q, a).

The semantics is that a GLS-transducer performs a top-down traversal q0⟨τ⟩ →∗ τ⇓ of its
input tree τ which builds a λ-term τ⇓ : Aq0 . The normal form of u τ⇓ then encodes the
output tree. Our model is a bit more syntactically permissive than that of Gallot et al.
(theirs would correspond to using linear rather than affine terms, and forcing u to be λx. x –
so Aq0 = o); therefore, it can compute at least everything that their model can:

▶ Theorem 6.2 (from [22, Theorem 3]). MSOT ⊆ GLS-transducer ◦ MSO relabeling.

We derive our desired result on λ-transducers in two steps.
Every GLS-transducer can be made “type-constant”: ∃A : ∀q, Aq = A. This uses an
encoding trick, detailed in the technical report [38], that preserves pure affineness, but
not linearity.
A type-constant GLS-transducer can be turned into an MSO relabeling (that adds to
each node its top-down propagated state) followed by a purely affine λ-transducer (which
is just a GLS-transducer with |Q| = 1).

From Theorem 6.2, we thus get MSOT ⊆ purely affine λ-transducer ◦ (MSO relabeling)2,
and since MSO relabelings are closed under composition [7, §3], we are done.

MSOT-S ⊆ almost purely affine λ-transducer ◦ MSO relabeling. Following the same
recipe as above, we reduce this to Gallot et al.’s characterization of MSOT-S [22, Theorem 3].
Since they use Kanazawa’s almost linear λ-terms [28] (which we discussed in the introduction),
we need to translate such terms into our almost purely affine terms. Let us introduce the
abbreviation λ!x. t = (λy. let !x = y in t) where y is a fresh variable. We define inductively:
?c = λ!x1. . . . λ!xrk(c). !(c x1 . . . xrk(c)) for constants c in a ranked alphabet Σ, and

?x =

!x if x : o

x otherwise
?(λx. t) =

λ!x. ?t if x : o

λx. ?x otherwise
?(t u) = (?t) (?u)

▷ Claim 6.3. Let t : A be almost affine as defined in [27]. Then ?t is almost purely affine,
with type A{o := !o}. When t : o, if t −→∗

β τ̃ (for some τ ∈ Tree(Σ)) then ?t −→∗
β !τ̃ .

The inductive rule for application implies that ?(u τ̂((ta)a∈Γ)) = (?u) τ̂((?ta)a∈Γ), so the
above claim allows us to translate λ-transducers using almost affine terms à la Kanazawa.
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MSOT-S2 ⊆ almost !-depth 1 λ-transducer ◦ relabeling. Having just finished proving
Theorem 1.5 above, we may use it right away:

MSOT-S2 ≡ almost purely affine λ-transducer ◦ MSO relabeling ◦ MSOT-S (Thm. 1.5)
≡ almost purely affine λ-transducer ◦ MSOT-S (∗)
≡ (almost purely affine λ-transducer)2 ◦ MSO relabeling (Thm. 1.5)

The line (∗) above relies on the fact that MSOT-S are closed under postcomposition by MSO
relabelings, cf. [35, §3.3]. To conclude, we apply the composition property of λ-transducers
(Proposition 1.8), noting that if A and B are almost purely affine types, then A{o := B} is
almost !-depth 1 (indeed, every ‘!’ in it is applied to either o or B).

7 Conclusion

In this paper, we established several expressivity results relating a typed λ-calculus to tree
transducers. This can be seen as furthering Nguyễn and Pradic’s “implicit automata” research
programme [37], even though the formal setting is slightly different; indeed, we settle one
of their conjectures in Corollary 1.2. From a purely automata-theoretic perspective, our
characterization of MSOT-S2 is the first that involves a “one-way” device, performing a single
bottom-up pass on its input (modulo preprocessing).

The equivalences between “one-way” λ-transducers and tree-walking / invisible pebble
tree transducers can be seen as a trade-off between a sophisticated memory (higher-order
data) and freedom of movement on the input (tree-walking reading head). This is arguably
a sort of qualitative space/time trade-off (more movement means more computation steps).
This is similar to the reasons that led the Geometry of Interaction to be used in implicit
computational complexity when dealing with space complexity classes – an application area
pioneered by Schöpp [44, 45] and leading to several further works [13, 31]. These successes
even led to the belief that the GoI should give a reasonable space cost model, that is to say
comparable with the one of Turing machines; but this belief is now known to be wrong in
the general case of the untyped λ-calculus [2].

7.1 More related work
Katsumata [29] has connected a categorical version of the GoI (the “Int-construction”) to
attribute grammars [30], which are “essentially [a] notational variation” on tree-walking
transducers (quoting Courcelle & Engelfriet [12, §8.7]). Recently, Pradic and Price [40] have
used a “planar” version of this categorical GoI in order to prove an “implicit automata”
theorem. Further GoI-automata connections of this kind are discussed in [36, §1.1].

Our methodology of connecting λ-calculus and automata via abstract machines may
be compared to Salvati and Walukiewicz’s [43] use of Krivine machines in the theory of
higher-order recursion schemes. Clairambault and Murawski [11] also compile affine recursion
schemes to automata using a game semantics that can be seen as a denotational counterpart
of the operational Interaction Abstract Machine. Ghica exploited ideas from the GoI and
game semantics, to design a compiler from a higher-order functional language directly to
digital circuits [24], in particular targeting Mealy machines.
▶ Remark 7.1. The aforementioned work [11] is a rare example of application of some GoI
variant to a setting that features the additive connectives of linear logic. It yields a translation
from λ-terms to infinite-state systems, making it unsuited to our purposes. In most versions
of the GoI, the support for additives is not as satisfactory as their handling of additive-free
linear logic – a well-known issue in the linear logic community.
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This obstruction also motivated our choice, discussed in the introduction, to follow the
approach of Gallot et al. [22, 23] rather than Nguyễn and Pradic’s “implicit automata” [37, 34].
Indeed, the latter’s solution to overcome the limitations evidenced by Corollary 1.2 is to
work with a linear λ-calculus with additive connectives, enabling more flexible linear usage
patterns. This is analogous (see [34, Remark 6.0.1] for an actual technical connection) to
moving from “strongly single use” to “single use” macro tree transducers [20, Section 5].

Salvati has shown [41] that the string languages defined by abstract categorial grammars,
which are very close to our purely linear λ-transducers, coincide with the output languages
of tree-to-string tree-walking transducers. He explains in his habilitation thesis [42, §3.2]
that the proof ideas are similar to a game semantics of multiplicative linear logic – and the
latter is closely related to GoI, as mentioned above. It would be interesting to understand to
which extent his approach implicitly resembles ours, despite a very different presentation.

We also note that in the same paper that introduces almost linear λ-terms [28], Kanazawa
studies a notion of “links in typed λ-terms” that looks like a form of GoI. However, these links
are only well-behaved for λ-terms in normal form, while the Interaction Abstract Machine
does not have this drawback. Finally, let us stress that our use of the IAM has the advantage,
compared to the aforementioned works [29, 11, 41, 26], of adapting to the presence of the
exponential modality “!”. This is crucial in our proof of Theorem 1.7.

7.2 Perspectives
The obvious direction for further work is to study the MSOT-Sk+1 and almost !-depth k

hierarchies for k ≥ 2. While the argument at the end of Section 6 easily generalizes to show
that the former is included in the latter, we have no reason to believe that they coincide. As
a more modest conjecture (“!-depth 1” means “no nested ‘!’s”):

▶ Conjecture 7.2. !-depth 1 λ-transducer ◦ MSO relabeling ≡ MSOT ◦ MSOT-S.

We believe that the reversible tree-walking transducers that we have introduced also deserve
to be studied further. Indeed, we expect that they should be closed under composition
(cf. [15] over strings) and verify the “single-use restriction” of [12, §8.2]; the latter would
imply that they can be translated into MSO transductions.
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