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Abstract
We consider the online service with delay problem, in which a server traverses a metric space to
serve requests that arrive over time. Requests gather individual delay cost while awaiting service,
penalizing service latency; an algorithm seeks to minimize both its movement cost and the total
delay cost. Algorithms for the problem (on general metric spaces) are only known for the clairvoyant
model, where the algorithm knows future delay cost in advance (e.g., Azar et al., STOC’17; Azar
and Touitou, FOCS’19; Touitou, STOC’23). However, in the non-clairvoyant setting, only negative
results are known: where 𝑛 is the size of the metric space and 𝑚 is the number of requests, there are
lower bounds of Ω(

√
𝑛) and Ω(

√
𝑚) on competitiveness (Azar et al., STOC’17), that hold even for

randomized algorithms (Le et al., SODA’23).
In this paper, we present the first algorithm for non-clairvoyant online service with delay. Our

algorithm is deterministic and 𝑂
(
min

{√
𝑛 log 𝑛,

√
𝑚 log𝑚

})
-competitive; combined with the lower

bounds of Azar et al., this settles the correct competitive ratio for the problem up to logarithmic
factors, in terms of both 𝑛 and 𝑚.
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1 Introduction

In online service with delay, or OSD, a server exists on a metric space of 𝑛 points. Requests
arrive over time, where every request is associated with a point in the metric space which the
server must visit to satisfy the request. The algorithm may move the server at any moment in
time, at a cost which is the distance traveled by the server in the metric space (the movement
is instantaneous). In addition, requests accumulate delay cost while pending, motivating the
algorithm to serve requests promptly. The goal of the algorithm is to minimize the sum of
total movement cost and total delay cost over the given input.

In this model, a crucial choice is whether the online algorithm becomes aware of a
request’s future delay cost upon its release (clairvoyant model) or only knows delay cost
accumulated in the past (non-clairvoyant model). Azar et al. [4], who introduced the
problem of online service with delay, presented an algorithm for the clairvoyant model of
polylogarithmic competitiveness in the size of the metric space 𝑛; specifically, 𝑂 (log4 𝑛)-
competitiveness. This was later improved to 𝑂 (log2 𝑛)-competitiveness [6], and then to
𝑂 (log(min{𝑛, 𝑚}))-competitiveness [35], where 𝑚 is the number of requests in the online
input.

In the non-clairvoyant model, however, there are no known positive results. Azar et
al. [4] presented Ω(

√
𝑛) and Ω(

√
𝑚) lower bounds on the competitiveness of any deterministic

algorithm; this bound also holds for randomized algorithms [31]. (Note that the lower bound
in [31] is stated for the joint replenishment problem, a special case of online service with
delay.)
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Article No. 74; pp. 74:1–74:21

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:noamtwx@gmail.com
https://orcid.org/0000-0002-5720-4114
https://doi.org/10.4230/LIPIcs.STACS.2025.74
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


74:2 Nearly-Optimal Algorithm for Non-Clairvoyant Service with Delay

1.1 Our Results
In this paper, we present the first non-clairvoyant algorithm for online service with delay.
Define 𝑘 to be the number of locations on which requests are released in the input; we prove
the following theorem.

▶ Theorem 1. There exists a polynomial-time, deterministic, non-clairvoyant algorithm for
online service with delay which is 𝑂 (

√
𝑘 log 𝑘)-competitive.

In particular, note that 𝑘 ≤ min(𝑛, 𝑚); thus, Theorem 1 also yields an
𝑂

(
min

{√
𝑛 log 𝑛,

√
𝑚 log𝑚

})
competitiveness bound. Recalling the Ω(

√
𝑛),Ω(

√
𝑚) lower

bounds on competitiveness of [4] for non-clairvoyant algorithms for OSD, we conclude
that our competitive ratio is tight up to a logarithmic factor.

Another problem of interest is online service with deadlines. In this problem, instead
of accumulating delay cost, every request has an associated deadline by which it must be
served. Online service with deadlines is a special case of online service with delay; intuitively,
a request with a deadline corresponds to a request with delay that goes from zero to infinity
at the time of the deadline. Yet, online service with deadlines has been studied explicitly in
the past (e.g., [24, 25, 35]). Theorem 1 for online service with delay also yields Theorem 2
for online service with deadlines as a corollary, providing the first non-clairvoyant algorithm
for online service with deadlines.

▶ Theorem 2. There exists a polynomial-time, deterministic, non-clairvoyant algorithm for
online service with deadlines which is 𝑂 (

√
𝑘 log 𝑘)-competitive.

1.2 Related Work
A class of problems related to online service with delay is online network design with delay,
where connectivity requests are handled by transmitting items. Such problems include
TCP Acknowledgement [21, 29, 17, 28], joint replenishment [18, 15, 11, 19], multilevel
aggregation [9, 16, 31, 6, 8], facility location [6, 7, 10], and set cover with delay [2, 33, 31].
In [7], a general framework for such problems in the clairvoyant model was introduced,
yielding logarithmic competitiveness.

While some problems, such as set cover with delay, retain polylogarithmic competitiveness
in the non-clairvoyant setting [2], others become much harder. This is the case for joint
replenishment, facility location and multilevel aggregation with delay, which have Ω(

√
𝑛)

and Ω(
√
𝑚) lower bounds on the competitiveness of any randomized algorithm [4, 31].

As online service with delay is a generalization of the joint replenishment and multilevel
aggregation problems, these lower bounds extend also to non-clairvoyant service with delay.
An 𝑂 (min(

√︁
𝑛 log 𝑛,

√︁
𝑚 log𝑚))-competitive framework for non-clairvoyant network design

was introduced in [34], nearly matching these lower bounds.
Online service with delay in the clairvoyant setting has also been considered with 𝑘

servers (rather than a single server). Azar et al. [4] presented a 𝑂 (𝑘 · polylog(𝑛))-competitive
randomized algorithm for the problem. The algorithm involved randomly embedding the
metric space into a tree, then solving deterministically on that tree; as the algorithm did
not use randomization in server allocation, its dependence on 𝑘 is linear. Subsequently,
for the special case of a metric space that is a weighted star, Gupta et al. [26] presented
an 𝑂 (log 𝑛 log 𝑘)-competitive randomized algorithm. For a general metric space, Gupta et
al. [25] presented a 𝑂 (polylog(Δ, 𝑛))-competitive algorithm, where Δ is the aspect ratio of the
metric space (largest-to-smallest pairwise-distance ratio). For the special case of a uniform
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metric space, Krnetic et al. [30] settled the exact competitive ratio admitted by the problem;
interestingly, the upper bound was achieved by a non-clairvoyant algorithm, showing that
clairvoyance is not needed on a uniform space.

Another noteworthy line of work in online algorithms with delay has been on online match-
ing, where matching requests arrive over time and accumulate delay cost while unmatched;
see, e.g., [1, 22, 3, 12, 13, 5, 32, 27, 20]. In most of these works, a main assumption is that
delay accumulation is identical for all requests, which nullifies the need for clairvoyance. (A
notable exception is [20], that considers more general delay models.)

1.3 Our Techniques
Consider the algorithm for clairvoyant online service with delay in [35]. This algorithm
performs services; a service is a sequence of server movements that occurs instantaneously at
a given time. Each service is triggered by a set of requests gathering sufficient delay cost. In
each service, the server moves within a ball of a certain radius around its location, serving
some pending requests subject to a given budget; the radius of the ball and the service
budget are determined by a property called the service’s level.

The prioritization of requests within the ball is according to the future delay accumulation
of requests. Intuitively, this prioritization ensures that if a request “survived” a service 𝜆

at time 𝑡, but then gathers delay cost that triggers another service 𝜆′ at time 𝑡′, then the
requests that were served by 𝜆 would have gathered large delay during [𝑡, 𝑡′] had they been
left pending; this is used to justify a doubling argument, e.g. allowing 𝜆′ to have twice the
budget as 𝜆. Services that use this doubling mechanism are called “secondary”, while other
services are called “primary”.

However, in the non-clairvoyant setting considered in this paper, we cannot predict future
delay, and thus cannot prioritize requests. Instead, we are relegated to spending budget
“blindly”. In our algorithm, this is expressed by solving a prize-collecting Steiner tree problem
in which we aim to visit some locations within a certain ball, where the penalty function
is uniform; i.e., visiting every location is equally important. This results in our algorithm
visiting the most locations subject to a certain budget per location. Conversely – and
crucially – we maintain the property that locations not visited by our solution are expensive
to visit; in fact, every bundle of these requests is expensive. The construction of a poly-time
prize-collecting algorithm with this property is based on the construction in [34], and hinges
on prize-collecting Steiner tree admitting a Lagrangian approximation (as shown, e.g., by
Goemans and Williamson [23]).

Then, we wait for these unvisited locations to gather delay equal to their budget; once
enough locations accumulate this delay, we can charge it to the optimal solution, as both
the incurred delay and the cost of serving these requests are large. However, when unvisited
locations gather large delay, the algorithm must also serve them; it does so greedily, moving
to the request and back. We call these greedy services “tertiary”, and they exist alongside
primary and secondary services.

An additional, more technical component of the algorithm is that of domes. As in [35],
requests have levels in our algorithm, and a service starts when requests of level at most ℓ

gather enough delay in a radius-2ℓ ball, for some level ℓ. However, unlike in [35], inside an
inner ball of radius 2ℓ−1, we only consider delay of requests exactly ℓ, forming a dome-like
structure. The benefit of this structure is in eliminating the slack in service levels that existed
in the doubling argument of [35]. The use of this property in the proof is related to the
investment counters that are maintained per location, rather than per request (as in [35]), as
non-clairvoyance prohibits us from knowing a request’s future delay cost.

STACS 2025
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2 Preliminaries

In online service with delay, a metric space 𝐺 of 𝑛 points is given; we denote by 𝛿 (𝑢, 𝑣)
the distance between two points 𝑢, 𝑣 ∈ 𝐺. Requests are released over time in an online
manner, where every request 𝑞 is associated with a point 𝑉 (𝑞) ∈ 𝐺. At any point in time, the
algorithm can move the server from its current location 𝑎 to a new location 𝑎′, paying a cost
of 𝛿 (𝑎, 𝑎′). Then, every request pending 𝑞 where 𝑉 (𝑞) = 𝑎′ becomes served. We denote by
𝑟𝑞 the release time of request 𝑞. Every request 𝑞 also has some continuous, non-decreasing
delay function 𝑑𝑞, which maps from a time 𝑡 ≥ 𝑟𝑞 to the delay cost incurred by 𝑞 if pending
until time 𝑡1; we assume that every request must eventually be served, and thus 𝑑𝑞 tends
to infinity as time advances. Without loss of generality, we also assume that 𝑑𝑞 (𝑟𝑞) = 0
(assuming otherwise would simply add a constant additive term to the cost of all solutions).
We expand this notation to multiple requests: for every subset of requests 𝑄′ ⊆ 𝑄 and time 𝑡,
we define 𝑑𝑄′ (𝑡) :=

∑
𝑞∈𝑄′ 𝑑𝑞 (𝑡). We also define 𝑚 := |𝑄 | to be the total number of requests

in the input sequence.
Our algorithms perform services, which are a set of server movements that take place

instantaneously. Where 𝜆 is a service, we denote by 𝑡𝜆 the time in which the service occurs.
We define 𝑎(𝑡), 𝑎∗ (𝑡) to be the locations of the algorithm’s server and the optimum’s server at
time 𝑡, respectively. Throughout the paper, when we refer to the value of some variable at 𝑡𝜆

for some service 𝜆, we refer to the value immediately before the service. For example, 𝑎(𝑡𝜆) is
the location of the server immediately before 𝜆. As a shorthand, we also define 𝑎𝜆 := 𝑎(𝑡𝜆).

We define 𝐵(𝑣, 𝑟) to be the closed ball centered at 𝑣 of radius 𝑟 (i.e., the set of points
of distance at most 𝑟 from 𝑣). We also sometimes equate the points of the metric space 𝐺

with the nodes of a clique graph, where the edge connecting nodes 𝑢, 𝑣 has weight 𝛿 (𝑢, 𝑣).
This graph representation is useful when discussing charging cylinders, a useful tool in our
analysis.

For ease of notation, we use the superscript + to indicate the positive part of a number.
That is, 𝑥+ := max(0, 𝑥).

3 Online Service with Delay

This section introduces an algorithm for non-clairvoyant online service with delay, proving
Theorem 1. First, we define 𝑘 to be the number of locations on which requests are released in
the input. Note that 𝑘 ≤ min(𝑛, 𝑚); we thus focus on proving 𝑂 (

√
𝑘 log 𝑘)-competitiveness,

which implies the competitiveness bound of Theorem 1.

3.1 The Algorithm
Before describing the algorithm, we first introduce some of its components.

Steiner tree. As part of our algorithm, we formulate and solve a Steiner tree problem. In
Steiner tree, one is given a graph with edge costs and a set of terminal nodes. The goal
is to buy an edge subset of minimal cost that connects the terminals. With terminals 𝑉 ,
and assuming that the graph is known from context, we use ST∗ (𝑉) to denote the optimal
cost of a solution. We also sometimes refer to the (equivalent) rooted version, in which the
terminals must be connected to a designated root node 𝑟; here, we use ST∗ (𝑉 ; 𝑟) to denote
the optimal cost.

1 The continuity assumption is without loss of generality: relaxing this assumption, one could simulate
continuous delay growth upon observing a delay “spike”.
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Prize-collecting Steiner tree and Lagrangian approximation. In the prize-collecting variant
of the (rooted) Steiner tree problem, we are also given a penalty function 𝜋 mapping from
each terminal to a non-negative penalty; we write the prize-collecting input as (𝑄, 𝜋; 𝑟). The
algorithm must connect terminals to the root by buying edges, and must pay the penalty for
unconnected terminals. The goal of the algorithm is to minimize the sum of edge costs and
penalty costs; we write PCST∗ (𝑄, 𝜋; 𝑟) to refer to the optimal solution to the input (𝑄, 𝜋; 𝑟).
A Lagrangian prize-collecting algorithm is an algorithm that has different approximation
ratios w.r.t. these two costs, such that it is 1-approximate on penalty costs. Specifically,
Goemans and Williamson [23] presented the following algorithm for prize-collecting Steiner
tree.

▶ Theorem 3 (due to [23]). There exists an approximation algorithm PCST for prize-
collecting Steiner tree such that, fixing any input (𝑄, 𝜋; 𝑟), it holds that

PCST𝑏 (𝑄, 𝜋; 𝑟) + 2 · PCST𝑝 (𝑄, 𝜋; 𝑟) ≤ 2 · PCST∗ (𝑄, 𝜋; 𝑟),

where PCST𝑏,PCST𝑝 are the buying and penalty costs of PCST, respectively.

In [34], a simple procedure is presented that converts a Lagrangian prize-collecting
procedure into a procedure which identifies a solution to a maximal subset of requests subject
to a budget per request. Combining this result with the algorithm of [23] yields Lemma 4,
which introduces the procedure PCSolve used in our algorithm.

▶ Lemma 4 (due to [23] and Proposition 21 from [34]). There exists a procedure PCSolve
which, given a prize-collecting Steiner tree input (𝑄, 𝜋; 𝑟), outputs a solution 𝑇 for a request
subset 𝑄′ ⊆ 𝑄 such that:

𝑐(𝑇) ≤ 2 ·∑𝑞∈𝑄′ 𝜋(𝑞).
For every 𝑄′′ ⊆ 𝑄 \𝑄′, it holds that ST∗ (𝑄′′; 𝑟) ≥ ∑

𝑞∈𝑄′′ 𝜋(𝑞).

Levels and pointers. The algorithm maintains for every pending request 𝑞 a level ℓ𝑞, which
is initially −∞. A service 𝜆 also has a level ℓ𝜆, which determines its budget for serving
requests. As services occur, they may increase the levels of requests. The algorithm also
maintains for request 𝑞 a pointer 𝜇𝑞 to the last service that increased the level of 𝑞. (A fine
point, as seen in the algorithm, is that a service may also appear in the pointer 𝜇𝑞 only for
“attempting” to increase ℓ𝑞.) Finally, overloading notation, each service 𝜆 also has a pointer
𝜇𝜆 that points to a prior service; this pointer is equal to the pointer 𝜇𝑞 for some request 𝑞

considered by 𝜆.

Residual delay counters and domes. The algorithm maintains a residual delay counter
𝑔𝑣,ℓ for every location 𝑣 and level ℓ; for time 𝑡, we define 𝑔𝑣,ℓ (𝑡) to be the value of 𝑔𝑣,ℓ

at time 𝑡. This counter grows with the delay cost incurred by level-ℓ requests on 𝑣. In
addition, the counters are occasionally decreased by services made by the algorithm; this can
be interpreted as the service “paying” for incurred delay out of its budget. Positive counters
correspond to incurred delay that has not yet been handled; such counters can trigger a
service, in the manner we now describe.

At any time 𝑡, and for every level ℓ, the algorithm considers positive residual delay
counters of levels at most ℓ inside 𝐵

(
𝑎(𝑡), 2ℓ

)
. Specifically, it considers the total unhandled

residual delay of requests of level at most ℓ inside the ring 𝐵
(
𝑎(𝑡), 2ℓ

)
\ 𝐵

(
𝑎(𝑡), 2ℓ−1), plus

unhandled residual delay of requests of level exactly ℓ inside the internal ball 𝐵
(
𝑎(𝑡), 2ℓ−1).

This forms a dome-like structure, as shown in Figure 1. The algorithm waits until a dome
corresponding to some level ℓ becomes critical, i.e., has a lot of unhandled residual delay,
and then starts a service. These notions are formalized in Definition 5.

STACS 2025
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This visualization illustrates the structure of domes. The metric space visualized is a line, shown on
the horizontal axis. The vertical axis shows counter levels. The shapes in color correspond to the
different domes at the current time, which include different levels at different points, according to
their distance from the server.

Figure 1 Visualization of domes.

▶ Definition 5 (domes). For every time 𝑡, level ℓ, and 𝑣 ∈ 𝐵
(
𝑎(𝑡), 2ℓ

)
, define

𝑦ℓ (𝑣, 𝑡) :=
{
(𝑔𝑣,ℓ (𝑡))+ 𝑣 ∈ 𝐵

(
𝑎(𝑡), 2ℓ−1)∑

ℓ′≤ℓ (𝑔𝑣,ℓ′ (𝑡))+ 𝑣 ∈ 𝐵
(
𝑎(𝑡), 2ℓ

)
\ 𝐵

(
𝑎(𝑡), 2ℓ−1)

For time 𝑡 and level ℓ, define 𝑌ℓ (𝑡) :=
∑

𝑣∈𝐵(𝑎 (𝑡 ) ,2ℓ) 𝑦ℓ (𝑣, 𝑡); where 𝑡 is known from context,
we also write 𝑌ℓ . If 𝑌ℓ ≥ 2ℓ , we say that dome ℓ is critical.

Algorithm’s Description. Whenever dome ℓ becomes critical, we start a service 𝜆 of level
ℓ + 4. (If more than one dome is critical at the same time, we handle the dome of the largest
level first.) The service first considers whether the dome has any positive residual delay from
the inner ball 𝐵

(
𝑎𝜆, 2ℓ−1) = 𝐵

(
𝑎𝜆, 2ℓ𝜆−5). If not, the service 𝜆 is called primary. Otherwise,

consider a location 𝑣 of the inner ball that contributes positive residual delay to the dome;
it must be that 𝑔𝑣,ℓ > 0, which implies (through Proposition 9) that there exists a level-ℓ
pending request on 𝑣. The service arbitrarily chooses such a request 𝜎𝜆, and observes the
last service to modify the level of the request, i.e., 𝜇𝜎𝜆

; denote this service by 𝜆′. Depending
on 𝜆′, the algorithm decides if the service will invest for the future (“secondary” service) or
act greedily (“tertiary” service). Specifically, the algorithm maintains a counter 𝛽(𝜆′) for the
number of times 𝜆′ has triggered tertiary services; if the counter is low, 𝜆 becomes tertiary
and increments this counter; otherwise, 𝜆 will be secondary. After deciding if a service is
primary, secondary, or tertiary, the algorithm zeroes all positive residual delay on locations
in 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
of levels up to ℓ𝜆; in particular, this zeroes the residual delay that triggered 𝜆.

Next, if the service is tertiary, it simply moves the server to 𝜎𝜆 and back, concluding the
service. Otherwise, 𝜆 is primary or secondary, and thus invests in serving pending requests,
through the method ServeEligible. In ServeEligible, the service considers the subset
of locations 𝑉𝜆 inside 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
on which there are pending requests. To each location in 𝑉𝜆,

the algorithm assigns a budget of 𝑥𝜆 = 2ℓ𝜆/
√︁
|𝑉𝜆 | to visiting each such location; the locations

𝑉𝜆, together with their budgets as penalties, are transferred to PCSolve as a prize-collecting
Steiner tree input (where the root is the current location of the server 𝑎𝜆). PCSolve outputs
a tree connecting some locations 𝑄◦

𝜆
⊆ 𝑉𝜆 to 𝑎𝜆; this tree is then traversed by the server in

a DFS fashion, visiting 𝑄◦
𝜆

and ending at 𝑎𝜆. For the remaining locations 𝑉𝜆 \ 𝑄◦𝜆, where
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PCSolve pays the penalty, the algorithm decreases the delay counters for those locations
by 𝑥𝜆. On those locations, the algorithm makes pending requests of level at most ℓ𝜆 point to
𝜆, and upgrades their level to ℓ𝜆.

Finally, for primary services, the algorithm may move the server to a new location 𝑎′
𝜆
.

Recall that 𝜆 starts upon dome ℓ𝜆 − 4 becoming critical; if the majority of the residual delay
making dome ℓ𝜆 − 4 critical occurs inside a small-radius ball (specifically, radius 2ℓ𝜆−8), then
the center of this ball becomes the new location 𝑎′

𝜆
, at which the server rests at the end of

the service.

The non-clairvoyant algorithm for online service with delay is given in Algorithm 1, and
the ServeEligible method appears in Algorithm 2. We henceforth focus on analyzing
Algorithm 1 and proving Theorem 1.

Algorithm 1 Non-clairvoyant algorithm for online service with delay.

1 Function UponCritical (ℓ)
2 start a service 𝜆, and set ℓ𝜆 ← ℓ + 4.
3 denote by 𝑡 the current time, and by 𝑎𝜆 the current location of the server.
4 let 𝑉

†
𝜆
⊆ 𝐵

(
𝑎𝜆, 2ℓ𝜆−4) be the subset of locations 𝑣 where 𝑦ℓ𝜆−4 (𝑣, 𝑡) > 0.

5 if 𝑉
†
𝜆
∩ 𝐵

(
𝑎𝜆, 2ℓ𝜆−5) = ∅ then

6 say 𝜆 is primary.
7 else
8 let 𝜎𝜆 be an arbitrary request of level ℓ𝜆 − 4 on a point in 𝑉

†
𝜆
∩ 𝐵

(
𝑎𝜆, 2ℓ𝜆−5).

9 define 𝜇𝜆 ← 𝜇𝜎𝜆
.

10 if 𝛽(𝜇𝜆) ≥ 2
√︃��𝑉𝜇𝜆

�� then
11 say 𝜆 is secondary.
12 else
13 say 𝜆 is tertiary.

// if primary and most residual delay is in small-radius ball, mark its center for future
movement.

14 if 𝜆 is primary and ∃𝑎′ ∈ 𝐺: 𝑦ℓ𝜆−4
(
𝐵
(
𝑎′, 2ℓ𝜆−8) ∩𝑉†

𝜆
, 𝑡

)
> 2ℓ𝜆−5 then define 𝑎′

𝜆
:= 𝑎′.

15 foreach 𝑣 ∈ 𝐵
(
𝑎𝜆, 2ℓ𝜆

)
do // zero residual delay inside service ball, of levels at most ℓ𝜆.

16 foreach ℓ′ ≤ ℓ𝜆 do
17 set 𝑔𝑣,ℓ′ ← min(𝑔𝑣,ℓ′ , 0)

18 if 𝜆 is tertiary then
19 visit 𝜎𝜆 with the server, and return to 𝑎𝜆 afterwards†.
20 set 𝛽(𝜇𝜆) ← 𝛽(𝜇𝜆) + 1.
21 return
22 call ServeEligible(𝜆).
23 if 𝜆 is primary then move the server from 𝑎𝜆 to 𝑎′

𝜆
.

24 set 𝛽(𝜆) ← 0.
25 † In Line 19 of this algorithm, and in Line 5 of Algorithm 2, to avoid serving requests without

accounting for their delay, the algorithm does not consider requests of level greater than ℓ𝜆 as
served by the movements in 𝜆. thus, the algorithm might consider some requests as still pending
when they are, in fact, served.
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Algorithm 2 The ServeEligible method.

1 Function ServeEligible(𝜆)
2 let 𝑉𝜆 be the subset of locations in 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
on which there are pending requests.

3 define 𝑥𝜆 ← 2ℓ𝜆√
|𝑉𝜆 |

.

4 run PCSolve(𝑉𝜆, 𝑥𝜆; 𝑎𝜆) to obtain a solution 𝑇 to the subset 𝑄◦
𝜆
⊆ 𝑉𝜆 of locations.

5 traverse 𝑇 with the server using DFS, returning to 𝑎𝜆 at the end; let 𝑄𝜆 be the set of
requests of types in 𝑄◦

𝜆
that are served†.

// upgrade surviving eligible requests, and invest in eligible location counters.
6 foreach 𝑣 ∈ 𝑉𝜆 do
7 foreach request 𝑞 on 𝑣 of level at most ℓ𝜆 do
8 set ℓ𝑞 ← ℓ𝜆.
9 set 𝜇𝑞 ← 𝜆.

10 decrease 𝑔𝑣,ℓ𝜆 by 𝑥𝜆.

3.2 Definitions and Properties
▶ Definition 6. We define the following.
1. Let Λ denote the set of services in the algorithm. We partition Λ into Λ1,Λ2,Λ3, the sets

of primary, secondary, and tertiary services, respectively.
2. For two services 𝜆1, 𝜆2 ∈ Λ where 𝜆2 occurs after 𝜆1, if 𝜇𝜆2 = 𝜆1 we say that 𝜆2 is assigned

to 𝜆1. Note that in this case 𝜆1 ∈ Λ1 ∪ Λ2, 𝜆2 ∈ Λ2 ∪ Λ3.
3. Let 𝜆 ∈ Λ1 ∪Λ2 be a service. If there exists a secondary service 𝜆′ ∈ Λ2 which is assigned

to 𝜆, then we call 𝜆 a certified service, and say that 𝜆′ certified 𝜆. We denote the set of
certified services by Λc ⊆ Λ1 ∪ Λ2.

▶ Proposition 7. For a certified service 𝜆 ∈ Λc, we have the following:
1. The service 𝜆 is certified by exactly one service 𝜆′ ∈ Λ2.
2. It holds that ℓ𝜆′ = ℓ𝜆 + 4.
3. It holds that 𝛿 (𝑎𝜆, 𝑎𝜆′ ) ≤ 2ℓ𝜆+1.

Proof. First, observing Line 9 of Algorithm 2, we note that if for request 𝑞 we have 𝜇𝑞 = 𝜆,
then it must be the case that ℓ𝑞 = ℓ𝜆 at that time. Note that 𝜆 is only certified by some
𝜆′ ∈ Λ2 if 𝜇𝜎𝜆′ = 𝜆, and thus ℓ𝜎𝜆′ = ℓ𝜆 at 𝑡𝜆′ ; but, ℓ𝜆′ = ℓ𝜎𝜆′ + 4 at 𝑡𝜆′ , proving the
second item. Moreover, note that 𝜎𝜆′ ∈ 𝑉𝜆, and thus 𝛿 (𝑎𝜆, 𝜎𝜆′ ) ≤ 2ℓ𝜆 . In addition, since
𝜎𝜆′ ∈ 𝐵

(
𝑎𝜆′ , 2ℓ𝜆′−5), we have 𝛿 (𝑎𝜆′ , 𝜎𝜆′ ) ≤ 2ℓ𝜆′−5 = 2ℓ𝜆−1. The triangle inequality thus implies

𝛿 (𝑎𝜆, 𝑎𝜆′ ) ≤ 2ℓ𝜆 + 2ℓ𝜆−1 ≤ 2ℓ𝜆+1, proving the third item.
We now prove the first item, i.e., the uniqueness of 𝜆′. Suppose, for contradiction, that

a certified service 𝜆 ∈ Λc is certified by two services 𝜆′, 𝜆′′ ∈ Λ2, and assume without loss
of generality that 𝜆′ occurs before 𝜆′′. We prove that after 𝜆′, there remains no pending
request 𝑞 with 𝜇𝑞 = 𝜆, and thus 𝜆′′ cannot certify 𝜆 later on. Indeed, consider such a
request 𝑞 immediately before 𝜆′; it holds that 𝑞 ∈ 𝑉𝜆 ⊆ 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
, and it must also be

the case that ℓ𝑞 = ℓ𝜆 at that time. But, we’ve shown that 𝛿 (𝑎𝜆, 𝑎𝜆′ ) ≤ 2ℓ𝜆+1, and thus
𝐵
(
𝑎𝜆, 2ℓ𝜆

)
⊆ 𝐵

(
𝑎𝜆′ , 2ℓ𝜆 + 4

)
= 𝐵

(
𝑎𝜆′ , 2ℓ𝜆′

)
. Thus, 𝑞 ∈ 𝑉𝜆′ , and will either be served by 𝜆′ or

have 𝜇𝑞 be set to 𝜆′, in contradiction to having 𝜇𝑞 = 𝜆 at 𝑡𝜆′′ . ◀

▶ Proposition 8. For every level 𝑖 it holds that 𝑌𝑖 ≤ 2𝑖+2 at every point in time.

The proof of Proposition 8 is in Section B.
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▶ Proposition 9. For every point 𝑣 ∈ 𝐺, level ℓ and time 𝑡, it holds that 𝑔𝑣,ℓ (𝑡) ≤ 𝑑𝑄′ (𝑡),
where 𝑄′ is the set of pending requests of level exactly ℓ on 𝑣 at time 𝑡. (In particular, when
𝑄′ = ∅, it holds that 𝑔𝑣,ℓ (𝑡) ≤ 0.)

Proof. We prove this by induction as time advances, noting that the proposition holds at
time 0 (before any requests are released). Note that 𝑔𝑣,ℓ (𝑡) grows at the same rate as the
delay of pending requests of level ℓ on 𝑣, and thus delay growth cannot break the invariant.
In addition, counter decreases in services cannot break the invariant. The only risky event
is when a request of level ℓ is upgraded or completed. But, this only happens in a service
𝜆 such that ℓ𝜆 ≥ ℓ and 𝑣 ∈ 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
. Note that in such services, Line 17 of Algorithm 1

ensures that 𝑔𝑣,ℓ is non-positive after the service, maintaining the invariant. ◀

▶ Proposition 10. During a service 𝜆, if the algorithm moves its server from 𝑎𝜆 to 𝑎′
𝜆

in
Line 23 of Algorithm 1, then 2ℓ𝜆−5 − 2ℓ𝜆−8 ≤ 𝛿

(
𝑎𝜆, 𝑎

′
𝜆

)
≤ 2ℓ𝜆−4 + 2ℓ𝜆−8.

Proof. Note that the server only moves to 𝑎′
𝜆

when 𝜆 is primary. In this case, it holds that
𝑉
†
𝜆
∩ 𝐵

(
𝑎𝜆, 2ℓ𝜆−5) = ∅. But, due to Proposition 9, this implies that 𝑔𝑣,ℓ𝜆−4 (𝑡) ≤ 0 for every

𝑣 ∈ 𝐵
(
𝑎𝜆, 2ℓ𝜆−5); thus, for such 𝑣 we have 𝑦ℓ𝜆−4 (𝑣, 𝑡) = 0, and thus 𝑉†

𝜆
is contained in the ring

𝐵
(
𝑎𝜆, 2ℓ𝜆−4) \ 𝐵 (

𝑎𝜆, 2ℓ𝜆−5). But, from the definition of 𝑎′
𝜆
, 𝐵

(
𝑎′
𝜆
, 2ℓ𝜆−8) must contain a point

from 𝑉
†
𝜆
, which completes the proof. ◀

For a service 𝜆, define the cost of the service, denoted 𝑐(𝜆), to be the total movement of
the server during 𝜆 plus the total amount by which the service decreases counters 𝑔𝑣,ℓ .

▶ Proposition 11. ALG ≤ ∑
𝜆∈Λ 𝑐(𝜆).

Proof. To prove the proposition, we just have to prove that the total delay incurred by the
algorithm is upper-bounded by the total amount by which counters are decreased in the
algorithm. First, recall the assumption that the delay of requests tends to infinity as time
advances; thus, every request is eventually served by the algorithm. Thus, once all requests
are served, Proposition 9 implies that 𝑔𝑣,ℓ ≤ 0 for every 𝑣 ∈ 𝐺 and level ℓ, which completes
the proof. ◀

The following observation results from the fact that every counter 𝑔𝑣,ℓ is counted in
exactly one dome (and can also easily be seen in Figure 1).

▶ Observation 12. At any time 𝑡, and for every level ℓ, it holds that∑︁
ℓ′≤ℓ

𝑌ℓ′ =
∑︁

𝑣∈𝐵(𝑎 (𝑡 ) ,2ℓ)

∑︁
ℓ′≤ℓ
(𝑔𝑣,ℓ′ )+.

▶ Lemma 13. ALG ≤ 𝑂 (
√
𝑘) ·∑𝜆∈Λ1 2ℓ𝜆 +𝑂 (

√
𝑘) ·∑𝜆∈Λc 2ℓ𝜆 .

Proof. Applying Proposition 11, it is enough to bound
∑

𝜆∈Λ 𝑐(𝜆). We first bound the cost of
tertiary services

∑
𝜆∈Λ3 𝑐(𝜆). Consider a tertiary service 𝜆 ∈ Λ3; it incurs the following costs:

1. It zeroes any positive counters 𝑔𝑣,ℓ for every 𝑣 ∈ 𝐵
(
𝑎𝜆, 2ℓ𝜆

)
and ℓ ≤ ℓ𝜆. The cost of this is

at most∑︁
𝑣∈𝐵(𝑎𝜆 ,2ℓ𝜆 )

∑︁
ℓ≤ℓ𝜆
(𝑔𝑣,ℓ)+ =

∑︁
ℓ≤ℓ𝜆

𝑌ℓ ≤ 2ℓ𝜆+3,

where the equality is due to Observation 12, and the inequality is due to Proposition 8
and summing a geometric sequence.
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2. It moves the server from 𝑎𝜆 to 𝜎𝜆 and back (Line 19 of Algorithm 1). Since 𝜎𝜆 ∈
𝐵
(
𝑎𝜆, 2ℓ𝜆−4), the cost of this is at most 2ℓ𝜆−3.

Overall, the cost of a tertiary service 𝜆 is 𝑂 (2ℓ𝜆 ).
Now, consider a non-tertiary service 𝜆 ∈ Λ1 ∪ Λ2; there are at most 2 ·

√︁
|𝑉𝜆 | + 1 tertiary

services assigned to 𝜆′, as each such service raises 𝛽(𝜆) by 1 and 𝛽(𝜆) does not exceed
2 ·

√︁
|𝑉𝜆 | + 1; note that 2 ·

√︁
|𝑉𝜆 | + 1 = 𝑂 (

√
𝑘). Moreover, for a tertiary service 𝜆′ assigned to 𝜆

we have ℓ𝜆′ = ℓ𝜆+4. Overall, we have that the cost of tertiary services is 𝑂 (
√
𝑘) ·∑𝜆∈Λ1∪Λ2 2ℓ𝜆 .

Next, we bound the cost of non-tertiary services. The cost of a service 𝜆 ∈ Λ1 ∪ Λ2

consists of the following terms:
1. It zeroes positive counters 𝑔𝑣,ℓ for every 𝑣 ∈ 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
and ℓ ≤ ℓ𝜆. This cost can be

bounded by 𝑂 (1) · 2ℓ𝜆 , using the same argument as for tertiary services.
2. In Algorithm 2, the algorithm moves the server (Line 5) and decreases counters (Line 10).

From the guarantee of PCSolve in Lemma 4, the cost of moving the server is at most
2 · 2 · 𝑥𝜆 ·

��𝑄◦
𝜆

��; the cost of decreasing counters is (|𝑉𝜆 | −
��𝑄◦

𝜆

��) · 𝑥𝜆. Overall, the cost of this
item is at most 𝑂 (1) · |𝑉𝜆 | · 𝑥𝜆, which is at most 𝑂 (1) · 2ℓ𝜆 ·

√︁
|𝑉𝜆 |. Using the fact that

|𝑉𝜆 | ≤ 𝑘, the cost of this item is at most 𝑂 (
√
𝑘) · 2ℓ𝜆 .

3. In Line 23 of Algorithm 1, the server might move to a new location 𝑎′
𝜆
. However,

𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
≤ 2ℓ𝜆−4 + 2ℓ𝜆−8 due to Proposition 10. Thus, the cost of this movement is also

𝑂 (1) · 2ℓ𝜆 .
Overall, it holds that 𝑐(𝜆) ≤ 𝑂 (

√
𝑘) · 2ℓ𝜆 ; combining this with the bound for tertiary services,

we get

ALG ≤ 𝑂 (
√
𝑘) ·

∑︁
𝜆∈Λ1∪Λ2

2ℓ𝜆 . (1)

Finally, we bound
∑

𝜆∈Λ2 2ℓ𝜆 ≤ 𝑂 (1)∑𝜆∈Λc 2ℓ𝜆 , which completes the proof. Consider a
secondary service 𝜆 ∈ Λ2, which certifies some prior service 𝜆′ = 𝜇𝜆. Through Proposition 7,
it holds that ℓ𝜆′ = ℓ𝜆 − 4, and thus 2ℓ𝜆 ≤ 𝑂 (1) · 2ℓ𝜆′ . Again through Proposition 7, it holds
that 𝜆′ is only certified once (by 𝜆); thus, summing over secondary services yields∑︁

𝜆∈Λ2

2ℓ𝜆 ≤ 𝑂 (1) ·
∑︁
𝜆∈Λ1

2ℓ𝜆 ,

which combined with Equation (1) completes the proof. ◀

3.3 Charging Cylinders

It remains to bound the terms
∑

𝜆∈Λ1 2ℓ𝜆 and
∑

𝜆∈Λc 2ℓ𝜆 . To do so, we restate the notions of
charging balls and charging cylinders introduced in [35].

First, consider our goal. The optimal solution takes some tour through the graph over
time, and we would like to map its resulting cost to the services of the algorithm. To this
end, we give each service 𝜆 temporary “ownership” of a set of edges and edge parts, for
some interval in time. We then charge the cost associated with 𝜆 (i.e. 2ℓ𝜆) to the total cost
incurred by the optimal solution in traversing these edges and edge parts during the given
interval. In doing so, one must ensure that no movement of OPT is charged to twice; this is
ensured by having disjointness, which is the property that no edge part is owned by more
than one service at any point in time.
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Charging shapes and cylinders. A charging shape is a shape in the metric space that
contains some edges and “parts” of edges. (For the sake of this definition, an edge 𝑒 can be
partitioned into parts whose weights sum up to 𝑐(𝑒).)

A charging ball centered at 𝑣 of radius 𝑟 – which, overloading notation, we denote 𝐵(𝑣, 𝑟)
– is a charging shape such that:

If both 𝑢, 𝑤 are in 𝐵(𝑣, 𝑟) then 𝐵(𝑣, 𝑟) contains the entire edge {𝑢, 𝑤}.
If 𝑢 ∈ 𝐵(𝑣, 𝑟) but 𝑤 ∉ 𝐵(𝑣, 𝑟), then 𝐵(𝑣, 𝑟) contains the part of {𝑢, 𝑤} connected to 𝑢 of
weight 𝑟 − 𝛿 (𝑣, 𝑢).

A charging cylinder is a pair (𝐵, 𝐼) where 𝐼 is a time interval and 𝐵 is a charging shape.

Disjointness. We say that a set of charging shapes is disjoint if the parts of edges that
appear in different charging shapes do not intersect. We say that a set of charging cylinders
is disjoint if for every time 𝑡 it holds that the charging shapes of the cylinders whose time
intervals contain 𝑡 are disjoint.

Intersections. For a set of edges 𝐸 ′ ⊆ 𝐸 and charging shape 𝐵, we define 𝑐(𝐸 ′ ∩ 𝐵) to
be the total weight of edges in 𝐸 ′ that appear in 𝐵. For a cylinder 𝛾 = (𝐵, 𝐼), we define
𝑐(OPT ∩ 𝛾) (called the intersection of OPT with 𝛾) to be the total weight of edges in 𝐸 ′

that appear in 𝐵, where 𝐸 ′ is the set of edges traversed by OPT at least once during 𝐼.
Theorem 14 is due to [35], and is used to relate the total intersection of the cylinder set we

construct to the cost of the optimal solution. The intuition for the theorem is the following:
suppose we are given a set of cylinders Γ whose shapes are balls centered at 𝑁 points. One
can replace every such charging ball of radius 𝑟 with a perforated charging ball, from which
balls of small radius Θ(𝑟/𝑁2) are removed around each of the 𝑁 points; let Γ′ be the set of
cylinders after this perforation process. In Γ′, two cylinders whose shapes are (perforated)
charging balls with radii 𝑟1, 𝑟2 where 𝑟1 ≤ 𝑂 (𝑟2/𝑁2) are guaranteed to be disjoint. Suppose
that in the original set Γ, every two cylinders with radii within a constant factor from each
other are also disjoint; after the perforation, we can partition Γ′ into Θ(log 𝑁) disjoint classes.
This bounds the intersection of Γ′ with OPT by at most Θ(log 𝑁) ·OPT. Moreover, one can
observe that this perforation of a cylinder’s shape decreases its intersection with OPT by at
most a constant times the charging ball’s radius; this relates the intersection of Γ with OPT
to the intersection of Γ′ with OPT. For more intuition regarding cylinders and Theorem 14,
see Figure 2.

▶ Theorem 14 ([35]). Let Γ be a set of cylinders such that for every cylinder 𝛾 ∈ Γ its
charging shape 𝐵

(
𝑣𝛾 , 𝑟𝛾

)
is a ball. Partition Γ into {Γ𝑖} where for every 𝛾 ∈ Γ𝑖 it holds that⌈

log 𝑟𝛾
⌉
= 𝑖. If for every 𝑖 the set of cylinders Γ𝑖 is disjoint, then for every constant 𝑐 > 0 it

holds that∑︁
𝛾∈Γ

𝑐(OPT ∩ 𝛾) ≤ 𝑂 (log 𝑘) ·OPT + 𝑐 ·
∑︁
𝛾∈Γ

𝑟𝛾 ,

where 𝑘 is the number of centers used by cylinders in Γ.

Through constructing and analyzing such cylinders, we prove the following lemmas.

▶ Lemma 15. It holds that
∑

𝜆∈Λ1 2ℓ𝜆 ≤ 𝑂 (log 𝑘) ·OPT.

▶ Lemma 16. It holds that
∑

𝜆∈Λc 2ℓ𝜆 ≤ 𝑂 (log 𝑘) ·OPT.
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(a) cylinders. (b) perforated cylinders.

This figure illustrates the concept of cylinders used in this paper and in the proof of Theorem 14.
Figure 2a shows a metric space 𝐺 which is a line, the points of which appear on the vertical axis.
The tour of the optimal server appears as an axis-aligned curve traversing space over time; the
length of the solid parts of the curve correspond to the movement cost of the optimal solution.
Two charging cylinders appear in the figure, whose charging shapes are balls; those balls appear as
intervals in the one-dimensional metric space, and thus the cylinder appears as a rectangle in the
figure. For each cylinder 𝛾, the part of the optimal tour counted towards 𝑐(OPT ∩ 𝛾) is shown in
red. Note that as the shown cylinders are disjoint, the sum of

∑
𝛾 𝑐(OPT ∩ 𝛾) lower-bounds OPT.

Figure 2b shows the main tool used in proving Theorem 14 in [35], which is perforation; in essence,
lower-radii charging balls are removed from each cylinder around each point in the metric space,
enabling immediate disjointness with all cylinders of much lower radii.

Figure 2 Illustration of cylinders.

The proof of Lemma 15 appears in Section A, while the proof of Lemma 16 appears in
the remainder of this section. We now note that given these lemmas, the proof of the main
theorem is complete.

Proof of Theorem 1. The proof is immediate from Lemma 13, Lemma 15 and Lemma 16. ◀

The remainder of this section proves Lemma 16. For every service 𝜆 ∈ Λc, we denote by
Λ𝜆 the set of tertiary services assigned to 𝜆. We also define Σ𝜆 := {𝜎𝜆′ |𝜆′ ∈ Λ𝜆}; note that
Σ𝜆 ⊆ 𝐸𝜆. Finally, we define Σ◦

𝜆
:= 𝑉 (Σ𝜆).

First, we study the size of the set Σ◦
𝜆
.

▶ Proposition 17. For every 𝜆 ∈ Λc, it holds that
��Σ◦

𝜆

�� = ⌈
2
√︁
|𝑉𝜆 |

⌉
.

Proof. First, note that |Σ𝜆 | is exactly the final value of the counter 𝛽(𝜆), as each tertiary
service assigned to 𝜆 increases 𝛽(𝜆) by 1 (Line 20 of Algorithm 1). A service assigned to 𝜆

will only be tertiary if 𝛽(𝜆) < 2
√︁
|𝑉𝜆 |; otherwise, it would be secondary. Thus, the final value

of the counter is at most
⌈
2
√︁
|𝑉𝜆 |

⌉
. However, we know that a secondary service is assigned to

𝜆, as 𝜆 ∈ Λc. Thus, the final value of 𝛽(𝜆) is exactly
⌈
2
√︁
|𝑉𝜆 |

⌉
, completing the proof. ◀

▶ Definition 18. For a service 𝜆 ∈ Λc, define:
𝐸𝜆 to be the set of pending requests of level at most ℓ𝜆 on points in Σ◦

𝜆
at 𝑡𝜆.

The certified time interval 𝐼c (𝜆) := (min𝑞∈𝐸𝜆
𝑟𝑞 ,max𝜆′∈Λ𝜆

𝑡𝜆′ ].
The certified cylinder 𝛾c (𝜆) := (𝐵

(
𝑎𝜆, 3 · 2ℓ𝜆

)
, 𝐼c (𝜆)).

We also define the justified residual delay of 𝜆, which is the amount 𝐷∗c,𝜆 :=
∑

𝑣∈𝑉∗
𝜆
𝑥𝜆, where

𝑉∗
𝜆
⊆ Σ◦

𝜆
is the subset of locations which were not visited by the optimal solution during 𝐼c (𝜆).
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To prove that the intersection of a certified cylinder with the optimal solution is sufficiently
large, we first restate a proposition from [35]. Intuitively, it states that if the set of requested
terminals in a Steiner tree input is concentrated in a ball, a constant fraction of the cost
required for connecting them must be incurred within a padded version of the ball, whose
radius is larger by a constant factor.

▶ Proposition 19 (restatement of Proposition 3.22 from [35]). Let 𝑉 be a set of locations that
are contained in 𝐵(𝑣, 𝑟), for some location 𝑣 and radius 𝑟, and let 𝐺′ ⊆ 𝐺 be any subgraph
connecting 𝑉 . Then it holds that 𝑐(𝐺′ ∩ B(𝑣, 3𝑟)) ≥ ST(𝑉)/2.

▶ Proposition 20. It holds that
∑

𝜆∈Λc 𝐷∗c,𝜆 ≤ OPT.

Proof. We observe charging triplets of the form (𝑣, ℓ, 𝐼), where 𝑣 is a location, ℓ is a level,
and 𝐼 is a time interval. Every certified service 𝜆 ∈ Λc owns triplets. Specifically, for every
service 𝜆 ∈ Λc, location 𝑣 ∈ 𝑉∗

𝜆
, and 𝜆𝑣 the tertiary service assigned to 𝜆 where 𝜎𝜆𝑣

∈ 𝑣, we
say that 𝜆 owns the triplet (𝑣, ℓ𝜆, 𝐼𝑣), where 𝐼𝑣 = [𝑡𝜆, 𝑡𝜆𝑣

] be the time interval between 𝜆 and
the service 𝜆𝑣. We now claim the following:
1. If 𝜆 owns triplet 𝑣, ℓ, 𝐼, then a delay of at least 𝑥𝜆 is incurred by requests of level ℓ on 𝑣

during 𝐼. Moreover, these requests are pending in the optimal solution during the interval
𝐼.

2. No two triplets intersect. That is, there are no two services 𝜆1, 𝜆2 ∈ Λc such that 𝜆1 owns
(𝑣, ℓ, 𝐼1), 𝜆2 owns (𝑣, ℓ, 𝐼2) and 𝐼1 ∩ 𝐼2 ≠ ∅.

The first claim implies that the optimal solution incurs a delay cost of 𝐷∗c,𝜆 per service 𝜆 ∈ Λc,
and the second claim implies that no delay cost is charged twice. Together, these two claims
complete the proof.
Claim 1. Fix service 𝜆 ∈ Λc, location 𝑣 ∈ 𝑉∗

𝜆
, and tertiary service 𝜆𝑣 assigned to 𝜆 where

𝜎𝜆𝑣
∈ 𝑣; let 𝐼𝑣 = [𝑡𝜆, 𝑡𝜆𝑣

], and set ℓ := ℓ𝜆. As 𝑣 ∈ Σ◦
𝜆
⊆ 𝑉𝜆, it holds immediately after 𝜆

that 𝑔𝑣,ℓ𝜆 ≤ −𝑥𝜆 (due to Line 17 of Algorithm 1 and Line 10 of Algorithm 2). However,
at 𝑡𝜆𝑣

, it holds that 𝑦ℓ𝜆𝑣 −4 (𝑣) > 0; moreover, it holds that 𝑣 ∈ 𝐵
(
𝑎𝜆𝑣

, 2ℓ𝜆𝑣 −5), and thus
𝑦ℓ𝜆𝑣 −4

(
𝑣, 𝑡𝜆𝑣

)
= (𝑔𝑣,ℓ𝜆𝑣 −4 (𝑡𝜆𝑣

))+ = (𝑔𝑣,ℓ𝜆 (𝑡𝜆𝑣
))+. Thus, the counter 𝑔𝑣,ℓ𝜆 has increased by at

least 𝑥𝜆 during the time interval 𝐼𝑣 := (𝑡𝜆, 𝑡𝜆𝑣
].

Next, we claim that inside 𝐼𝑣, there was no non-tertiary service 𝜆′ of level at least ℓ such
that 𝑣 ∈ 𝐵

(
𝑎𝜆′ , 2ℓ𝜆

)
. Assume otherwise, and note that 𝜎𝜆𝑣

is pending on 𝑣, and is of level
exactly ℓ; thus, after 𝜆′, it would either be served or have 𝜇𝜎𝜆𝑣

be set to 𝜆′, in contradiction
to 𝜆𝑣 being assigned to 𝜆.

As a result, we claim that every request on 𝑣 of level ℓ𝜆 during 𝐼𝑣 belongs to 𝐸𝜆. First,
note that immediately after 𝜆, all pending level-ℓ requests on 𝑣 are in 𝐸𝜆. Suppose for
contradiction that this is broken at some point; that is, a new level-ℓ request joins. This
could only happen if its level is upgraded by some non-tertiary service during 𝐼𝑣, but there is
no such service due to the previous claim.

Finally, note that the requests of 𝐸𝜆 are pending in the optimal solution during 𝐼𝑣, as
the optimal server did not visit 𝑣 during 𝐼c (𝜆); thus, the optimal solution incurs the same
delay cost of at least 𝑥𝜆.
Claim 2. Assume that two triplets (𝑣, ℓ, 𝐼1), (𝑣, ℓ, 𝐼2) that are owned by services 𝜆1, 𝜆2 ∈ Λc,
are such that 𝐼1 ∩ 𝐼2 ≠ ∅; note that ℓ𝜆1 = ℓ𝜆2 = ℓ. Assume without loss of generality that 𝜆1
is the earlier service; then, 𝑡𝜆2 ∈ 𝐼1. Note that 𝑣 ∈ 𝐵

(
𝑎𝜆2 , 2ℓ𝜆2

)
; however, this cannot be, at

no non-tertiary service 𝜆 of level at least ℓ can occur during 𝐼1 such that 𝑣 ∈ 𝐵
(
𝑎𝜆, 2ℓ𝜆

)
, as

seen in the proof of the first claim. ◀

▶ Proposition 21. For every 𝜆 ∈ Λc, it holds that 2ℓ𝜆−1 ≤ 𝑐(OPT ∩ 𝛾c (𝜆)) + 𝐷∗c,𝜆.
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Proof. Consider the set of locations 𝑊 := Σ◦
𝜆
\𝑉∗

𝜆
, which is a subset of 𝑉𝜆. These locations

were not visited during 𝜆, as the solution computed by PCSolve in Line 4 of Algorithm 2
does not include them. However, due to the guarantee of PCSolve in Lemma 4, this implies
that

ST∗ (𝑊 ; 𝑎𝜆) ≥ 𝑥𝜆 · |𝑊 | = 2ℓ𝜆/
√︁
|𝑉𝜆 | · |𝑊 |.

Noting that 𝑊 ⊆ 𝐵
(
𝑎𝜆, 2ℓ𝜆

)
, we have ST∗ (𝑊) ≥ ST∗ (𝑊 ; 𝑎𝜆) − 2ℓ𝜆 . Applying Propo-

sition 19, denoting by 𝐺∗ the subgraph traversed by OPT during 𝐼c (𝜆), it holds that
𝑐
(
𝐺∗ ∩ 𝐵

(
𝑎𝜆, 3 · 2ℓ𝜆

) )
≥ ST∗ (𝑊)/2. Combining the above, we get:

𝑐(OPT ∩ 𝛾c (𝜆)) + 𝐷∗c,𝜆 ≥ ST∗ (𝑊)/2 + (
��Σ◦𝜆�� − |𝑊 |)𝑥𝜆

≥ 2ℓ𝜆−1√︁
|𝑉𝜆 |
· |𝑊 | − 2ℓ𝜆−1 + (

��Σ◦𝜆�� − |𝑊 |) 2ℓ𝜆√︁
|𝑉𝜆 |

≥ 2ℓ𝜆−1 ·
(
|𝑊 |√︁
|𝑉𝜆 |
+

��Σ◦
𝜆

�� − |𝑊 |√︁
|𝑉𝜆 |

− 1
)
= 2ℓ𝜆−1 ·

( ��Σ◦
𝜆

��√︁
|𝑉𝜆 |
− 1

)
≥ 2ℓ𝜆−1

where the final inequality is due to the fact that
��Σ◦

𝜆

�� = ⌈
2
√︁
|𝑉𝜆 |

⌉
, due to Proposition 17. ◀

▶ Proposition 22. For every ℓ, the set of cylinders {𝛾c (𝜆) |𝜆 ∈ Λc ∧ ℓ𝜆 = ℓ} is disjoint.

The proof of Proposition 22 appears in Section B.

Proof of Lemma 16. It holds that∑︁
𝜆∈Λc

2ℓ𝜆 ≤ 2
∑︁
𝜆∈Λc

(𝑐(OPT ∩ 𝛾c (𝜆)) + 𝐷∗c,𝜆) ≤ 𝑂 (log 𝑘) ·OPT+𝑂 (1) ·OPT = 𝑂 (log 𝑘) ·OPT

where the first inequality is due to Proposition 21, and the second inequality is due to
Proposition 22 and Proposition 20. ◀

4 Conclusions

In this paper, we presented a 𝑂 (min
{√

𝑛 log 𝑛,
√
𝑚 log𝑚

}
)-competitive algorithm for non-

clairvoyant online service with delay, that is deterministic and runs in polynomial time. This
nearly matches the lower bounds of Ω(

√
𝑛) and Ω(

√
𝑚) on competitiveness that appear in [4].

However, the choice of metric space for the problem greatly affects the achievable
competitive ratio for non-clairvoyant service with delay. The square-root lower bounds in [4]
are obtained for a uniform metric space; however, for a metric space which is a line, an
𝑂 (log 𝑛)-competitive non-clairvoyant algorithm exists [14]. Given this stark difference in
competitive ratio, it would be interesting to identify a salient property of the metric space,
and study competitiveness as a function of this property.
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A Proof of Lemma 15

To bound the cost of primary services, we first identify and focus on two subsets of services
in Λ1, namely, Λ1,s and Λ1,f.

▶ Definition 23. We define Λ1,s ⊆ Λ1 to be the subset of services in which the server did
not move to a new location 𝑎′

𝜆
(that is, Line 23 of Algorithm 1 did not run).

We define Λ1,f ⊆ Λ1 \ Λ1,s to be the subset of services 𝜆 in which 𝛿
(
𝑎∗ (𝑡𝜆), 𝑎′𝜆

)
≥ 2ℓ𝜆−7;

that is, in 𝜆 the server moved to a new location that is of distance at least 2ℓ𝜆−7 from the
optimal solution.
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▶ Proposition 24.
∑

𝜆∈Λ1 2ℓ𝜆 ≤ 𝑂 (1) ·OPT +𝑂 (1) ·
(∑

𝜆∈Λ1,f 2ℓ𝜆 +𝑂 (1) ·∑𝜆∈Λ1,s 2ℓ𝜆
)
.

The proof of Proposition 24 is similar to that of Proposition A.11 in [35]. Intuitively, we
again define a potential function proportional to the distance between the algorithm’s server
and optimal solution’s server. For a service 𝜆 ∈ Λ1 \ (Λ1,f ∪ Λ1,s), the final movement in
Line 23 of Algorithm 1 shrinks the distance between the algorithm and the optimal solution
such that the resulting decrease in potential is at least 2ℓ𝜆 .

Proof of Proposition 24. Consider the potential function 𝜙(𝑡) := 27 · 𝛿 (𝑎(𝑡), 𝑎∗ (𝑡)). Note
that 𝜙(𝑡) only takes non-negative values, and is initially 0. The potential function can change
upon a movement of the algorithm’s server (Line 23 of Algorithm 1) or the optimal solution’s
server. Note that the total increase in 𝜙 due to movements in OPT is at most 27 · OPT;
also denote by Δ𝜆 the change to 𝜙 due to service 𝜆 ∈ Λ1 in the algorithm. (Note that in
non-primary services, the final location of the server is the same as its initial location, and
thus they do not affect the potential function.) Thus, denoting by 𝜙(∞) the final value of
the potential function, it holds that

0 ≤ 𝜙(∞) ≤
∑︁
𝜆∈Λ1

Δ𝜆 + 27 ·OPT.

Adding
∑

𝜆∈Λ1 2ℓ𝜆 to both sides yields∑︁
𝜆∈Λ1

2ℓ𝜆 ≤
∑︁
𝜆∈Λ1

(2ℓ𝜆 + Δ𝜆) + 27 ·OPT. (2)

First, consider a service 𝜆 ∈ Λ1 \ (Λ1,f ∪ Λ1,s), and let 𝑡 := 𝑡𝜆. In 𝜆, the server moves
from 𝑎𝜆 to 𝑎′

𝜆
, and it is guaranteed that 𝑎∗ (𝑡) ∈ 𝐵

(
𝑎′
𝜆
, 2ℓ𝜆−7). Using Proposition 10, it holds

𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
≥ 2ℓ𝜆−5 − 2ℓ𝜆−8; thus, 𝛿 (𝑎𝜆, 𝑎∗ (𝑡)) ≥ 2ℓ𝜆−5 − 2ℓ𝜆−7 − 2ℓ𝜆−8 ≥ 2ℓ𝜆−6. However, after the

movement of the algorithm’s server to 𝑎′
𝜆
, the distance between the algorithm’s server and

the optimum’s server is at most 2ℓ𝜆−7; thus, the distance between the servers decreased by at
least 2ℓ𝜆−7, and thus Δ𝜆 ≤ −2ℓ𝜆 . This implies that 2ℓ𝜆 + Δ𝜆 ≤ 0 for every 𝜆 ∈ Λ1 \Λ1,f ∪ Λ1,s;
plugging into Equation (2), we get

∑︁
𝜆∈Λ1

2ℓ𝜆 ≤ 27 ·OPT +
∑︁

𝜆∈Λ1,f∪Λ1,s

(2ℓ𝜆 + Δ𝜆). (3)

Again using Proposition 10, for services 𝜆 ∈ Λ1 where the server moves, it holds that
𝛿
(
𝑎𝜆, 𝑎

′
𝜆

)
≤ 2ℓ𝜆−4 + 2ℓ𝜆−8 ≤ 2ℓ𝜆−3, and thus Δ𝜆 ≤ ·2ℓ𝜆+4. (When the server does not move,

Δ𝜆 = 0.) Thus, it holds that for every 𝜆 ∈ Λ1, 2ℓ𝜆 + Δ𝜆 ≤ 17 · 2ℓ𝜆 . Plugging into Equation (3)
completes the proof. ◀

▶ Definition 25. For a service 𝜆 ∈ Λ1,f ∪ Λ1,s, define:
𝑅𝜆 to be the set of pending requests of level at most ℓ𝜆 − 4 on points in 𝑉

†
𝜆

at 𝑡𝜆.
The primary time interval 𝐼p (𝜆) := (min𝑞∈𝑅𝜆

𝑟𝑞 , 𝑡𝜆].
The primary cylinder 𝛾p (𝜆) :=

(
𝐵
(
𝑎𝜆, 2ℓ𝜆−3) , 𝐼p (𝜆)).

Further define 𝑉∗
𝜆
⊆ 𝑉

†
𝜆

be the set of locations in 𝑉
†
𝜆

not visited by the optimal solution
during 𝐼p (𝜆). Finally, define the justified residual delay of 𝜆, which is the amount 𝐷∗p,𝜆 :=∑

𝑣∈𝑉∗
𝜆
𝑦ℓ𝜆−4 (𝑣, 𝑡𝜆).

The proofs of the following three propositions appear in Section B.

▶ Proposition 26.
∑

𝜆∈Λ1,f∪Λ1,s 𝐷∗p,𝜆 ≤ OPT
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Proof of Proposition 26. First a service 𝜆 ∈ Λ1,f∪Λ1,s, and define 𝑡 := 𝑡𝜆. We first note that
the delay cost in 𝐷∗p,𝜆 is indeed incurred by the optimal solution. Fix a location 𝑣 ∈ 𝑉∗

𝜆
; by

definition, 𝑦ℓ𝜆−4 (𝑣) =
∑

ℓ≤ℓ𝜆−4 (𝑔𝑣,ℓ (𝑡))+ ≤
∑

ℓ≤ℓ𝜆−4

∑
𝑞∈𝑅′

ℓ
𝑑𝑞 (𝑡), where 𝑅′

ℓ
⊆ 𝑅𝜆 is the subset

of requests on 𝑣 of level exactly ℓ (this inequality is due to Proposition 9). But, from the
definition of 𝐼p (𝜆), the requests of 𝑅𝜆 on 𝑣 are not served in the optimal solution at 𝑡, and
thus the optimal solution incurred

∑
ℓ≤ℓ𝜆−4

∑
𝑞∈𝑅′

ℓ
𝑑𝑞 (𝑡) delay cost for those requests. Next,

note that this delay cost is not charged to the optimal solution for more than one service;
this is ensured by the zeroing of the delay counters in Line 17 of Algorithm 1. ◀

▶ Proposition 27. For every 𝜆 ∈ Λ1,f ∪ Λ1,s, it holds that 2ℓ𝜆−8 ≤ 𝑐
(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗p,𝜆.

Proof of Proposition 27. Consider a service 𝜆 ∈ Λ1,f ∪ Λ1,s, and define 𝑡 := 𝑡𝜆, 𝐵 :=
𝐵
(
𝑎𝜆, 2ℓ𝜆−4), 𝐵′ := 𝐵

(
𝑎𝜆, 2ℓ𝜆−3). Note that 𝐵 is the ball that contains all requests in 𝑅𝜆, and

that 𝐵′ is the shape used for the charging cylinder 𝛾p (𝜆). Let 𝑎, 𝑎∗ denote the locations of
the algorithm’s and optimal solution’s servers at 𝑡, respectively.
Case 1: 𝝀 ∈ 𝚲1,f. Define 𝑎′ := 𝑎′

𝜆
. Define 𝐵★ := 𝐵

(
𝑎′, 2ℓ𝜆−8) , 𝐵★★ := 𝐵

(
𝑎′, 2ℓ𝜆−7); note that

𝐵★ ⊆ 𝐵★★. From the choice of 𝑎′, it holds that 𝑦ℓ𝜆−4 (𝐵★) ≥ 2ℓ𝜆−5. However, 𝑎∗ ∉ 𝐵★★, from
the fact that 𝜆 ∈ Λ1,f. Thus, one of the following holds:

The optimal solution did not visit 𝐵★ during 𝐼p (𝜆). In this case, it holds that 𝐵★ ⊆ 𝑉∗
𝜆
,

and thus 𝐷∗p,𝜆 ≥ 𝑦ℓ𝜆−4 (𝐵★) ≥ 2ℓ𝜆−5, which completes the proof for this case.
The optimal solution visited 𝐵★ during 𝐼p (𝜆); in this case, the optimal server moved
a distance of at least 2ℓ𝜆−7 − 2ℓ𝜆−8 = 2ℓ𝜆−8 inside 𝐵★★ \ 𝐵★ during 𝐼p (𝜆) (since it was
in 𝑎∗ at the end of 𝐼p (𝜆)). Now, note that 𝐵★★ ⊆ 𝐵′, as Proposition 10 states that
𝛿 (𝑎′, 𝑎) ≤ 2ℓ𝜆−4 + 2ℓ𝜆−8; this yields 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
≥ 2ℓ𝜆−7 − 2ℓ𝜆−8 ≥ 2ℓ𝜆−8, completing

the proof.

Case 2: 𝝀 ∈ 𝚲1,s. Denote 𝐵∗ := 𝐵
(
𝑎∗, 2ℓ𝜆−8). From the definition of Λ1,s, it holds that

𝑦ℓ𝜆−4 (𝐵\𝐵∗) ≥ 2ℓ𝜆−5. Suppose the optimal solution’s server does not visit 𝐵\𝐵∗ during 𝐼p (𝜆);
then, it holds that 𝐵\𝐵∗ ⊆ 𝑉∗

𝜆
, and thus 𝐷∗p,𝜆 ≥ 2ℓ𝜆−5, completing the proof.

Otherwise, the optimal solution’s server visited 𝐵\𝐵∗ during 𝐼p (𝜆). There are two subcases
to consider:

Suppose 𝛿 (𝑎∗, 𝑎) ≤ 2ℓ𝜆−3 − 2ℓ𝜆−8. In this case, 𝐵∗ ⊆ 𝐵′. The optimal solution visited 𝐵\𝐵∗
during 𝐼p (𝜆), but was at 𝑎∗ at 𝑡; thus, it moved a distance of at least 2ℓ𝜆−8 inside 𝐵∗, and
thus inside 𝐵′, during 𝐼p (𝜆). This implies that 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
≥ 2ℓ𝜆−8, completing the

proof.
Suppose 𝛿 (𝑎∗, 𝑎) > 2ℓ𝜆−3−2ℓ𝜆−8, and thus the distance of 𝑎∗ from 𝐵 is at least 2ℓ𝜆−4−2ℓ𝜆−8 ≥
2ℓ𝜆−8. Using a similar argument to the previous item, the optimal solution moved
a distance of at least 2ℓ𝜆−8 inside the ring 𝐵

(
𝑎, 2ℓ𝜆−4 + 2ℓ𝜆−8)\𝐵 (

𝑎, 2ℓ𝜆−4) during 𝐼p (𝜆).
Observing that this ring is contained in 𝐵′ yields that 𝑐

(
OPT ∩ 𝛾p (𝜆)

)
≥ 2ℓ𝜆−8, completing

the proof. ◀

▶ Proposition 28. For every ℓ, the set of cylinders
{
𝛾p (𝜆)

��𝜆 ∈ Λ1,f ∪ Λ1,s ∧ ℓ𝜆 = ℓ
}

is disjoint.

Proof of Proposition 28. Suppose for contradiction that there exist 𝜆1, 𝜆2 ∈ Λ1,f ∪ Λ1,s

where ℓ𝜆1 = ℓ𝜆2 = ℓ such that 𝐼p (𝜆1) ∩ 𝐼p (𝜆2) ≠ ∅ and 𝐵
(
𝑎𝜆1 , 2ℓ−3) ∩𝐵 (

𝑎𝜆2 , 2ℓ−3) ≠ ∅. Assume
without loss of generality that 𝑡𝜆1 ≤ 𝑡𝜆2 , and thus 𝑡𝜆1 ∈ 𝐼p (𝜆2). Then, observe that after
𝜆1, all pending requests of level at most ℓ in 𝐵

(
𝑎𝜆1 , 2ℓ

)
are upgraded to level ℓ. However,

in 𝜆2, the requests in 𝑅𝜆2 are of level at most ℓ − 4; moreover, the requests in 𝑅𝜆2 are in
𝐵
(
𝑎𝜆2 , 2ℓ−4) ⊆ 𝐵

(
𝑎𝜆1 , 2ℓ

)
, where the containment is due to the fact that 𝛿

(
𝑎𝜆1 , 𝑎𝜆2

)
≤ 2ℓ−2

(otherwise, we contradict 𝐵
(
𝑎𝜆1 , 2ℓ−3) ∩ 𝐵

(
𝑎𝜆2 , 2ℓ−3) ≠ ∅). This implies that all requests in

𝑅𝜆2 arrived after 𝑡𝜆1 , yielding a contradiction to 𝑡𝜆1 ∈ 𝐼p (𝜆2). ◀

STACS 2025
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Proof of Lemma 15. It holds that∑︁
𝜆∈Λ1,f

2ℓ𝜆 +
∑︁

𝜆∈Λ1,s

2ℓ𝜆 ≤
∑︁

𝜆∈Λ1,f∪Λ1,s

28 · (𝑐
(
OPT ∩ 𝛾p (𝜆)

)
+ 𝐷∗p,𝜆)

≤ 𝑂 (log 𝑘) ·OPT +𝑂 (1) ·OPT = 𝑂 (log 𝑘) ·OPT

where the first inequality is due to Proposition 27, and the second inequality is due to
Proposition 28 and Proposition 20. ◀

B Omitted Proofs

Proof of Proposition 8. First, suppose a service 𝜆 occurs, and consider the point im-
mediately after the loop containing Line 17 of Algorithm 1. At that time, we have
𝑌𝑖 ≤

∑
𝑣∈𝐵(𝑎𝜆 ,2𝑖)

∑
𝑖′≤𝑖 (𝑔𝑣,𝑖′ )+ = 0 for every 𝑖 ≤ ℓ𝜆. Moreover, for 𝑖 > ℓ𝜆, it holds that

𝑌𝑖 ≤ 2𝑖 (otherwise, dome 𝑖 would be critical, and 𝜆 would have a higher level as a result).
We now prove the proposition as an invariant over time, noting that at time 0 it trivially

holds. Note that the invariant cannot be broken by continuous delay increase; indeed, when
𝑌𝑖 exceeds 2𝑖, a service is immediately started which zeroes 𝑌𝑖. Thus, the only possible event
that could break the invariant is a movement by the server (Line 23 of Algorithm 1).

Suppose for contradiction that this happens after some (primary) service 𝜆, at a time 𝑡+

immediately after 𝜆, as the server moves from 𝑎𝜆 to 𝑎′
𝜆

As before, consider the time during 𝜆

immediately after the loop containing Line 17 of Algorithm 1, and denote it by 𝑡−. We also
apply the superscripts −,+ to 𝑌𝑖 and 𝑔𝑣,𝑖 to refer to their values at times 𝑡− , 𝑡+ respectively.

Consider any class 𝑖. If 𝑖 ≤ ℓ𝜆 − 1, then note that 𝛿
(
𝑎′
𝜆
, 𝑎𝜆

)
≤ 2ℓ𝜆−4 + 2ℓ𝜆−8 < 2ℓ𝜆−1, due

to Proposition 10. Thus, 𝐵
(
𝑎′
𝜆
, 2𝑖

)
⊆ 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
. But, for every 𝑣 ∈ 𝐵

(
𝑎𝜆, 2ℓ𝜆

)
and 𝑖′ ≤ ℓ𝜆,

it holds that 𝑔+
𝑣,𝑖′ = 𝑔−

𝑣,𝑖′ ≤ 0, and thus 𝑌+
𝑖

= 0. Otherwise, 𝑖 ≥ ℓ𝜆; in this case, note that
𝐵
(
𝑎′
𝜆
, 2𝑖

)
⊆ 𝐵

(
𝑎𝜆, 2𝑖+1). Thus:

𝑌+𝑖 ≤
∑︁
𝑖′≤𝑖

𝑌+𝑖′

=
∑︁
𝑖′≤𝑖

∑︁
𝑣∈𝐵(𝑎′𝜆 ,2𝑖)

(𝑔𝑣,𝑖′ )+

≤
∑︁
𝑖′≤𝑖

∑︁
𝑣∈𝐵(𝑎𝜆 ,2𝑖+1)

(𝑔𝑣,𝑖′ )+

≤
∑︁

𝑖′≤𝑖+1

∑︁
𝑣∈𝐵(𝑎𝜆 ,2𝑖+1)

(𝑔𝑣,𝑖′ )+

=
∑︁

𝑖′≤𝑖+1
𝑌−𝑖′ ≤

∑︁
𝑖′≤𝑖+1

2𝑖′ ≤ 2𝑖+2,

where the first inequality stems from {𝑌𝑖′ } being non-negative and the two equalities use the
definition of 𝑌𝑖. The penultimate inequality uses the fact that 𝑌−

𝑖′ ≤ 2𝑖′ for every 𝑖′, as noted
in the beginning of the proof. ◀

Proof of Proposition 22. Fixing any ℓ, assume otherwise that there exist two cylinders
𝛾c (𝜆1), 𝛾c (𝜆2) ∈ {𝛾c (𝜆) |𝜆 ∈ Λc ∧ ℓ𝜆 = ℓ} that are not disjoint. That is, it holds that
𝛿
(
𝑎𝜆1 , 𝑎𝜆2

)
< 6 · 2ℓ , and also 𝐼c (𝜆1) ∩ 𝐼c (𝜆2) ≠ ∅. Let 𝜆′1, 𝜆

′
2 be the level-(ℓ + 4) secondary

services that certify 𝜆1, 𝜆2, respectively; without loss of generality, assume 𝜆′1 occurs before 𝜆′2.
First, we claim that 𝛿

(
𝑎𝜆1 , 𝑎𝜆′1

)
≤ 1.5 · 2ℓ . To prove this, consider 𝑞1 := 𝜎𝜆′1

; it must be

that 𝑞1 ∈ 𝐵
(
𝑎𝜆1 , 2ℓ𝜆1

)
∩ 𝐵

(
𝑎𝜆′1 , 2

ℓ𝜆′1
−5

)
. Since ℓ𝜆1 = ℓ and ℓ𝜆′1 = ℓ + 4, the claim holds.
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Next, we claim that 𝜆′1 occurs before 𝜆2. Assume otherwise, and consider the request
𝑞2 := 𝜎𝜆′2

. Since 𝜆′2 certifies 𝜆2; moreover, it holds that 𝑞 ∈ 𝐵
(
𝑎𝜆2 , 2ℓ𝜆2

)
. Thus,

𝛿

(
𝑞2, 𝑎𝜆′1

)
≤ 𝛿

(
𝑞2, 𝑎𝜆2

)
+ 𝛿

(
𝑎𝜆2 , 𝑎𝜆1

)
+ 𝛿

(
𝑎𝜆1 , 𝑎𝜆′1

)
≤ 2ℓ + 6 · 2ℓ + 1.5 · 2ℓ ≤ 8.5 · 2ℓ ≤ 2ℓ𝜆′1 .

Thus, 𝑞2 ∈ 𝑉𝜆′1 ; moreover, as 𝑞 was pending at both 𝑡𝜆2 and 𝑡𝜆′2 , it is pending at 𝑡𝜆′1 . Due
to Line 9 of Algorithm 2, after 𝜆′1, 𝑞2 is either served or of level ℓ𝜆′1 = ℓ + 4. But this is a
contradiction to having level ℓ𝜆′2 − 4 = ℓ later on, at 𝑡𝜆′2 ; thus, 𝜆′1 must occur before 𝜆1.

Thus, 𝜆′1 occurs between 𝜆1 and 𝜆2. Note that 𝜆′1 occurs after all the tertiary services
assigned to 𝜆1, and thus 𝜆′1 occurs after 𝐼c (𝜆1). We claim that 𝜆′1 also occurs before the release
of every request in 𝐸𝜆2 , and thus before 𝐼c (𝜆2). This claim would yield that 𝐼c (𝜆1), 𝐼c (𝜆2)
are disjoint, contradicting the assumption that 𝛾c (𝜆1), 𝛾c (𝜆2) are disjoint, and would thus
conclude the proof of the proposition.

To prove the claim, suppose a request 𝑞 ∈ 𝐸𝜆2 on some 𝑣 ∈ 𝑉𝜆2 is released before 𝑡𝜆′1 .
Then, note that 𝛿

(
𝑎𝜆2 , 𝑎𝜆′1

)
≤ 𝛿

(
𝑎𝜆2 , 𝑎𝜆1

)
+ 𝛿

(
𝑎𝜆1 , 𝑎𝜆′1

)
≤ 6 · 2ℓ + 1.5 · 2ℓ = 7.5 · 2ℓ . Thus,

𝐵
(
𝑎𝜆2 , 2ℓ𝜆2

)
⊆ 𝐵

(
𝑎𝜆′1 , 2

ℓ𝜆′1

)
, and thus 𝑣 ∈ 𝑉𝜆′1 . As 𝑞 is pending at 𝑡𝜆′1 , it is of level at least

ℓ𝜆′1 = ℓ + 4 after 𝜆′1; this is in contradiction to ℓ𝑞 ≤ ℓ at 𝜆2, completing the proof. ◀

STACS 2025


	1 Introduction
	1.1 Our Results
	1.2 Related Work
	1.3 Our Techniques

	2 Preliminaries
	3 Online Service with Delay
	3.1 The Algorithm
	3.2 Definitions and Properties
	3.3 Charging Cylinders

	4 Conclusions
	A Proof of Lemma 15
	B Omitted Proofs

