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Abstract
Joins are the cornerstone of relational databases. Surprisingly, even after several decades of research
in the systems and theory database community, we still lack an understanding of how to design the
fastest possible join algorithm. In this talk, we will present the exciting progress the database theory
community has achieved in join algorithms over the last two decades. The talk will revolve around
five key ideas fundamentally shaping this research area: tree decompositions, data partitioning,
leveraging statistical information, enumeration, and algebraic techniques.
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1 Introduction

Joins are the cornerstone of relational databases. First introduced by Codd [8] as a core
operator in relational algebra, they are now a key component of any database engine.

In any relational database engine, a join query can be executed via a plan of binary
joins (’). The problem at hand is to optimize the order of these binary joins, as well as
the specific algorithm that computes each join. There has been a huge amount of literature
on this topic, and it is still a very active area of research. A key difficulty is that the join
optimization problem is computationally hard, and is also based on gathering accurate
statistical information, a process that is often erroneous. Query optimizers will notoriously
choose suboptimal join plans. Nevertheless, the database systems architecture of how to do
joins has remained virtually the same for the last three decades.

From a theoretical perspective, the story of join algorithms is quite different. Over the
past couple of decades, there has been significant and exciting progress in our understanding
of how to evaluate joins more efficiently. Novel techniques and new algorithmic frameworks
have produced faster and faster join algorithms. Several ideas produced in the database
theory community are also slowly moving into practice and are incorporated into real-world
database systems. In this talk, we will tell this story and then talk about the research
problems that are still open.

Organization. We will start with presenting some basic notions and algorithmic ideas about
joins. Then, we will discuss the progress on join algorithms by focusing on five fundamental
ideas that have driven the research community. Finally, we will close with the many open
questions that still remain.
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1:2 The Quest for Faster Join Algorithms

2 The Basics

To keep the presentation simple, we will focus on relational queries with natural joins (’)
and projections (π), of the following form:

Q “ πU p’ePE RepXeqq

Here, the attributes are indexed by rns “ t1, 2, . . . , nu, and the join is described by a
hypergraph H “ prns, Eq. Xe denotes a vector of attributes indexed by the nodes in e P E.
The projection attributes are XU , where U Ď rns. When U “ H, we have a Boolean join and
when U “ rns we have a full join – no projections. For example, consider the following two
full joins (triangle join and square join) which we will use as running examples throughout:

Q∆ “ RpX1, X2q ’ SpX2, X3q ’ T pX3, X1q

Q˝ “ RpX1, X2q ’ SpX2, X3q ’ T pX3, X4q ’ UpX4, X1q

The key task is to compute the output QpDq of join query Q over a relational instance
D. We will denote by N “ |D| the input size (total number of tuples in the instance) and by
OUT “ |QpDq| the output size (total number of tuples in the output). To measure runtime,
we will use data complexity, which means that we consider the query to be fixed. We can
now pose the central question precisely.

Given a join query Q and an instance D, what is the fastest algorithm that computes QpDq

w.r.t. the input and output size?

Yannakakis’ Algorithm and Acyclicity. The first effort to design fast join algorithms focused
on a class of joins called acyclic joins1. A join is acyclic if we can construct a tree T with
nodes the relations Re such that for every attribute X, the subgraph of T that contains the
relations with the attribute X is connected: T is then called the join tree of Q. Figure 1
shows the join tree for the acyclic join RpA, Bq ’ SpB, Cq ’ T pC, Dq. An acyclic join satifies
some very nice properties and admits algorithms that are linear in the input and output size
when there are no projections.

▶ Theorem 1 (Yannakakis [47]). Let Q be an acyclic join query and D an instance. Then, if
Q is Boolean or full, we can compute it in time OpN ` OUT q. In general, we can compute
it in time OpN ¨ OUT ` OUT q.

To explain Yannakakis’ algorithm, consider the case of a full join. Then, Yannakakis’
algorithm guarantees that each one of the intermediate relations can never be bigger than the
input and output size. To achieve this strong guarantee, it needs two phases (see Figure 1).
In the first phase, we take the join tree, root it from an arbitrary node, and then perform
a bottom-up and top-down semi-join pass. After the semijoin pass, we are guarantee that
every remaining tuple contributes in some tuple in the output result. In the second phase,
we compute the join in a bottom-up manner.

Yannakakis’ algorithm is simple enough that it can be written as a query plan with only
two operators: projections and joins. It will serve as the fundamental block for what we
present in the next sections.

1 In this article, we use acyclicity to mean α-acyclicity. However, there are other notions of acyclicity,
such as β-acyclicity, γ-acyclicity, and Berge-acyclicity.
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Figure 1 A depiction of Yannakakis’ algorithm for the acyclic join RpA, Bq ’ SpB, Cq ’ T pC, Dq.

▶ In Practice. The semijoin operators in Yannakakis’ algorithm can be expensive
and increase the cost compared to a one-pass join-project plan. Hence, a direct
implementation of the algorithm will incur a large overhead. However, several recent
research papers have shown that we can still apply the core idea of Yannakakis’
algorithm – the filtering of tuples that will not contribute to the final output – while
maintaining good practical performance. One idea in this direction is to replace
the semijoins with an approximate filtering operator, specifically a Bloom filter [46].
Bloom filters are much more efficient compared to a semijoin and thus incur a small
overhead while maintaining most of the filtering power. In another direction, [5]
produces the same guarantees as Yannakakis’ algorithm by introducing plans with
new relational operators.

3 Beyond Acyclicity: Tree Decompositions

What can we do when the join is not acyclic? The idea is simple: we will attempt to make the
join acyclic by computing larger and larger intermediate relations, which can then be used
as “input relations” in the join. Of course we have to be careful, so that the intermediate
relations do not blow up in size. The task then becomes: what are the smallest possible
intermediate relations we can construct such that we end up with an acyclic join? This
questions leads naturally to the idea of tree decompositions.

A tree decomposition of a join Q can be viewed as a join tree where each node is not an
input relation, but an intermediate relation. In more technical terms, each node in the tree
(called typically a bag) is assigned a subset of the attributes X1, . . . , Xn. We still want the
connectedness property to hold. Additionally, we want the attributes of each relation Re to
appear in some bag of the tree; this is necessary to guarantee correctness.

The algorithm is then: compute the relation at each bag; then use Yannakakis’ algorithm
to compute the final join output. To compute a bag B with attributes XB, we can use a
simple algorithm: find the smallest subset of relations that “cover” all the attributes and
join them. If we have w such relations, this costs OpNwq. The quantity w is called the
integral edge cover for XB, denoted wpXBq, and the largest w over all bags is called the
generalized hypertree width (ghw) of the tree decomposition [20]. Clearly, we want to find the
tree decomposition with the smallest ghw overall, and this is called the ghw of the join.

ghwpQq :“ min
decomp T

max
bag B

wpXBq

ICDT 2025
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←

S

←

R

Q⋉ = R(X1, X2) ← S(X2, X3) ← T(X3, X4) ← U(X4, X1)

X1, X2, X3

X3, X4, X1
←

UT

Figure 2 A tree decomposition for the cyclic join Q˝ along with the corresponding query plan
with runtime OpN2

` OUT q.

When the join is acyclic, we have ghw “ 1. As the join becomes more complex, the
generalized hypertree width increases. Using the idea of a tree decomposition produces again
an algorithm that can be expressed as a join-project plan, as before (see Figure 2). We
should note here that ghw is related to the notion of treewidth in graph theory [38].

4 Data Partitioning

So far we have discussed join algorithms that can be expressed as join-project plans. However,
it can be shown that join-project plans are suboptimal [3]. For example, any join-project plan
for the triangle join Q∆ has cost at least N2, but as we will see this join can be computed
in time only OpN3{2q. This means that we have to go beyond join-project plans and
introduce possibly new operators in the query plan (or maybe new algorithmic frameworks).
Surprisingly, to reach state-of-the-art we need to add a single operator: a partitioning operator
that splits a relation into two disjoint parts which we call heavy and light.

The key intuition behind data partitioning is that different parts of a relation have
different properties (e.g., frequencies of values on each attribute) and behave different with
respect to different query plans. This means that it can be often beneficial to split the input
into different parts, and apply different query plans to each part.

▶ Example 2. Consider again the triangle join, and take a query plan that attempts to first
do the join RpX1, X2q ’ SpX2, X3q. The problem of this strategy is that in the worst case its
output size can be N2 – this will happen when R, S have a single value for attribute X2 that
appears N times. To overcome this problem, we will split R into two parts: the light part RL

has the tuples where a value of X2 appears ď
?

N times, and the heavy part RH all the rest.
It turns out that we can join RL with S with a much smaller blowup of the intermediate
size: |RL ’ S| ď N ¨

?
N “ N3{2. After computing this join, we can semijoin with T for the

final output. But for RH we need to follow a different join plan: we will instead compute
RHpX1, X2q ’ T pX3, X1q first. The key idea here is that there can be at most

?
N values

of X2 that appear in RH , hence |RH ’ T | ď N ¨
?

N “ N3{2. After computing this join,
we semijoin with S to obtain the final output. Observe that the power of partitioning and
choosing the best of the two query plans brings the runtime cost of the join down to OpN3{2q.

Partitioning helps us in two ways. First, it gives us a faster algorithm to compute each
intermediate relation in a tree decomposition. Instead of paying the cost of the integral
cover, we now only need to pay the fractional edge cover, which we denote by fpXrnsq. The
breakthrough work on worst-case-optimal join algorithms [43, 33, 35] showed that any join
can be computed in worst-case size time that is equal to OpNfpXrnsqq.
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This immediately gives us a stronger notion of width, called fractional hypertree width
(fhw). For the triangle query, fhwpQ∆q “ 3{2, since we can cover each relation with a
fractional weight of 1{2. In general:

fhwpQq :“ min
decomp T

max
bag B

fpXBq

But even that is not enough to give us a fast algorithm. Take the example of Q˝. If we
are guided by single tree decomposition, we only get a quadratic runtime. So, we need to use
multiple tree decompositions and partition the data such that each decomposition guides
the plan of a different part of the data. Hence, we not only need to decide what plan we
want to use for each part of the data, but also into which tree decomposition we will place it.
This is a complex optimization problem. To solve this, Khamis et al. proposed the PANDA
algorithm [30, 31], which is the current state-of-the-art algorithm for most join queries. We
will not describe the details of PANDA, but the key idea is that it prescribes an algorithm
that chooses the next operator (between a join, a projection, and a partitioning). PANDA
leads to an even tighter notion of width, called submodular width [32]:

subwpQq :“ max
submodular h

min
decomp T

max
bag B

hpXBq

The difference in the definition is on the function which specifies the cost of computing each
bag. This is now specified by a submodular function h. For the square query, subwpQ˝q “ 3{2.

▶ Theorem 3 (PANDA [30]). Let Q be an join query and D an instance. Then, if Q is
Boolean or full, we can compute it in time ÕpN subw ` OUT q, where Õ hides a polylogarithmic
factor w.r.t. N .

Attribute-at-a-time joins. In addition to data partitioning, many worst-case optimal
algorithms can be thought as attribute-at-a-time joins [43, 34, 45]. In this framework, instead
of considering plans that join a relation at a time, we consider more fine-grained plans that
grow the intermediate relation an attribute at a time. Such algorithms need different types
of data structures (such as hash tries, or sorted tries) to be efficient.

Output-sensitive algorithms. Recent work [16] has made some exciting progress that has
led to the first improvement of Yannakakis’ algorithm after almost four decades. Recall
that when we have projections the runtime of Yannakakis’ algorithm for acyclic joins is
OpN ¨ OUT ` OUT q. However, this bound is not optimal. By combining the semijoin
pass with data partitioning, we can improve this runtime to OpN1´ϵ ¨ OUT ` OUT q where
ϵ ą 0 is a query-dependent constant. The particular insight is to use what we call dynamic
partitioning: this allows to partition intermediate relations and not only input relations.

▶ In Practice. Attribute-at-a-time join algorithms have been implemented in various
systems using different variants and data structures. The first implementation is
Leapfrog Triejoin [44], a join algorithm which was used in the LogicBlox system. More
recently, Freitag et al. [19] implemented such an algorithm in a modern RDBMS, and
Freejoin [45] attempts to integrate attribute-at-a-time joins with traditional joins in
a single framework. Interestingly, none of these approaches use data partitioning
techniques. One reason for this could be that the currently used partitioning algorithms
such as PANDA typically require splitting the database into too many pieces, which
would incur a huge overhead in practice.

ICDT 2025
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5 Leveraging Statistical Information

So far we have analyzed join algorithms with respect to only two parameters: the input size
N and the output size OUT . Unfortunately, using only these two parameters in the runtime
bound gives us join algorithms that have worst-case optimal performance, but in practice
may not perform well. The reason behind this gap between theory and practice is that the
input and output sizes are not sufficient to accurately describe the database instance. A
query optimizer that uses more fine-grained statistical information will thus perform better,
even if it uses a suboptimal class of algorithms.

▶ Example 4 (Triangles Revisited). Consider again the case of the triangle join Q∆ and
suppose that we know that attribute X1 is a primary key in the relation RpX1, X2q. In this
case, using only the input size as a parameter would produce an algorithm with runtime
OpN3{2q. However, an algorithm that joins RpX1, X2q ’ T pX3, X1q first would produce an
intermediate join with output only N , and thus we could tighten the runtime analysis to
OpNq if we could choose the correct plan.

The above example shows the use of integrity constraints (here, primary keys) as statistical
information. Other types of statistical information are cardinality constraints (a bound on
the size of each input relation), functional dependencies, key-foreign key constraints, and
a more general type of statistical information called degree constraints [30]. In their most
general form, degree constraints assert that for two disjoint sets of attributes XA, XB in
the same relation R, for any values b of Xb, we have that |πXA

pσXB“bpRqq| ď d for some
number d ą 0. Degree constraints generalize both cardinality constraints and functional
dependencies, and can nicely fit into the algorithmic framework of join-project-partition
plans providing tighther runtime analysis and more optimized query plans [30].

Some very recent work has progressed one step further and has provided algorithms
that work for even more fine-grained statistical information. Degree sequences [10] maintain
the distribution of frequencies for |πXA

pσXB“bpRqq| instead of a single upper bound. Norm
bounds [27] use ℓp norms to capture concisely this distribution of frequencies. Finally,
partition constraints [9] offer another generalization of degree constraints that also captures
the notion of degeneracy in graph theory. All these types of statistical information can
be integrated to state-of-the-art join algorithms and can also lead to better cardinality
estimation in practice, but of course there is a catch: more fine-grained statistics are more
costly to gather and maintain. It is still an open question to find the right balance between
the granularity (and type) of statistics and the efficiency of a join algorithm.

6 The Enumeration Framework

The efficiency of an algorithm is typically measured by the time it takes to produce the whole
output. When the output is a single number (e.g., integer, real) or a Boolean value, this is
a natural definition. But in query evaluation, the output is often a relation that can have
multiple tuples – in many cases, the join output can be much bigger than the input itself.

This particular characteristic of join computation allows for the use of runtime measure-
ment for join algorithms in a more fine-grained way. In particular, we can think of a join
algorithm for a join query Q as working in two phases:
Preprocessing Phase: in the first phase, the algorithm will read the input instance D and

produce an intermediate data structure CQpDq. For the preprocessing phase, we care to
minimize the total preprocessing time.
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preprocessing enumeration
t1
t2
t3…

D
Q

CQ(D)

}
}
delay
delay

Figure 3 The enumeration framework.

Enumeration Phase: in the second phase, the algorithm will read CQpDq and start producing
the output tuples. For this phase, the goal is to minimize the largest time between
outputting any two consecutive tuples (including the time to produce the first tuple, and
the time from the last tuple to terminating): this time is called the delay.

Ideally, we want to achieve constant-delay enumeration, which is the strongest possible
delay guarantee [40]. Constant-delay enumeration implies that we need only Op1q time
between seeing two consecutive output tuples. This can be very powerful as an algorithmic
framework: if we only want to see k tuples of the join output, we then need to pay only
OpN ` kq time. Additionally, if we know that the output may be reused, we can keep the
intermediate data structure only (and not the full join output).

It turns out that we can modify Yannakakis’ algorithm such that we can keep linear
preprocessing time but also achieve constant-delay enumeration [4].

▶ Theorem 5. Let Q be a full acyclic join query and D an instance. Then, we can enumerate
QpDq with linear preprocessing time OpNq and constant delay.

The algorithm can also be applied to more general acyclic joins with projections, a class
called free-connex acyclic joins. Combining the above theorem with tree decompositions
and data partitioning, we can also obtain for any join query an algorithm with ÕpN subwq

preprocessing time and constant delay.
The idea of enumeration leads naturally to the idea of a factorized representation of an

output. There is really no need to keep the join output fully materialized if we can always
reconstruct it as fast as possible when needed. This idea first appeared under the name
of factorized databases [37, 36]. The additional benefit of a factorized join result is that
often we can do post-processing directly on the factorization, without decompressing it and
depending on the downstream task [39, 28].

Enumeration Tradeoffs. So far we discussed join algorithms that achieve constant-delay
enumeration. But we can design join algorithms with different guarantees by trading off a
larger delay with a faster preprocessing time (and less space to store the intermediate data
structure). This idea can be very useful if there are memory limitations and also gives new
points in the design space of join algorithms. Recent work has looked into different types of
these tradeoffs for different classes of joins [24, 13, 48, 14].

Ranked Enumeration. A practical variant of enumeration asks to produce the outut tuples
not in any order, but in a specific order determined by a ranking function. For example,
we may want to see the output tuples ranked in decreasing order of the sum of some of
their attributes, or ranked according to a lexicographic ordering. In this setting of ranked
enumeration, the target is still to achieve the smallest delay between two consecutive output

ICDT 2025
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tuples. Recent work [15, 41] has shown that for most practical ranking functions and acyclic
full joins we need to pay linear preprocessing time and Oplog Nq delay – in other words, the
cost of ranking is only an additional logarithmic factor. These join algorithms have been
extended to also handle projections [7, 12].

▶ In Practice. Database systems are typically geared to optimize end-to-end per-
formance and not more fine-grained measures such as delay. However, especially in
the case of ranked enumeration with limits (top-k processing), by pushing the ranking
function inside the join, we can avoid materializing large intermediate relations and
thus have big speedups in practice [12, 42]. It is an open research problem how an
enumeration-style join framework can be seamlessly incorporated into a join-at-a-time
relational engine.

7 The Algebraic Lens

So far we have focused on join processing under relational set semantics: an tuple can either
occur in the output or not. Many real-world applications require different semantics for
join evaluation: SQL uses bag semantics (and so a tuple may appear multiple times in
the output), or other times we may want to perform some aggregate computation on the
join result (summation, max, min, counting). Many of these semantics can be beautifully
captured in one unifying algebraic framework with the use of semirings.

Semirings for joins were first proposed by Green et al. [21]. A semiring S “ pD, ‘, b, 0, 1q

is an algebraic structure where ‘ is the addition and b is the multiplication such that piq

pD, ‘, 0q and pD, b, 1q are commutative monoids, piiq multiplication is distributive over
addition, and piiiq x b 0 “ 0 for every element x P D. The semiring is also idempotent if
x ‘ x “ x for every element x P D. An example of an idempotent semiring is the tropical
semiring pN, min, `, `8, 0q or the Boolean semiring pt0, 1u, _, ^, 0, 1q.

Given an instance D and a semiring S, we can annotate each input tuple t from relation Re

with a value from the domain D of the semiring S. For example, if S is the Boolean semiring
pt0, 1u, _, ^, 0, 1q, the annotation captures the presence or absence of the tuple t. If S is the
counting semiring pN, `, ˆ, 0, 1q, the annotation captures the multiplicity of the tuple t. The
semantics of a join can be naturally lifted to semirings: for a join Q “ πU p’ePE RepXeqq, we
interpret πU as an ‘-sum and ’ePE as an b-product. For example, if we consider the query
πHpRpX1, X2q ’ SpX2, X3q, T pX3, X1qq over the tropical semiring pN, min, `, `8, 0q, the
output will be the total weight of the minimum-weight triangle. Over the counting semiring,
the same query would output the total number of triangles.

Lifting the semantics of a join to semirings may seem that it would create a harder
algorithmic problem, but in fact many of the join algorithms we have discussed so far in
this paper can work for any semiring with minor modifications. For example, Yannakakis’
algorithm can be modified to compute a Boolean acyclic join over any semiring in linear
time OpNq [29]. Joins with negation can also be handled with the same efficiency when we
consider semirings [49]. If the semiring is idempotent, then PANDA can also be applied
to work for any semiring with the same runtime [29]. Joins over non-idempotent semiring
(e.g., counting) are more challenging although we can still apply some of the newer join
algorithms [29, 25]. One key takeway here is that the join algorithms used in practice and
in theory can most of the time be lifted to work in this more general algebraic structure of
semirings: we get this almost for free!
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8 Future Directions

In this final part, we present several exciting open problems in join algorithms.

Towards even faster joins. PANDA is not an optimal algorithm for join processing. Indeed,
one can use Fast Matrix Multiplication (FMM) to speed up some joins. FMM says that
one can multiply two n ˆ n matrices in time Opnωq, where ω is some constant strictly less
than 3 [22]. For example, finding whether a triangle exists in a graph can be done in time
faster than OpN3{2q by using fast matrix multiplication along with data partitioning [2]; in
fact, FMM improves the runtime of computing any Boolean k-cycle query. The key idea
is that we use FMM for the parts of the data that are dense, and traditional join-project
plans for the rest. Some recent work shows how FMM can be incorporated into join plans in
a principled way, by treating it as a special operator [23, 11, 26]. However, key questions
still remain open. Are there algorithmic techniques other than FMM that we can use to
accelerate join processing? Is PANDA optimal if do not use FMM? For example, if we
evaluate over a semiring that is not Boolean (e.g., the tropical semiring) then FMM is not
applicable anymore.

Join algorithms for general semirings. As we mentioned before, many join algorithms can
be applied with minor modifications to work for any semiring. However, the state-of-the-art
algorithm (PANDA) can not be applied to any non-idempotent semiring (and in particular
the counting semiring). Khamis et al. [25] have proposed an algorithm that can count join
results, but its performance is bounded by a width measure called sharp submodular width,
#subw, which can be potentially worse than subw. Hence, our understanding of what is the
fastest algorithm to count the size of a join output is still incomplete. The core technical
difficulty here is that the state-of-the-art join algorithms (such as PANDA) achieve good
performance by splitting the data to parts that may have overlapping outputs: two query
plans on different parts of the data many produce the same output tuple. It is open whether
there is a method to achieve the same runtime performance by creating “output-disjoint”
partitions or whether the counting problem for joins is fundamentally harder.

Towards Lower Bounds. An important direction in algorithmic research is to show lower
bounds that prove the optimality of the algorithm. The progress of the research community
on lower bounds for joins has been less significant. One method for proving matching lower
bounds is using fine-grained complexity. Following this approach, we start with a problem
that we believe that is hard, and then attempt to reduce join processing to this problem. An
important such starting problem is the k-clique conjecture: given a weighted graph with n

vertices, there is no algorithm that computes the minimum-weight k-clique in time Opnk´ϵq

for some ϵ ą 0. Recent work [17] has shown that we can use this conjecture to prove a
conditional lower bound for computing joins over the tropical semiring. In particular, it
shows a lower bound of ΩpN clembq, where clemb is a parameter called the clique embedding
power of the query. It can be show than clemb ď subw, and in fact it was recently shown
that this is tight for joins on binary relations with subw ă 2 [6]. However, there are joins
for which there is a gap. In these cases, can we find better lower bounds? What are other
fundamental hard problems other than k-clique for join processing?

A second method of proving lower bounds is by considering simpler computational models.
In particular, recent research [18] has looked at semiring circuits and formulas as simple
computational models. For circuits, lower bounds were proved using the notion of entropic
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width, ΩpN entwq. This measure is smaller than submodular width, entw ď subw, but we do
not know whether there is a gap. In additional, this lower bound was shown only for tropical
semirings. The big open question is whether we can show the same lower bound for the
Boolean semiring. Resolving this question would provide a vast generalization on a famous
result by Alon and Boppana [1] that shows that monotone Boolean circuits that solve the
k-clique problem over a graph with n vertices have size Ωpnk{plog nqkq.

From theory to practice. Finally, an exciting future direction is to bring some of the
theoretical algorithmic ideas for join processing to practice. As we already mentioned, several
techniques such as worst-case optimal joins, Yannakakis’ algorithm, and ranked enumeration
have been implemented in successful prototype systems. But can any of these ideas become
part of real-world database systems? For this to be successful, it is important to figure out
the minimum changes to existing systems that can support the new join algorithms. What
are the applications where the algorithmic innovations will help more? Can some of the
current state-of-the-art algorithms such as PANDA become practical? These are all questions
that span both theory and systems and require the collaboration of database theoreticians
and practicioners.
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