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—— Abstract
We investigate the evaluation of conjunctive queries over static and dynamic relations. While static
relations are given as input and do not change, dynamic relations are subject to inserts and deletes.

We characterise syntactically three classes of queries that admit constant update time and constant
enumeration delay. We call such queries tractable. Depending on the class, the preprocessing time is
linear, polynomial, or exponential (under data complexity, so the query size is constant).

To decide whether a query is tractable, it does not suffice to analyse separately the sub-queries
over the static relations and over the dynamic relations, respectively. Instead, we need to take the
interaction between the static and the dynamic relations into account. Even when the sub-query
over the dynamic relations is not tractable, the overall query can become tractable if the dynamic
relations are sufficiently constrained by the static ones.
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1 Introduction

Incremental view maintenance, also known as fully dynamic query evaluation, is a fundamental
task in data management [22, 13, 10, 16, 28, 19, 29, 9]. A natural question is to understand
which conjunctive queries are tractable, i.e., which queries admit constant time per single-
tuple update (insert or delete) and also constant delay for the enumeration of the result
tuples. The problem setting also allows for some one-off preprocessing phase to construct
a data structure that supports the updates and the enumeration. Prior work showed that
the g-hierarchical queries are the conjunctive queries without repeating relation symbols
that are tractable; such queries admit constant update time and enumeration delay, even
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Figure 1 Classes Ciin C Cpory C Cexp Of tractable conjunctive queries over static and dynamic
relations and the corresponding preprocessing time (data complexity). N is the current database
size and w is the preprocessing width. The solid (red) border around Ciin states that there is a
dichotomy between the queries inside and outside the class, shown in this paper. The dashed (blue)
border around a class states that no dichotomy is known for queries inside and outside the class.

if we only allow for linear time preprocessing [4]. All other conjunctive queries without
repeating relation symbols cannot admit both constant update time and constant enumeration
delay, even if we allow arbitrary time for preprocessing. If we only allow inserts (and no
deletes), then every free-connex a-acyclic conjunctive query becomes tractable [29, 21]. The
tractable queries with free access patterns, where the free variables are partitioned into input
and output, naturally extend the g-hierarchical queries, which are queries without input
variables [18]. Beyond this well-behaved query class, there are known intractable queries
such as the triangle queries [15, 16] and hierarchical conjunctive queries with arbitrary free
variables [17, 20] for which algorithms are known to achieve worst-case, yet not constant,
optimal update time and enumeration delay. Restrictions to the data and the update sequence
can turn intractable queries into tractable ones: for instance, when the update sequence has
a bounded enclosureness values [29] or when the data satisfies functional dependencies [19],
degree bounds [5], or more general integrity constraints [6].

All aforementioned works consider the all-dynamic setting, where all relations are updat-
able. In this work, we extend the tractability frontier by considering a mized setting, where
the input database can have both dynamic relations, which are subject to change, and static
relations, which do not change. The mixed setting appears naturally in practice, e.g., in
the retail domain where some relations (e.g., Inventory, Sales) are updated very frequently
while others (e.g., Stores, Demographics) are only updated sporadically if at all. We show
that by differentiating between static and dynamic relations, we can design efficient query
maintenance strategies tailored to the mixed setting.

Main Contributions

We characterise syntactically three classes of tractable conjunctive queries depending on their
preprocessing time, cf. Figure 1: Ciin C Cpo1y C Cexp. The queries are categorised based on
their structure and on the structure of their static and dynamic sub-queries. These classes
are defined in Section 4.

The class Cyi, characterises the tractable queries with linear time preprocessing:

» Theorem 1. Let a conjunctive query Q and a database of size N.
If Q is in Cysn, then it can be maintained with O(N) preprocessing time, O(1) update
time, and O(1) enumeration delay.
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Q1(A,B,C) = RYA, D), S%A,B), T*(B,C)  Q2(A,C,D) = RYA, D), S*(A,B), T%(B,C),
Q3(A, B) = R*(A),S°(A, B), T%(B) Q4(A,B,C) = RYA, B), Sd(A, C),T°(B, C’)
Q5(B,C) = R4 (A, B),S%A,C), T*(B,C) Q6(A, B) = RY(A),S%A, B),T%B,0),U%(C)

Figure 2 Examples of queries inside and outside our tractability classes. The static and dynamic
relations are adorned with the superscripts s and respectively d. In the hypergraphs, there is
one node per variable and one hyperedge per relation. Underlined variables are free. Solid (red)
hyperedges denote the dynamic relations, the dotted (blue) hyperedges denote the static relations.

If Q is not in Cyin and does not have repeating relation symbols, then it cannot be
maintained with O(N) preprocessing time, O(1) update time, and O(1) enumeration
delay, unless the Online Matriz-Vector Multiplication or the Boolean Matriz-Matrix
Multiplication conjecture fail.

The upper bound in Theorem 1 relies on a rewriting of the query ) using strata of views,
where the views are defined using projections or joins of input relations and possibly other
views (Section 3). We call such rewritings safe if the views can be maintained in constant

time for single-tuple updates and support constant-delay enumeration of the query result.

We show that every Cyi, query has a safe rewriting and the views can be computed in linear
time (Section 5). The lower bound in Theorem 1 relies on two widely used conjectures: the

Online Matrix-Vector Multiplication [12] and the Boolean Matrix-Matrix Multiplication [3].

The proof of the lower bound is outlined in Section 7.

» Example 2. Let the query Q;(A, B,C) = R*(A, D), S%(A, B),T*(B,C) in Figure 2. The
dynamic relations R and S are adorned with the superscript d, while the static relation
T is adorned with s. The query is not tractable in the all-dynamic setting (as it is not
g-hierarchical, cf. Section 2), yet it is in Cyiy,, so it is tractable in the mixed setting.

In the all-static setting, Cy3, becomes the class of free-connex a-acyclic conjunctive queries,
which are those conjunctive queries that admit constant enumeration delay after linear
time preprocessing [3]. In the all-dynamic setting, C1;, becomes the class of g-hierarchical
conjunctive queries, which are those conjunctive queries that admit constant enumeration
delay and constant update time after linear time preprocessing. Every query in Cyi, is
free-connex a-acyclic and its dynamic sub-query, which is obtained by removing the static
relations, is g-hierarchical. Yet the queries in Cy3, need to satisfy further syntactic constraints
on the connections between their static and dynamic relations: For instance, @3 and Q4
from Figure 2 are not in Cyj, even though they are free-connex a-acyclic and their dynamic
sub-queries are g-hierarchical.

The queries in Cpo1y \ Crin are also tractable, yet they require super-linear preprocessing
time, unless the Online Matrix-Vector Multiplication or the Boolean Matrix-Matrix Mul-
tiplication conjectures fail. We introduce a new width measure w for conjunctive queries,
called the preprocessing width, to characterise the preprocessing time of queries in Cpo1y:
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» Theorem 3. Let a conjunctive query Q € Cpory, the preprocessing width w of @, and a
database of size N. The query Q can be maintained with O(NY) preprocessing time, O(1)
update time, and O(1) enumeration delay.

Like the queries in Cyip, every query in Cpe1y also admits a safe rewriting (Section 5).

» Example 4. The query Q2(A, C, D) = RY(A, D), S*(A, B),T%(B,C),U%(D) from Figure 2
is contained in Cpo1y \ Ciin: It is tractable but requires quadratic time preprocessing. The
quadratic blowup is due to the creation of a view that is the join of the static relations S
and T on the bound variable B.

The preprocessing width is not captured by previous width notions, such as the fractional
hypertree width (fhtw) of either the static sub-query or of the entire query [23], as exemplified
next. Consider the free-connex a-acyclic query Q7(A, B,C) = R*(A, B), S*(B,C),T%(A, C),
U(A, B,C), whose fhtw is 1. Its static sub-query is the triangle join and has fhtw = 3/2.
The preprocessing width of Q7 is 1, so it is in Cyiy. The triangle join Qs(A,C) =
R*(A, B),S*(B,C), T%A,C) has fhtw = 3/2 and its static sub-query has fhtw = 2. Yet
the preprocessing width of Qg is 2: We materialise the static sub-query V*(4,C) =
R*(A,B),S*(B,C). We may reduce the preprocessing width to 3/2 for the static sub-
query by also joining with the dynamic relation T%(A, C), yet the modified view becomes
dynamic and needs to be maintained under updates to T'. However, this maintenance cannot
be achieved with constant update time, while allowing for constant enumeration delay [16].

The class Cexp contains a broad set of tractable queries that may use up to exponential
preprocessing time in the size of the input database:

» Theorem 5. Let a conjunctive query Q, the static sub-query stat(Q) of Q, the fractional
edge cover number p*(Q) of Q, p = O(NP tat(@)) " and a database whose static relations
have size N. If () is in Cegp, then it can be maintained with 2P - p? preprocessing time, O(1)
update time, and O(1) enumeration delay.

The class Cexp is merely of theoretical interest since it comes with preprocessing time that
is exponential in the size of the input database. The reason for this high preprocessing time
is to ensure constant enumeration delay; if we would allow the enumeration delay to become
linear, then the preprocessing time would collapse to linear for the a-acyclic conjunctive
queries in Ceyxp. The fractional edge cover number characterises the worst-case optimal result
size of the static sub-query of @ [2].

» Example 6. The query Q3(A4, B) = RY(A), S*(A, B), T%(B) from Figure 2 is in Cexp \ Cpo1y-
This query can be maintained with constant update time and enumeration delay at the
expense of exponential preprocessing time: The possible results of Q3 are any of the 2V
possible subsets of the static relation S® of size N, while the updates to the dynamic relations
only act as selectors in this powerset. The dynamic sub-query of @3, which is defined as the
sub-query over the dynamic relations, is g-hierarchical. The static sub-query of @3, which
is defined as the sub-query over the only static relation, is trivially free-connex a-acyclic.
This means that, when taken in isolation, the dynamic sub-query can be evaluated with
constant update time and enumeration delay after linear time preprocessing, while the static
sub-query can be evaluated with constant enumeration delay after linear time preprocessing.
Yet @3 is not in Cyin: It does not admit constant update time and enumeration delay after
linear time preprocessing. As we show in Section 8, the queries Q4, @5, and Qg from Figure 2
are not in Ceyp, and we do not know whether they are tractable.
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The queries in Cexp \ Cpory may not admit safe rewritings that rely solely on joins and
projections. Take again Q3(A, B) = R%(A), S*(A, B),T4(B) from Figure 2. There is no
safe rewriting of this query that solely relies on projections and joins. Any rewriting that
supports constant-delay enumeration of the query result must contain a materialised view
that either joins: (i) R? and S*; (ii) S* and T'%; or (iii) R and 7. None of these views can
be maintained with constant update time. Consider the view V (A, B) = R%(A), S*(A, B).
An insert of a value a to R requires to iterate over all B-values paired with a in S* in order
to propagate the change to the view V. The number of such B-values can be linear. Hence,
the update time is linear. Section 6 sketches our evaluation strategy for the queries in Cexp.

Due to lack of space, the proofs of the formal statements in Sections 5—7 are deferred to
the extended technical report [14].

2 Preliminaries

For a natural number n, we define [n] = {1,2,...,n}. In case n = 0, we have [n] = 0.

Databases with Static and Dynamic Relations

Following standard terminology, a relation is a finite set of tuples and a database is a finite
set of relations [1]. The size |R| of a relation R is the number of its tuples. The size |D| of a
database D is given by the sum of the sizes of its relations. The relation R is dynamic if it
is subject to updates; otherwise, it is static. To emphasize that R is static or dynamic, we
write R® or respectively RY.

Conjunctive Queries

A conjunctive query (CQ or query for short) has the form
Q(X) = R{(X1),..., Ri(Xy), $7(Ya),..., 57 (¥2)

where Q, R;, and S; are relation symbols; RY(X;) are dynamic body atoms; S:2(Y;) are
static body atoms; Q(X) is the head atom; vars(Q) = U, ey Xi UU;epq Y is the set of
variables of Q; free(Q) = X C vars(Q) is the set of free variables; vars(Q) \ free(Q) is the set
of bound variables; atoms(Q) is the set of body atoms; atoms(X) is the set of body atoms
with variable X. The static (dynamic) sub-query stat(Q) (dyn(Q)) is obtained from Q as
follows: Its body is the conjunction of all static (dynamic) atoms of @ and its free variables
are the free variables of @ that appear in static (dynamic) atoms of ). We visualise queries
as hypergraphs where nodes are query variables (with the free variables underlined), solid

red hyperedges represent dynamic atoms, and dotted blue hyperedges represent static atoms.

» Example 7. Consider the query Q2(A,C, D) = RY(A, D), S*(A, B),T*(B,C),U%(D) and
its hypergraph from Figure 2. Its static and dynamic sub-queries are Q*(4,C) = S°(A, B),
T3(B, C) and respectively Q%(A, D) = R(A, D),U%(D).

A query is a-acyclic if we can construct a tree, called join tree, such that: (1) the nodes
of the tree are the body atoms of the query, and (2) for each variable, the following holds: if
the variable appears in two body atoms, then it appears in all body atoms on the unique
path between these two body atoms in the tree [8]. A query is free-connex a-acyclic if it is
a-acyclic and remains a-acyclic after adding the head atom Q(free(Q)) to its body [7].

12:5
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A query is hierarchical if for any two variables X and Y, it holds that atoms(X) C
atoms(Y'), atoms(Y) C atoms(X), or atoms(X)Natoms(Y') = 0 [27]. A query is ¢g-hierarchical
if it is hierarchical and for any two variables X and Y with atoms(X) 2 atoms(Y’), it holds
that: if YV is free, then X is free [4].

A path in a query Q is a sequence (X7i,...,X,,) of variables in @ such that each variable
appears at most once in the sequence and each two adjacent variables X; and X;;; are
contained in a body atom from @, Vi € [n — 1]. We use set operations on paths as on sets of
their variables. Two variables X; and X,, are connected if there is a path (X1,...,X,). Two
atoms R(Y') and S(Z) are connected if there are connected variables X; € Y and X,, € Z. A
set C of body atoms in @Q is a connected component of @ if any two atoms in C are connected
and this does not hold for any superset of C.

» Example 8. The query Q:(4, B,C) = R%(A, D), S%(A, B),T*(B,C) from Figure 2 has
the path (D, A, B,C) that connects (i) the variables D and C and (ii) the atoms R¥(A, D)
and T%(B, C).

Dynamic Query Evaluation

The problem of dynamic query evaluation is as follows: Given a query ) and a database
with static and dynamic relations, the problem is to maintain the query result under updates
to the dynamic relations and to enumerate the tuples in the query result.

A single-tuple update to a relation R is an insert of a tuple into R or a delete of a tuple
from R. We denote the insert of a tuple t by +t and the delete of ¢ by —t¢. In this paper,
we consider the set semantics, where a tuple is in or out of the database; in particular, we
do not consider the setting, where each tuple is associated with a multiplicity that may be
positive or negative as in prior work, e.g., [22, 16].

Following prior work, e.g., [4, 16, 19], we decompose the time complexity of dynamic query
evaluation into preprocessing time, update time, and enumeration delay. The preprocessing
time is the time to compute a data structure that represents the query result before receiving
any update. The update time is the time to update the input database and data structure
under a single-tuple insert or delete. The enumeration delay is the maximum of three times:
the time between the start of the enumeration process and outputting the first tuple, the
time between outputting any two consecutive tuples, and the time between outputting the
last tuple and the end of the enumeration process [11].

Computation Model and Data Complexity

We consider the RAM model of computation. We assume that each relation R is implemented
by a data structure of size O(|R]) that can: (1) look up, insert, and delete entries in constant
time, and (2) enumerate all stored entries in R with constant delay. For a set SCX, where
X is the set of attributes of R, we use an index data structure that, for any tuple t over the
attributes in S, can: (3) enumerate all tuples in og—¢R with constant delay, and (4) insert
and delete index entries in constant time. We further require the following assumption in
Section 6: Given a relation 7', whose size is polynomial in the input database size IV, we can
lookup for any tuple in 7" in constant time.

We report time complexities as functions of the database size N under data complexity
(so the query is fixed and has constant size). Constant update time and constant delay
therefore mean that they do not depend on the database size.
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Figure 3 Three rewritings of the query Q2(A, C, D) = R%(A, D), S°(A, B), T*(B, C),U%(D) from
Figure 2. The first two rewritings are not safe, while the last one is safe.

3 Safe Query Rewriting

A rewriting of a query is a project-join plan for the query. In the context of dynamic query
evaluation, query rewritings have been previously used under the term view trees due to their
natural tree-shaped graphical depiction [19, 20]. In this paper, we use so-called safe query
rewritings, which ensure tractable dynamic evaluation.

A rewriting of a conjunctive query @ using views (simply, rewriting of @) is a forest
T = {Ti}icn) of trees T; where the leaves are the body atoms of @ and each inner node is a
view V such that:

If V has a single child, then V is a projection of the child onto some variables; we call V'

a projection view.

If V has several children, then V is the join of its children; we call V' a join view.
A view V is dynamic if the subtree rooted at V' contains a dynamic atom. For convenience,
we also refer to the atoms in a rewriting as views.

» Example 9. Figure 3 gives three (out of many possible) rewritings of the query Q2(A4, C, D)
= RY(A, D), S*(A, B), T*(B,C),U%D) from Figure 2. Each rewriting is depicted as a tree.
In all rewritings, the view Vgr is static, while the view Vggr is dynamic, since it contains
the dynamic relation R? in its subtree.

Next, we define safe query rewritings, which have four properties. The two correctness
properties ensure that the views correctly encode the query result as a factorised represent-
ation [25]. The update property guarantees that the dynamic views can be maintained in
constant time under single-tuple updates to any dynamic relation. The enumeration property
ensures that the tuples in the query result can be listed from the views with constant delay.

» Definition 10 (Safe Query Rewriting). A rewriting T = {T; }ic[n) is safe for a conjunctive

query Q if:

Correctness (1) For each connected component C of Q, there is a tree T; that contains all
atoms in C. (2) For any projection view V'(Y) with child view V(X), it holds that each
atom of QQ containing a variable from X \'Y is contained only in the subtree rooted at V.

Update The set of free variables of each dynamic view includes the set of free variables of
each of its sibling views.

Enumeration Fach tree T; has a connected set V; of views in T; that contains the root of T;

such that ;e Uy (x)ev, X = free(Q).
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The materialisation time for a query rewriting is the time to materialise all its views
(including both static and dynamic views).

» Proposition 11. Let a conjunctive query @ and a database of size N. If Q has a safe
rewriting with f(N) materialisation time for some function f, then Q can be evaluated with
f(N) preprocessing time, O(1) update time, and O(1) enumeration delay.

» Example 12. The first rewriting in Figure 3 is not safe: It violates the enumeration
property because the root view Vygry contains the bound variable B; thus there is no
guarantee of reporting distinct (A, C, D)-values with constant delay. One possibility is to
project away B before starting the enumeration but this requires time linear in the size
of Vgsru. The rewriting also violates the update property: for instance, the set of free
variables of the dynamic view R%(A, D) does not include the set of free variables of its sibling
Vst (A, B,C), thus computing the change in Vggr for an update to R? requires iterating
over linearly many (B, C)-values from Vgr that are paired with the A-value from the update.
The second rewriting is also not safe: It satisfies the enumeration property as the root
view encodes the query result but fails on the update property for both dynamic atoms.
The third rewriting is safe and admits O(1) update time and O(1) enumeration delay,
per Proposition 11. We next show how to handle updates and enumerate from this rewriting.
We can propagate an update to R? or U? to their ancestor views in constant time.
Consider an insert of a new tuple (a, d) to relation R?. To compute the change in Vgsr, we
check if a exists in V§ via a constant-time lookup. If not, we stop as no further propagation
is needed; otherwise, we insert (a,d) into Vggr in constant time. We maintain Vl’%ST by
inserting d into that view. We compute the change in the root Vyspry by checking if d exists
in U? via a constant-time lookup, and if so, we insert d into the root. Propagating an insert
to U“ requires a lookup in VI%ST and an insert into Vzsry, both in constant time. Deletes
to R% and U? are handled analogously. Thus, updates in this rewriting take constant time.
We can enumerate the distinct tuples in the query result using three nested for-loops. The
first loop iterates over the D-values in Vggry; the second loop iterates over the A-values in
Vrst paired with a D-value from the first loop; and the third loop iterates over the C-values
in V¢, paired with an A-value from the second loop. Hence, each distinct result tuple can
be constructed in constant time.
The time to compute the view Vgr is quadratic because in the worst case each A-value in
S% is paired with each C-value in T°. All other views in the rewriting are either projection
views or semi-joins of one child view with another child view. Thus, the overall computation
time for the rewriting is O(N?), where N is the database size.

4 New Query Classes

In this section we introduce the query classes Ciin, Cpoly, and Cexp. We first define syntactic
properties of the classes C1in and Cpo1y that guarantee the existence of safe rewritings using
views. The class Cexp contains queries that do not satisfy these properties.

» Definition 13. A path P connecting two atoms R(X) and S(Y) in a conjunctive query
Q issafe if PN X NY # 0. In particular, the path is body-safe if the two atoms are body
atoms and it is head-safe if one atom is a body atom and the other atom is the head atom.
A conjunctive query @ is well-behaved if: (1) all paths connecting dynamic body atoms are
body-safe; and (2) all paths connecting a dynamic body atom with the head atom are head-safe.
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» Example 14. The queries Q3—Q¢ from Figure 2 are not well-behaved. The path (A, B) in
Q3(A,B,C) = RY(A), S*(A, B), T*(B) connects the two dynamic body atoms R%(A) and
T4(B), but it is not body-safe, since {A, BYN{A}N{B} = (). The path (B,C) in Q4(A, B,C)
= RY(A,B), S%A,C), T*(B,C) connects the two dynamic body atoms R%(A, B) and
S4(A,C), but the path is not body-safe, since { B, C}N{A, BYN{A,C} = (). The path (A, B)
in Q5(B,C) = RYA,B), S4A,C), T*(B,C) connects the dynamic body atom S¢(4,C)
with the head atom Q5(B, ), but it is not head-safe, since {A, B} N {A,C} n{B,C} = 0.
The path (4, B) in Q¢(A, B) = RY(A), S4(A, B), T*(B,C),U*(C) connects the two dynamic
body atoms R%(A) and T¢(B, C), but it is not body-safe, since {A, B} N {A}N{B,C} = 0.

We can check efficiently whether a query is well-behaved.

» Proposition 15. For any conjunctive query QQ with n variables and m atoms, we can decide
in O(n? - m?) time whether Q is well-behaved.

The well-behavedness property of a query implies the g-hierarchical property of its
dynamic sub-query.

» Proposition 16.
Any conjunctive query without static relations is q-hierarchical if and only if it is well-
behaved.

The dynamic sub-query of any well-behaved conjunctive query is q-hierarchical.

In Section 5, we show that every well-behaved query admits a safe rewriting, that is, it
can be rewritten into a forest of view trees that support constant update time and constant
enumeration delay. To obtain linear preprocessing time, we further require that the query is
free-connex a-acyclic.

» Definition 17 (Cii,). A conjunctive query is in Ciqy if it is free-connex a-acyclic and
well-behaved.

For the class Cpo1y, we skip the condition that the query is free-connex a-acyclic.
» Definition 18 (Cpo1y). A conjunctive query is in Cpory if it is well-behaved.

» Example 19. Consider the queries from Figure 2. The query @1 is in Ciiy, since it is
free-connex a-acyclic and well-behaved. The query @5 is well-behaved but not free-connex
a-acyclic, since adding its head atom Q2 (A, C, D) to its body yields a cyclic query. Hence, Q-
is in Cpory. The queries @3-Q¢ are not in Cye1y, since they are not well-behaved, as explained
in Example 14.

We now define our most permissive class of tractable queries:

» Definition 20 (Cexp). A conjunctive query is in Cegp if it is well-behaved or every variable
occurring in a dynamic atom also occurs in a static atom.

» Example 21. The query Q3(A4, B) = R%(A),S*(A, B),T%B) in Figure 2 is not well-
behaved but is in Cexp, since the variables of the two dynamic atoms R%(A) and T¢(B) also
occur in the static atom S°(A, B).

The queries Q4—Qg are not contained in Cexp, since they are not well-behaved (as explained
in Example 14) and have variables in dynamic atoms that do not occur in static atoms: The
variable A in Q4 and Q5 does not appear in the only static atom S¢(B, C), and the variables
A and B in Qg do not appear in the only static atom U*(C).
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Va(4)
dep,,(A) =0 / AN
dep,,(B) = dep,,(C) = {A} VE(4) VE(4)
A dep,,(D) = {A,C} , ! (‘ )
RYA,B)  Vo(4,C
5/ \C V(A.O) s\d(A )
‘ ‘ \ D T? A4,
RY(A, B) D SUAC) Vi(A,C, D)
e N
Y*(4,D) Z°(C, D) Y*(A,D) Z%(C,D)

Figure 4 (left to right) The hypergraph of Q(A, B) = R%*(A, B), S*(A,C),Y*(A, D), Z°(C, D),
a well-structured VO w for @, and the view tree for Q) constructed by the procedure REWRITE(w)
from Figure 5. Dynamic views are in red, static views are in blue. The query @ is well-behaved and
the preprocessing width is 2, thus Q € Cpoy.

5 Evaluation of Queries in C,;, and Cyoyy

This section introduces our evaluation strategy for the Cpo1y and Ciin queries. Section 5.1
introduces variable orders, which guide the construction of safe rewritings for such queries,
and the preprocessing width w of a query based on its variable orders. Section 5.2 shows that
the construction of a safe rewriting for queries in Cpo1y can be done in O(NY) time, where N
is the size of the input database.

5.1 Variable Orders

We say that two variables in a query are dependent if they appear in the same body atom. A
variable order (VO) for a query @ in Cpo1y is a forest w = {w; }ie[n) of trees w; such that: (1)
There is a one-to-one mapping between the nodes of w and the variables in Q; (2) the variables
of each body atom in @ lie on a root-to-leaf path in w [26, 25]. We denote by vars(w) the
set of variables in w and by wyx the subtree of w rooted at X. We associate each VO w with
a dependency function dep,, that maps each variable X in w to the subset of its ancestors
on which the variables in wx depend: dep,(X) = {Y]Y is an ancestor of X and 37 €
wx s.t. Y and Z are dependent}. We further extend a VO by adding each body atom of the
query as the child of the lowest variable in the VO that belongs to the atom.

We adapt the notion of canonical VOs from the all-dynamic setting [20] to the setting
with both static and dynamic relations. A VO is canonical if the set of variables of each
dynamic body atom A is the set of inner nodes of the root-to-leaf path that ends with A. It
is free-top if no bound variable is an ancestor of a free variable. It is well-structured if it is
canonical and free-top. We denote by WVO(Q) the set of well-structured VOs of Q.

» Example 22. The query @ from Figure 4 is in Cpo1y as it is well-behaved. It is not in Cyjy,
as it is not free-connex a-acyclic. The dynamic sub-query Q%(A, B) = R*(A, B), S%(A, C) is
g-hierarchical, per Proposition 16. The figure shows a well-structured VO for the query.

The following proposition generalises the above example to all well-behaved queries:

» Proposition 23. Any well-behaved conjunctive query has a well-structured VO.
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Next, we define the preprocessing width w of a VO w and a query @ in Cpoy. For a
variable X in a VO w, let Q x denote the query, whose body is the conjunction of all atoms
in wx and whose free variables are all its variables. The preprocessing width of w is defined
next using the fractional edge cover number! for such queries @) x, whereas the preprocessing
width of a query is the minimum over the preprocessing widths of its well-structured VOs:

wie) = max g (X}Udep, (X)) and  w(Q) = _min  w(w)

» Example 24. Figure 4 depicts a well-structured VO w for the query Q. We have dep,, (D) =
{A,C} and p, ({A, C, D}) = 2. Overall, the preprocessing width of @ is 2.

The preprocessing width of any query in Cyjy is 1:

» Proposition 25. For any conjunctive query Q in Cyup, it holds w(Q) = 1.

5.2 Safe Rewriting of Queries in Cp,1y

We show that every query in Cpo1y has a safe rewriting using views. The time to compute the
views is O(NY), where N is the database size and w is the preprocessing width of the query.

Prior work uses view trees to maintain queries in the all-dynamic setting [18, 19]. We
adapt the view tree construction to the setting over both static and dynamic relations and
show that for queries in Cpo1y, the resulting view trees are safe rewritings.

Given a VO w for a query @ in Cpe1y, the procedure REWRITE in Figure 5 rewrites @)
using views following a top-down traversal of w. Initially, the parameter VO v is w. If v is
a set of trees, the procedure creates a view tree for each tree in v (Line 1). If v is a single
atom, the procedure returns the atom (Line 2). If v is a single tree with root X, it proceeds
as follows. If X has only one child and this child is an atom, then the procedure returns the
atom (Line 3). Otherwise, X has several child views. In this case, the procedure creates a
join view Vx with free variables {X} U dep,,(X). If X has a parent node, the procedure also
adds on top of the join view Vx a projection view V{ that projects away X (Line 8).

» Example 26. Figure 4 shows a well-structured VO w for the query @ and the view tree
constructed from w using the procedure REWRITE. Observe that we obtain the view tree
from w by replacing each variable X either by a single projection view Vi (dep., (X)) or by a
join view Vx ({X} Udep,, (X)) and a projection view V (dep, (X)) on top.

We can verify that the view tree satisfies all four properties of safe rewritings from
Definition 10. The set of free variables of each dynamic view includes the set of free variables
of each of its siblings; for instance, the sibling views V/5(A) and V}(A) have the same set of
free variables. The views V4(A) and R¥(A, B) encode the query result.

The time to compute the view Vp(A, C, D) is quadratic in the database size. All other
views only need linear time to compute semi-joins or project away a variable. Thus, the
materialisation time for this rewriting is quadratic. By Proposition 11, this query thus admits
constant update time and constant enumeration delay after quadratic preprocessing time.

Given a well-structured VO w for a query in Cpo1y, the procedure REWRITE outputs a

safe rewriting for () whose materialisation time is a function of the preprocessing width of w.

! The fractional edge cover number is used to define an upper bound on both the size of the query result
and the time to compute it (Appendix A).
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REWRITE(VO v) : rewriting using views

switch v:

{vitiem 1 return { REWRITE(v;) }icn)

R(Y) 2 return R(Y)

3 if k=1 and w; is atom R(Y) return R(Y")
X
/ \ 4 let T; = REWRITE(v;) with root view V;(S;), Vi € [k]
Ul ...Vk 5 ].et S:{X}Udepw(X)
6 let Vx(S):jOin ofVl(Sl),,Vk(Sk)
7 let Vi (S\{X}) =Vx(S)
Vx(S)
/N if X has no parent in w
T, - Ty

8 return Vi (S\{X})

Vx(S) otherwise

7 AN

T, - Tk

Figure 5 Rewriting a query using views following its VO w by calling REWRITE(w).

» Proposition 27. For any conjunctive query @Q in Cpory, VO w in WVO(Q), and database
of size N, REWRITE(w) is a safe rewriting for Q with O(N") materialisation time, where N
is the database size and w is the preprocessing width of w.

Using a VO w from WVO(Q) with w(w) = w(Q), Proposition 27 immediately implies
Theorem 3. Together with Proposition 25, which states that the queries in Cyi, have
preprocessing width 1, Proposition 27 also implies the complexity upper bound in Theorem 1.

6 Evaluation of Queries in C.y,

In this section, we introduce our evaluation strategy for queries in Ceyp, specifically targeting
those in Cexp \ Cpory for which the approach from previous sections is not applicable. We
begin by demonstrating our strategy with a simple query from this class.

» Example 28. Consider the query Q3(4, B) = RY(A), S*(A, B), T%(B) from Figure 2. It
does not admit a safe rewriting, thus the evaluation strategy described in Section 5 cannot
achieve constant update and constant enumeration delay. At a first glance, @3 does not seem
tractable as a single-tuple update can lead to linearly many changes to the query result. For
example, an insert +a to R may be paired with linearly many B-values in S°. However,
the result of Q3 is always a subset of the static relation S°. With additional preprocessing
time, we can precompute the effect of each update: We can construct a transition system
whose states are the possible subsets of S® and the updates to the dynamic relations may
cause state transitions. In this system, each state enables the query result to be enumerated
with constant delay, and transitioning between states occurs in constant time.
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Each state corresponds to a database instance and the materialised query result for that
instance. Since the static relations are the same across all states, the states only record the
content of the query result and of the dynamic relations without any dangling tuples.

For clarity in this section, we interpret a database as a finite set of facts and apply
standard set operations to databases. The static and dynamic parts of a database D, denoted
D# and D?, consist of the facts from the static and dynamic relations in D, respectively,
with D = D* U D?. Before explaining how to construct a transition system, we first define
maximum dynamic databases.

» Definition 29. Let a conjunctive query Q in Cegp \ Cpory and a database D = D* U D4,
where D = {R{,..., R}, For each dynamic body atom RI(X) in Q, let S¢ be the result of
the sub-query Qr, of @ whose body is the conjunction of the static body atoms of () and whose
d  for query Q and database D is

free variables are X . The maximum dynamic database DY,

De. ={S¢,...,S}.

By the definition of Cexp \ Cpoty, €ach variable from a dynamic atom R?(X) appears in at
least one static atom of Qr. The sub-query Qg identifies the complete set of R%tuples that

might contribute to the result of @; any other R?%tuples have no impact on the result of Q.

» Example 30. Consider the query Q3(A, B) = R%(A), S*(A, B),T%(B) and the database
D from Figure 6 (left). The maximum dynamic database is obtained by evaluating the
queries Qr(A) = S*(A, B) and Qr(B) = S*(A, B) on D. As a result, the maximum dynamic
database for query Q3 and database D consists of R? = {a;} and T% = {by,bs}.

We next establish the upper bound on the size of a maximum dynamic database.

» Proposition 31. For any conjunctive query Q in Cegp \ Cpory and database D of size N,
the mazimum dynamic database D for query Q and database D has O(NP (stt(Q))) gize.

max
We next define the transition system for a query in Cexp \ Cpory and a database D.

» Definition 32. Consider a conjunctive query Q in Cezp\Cpoly and a database D = D* U D<.
Let DS denote the mazimum dynamic database for query Q and database D.

A transition state for query Q and database D is a pair (I, R), where I C D%, and R
is the result of Q on D° UI. The set S of transition states for query QQ and database D is:
S={(I.R)| I C D&y, R=Q(D* U},

A transition system for query Q and database D is a tuple (S, sinit,U,0), where S is the
set of transition states for Q and D, s € S is the initial state, U is the set of single-tuple
updates to D, and 6 : S x U — S is a transition function that determines the next state
based on the current state and an update. The initial state s;n;¢ pairs the database DénDé

and the result of Q on D* U (DN D4

max)‘

We construct this transition system during the preprocessing step. For each single-tuple
update to a dynamic relation, the transition system is used to move from the current state
to another. If the update does not belong to the maximum dynamic database, it has no
effect, and the system remains in the same state. The query result is then enumerated from
the current state. Next, we demonstrate our evaluation strategy for the query Qs.

» Example 33. Figure 6 shows the states and the transition system constructed for the
query Q3 and the database D = {R¢,T¢ S*}. The maximum dynamic database D¢ for
Q3 and D, consisting of R? = {a;} and T = {b1, by}, has 8 possible subsets. Each state
corresponds to one of these subsets and the result of Q3 evaluated on that subset and the

static relation S*.
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Input database B| Qs
b1 | a1,b1 b2
d d
R T »
A B
al bs Al B B| Qs [ th AlB| Qa
ay | b1 |a1,by
S° —b1 b1 = —ay a1]b2 | a1,bs —by ba | a1, b2
2
A B 302 b +ar +a
ai | by P Al BlQs AlB| Qs o
+b1 b
ay ba bo 1
-~ bo
—by

Figure 6 Left: Input database with dynamic relations R¢(A) and 7%(B) and static relation
S°(A, B). Right: The transition system built from the input database and the query Qs3(A, B) =
R%(A),S°(A, B),T%(B). Each state (box) consists of a dynamic database (first two columns),
showing the possible contents of R? and T¢, restricted to the A- and B-values from S°, respectively;
and the materialised result of Q3 on that dynamic database and S° (third column). The initial state
is derived from the input database (blue arrow). Each transition (arrow) denotes an insertion (+a)
or deletion (—a) of an A-value a in R?, or an insertion (4b) or deletion (—b) of a B-value b in T

The initial state s;,:¢, denoted by the blue arrow, corresponds to the database Din Dfmm,
which includes R? = {a;} and T¢ = (), along with the associated empty query result.

The state transitions correspond to single-tuple updates (inserts or deletes) to the dynamic
relations R? and T9. Only updates involving tuples from D2,  are relevant to the result
of Qs, specifically updates involving the value a; in R? and the values b, and by in S¢. All
other updates have no effect on the query result because the updated values do not appear

in S°. For simplicity, we show only the state transitions for relevant updates in Figure 6.

For the same query and a database of size N, the size of DZ_ is the total number of
distinct A- and B-values in S, thus O(N). The query result at any state is a subset of S*
and can be computed in O(N) time. The transition system captures all possible subsets
of DZ__, thus it has 2/Pfaxl states in total. The number of transitions from any state is
bounded by 2 - |D? .| when considering only updates relevant to the query result.

When constructing the transition system in this case, we create a global index for O(2V)
states, with a lookup time of O(N). For each state, we also build a local index to support
transitions to O(N) neighbouring states. The local index is constructed by performing a
lookup in O(N) time in the global index for each state transition. With O(N) possible
transitions, constructing the local index takes O(N?) time. The local index is defined over
O(N) states and provides constant-time lookups, see the computational model in Section 2.

The preprocessing time is given by the number of states times the creation time per state,
so O(2V - N?). The update time is constant since for each single-tuple update to a dynamic
relation, we find in constant time the corresponding transition and move to the target state
or ignore the update if it does not match any transition. We enumerate the tuples in the
current state trivially with constant delay, as the query result is already materialised.

Consider now an arbitrary query from Cexp \ Cpory and a database D of size N. The
O(Np*(stat(Q)))’ per
Definition 32 and Proposition 31. For each state, the corresponding query result can be
computed in O(N?" (5ta{(@))) time using a worst-case optimal join algorithm [24].

ax| -

constructed transition system consists of 2P states, where p = | D%,
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We next construct the transitions for each state. Each state has at most 2p transitions to
other states when considering only updates relevant to the query result. The global index
over the exponentially many states takes 2P time to construct and requires time proportional
to p for a lookup. For each state, it takes time quadratic in p to construct a local index
that comprises at most 2p neighbouring states using the global index with lookup time
proportional to p. Overall, constructing the transition system takes time 2P - p?, where
p= O(Np*(Stat(Q))). This matches the complexity in Theorem 5.

7 Lower Bound for Queries Outside Ci;,

In this section, we outline the proof of the lower bound in Theorem 1. The proof consists
of two parts. In the first part, we give a lower bound on the complexity of evaluating the
simple queries Qrsr() = RY(A), S*(A, B), T¢(B) and Qs7(A) = S*(A, B),T%(B). None of
these queries is well-behaved and, therefore, not contained in Cij,: the first one has the
path (A, B) that connects the dynamic body atoms R%(A) and T¢(B) but is not body-safe;
the second one has the path (B, A) that connects the dynamic body atom T9(B) with
the head atom Qg7 (A) but is not head-safe. In the second part of the proof, we show
a lower bound on the complexity of evaluating arbitrary conjunctive queries that are not
contained in Cy;, and do not have repeating relation symbols. The argument is as follows.
Consider a conjunctive query @ ¢ Cii, that does not have repeating relation symbols. By
definition of Ciip, this means that (1) @ is not free-connex a-acyclic, or (2) it has a path
connecting two dynamic body atoms that is not body-safe, or (3) it has a path connecting
a dynamic body atom with the head atom that is not head-safe. In Case (1), we cannot
achieve constant-delay enumeration of the result after linear preprocessing time (even without
processing any update), unless the Boolean Matrix Multiplication conjecture fails [3]. In
Case (2), we reduce the evaluation of Qgrsr to the evaluation of Q). In Case (3), we reduce
the evaluation of Qg7 to the evaluation of ). The latter two reductions transfer the lower
bound for Qrsr and Qg7 to Q. In the following, we outline the lower bound proofs for
Qrst and Qg7 and defer further details to the technical report [14].

The lower bound for Qrs7 is conditioned on the Online Vector-Matrix-Vector Multi-
plication (OuMv) conjecture, which is implied by the Online Matrix-Vector Multiplication
(OMv) conjecture [12] (Appendix A). The proof of the lower bound is inspired by prior
work, which reduces the OuMv problem to the evaluation of the variant of Qzsr where all
relations are dynamic [4]. We explain the differences of our reduction to prior work in terms
of construction and implication. The reduction in prior work starts with an empty database
and encodes the matrix of the OuMv problem into the relation S using updates. In our case,
it is not possible to do this encoding using updates, since the relation is static. Instead,
we do the encoding before the preprocessing stage of the evaluation algorithm for Qgrgs7r.
Since the preprocessing procedure of the evaluation algorithm for Qrgs7 is executed on a
non-empty database, we need to put a bound on the preprocessing time. Hence, while prior
work establishes a lower bound on the update time and enumeration delay regardless of the
preprocessing time, our reduction implies a lower bound on the combination of preprocessing
time, update time, and enumeration delay:

» Proposition 34. The conjunctive query Qrst() = R (A),S*(A, B),T%(B) cannot be
evaluated with O(N3/277) preprocessing time, O(N'/2=7) update time, and O(N/277)
enumeration delay for any v > 0, where N is the database size, unless the OuMuv conjecture
fails.
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Proof Sketch. Assume that there is an algorithm A that evaluates Qgrsr with (’)(Nl/Q_“/)
update time and enumeration delay after O(N 3/ 2-7) preprocessing time, for some v > 0.
Consider an n x n matrix M and n pairs (u,,v,) of n-dimensional vectors that serve as input
to the OuMv problem. We first encode M into the relation S in time O(n?), which leads to
a database of size O(n?). Then, in each round r € [n], we encode the vectors u,. and v, into
R and respectively T using O(n) updates and trigger the enumeration procedure of A to
obtain from Qrgr the result of u,Muv,. This takes O(n(n?)'/2=7) = O(n?~27) time. After
n rounds, we use overall O(n3727) time. This means that we solve the OuMyv problem in
sub-cubic time, which contradicts the OuMv conjecture. <

The reduction of the OMv problem to the evaluation of the query Qsr(A) = S*(A4, B),
T4(B) is similar to the above reduction. We encode the matrix M into the relation S before
the preprocessing stage and encode each incoming vector v, into T using updates.

8 Outlook: Tractability Beyond C.,,

This work explores the tractability of conjunctive queries over static and dynamic relations.
The largest class of tractable queries put forward is Ceyp. Yet a characterisation of all
tractable queries remains open.

In the following, we discuss the evaluation of queries outside Cexp. Let a conjunctive query
Q. The reduced dynamic sub-query of @) is obtained from @ by omitting all static atoms and
all of their variables.? An immediate observation is that queries whose reduced dynamic
sub-query is not g¢-hierarchical are not tractable. This is implied by the intractability
of non-g-hierarchical queries in the all-dynamic setting [4]. One example query whose
reduced sub-query is not g-hierarchical is Qg(4, B) = R4(A), S4(A, B), T4(B,C), U*(C)
from Figure 2. Its reduced dynamic sub-query is Q4(A, B) = R4(A), S4(A, B), T*(B). Any
dynamic evaluation strategy for QQs, where the variable C is fixed to an arbitrary constant,
translates into a dynamic evaluation strategy for Q. This means that any complexity lower
bound for the dynamic evaluation of Qj is also a lower bound for Q.

A question is whether all queries, whose reduced dynamic sub-queries are g-hierarchical,
are tractable. We discuss two such queries from Figure 2 that are not in Cexp: Qa(4A, B,C)
= RYA,B), S4A,C), T*(B,C) and Q5(B,C) = RY(A, B), S4A,C), T*(B,C). The evalu-
ation strategy from Example 33 can be easily extended to (4. Similar to Example 33, we
create a transition system where each state stores (B, C')-values and assign each A-value a
that is common to R? and S¢ to the state that stores the (B, C)-values paired with a in the
result. Any update to R? or S changes the assignment of at most one A-value. At any time,
we can enumerate the query result by iterating over the A-values and enumerating for each
of them the tuples in their corresponding state. So Q4 is tractable, albeit not in Ceyp.

The query Q5(B, C) differs from Q4 in that the variable A is bound. The above approach
for Q4 does not allow for constant-delay enumeration of the result of Q5 since distinct A-
values might be assigned to distinct states that share (B, C')-values. Filtering out duplicates
can however incur a non-constant enumeration delay. Therefore, our approach for Ceyxp, cannot
evaluate Q5 tractably.

2 In contrast, the dynamic sub-query of Q as defined in Section 2 retains all variables that appear in at
least one dynamic atom.
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A Further Preliminaries

» Definition 35 (Fractional Edge Cover [2]). Given a conjunctive query Q and a set F C
vars(Q), a fractional edge cover of Q for F is a solution A = (Ar(x))r(X)catoms(Q) L0 the
following linear program:

minimize Z AR(X)
R(X)€ atoms(Q)

subject to Z Arx) =1 forall X € F and
R(X)€ atoms(Q) s.t. XeX
Ar(x) € [0,1] for all R(X) € atoms(Q)

The optimal objective value of the above program is called the fractional edge cover number
of Q for the variable set F' and denoted as pg,(F). We abbreviate pg)(vars(Q)) by p*(Q).

For a query @ without bound variables, a set F' C vars(Q), and a database of size N, N¢
with e = pp, (F) is an upper bound on the worst-case size of the result of @ projected onto
the variables in F' [2]. The result of @ can be computed in time O(N* (@) [24].

In this work, we establish complexity lower bounds based on the following widely accepted
complexity-theoretic conjectures.

» Definition 36 (Online Matrix-Vector Multiplication (OMv) Problem [12]). We are given an
n X n Boolean matriz M and receive n Boolean column vectors vy, ..., v, of size n, one by
one. After seeing each vector v;, the task is to output the multiplication Mv; before seeing
the next vector.
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» Conjecture 37 (OMv Conjecture [12]). For any constant v > 0, there is no algorithm that
solves the OMv problem in time O(n>~7).

» Definition 38 (Online Vector-Matrix-Vector Multiplication (OuMv) Problem [12]). We
are given an n X n Boolean matriz M and receive n pairs of Boolean column wvectors
(u1,v1),. .., (un,vyn) of size n, one by one. After seeing each pair of vectors (u;,v;), the task
1s to output the multiplication u; Mv; before seeing the next pair.

The following OuMv conjecture is implied by the OMv conjecture.

» Conjecture 39 (OuMv Conjecture [12]). For any constant v > 0, there is no algorithm that
solves OuMv problem in time O(n3~7).

B Proof of Proposition 11

Let 7 be a safe rewriting for Q. The preprocessing time is the materialisation time for 7.

To enumerate the result of ), we nest the enumeration procedures for the connected
components of ), concatenating their result tuples. For each connected component C, the
enumeration procedure traverses the tree T' € T containing all atoms from C' in a top-down
manner. The enumeration property of 7 guarantees that there exists a subtree T” of T' such
that the root of T" is the same as the root of T and the set of free variables of the views in
T’ consists of the free variables of C.

We enumerate the result of C by traversing the subtree 7' in preorder. At each view
V(X), we fix the values of the variables in Y, where Y is the set of free variables of the
ancestor views of V. We retrieve in constant time a tuple of values over X \' Y from V for
the given Y -value. After visiting all views once, we construct the first complete result tuple
for C' and report it. We continue iterating over the remaining distinct values over X \' Y
in the last visited view V', reporting new tuples with constant delay. After exhausting all
values from V| we backtrack and repeat the enumeration procedure for the next Y -value.
The enumeration stops once all views from the subtree T’ are exhausted. Given that all
views are calibrated bottom-up but the enumeration proceeds top-down, the procedure only
visits those tuples that appear in the result, thus ensuring constant enumeration delay.

We propagate a constant-sized update through a tree in a bottom-up manner, maintaining
each view on the path from the affected relation to the root. From the update property
of the safe rewriting 7, computing the delta of any join view involves only constant-time
lookups in the sibling views of the child carrying the update. The size of the delta also
remains constant. Computing the delta of a projection view also requires a constant-time
projection of its incoming update. Since an update to one relation affects one tree of T,
propagating an update through 7 takes constant time.

C Missing Details in Section 4

C.1 Proof of Proposition 15

We first explain how we can check that every path connecting two dynamic body atoms in Q)
is body-safe. For each pair (R(X), S(Y)) of dynamic body atoms of @, we first construct
the Gaifman graph of the hypergraph of Q without the variables C = X N'Y. The graph
contains O(n) nodes and O(n?) edges. We next choose any z € X \ C and y € Y \ C and
check in O(n?) time if z is reachable from y using the Breadth-First Search algorithm; if so,
@ has a path connecting R(X) and S(Y') that is not body-safe. We repeat this procedure
for every pair of dynamic body atoms, which gives the total cost of O(n? - m?).
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We now show how to check that every path connecting a dynamic body atom with the
head atom is head-safe. For each dynamic body atom R(X), we construct the Gaifman
graph of @ without the free variables in X. For each atom containing a free variable y, we
choose any = € X \ free(Q) and check if z is reachable from y in the graph; if so, () has path
connecting R(X) with the head atom that is not head-safe. The total time is O(n? - m?).

C.2 Proof of Proposition 16

We start with the proof of the second statement in Proposition 16. Consider a well-behaved
query Q. For the sake of contradiction, assume that dyn(Q) is not g-hierarchical. This means
that one of the following two cases holds: (1) dyn(Q) is not hierarchical or (2) dyn(Q) is
hierarchical but not g-hierarchical. We show that both cases lead to a contradition.

Assume that dyn(Q) is not hierarchical. In the following, we denote by dynAtoms(X) the
set of dynamic body atoms in @) that contain the variable X. The query Q must have two
variables X and Y such that dynAtoms(X) € dynAtoms(Y'), dynAtoms(Y') € dynAtoms(X),
and dynAtoms(X) N dynAtoms(Y') # (0. This implies that @ has three dynamic body atoms
RYX), SUY), and T4(Z) such that X € X, X € Y, X ¢ Z,Y € Z,Y € Y, and
Y ¢ X. The path P = (X,Y) connects the two dynamic atoms R?(X) and T%(Z) such
that PN X N Z = (). This means that P is not body-safe, which is a contradiction to our
assumption that () is well-behaved.

Assume now that dyn(Q) is hierarchical, but not g-hierarchical. This implies that @
contains two dynamic body atoms R*(X) and S¢(Y), a bound variable X with X € X and
X €Y, and a free variable Y with Y € Y and Y ¢ X. The path P = (X,Y) connects the
dynamic body atom R?(X) with the head atom of @ such that P N free(Q) N X = (). This
means that the path P is not head-safe, which is again a contradiction.

Next, we prove the first statement in Proposition 16. The “if”-direction follows directly
from the second statement of the proposition. It remains to show the “only-if”-direction. We
prove the contraposition of this direction. Consider a query ) without static relations that
is not well-behaved. We show that @ is not g-hierarchical.

Assume that @ has a path P = (X1,..., X,,) that connects two body atoms R%(X) and
T(Z) such that PN X NY = 0, i.e., P is not body-safe. Assume that P is the shortest such
path. Since P is not body-safe, it must hold n > 1. Furthermore, every pair (X;, X;11) with
i € [n — 1] is contained in a body atom i.e., atoms(X;) N atoms(X;+1) # 0. The following
claim implies that @ is not hierarchical, hence, not g-hierarchical:

Claim 1: 3i € [n — 1] such that atoms(X;) € atoms(X; 1) and atoms(X;41) € atoms(X;).

We prove Claim 1. Assume that for each ¢ € [n—1], it holds atoms(X;) C atoms(X;41) or
atoms(X;+1) C atoms(X;). Consider an ¢ € [n — 1] such that atoms(X;) C atoms(X;4+1) (the
case for atoms(X;11) C atoms(X;) is treated analogously). If i = 1, let P’ = (X;41,..., X,).
Otherwise, let P’ = (X4,...,X;-1, Xit1,-..,Xn). The path P’ is shorter than P and still
not body-safe. This contradicts our assumption on the length of P.

Assume now that @ has a path P = (X3,...,X,) connecting a dynamic body atom
R¥(X) with the head atom of @ such that PN X N free(Q) = 0, i.e., P is not head-safe. Let
P be the shortest such path. Without loss of generality, we assume that @ is hierarchical.
Since X, is free, the following claim implies that @ is not g-hierarchical:

Claim 2: X,,_1 is bound and atoms(X,—1) D atoms(X,,).

We prove Claim 2. Assume that X, _; is free. Since P is not head-safe, X,,_1 cannot
be included in X. Hence, P’ = (X1,...,X,_1) is a path that is shorter than P and
not head-safe, which contradicts our assumption on the length of P. Assume now that
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atoms(X,—1) 7 atoms(X,,). Since @ is hierarchical and there must be at least one body atom
including both X,,_; and X,,, it must hold atoms(X,,—1) C atoms(X,). This implies that
n > 2, since otherwise the free variable X, is included in X, which contradicts our assumption
that P is not head-safe. This means however that the path P” = (X1,...,X,_2,X,,) is
sorter than P and not head-safe, which contradicts our assumption on the length of P.
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