Learning Tree Pattern Transformations

Daniel Neider =
TU Dortmund University, Germany
Center for Trustworthy Data Science and Security, UA Ruhr, Germany

Leif Sabellek =
CONTACT Research, Germany

Johannes Schmidt &

Jonkoping University, Sweden

Fabian Vehlken =

Ruhr University Bochum, Germany

Thomas Zeume &
Ruhr University Bochum, Germany

—— Abstract

Explaining why and how a tree t structurally differs from another tree t* is a question that is
encountered throughout computer science, including in understanding tree-structured data such as
XML or JSON data. In this article, we explore how to learn explanations for structural differences
between pairs of trees from sample data: suppose we are given a set {(t1,t}),..., (tn,tn)} of pairs of
labelled, ordered trees; is there a small set of rules that explains the structural differences between
all pairs (¢;,t7)? This raises two research questions: (i) what is a good notion of “rule” in this
context?; and (ii) how can sets of rules explaining a data set be learned algorithmically?

We explore these questions from the perspective of database theory by (1) introducing a pattern-
based specification language for tree transformations; (2) exploring the computational complexity of
variants of the above algorithmic problem, e.g. showing NP-hardness for very restricted variants;
and (3) discussing how to solve the problem for data from CS education research using SAT solvers.
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1 Introduction

Explaining why and how a tree ¢ structurally differs from another tree t* is a question that
is encountered throughout computer science, including in understanding tree-structured data
such as XML or JSON data, analysis of formal syntax trees, or code optimization.
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In this article, we explore how to learn explanations for structural differences between
pairs of trees from sample data: suppose we are given a set {(t1,t}), ..., (tn,t:)} of pairs of
labelled, ordered trees; is there a small set I' of rules that explains the structural differences
between all pairs (¢;,¢7)? This raises two research questions:

(i) What is a good notion of “rule” in this context?
(i) How can sets of rules explaining a data set be learned algorithmically?
We explore these questions from the perspective of database theory.

Our initial motivation for addressing these questions comes from CS education research
on understanding common mistakes and misconceptions of students in introductory courses
on Logic in Computer Science. A common educational task for students in such courses is
to model scenarios described in natural language by logical formulas. A teacher provides
the description and a solution formula ¢, and students try to model the description with a
formula ¢*. The student attempt is correct if it is equivalent to . Empirically, most students
try to write a formula that resembles the “logical structure of the provided description” very
closely. If the teacher provides solution formulas with that aspect in mind, e.g. by providing

”

a formula with an implication for “if ..., then ...” statements rather than other equivalent
formulas, a natural approach for understanding what kind of mistakes students make in
modelling is to find explanations for structural differences between the syntax trees of the
solution formula ¢ and ¢* provided by students. Besides modelling, another type of exercise
is having to transform a formula into some normal form. Here, individual transformation
steps by students may incorrectly transform a formula ¢ into a formula ¢*. To identify the
types of mistakes students make, it is also helpful to look for explanations for structural
differences between such two formulas.

Within the educational support system ILTIS [15], a large set of sample data from students
has been collected, e.g. > 500 pairs (¢, p*) of propositional formulas for many modelling
exercises. In a preliminary analysis of this data with a custom approach, common types of
mistakes in propositional logic have been identified by Schmellenkamp et al. [14]. For scaling
this analysis and to ensure that a broad set of explanations are taken into account, a more
systematic approach is needed. This work takes a first step in this direction.

While our motivation comes from CS education research, we believe that the raised
conceptual questions are relevant and interesting for tree-shaped data in general. We
therefore state them in the language of database theory and address them with techniques
from this field.

Contributions

Towards a notion of rules for explaining structural differences between pairs of trees, we
introduce a tree pattern based transformation language for labelled, ordered trees (see
Section 2). For us, a tree pattern essentially is a tree whose nodes are labelled with labels,
node variables, and tree variables. Such a tree pattern can be matched into a tree, meaning
that nodes of the pattern are injectively' mapped to nodes of the tree respecting the tree
structure and labels. A tree pattern transformation is of the form o ~+ o* for two tree
patterns ¢ and ¢*. It is applied to a tree ¢t by matching ¢ into ¢t and constructing a tree t*
according to the shape of ¢* and according to how variables are assigned (see Figure 1 for
an illustration).

! While injective semantics are less common for tree patterns, they are more natural in the context of
tree transformations, see Section 2.
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Figure 1 (a) Two pairs of syntax trees for the pairs (E — (mA A =C),(mAA-C) — E) and
((B—= D)ANA, (D — B)AA) of propositional formulas. (b) A tree pattern transformation explaining
the structural differences of both pairs. The transformation selects a —-labelled node and swaps its
subtrees Y7 and Ys.

We then study algorithmic properties of tree pattern transformations (see Section 3). We
are particularly interested in variants of the following algorithmic problem:

Problem: LEARNINGTREETRANSFORMATIONS
Input: Pairs (t1,t7),..., (tn,ty) of labelled, ordered trees, and s,r € N.
Find: A set I" of at most r tree pattern transformations such that ¢; can betransformed
into t; with transformations from T" in at most s steps, for all i.

It turns out that this algorithmic problem is already NP-hard, even for very restric-
ted inputs. For instance, we show that it is hard when fixing s = 1 as well as when fixing
s =3 and r = 2. Due to the hardness, we discuss how to attack the problem by encoding it
into SAT and employing a SAT solver (see Section 3.2). We apply this approach exemplarily
to educational data (see Section A).

Related work

Tree patterns have been studied extensively for tree-shaped data by the database theory
community. Among other things, the computational complexity of algorithmic problems
for tree patterns, such as containment and minimisation, has received much attention (see
e.g. [6], also for an extensive list of references). Our notion of tree patterns slightly differs
from the standard notion, as we require matches to be injective and use tree variables. We
deviate to accommodate our motivation to learn structural differences, as discussed in the
next section.

Manipulation of tree-shaped data has been studied in the context of tree transductions
[9, 4], especially in the context of XML [16, 8]. Edit distances and similar measures have
also been studied [3, 17]. We introduce another formalism for manipulating trees, tree
pattern transformations, as it is unclear how to extract high-level explanations for structural
differences between trees from existing formalisms.

Learning from examples has been studied before in the context of tree-shaped objects.
Tree patterns representing queries on graphs are learned in [5]. The complexity of finding
string patterns common to a set of strings is studied in [1]. Syntax trees of LTL and
PSL formulas have been learned by employing SAT solvers in [10] and [12]. Our setting
conceptually differs from these standard approaches as we aim at learning tree pattern
transformations explaining differences between pairs of trees (instead of learning trees only).
In the area of automata learning, learning from only positive examples has been studied
[2, 13]. In contrast to all these approaches, typically we are interested in learning multiple
transformations, whereas in the above learning problems only a single “object” is learned
(e.g. a string pattern, an LTL formula, an automaton, and so on).
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Outline

We introduce tree patterns and tree transformations based on these in Section 2. In Section 3,
we study algorithmic properties of the problem LEARNINGTREETRANSFORMATIONS and
sketch a SAT-based approach to solve it in practice before presenting an extension of tree
transformations in Section 4. Detailed proofs and additional explanations can be found in
the long version of this paper [11].

2 Pattern-Based Tree Transformations

The goal of our tree transformation language is to explain structural differences between trees.
Before formalizing our language, we discuss some of our design choices and fix notations.

Towards explaining structural differences between trees. In many contexts, structural
differences between trees t and t* are mostly local in the following sense: ¢ can be transformed
into t* by “reshuffling” a small subtree ¢, rooted at some node v of t and keeping the rest of ¢
as is. This basic idea is already illustrated in Figure 1. Formally, a tree pattern transformation
will be of the form ¢ ~~ o* for two tree patterns ¢ and o* called body and head, respectively.
A transformation is applied to a tree ¢t by matching its body into ¢ and manipulating the
“covered” subtree as indicated by the head. To this end, body and head may use explicit
labels, node variables to “copy” labels of single nodes, and tree variables to “copy” subtrees.

T x1
» Example 1. Consider the tree pattern transformation p: /. ~ N\ with node
Y1 Ya Yo Y1

variable x; and tree variables Y7 and Y5. The structural differences between the two pairs

a a b b
P U PN PN
b csc b ) e cs e c

PN FN PN S
d e d e d g g d

of trees are explained by p by applying it to the root in the first pair, and to the left child of
the root in the second pair. The node variable x; then copies the labels a and e, respectively,
and the tree variables Y7 and Y5 copy suitable subtrees. a

Our goal to use tree pattern transformations to explain structural differences between
trees requires to exactly capture the structure of trees. This influences our choice of semantics
for tree patterns as follows. We require that
1. tree patterns can be matched anywhere in trees (and not just root nodes); and
2. tree pattern nodes with & children must be matched to tree nodes with exactly & children.
Requirement 1 allows for more flexible explanations as is already illustrated in Example 1.
Requirement 2, although non-standard, is desirable in our context because we use tree
patterns as a building block for tree transformations.

a
1
» Example 2. Consider the tree ¢: b/\c and transformation p: | ~» 22 with node
| T2
d
variables x1 and x5. Here, the tree pattern node labelled with x; has fewer children than

the node labelled a in t. If matching p to ¢ by mapping x; to the a-labelled node and x5 to
the b-labelled node was allowed, the result would be a single node labelled b. The c-labelled
node and its d-labelled child would be removed without a “good explanation”.
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x1

1
Now consider a slightly different transformation p’: ™ ~ /\  in which the
z2 Y1 Y 2 Y1

body’s root node has more children than the a-labelled node in ¢. Matching the body of p’
into ¢ would require the embedding to be non-injective, for example, the tree variables Y;
and Y5 could both capture the subtree rooted at c. But then it is not clear what the result of
applying p’ to t would be, because the subtree rooted at ¢ is supposed to be copied (due to
Y1) as well as removed (due to Y3). To avoid this, we require embeddings to be injective.

We highlight that other design choices are possible, whose study we leave for future work.

Trees and tree patterns. A X-labelled (ordered) tree t is a prefix-closed subset V' C N*
together with a labelling function ¢£: V' — X. We also write trees t as (V, E, {) where F is
the set of edges induced by V, i.e. (u,v) € E if vj = u for some j € N. The children of a
node v € V are ordered according to the natural linear order on N, i.e. for u £ vj1 and
Uo of vjo we have u; < ug if j; < jo. For a tree t and a node v, we write t, for the subtree
of ¢t rooted at v. A context context(t, h) is a tree t = (V, E,£) with a hole h € V. A tree t
can be plugged into a context context(¢, h) by replacing the node h by ¢’ in the tree ¢.

A tree pattern o is a ¥ W N @ T-labelled tree, where T-labelled nodes must be leaves.
The elements of ¥ are called labels, the elements of N are called node variables, and the
elements of T are called tree variables. A match p of a tree pattern o = (V;,, E,, {,) in a tree
t = (Vi, Ft, ¢) is an injective mapping u: V, — V4 from nodes of o to nodes of ¢ such that
1. labels are mapped consistently, i.e. £,(v) = ¢;(p(v)) for all X-labelled nodes in V,;

2. node variables are mapped consistently, i.e. if u,v € V, are labelled with the same node
variable, then the nodes p(u) and p(v) must have the same label;

3. tree variables are mapped consistently, i.e. if u,v € V,, are labelled with the same tree
variable, then the subtrees of ¢t rooted at p(u) and p(v) are isomorphic; and

4. the number and order of children is preserved, i.e. if v € V,; has the children uy < ... < ug
then p(v) has exactly the children p(up) < ... < p(ug).

Condition 4 is non-standard, but essential for an intuitive notion of tree pattern trans-
formations (see discussion above).

Tree pattern transformations. The idea of tree pattern transformations is to select a
subtree t, of a tree ¢ rooted at a node v by matching a tree pattern o, and then to construct
a new tree t* by plugging a re-combination ¢} of ¢, according to a tree pattern ¢* into the
context(t, ). The patterns o and o* may use the same node and tree variables, which allows
for rearranging whole subtrees. For an example of a tree pattern transformation and its
application we refer to Figure 1.

A tree pattern transformation p: o ~» o* consists of two tree patterns ¢ and o* such that
all variables occurring in ¢* also occur in 0. The pattern o is called body, o* is called head,
and p is called name of the transformation.

The semantics of tree pattern transformations is defined as follows. A tree pattern
transformation p: o ~» o* transforms a tree t into a tree t*, written as t* € p(t) or t ~», t*,
if there is a match p, ¢ of o into ¢ with root v and a match g+ 4+ of o* into ¢t* with root v*
such that
1. t and t* only differ on the subtrees ¢, and t}., i.e. the contexts context(t,v) and

context(t*, v*) are isomorphic (in particular, v and v* have the same positions in ¢

and t*);
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2. the subtree ¢, is rearranged into the subtree t}., i.e.

(i) if nodes u in o and w* in ¢* are labelled with a node variable z, then i, ¢(u) and
Hor 1+ (u*) have the same label; and

(ii) if nodes u in o and w* in o* are labelled with a tree variable X, then the subtrees

of t and t* rooted at pq . (u) and piox 4« (u*) are isomorphic.

When t ~, t*, we also say that the tree pattern transformation p explains the pair (¢,t*),
as p can be seen as an explanation for the structural differences of ¢t and t*. Testing whether
p explains (¢,t*) is simple.

» Proposition 3. Given a tree pattern transformation p: o ~ o* and a pair (t,t*) of trees,
it can be tested in polynomial time whether p can transform t into t*, i.e. whether t ~, t*.

Proof sketch. Try all pairs (v,v*) of nodes of ¢ and t* as roots for matches of o and o*. <«

For a set I' of tree pattern transformations and a pair (¢,¢*) of trees, we also write t ~»7, t*
if ¢ can be transformed into t* with transformations from I" in (at most) s steps. We also say
that I explains (¢,t*) in s steps. Note that we do not need an explicit wildcard label which
is common for tree patterns, because it can be simulated by variables that only occur in the
body of a transformation.

3 Learning Tree Pattern Transformations

In this section we study algorithmic properties of the learning problem for tree pattern
transformations. Formally, we consider the following algorithmic problem:

Problem: LEARNINGTREETRANSFORMATIONS
Input: Pairs (t1,t7),..., (tn,ty) of ordered, labelled trees, and s, r € N.
Find: A set I of at most r tree pattern transformations that explains all pairs (¢;,¢])
in at most s steps, i.e. a set " such that ¢; ~L ¢, for all s.

For a pair (¢;,tr), we sometimes call ¢; source tree and ¢} target tree. Observe that the
problem is trivial if » > n, because in this case, one transformation p;: ¢; ~» t7 for each pair
of trees can be chosen.

3.1 Learning Tree Pattern Transformations Is Hard

It is easy to see that LEARNING TREETRANSFORMATIONS is NP-hard in general.? For this
reason, we take a closer look at fragments obtained by restricting s and r. In practical
applications, such as for the data from CS education research sketched in the introduction,
s and r can be chosen to be very small. For instance, solving the above problem even
when fixing the number of steps to s = 1 would help to identify common types of mistakes.
Unfortunately, the learning problem remains NP-hard even for small numbers s of steps and
small numbers 7 of transformations to learn.

» Theorem 4. LEARNINGTREETRANSFORMATIONS is NP-complete when
1. fixing s = 1; or
2. fixing both s = 3 and r < 2.

2 Formally, hardness is for the decision version of LEARNINGTREETRANSFORMATIONS, i.e. “Is there such
a set I'?”
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Membership in NP is straightforward for these cases. We note that membership in NP
for the general problem, i.e. for arbitrary s and r, is less clear because intermediate trees can
become exponentially large. Since s and 7 are small in our applications, we leave the general
question for future work.

We prove the hardness of the two cases of Theorem 4 in Propositions 5 and 7.

» Proposition 5. LEARNINGTREETRANSFORMATIONS is NP-hard, even when all examples
are binary trees with labels from a binary alphabet and when s <1 s fixed.

Proof sketch. We start by proving hardness for a large label alphabet . It can be adapted
to binary alphabets by encoding single labelled nodes as trees whose sequence of leaves
represents the original label.

We reduce from the NP-complete problem VERTEXCOVER where, given a graph G with
nodes V = {vy,...,v,} and edges E = {e1,..., e, } as well as a natural number k, one asks
for a set of at most k£ nodes from V such that each edge from F is incident to at least one of
these nodes (cf. [7]). Such a set of k nodes is called a k-vertex cover.

Construction. The idea for our reduction f is to construct from a VERTEXCOVER instance
def

(G, k), an instance of LEARNINGTREETRANSFORMATIONS with s &= 1, 7 = k, and one
example pair (t,., 1, ,,) of trees for each edge e = (u,v). The goal is that each k-vertex cover
S of G corresponds to a solution set I'g of transformations of size k that allows to transform
each ., into ¢}, ,

Let ¢ be minimal such that n < 2¢. For each edge e = (u, v), construct the pair (fy,v,t} )
such that ¢, , is the full binary tree of depth ¢ and tj , is a single node. We associate the

first n leaves (from left to right) of ¢,,, with the nodes vy, ..., v, of the graph. In ¢, ,, the

in one step.

leaves corresponding to u and v are labelled with ¢, , and all other nodes are labelled with b.
the single node is labelled with £, ,,. This construction is demonstrated in Example 6.

In t*

w,v?

The reduction f is clearly computable in polynomial time.

Correctness. Suppose first that (G, k) is a positive VERTEXCOVER instance with vertex
cover S = {v¢,,...,V¢ . We construct a solution set I's of transformations for f(G, k). For
each v, the set I's contains one transformation p;: o ~+ o} where

o is the full binary tree of depth ¢, whose first n leaves are labelled with node variables

r1,...,2T, and all other nodes are labelled with b; and

or consists of a single node labelled with the node variable z;.

The set I's of transformations is of size k£ and allows to transform each ¢, , into ¢}

wv 1 one

step. The latter can be seen as follows. The leaves of ¢, , corresponding to v and v are
labelled with ¢, ,,, while all other nodes have label b. Since S is a vertex cover of GG, we have
that w € S or v € S, i.e. there exists ¢ such that u = v., or v = v.,. Hence, applying the
transformation p; to t, ., yields a single node labelled ¢, ,, that is, t7, .

Suppose now that f(G, k) is a positive LEARNINGTREETRANSFORMATIONS instance with

solution set I' = {p1, ..., pr} of k transformations. We construct a k-vertex cover St from T

To this end we show that if a set ' of size k solves f(G, k), then its transformations must be

of a certain form. From transformations of this form we then extract a k-vertex cover of G.

We observe that due to the structural differences between source and target trees in all
pairs (t,t*), a transformation p: o ~ ¢* can transform ¢ into t* only, if
(a) the root of ¢ is matched to the root of ¢ (because the whole tree ¢ must be replaced by
the single node tree ¢*); and

24:7
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(b) o* is a single node (because t* only has one node) and one of the following cases applies
(i) o* =4y, for some edge (u,v);
(ii) o* = x for some node variable x which occurs in ¢ at the end of a path of length /;
or
(iii) o* =Y for some tree variable Y which occurs in o at the end of a path of length £.

The condition on o in Cases (b)(ii) and (b)(iii) comes from the shape of our examples: all
second components t* of pairs are single nodes labelled with some ¢, ,. Nodes with such a
label occur only at leaves of trees t in first components. We note that in these cases, the
leftmost path to = or Y in ¢ uniquely determines a leaf to which x is matched when o is
matched to the full binary tree of depth ¢; denote the node of G corresponding to this leaf
by Vs 4 OF U,y respectively.

The k-vertex cover St of G is constructed from I' as follows. For each p: 0 ~» c* € T’
that explains some example pair (¢,t*), we include exactly one node in Sr, depending on o*:

if o* =4, for some edge (u,v), then include u in St;

if 0* = x for some node variable, then include v, , in Sr; and

if o* =Y for some tree variable Y, then include v,y in Sr.
To see that Sr is indeed a vertex cover of G, consider an arbitrary edge e = (u,v) € E.
Suppose that p: o ~» o* € I transforms t,,, into ¢}, , (such a p exists as I' solves f(G,k)).
For each of the three cases (i)—(iii) of what o* can look like, a suitable node is included in Sr.

This concludes the hardness proof for LEARNINGTREETRANSFORMATIONS with s = 1. <«

The following example illustrates the construction from the previous proof.

» Example 6. Consider the positive VERTEXCOVER instance with

G: 9
and k=2.

We construct a LEARNINGTREETRANSFORMATIONS instance with s = 1, » = 2, and
the following pairs (t12,1] 5), (t1,4, %] 4)(t2,3, 5 3), (t2.4, 15 4), (3,4, 15 4) of trees, one for each
edge:

b b b b b
N PN N N PN
b b sl |» b b s lra | b b 5 las | b b » lay | b b > U4
NN VANIVAN VANEVAN VANEVAN ANV
61,2 ‘61,2 b b 61,4 b b [1,4 b [2,3 [2,3 b b e2,4 b 62,4 b b eiﬁA eiﬁA

The 2-vertex cover {2,4} of G corresponds to the following two tree pattern transforma-
tions that explain all pairs of trees in one step:

p2: b p4: b
/\ /\
b b 2 and b b ~S T4
r1 T2 X3 T4 1 T2 T3 T4

The transformation py explains (t12,%] o), (f2,3,13 3) and (t2.4,t5,) in one step, while
pa explains (t1,4,17 4), (t2,4,t54) and (t34,134), also in one step. So the set T' = {pa, ps}
explains all pairs of examples in one step. a

» Proposition 7. LEARNINGTREETRANSFORMATIONS is NP-hard, even when all examples
are binary trees and when fixing both s £ 3 and r = 2.
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Proof sketch. We reduce from the NP-hard problem 3SAT where, given a propositional
formula ¢ in conjunctive normal form with clauses C = {C},...,Cy,} with at most three

literals and variables P = {p1,...,Pn}, one asks for a satisfying assignment for the variables.

We assume, without loss of generality, that each clause has exactly three literals, each variable
occurs at most once per clause, and that n is sufficiently large.

Construction. The idea for our reduction f is to construct from a 3SAT instance ¢, a
LEARNINGTREETRANSFORMATIONS instance with s = 3, r % 2and aset 7 = To W Ts
of examples. The set 7¢ contains one example pair (tc, ) for each clause C of ¢; the set
Ts contains few additional example pairs that ensure that solution transformations have a
certain structure. Intuitively, each satisfying assignment « of ¢ will correspond to a solution
set Iy, of tree pattern transformations containing one tree transformation p, that almost
explains all pairs in 7¢ in one step and one additional transformation which helps to fully
explain these pairs in at most two further steps.

We explain the example pairs in 7 next, and start with the pairs in 7¢. For each clause

C € C, the trees tc and ¢}, in the example pair (tc,t5) have the following shape

YT se

where the subtrees tc,p, and {7, are called variable subtrees. The trees tcp, and (7, .
depend on whether and how the proposition variable p; occurs in C:

*

tco:

e
. s . def d % def
if p; occurs positively in C, then tc p, = /\ and tr, = /\
acp; bop, acp; bop:
d e
. . . def def
if p; occurs negatively in C, then tc,, = /\ and {5, = /\
bep, acyp, ac,i bep;
d e
. . def % def
if p; does not occur in C, then t¢,, = /\ and {5, = /\
ac,p; AcC,p; ac,p; AC,p;

Intuitively, the pairs in 7¢ can almost be explained by one tree pattern transformation
p: o ~» o* with o of the same shape as the trees tc and o* of the same shape as t5,. Such
a transformation indicates in which of the t¢ ,, the children need to be swapped, which
essentially encodes a satisfying assignment.

The set T's contains the additional examples

h1 h1 h4 h4

VANERVANE I BVZANERIVAN
ho hs hs he hs he he hs
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These two examples can be explained by a tree pattern transformation that swaps the leaves;
we will see that such a transformation is also required for solutions.

The construction is demonstrated in Example 8. The reduction f is clearly computable
in polynomial time.

Correctness.
construct a solution set T',, of transformations for f (), containing exactly two transformations

Suppose ¢ is a satisfiable 3-CNF formula with satisfying assignment . We

that explain all examples in at most three steps. The first tree pattern transformation
Pa: 0o ~ o4 in 'y encodes the satisfying assignment a: it switches the leaves of the variable
subtree for variable p; if and only if a(p;) = 0. Its body and head are of the same form as
the trees {¢ and 7, with ¢, and tf, , replaced by subtrees oc p, and o, which depend
on the value a(p;) as follows:

d e
if a(p;) = 0, then o¢,p, = /\ and  of £ A
e

if a(p;) =1, then ocyp, =

d
A and aa i

>

The second transformation

x x

Prant N AN

) z z Y
swaps two siblings.

It is easy to check that I'g = {Pa, Pswap ; €xplains all pairs in 7.

Suppose now that f(y) is a positive instance of LEARNINGTREETRANSFORMATIONS with
solution set I' containing two tree pattern transformations that explain all examples in at
most three steps. The idea for obtaining a satisfiable assignment « for ¢ is to first show that
the transformations in I' are of a very specific form: one of them has to be a transformation
like pswap that switches two children, and the structure of the other is induced by the shape of
the example pairs. We then extract « from the latter transformation. We defer the technical
proof and several more details to the long version of this paper [11]. <

The following example illustrates the construction from the previous proof.
» Example 8. Consider the positive 3SAT instance
= (p1V=p2Vp3)A(p2VpsVps)A(=p1V-psV —pa).

Following the construction from the proof of Proposition 7, we construct the pair (tcl,t*cl)
for the first clause C; = p1 V —po V p3:

toy: d Lo, e
/\ /\
d d e e
d d ai bl e e al bl
/\ /\ ’ /\
d d b a} e e ai b
/N NN
a d a3y b} aj aj aj b}
/N
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The satisfying assignment o with a(p;) = 1, a(p2) = 1, a(ps) = 0, and a(py) = 0
corresponds to the tree pattern transformation p, which together with the transformation
Pswap from above explains the examples constructed from ¢ in at most three steps:

Pa d

Observe that x;,y; are swapped by p,, if and only if a(p;) = 0. 1

3.2 Learning Tree Pattern Transformations: A Pragmatic Approach

One approach for dealing with the NP-hardness of learning tree pattern transformations for
small parameters is to employ the power of SAT solvers. We next sketch how the problem
can be encoded into propositional formulas. We defer details and an application to data sets
from CS education research to Section A.

We point out that the approach discussed in the following is rather straightforward.
Yet, it is also useful: while theory suggests that learning of tree pattern transformations is
computationally hard, the SAT solving approach works well enough for our actual data.

Suppose we are given pairs of trees D = {(t1,1), ..., (tn,t5)} and numbers s,7 € N
and are searching for a set of r transformations that explains each pair in D in at most s
steps. Our encoding closely follows a straightforward non-deterministic algorithm, which
proceeds in two steps: first, it guesses (1) a set of r transformations and (2) a sequence of
these transformations for each pair (¢;,¢}) and how they are applied; second, it verifies that
this information indeed represents a solution.

To encode this as an instance of SAT, we use propositional variables encoding the
information (1) and (2). We then construct a propositional formula with the following
properties: (a) it is satisfiable if and only if the instance of the tree pattern transformation
learning problem it encodes is positive; and (b) from a model of the formula one can construct
a set of transformations as well as sequences for each pair certifying that the instance is indeed
positive. For simplicity, we start by only considering single-step instances (i.e. instances with
s =1). Afterwards, we will outline the additional challenges posed by multiple steps, as well
as the adaptions to our encoding that enable us to also support them.

Encoding single-step instances. The basic idea for single-step instances is to encode the
syntactical structure of transformations and constrain it in accordance with the example

pairs. Our encoding uses three types of propositional variables: bodyf;7 2 headi > and mapf},i.

Intuitively, the variables bodyi’ 5 and headf)’ , are used to encode the body and head of the
j-th transformation, where them being assigned the value 1 means that node v of the body,
or head, respectively, of transformation j has label A. The variables mapi,i are used to
indicate that transformation j transforms ¢; into ¢} in such a way that v is the root of a valid
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match of the transformation’s body into t;. Example 9 demonstrates the correspondence
between the propositional variables and transformations. We use ¢ to denote the root, 0 for
its leftmost child, and so on.

» Example 9. A tree pattern transformation and the corresponding propositional variables:

pr: z1 Z2 body! .. head! .,
/xg\ Ys o~ /m\ T body(lmc27 body}’Y3 head(l)yzl, headia
i Y2 Y 1 V3 bodygo.y,» bodyp; v, headg y,, headj, y,, headiqy,

J

The formula encoding the input instance is a conjunction of multiple formulas that
roughly fall into two categories: (i) formulas ensuring syntactically valid transformations,
and (ii), formulas ensuring that the chosen transformations do indeed explain all pairs of
trees. We provide two sample formulas and refer to the appendix for more details.

A A ((\/ head{M> - ( \ bodyi,’)\>> (1)

1<j<r AeNUT veV v eV

AN N |mali—» A v (2)

1<i<n 1<j<r nodes v non-descendants
v" of v

Formula (1) is of category (i) and ensures that a variable A (ranging over all node variables
N and tree variables 7)) may only be used in the head of a transformation, if it also occurs
in its body. The formulas in category (ii) all “depend” on the previously mentioned mapﬂvi
variables. For example, Formula (2) ensures that a transformation may only be applied to a
node v of pair 4, if the contexts of the i-th source and target tree of this node are isomorphic.
We achieve this here by requiring that the labels of ¢; and ¢7 are equal at all “non-descendant
positions” v’ of v. The verification of equal labels is delegated to another simple subformula
v Additional formulas are used to ensure consistent mappings of labels, node variables
and tree variables in both body and head.

Encoding multi-step instances. We now lift the encoding for single-step instances of the
learning tree pattern transformations problem to multi-step instances. In contrast to single-
step instances, we now need to deal with “intermediate trees”, i.e. trees that are neither
source nor target tree of a pair but occur when applying a sequence of transformations to
a source tree. As we do not know what intermediate trees look like in advance, they are
encoded by propositional variables as well. Therefore, in addition to the variables we used
before, we now also use variables int; j , » indicating that node v of the intermediate tree
for pair (¢;,¢}) after k steps has label A. The formulas from the previous section need to be
adapted to these new variables. The variables mapi’ , are replaced by variables mapi’f,
k < s refers to a step. The intended meaning for this variable is that the j-th transformation
is applied to node v of the intermediate tree of pair (¢;,t}) after step k— 1, where intermediate
tree 0 is just t;. The other parts of the formulas are updated accordingly. For instance, in
the single-step case, one formula ensures that a transformation with labels from 3 in its

where

head only explains a pair (¢;,¢}), if the labels in ¢ match those in the head. Here, instead of
requiring that the label of ¢7 must be the same as the one in the head at the corresponding
position, this requirement would be stated using the new variables for intermediate trees.
The relevant subformula would look as follows:
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mapi’ff — ( /\ /\ (head{w\ — inti,k,vw,A)) .
weN*s.t.vweV AeX

This states that for transformation p; to be applicable to pair ¢ at node v in step k, a label

from ¥ in the head of transformation p; must be identical to the label at the corresponding

position in the intermediate tree of pair ¢ constructed in the previous k — 1 steps. All the

other formulas need to be adapted similarly. Note that the adapted formulas can still be

used for the case where s = 1, because there is a one-to-one correspondence between mapfm-

j 1
and map?’;.
:

Dealing with noisy data. Data can be noisy if, for example, the dataset contains pairs of
trees that differ in such a way that no good explanations can be found for their difference.
Therefore, it may not always be possible or desirable to find explanations (i.e. tree pattern
transformations) that explain all example pairs, but only most of them. To account for this,
we have introduced the possibility of specifying a ratio of the number of pairs of trees that
must be explainable for the instance to be positive. This does not affect the complexity
of the learning problem, but has proved useful in our practical application of identifying
mistakes students made when modelling with propositional logic.

4 Extending Tree Pattern Transformations

A tree pattern transformation language for explaining structural differences between trees
has to be sufficiently expressive to express typical differences. Yet, it should not be too
expressive for two reasons: (1) algorithmic problems such as whether a transformation explains
differences betweens two pairs of trees become harder; and (2) learned transformations may
overfit the data.

In this section, we discuss one extension of our transformation language which is natural,
but too powerful for our application. One shortcoming of our language is that patterns
need to exactly adhere to the structure of the (sub)tree they are matching. A potential
extension to circumvent this is to include, besides node and tree variables, also interval
variables which can match contiguous intervals of children of a node. Such variables loosen
the strict adherence to the structure while still yielding good explanations of differences by
requiring to “capture” everything that can be manipulated.

A
» Example 10. Consider the transformation p: _~T~\_ ~» L  with interval variables
Z L Zo

Zy and Zs. This transformation encodes the equivalence transformation for propositional
formulas which replaces conjunctions containing a “false” by a sole “false”, e.g. it can be
used to transform the syntax trees of AN L ABand ANBALAC into L. 1

We formally introduce tree patterns with interval variables before briefly discussing their
algorithmic properties and why they are too powerful for learning tree transformations.

Tree pattern with interval variables. A tree pattern with interval variables o is a SWN WTWI-
labelled tree, where 7- and Z-labelled nodes must be leaves. The components X, A/, and T
are as in the definition of tree patterns. The elements of Z are called interval variables. A
match p of a tree pattern o = (V,,, E,, {,) with interval variables in a tree t = (V;, E;, £;) is a
mapping p: V, — 2% from nodes of o to sets of nodes of ¢ such that (1) the image sets are
disjoint, and (2) ¥ W N W T-labelled nodes of o are mapped to singletons. Also, additionally
to the conditions on tree pattern matches, we have

24:13

ICDT 2025



24:14

Learning Tree Pattern Transformations

(iv) interval variables I are mapped to (possibly empty) contiguous intervals, i.e. u(I) =
{uwg,...,upyr—1} for a contiguous sequence uy, . .., upir—1 of children of some node v
(called interval); and

(v) interval variables are mapped consistently, i.e. if u,v € V,, are labelled with the same
interval variable, then |p(u)| = |u(v)| and the subtree sequences of (fy,,...,ty,) and
(tvys---,ty,) are isomorphic, where u is mapped to the interval ui,...,u; and v is
mapped to the interval vy, ..., v by p.

Tree pattern transformations with interval variables are defined analogously to tree
pattern transformations.
An example use case is to “simulate” the operations considered for tree edit distance:

» Example 11. Tree pattern transformations with interval variables can easily express the
three usual tree edit distances operations relabel, insert and delete [3]:

Relabelling an a-labelled node to a b-labelled node:

Deleting an inner a-labelled node: 21 a Z> ~» N

71
Inserting an a-labelled node: T~ ~ Z1 a Zj
Zy Z2 Z3
Zo
Note that these edits could also be expressed without interval variables. However, a different
transformation would be needed for every length of matched child sequence(s). 3

Algorithmic properties. Unfortunately, already testing whether a tree pattern transforma-
tion with interval variables transforms a tree ¢ into a tree t* is NP-hard. This can be seen
by reducing from the following NP-hard problem from [1]. A string pattern p is a string
from X U X where X is a set {1, 22,...} of variables. The language L(p) of a string pattern
contains strings w which are obtained from p by replacing variables “consistently” by strings
from XF. Here, consistently means that all occurrences of a variable x € X are replaced by
the same string.

Problem: STRINGPATTERNMEMBERSHIP
Input: String s € X*, a string pattern p.
Question: Is s € L(p)?

For instance, (s,p) with s = 001110110 and p = 0z11x;0 is a positive instance of
STRINGPATTERNMEMBERSHIP, as x; can be replaced by 011 to yield s. The problem
STRINGPATTERNMEMBERSHIP is NP-complete [1, Theorem 3.6].

» Proposition 12. Testing whether a tree pattern transformation with interval variables
transforms a tree t into a tree t* is NP-complete.

Proof sketch. Membership in NP is straightforward. To show hardness, we reduce from
STRINGPATTERNMEMBERSHIP. From a string s and a pattern p, we construct trees ¢, t*
and a tree pattern transformation p: o ~» o* as follows:
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t has an a-labelled root with children labelled with the symbols of s;
t* has an a-labelled root with children labelled with the X-labels of p;
o has an a-labelled root with children like p’, where p’ is obtained from p by replacing vari-
ables x; by y;Z;. Here, y; are node variables and Z; are interval variables. We need both a
node and an interval variable here, because the variables in STRINGPATTERNMEMBERSHIP
are required to be substituted by non-empty strings.
x def +*
For an illustration of this construction, we refer to the following Example 13. |

» Example 13. The reduction from the proof sketch above constructs, from an instance
(s,p) with s = 001100110 and p = 0z11xz,0, the following pair of trees and transformation:

/

a a P a a
%\’A\ and %’\WA
001110110010 0y Z1 1 yn Z1 0 010

J

The hardness in the above proof comes from the reuse of interval variables. It is tempting
to restrict the reuse of interval variables to circumvent hardness — also because reuse is often
not necessary in practical examples (see Examples 10 and 11 above). However, even if each
interval variable may only be used once, the problem remains NP-hard.

» Theorem 14. Testing whether a tree pattern transformation p: o ~» o* with interval
variables transforms a tree t into a tree t* is NP-hard, even if each interval variable may
occur at most once in o and at most once in o*.

The proof of this theorem is rather technical and can be found in the long version.

Interval variables are (too) powerful. Adding interval variables makes tree pattern trans-
formations very powerful. The following example indicates that for using tree pattern
transformations for learning from examples, suitable restrictions need to be found. The ex-
ample shows that, given pairs {(¢;,¢})}:, one can easily find two tree pattern transformations
with interval variables that can be used to transform each ¢; into ¢7 in two steps.

» Example 15. For a set {(t;,t})}; of pairs of trees, the following two transformations, in
which Y7 is a tree variable and Z; and Zs are interval variables, explain all pairs:

P a p2: a

Yi and /’\ N
O A

Another possible disadvantage of interval variables is that they can lead to a loss of types
of differences we want to be able to explain. For example, the same transformation with
interval variables can swap as well as not swap the children of a node:

J

» Example 16. Consider

P a b a b a b
~ /N and A , and A ,
Zl Z2 Z2 Zl I d d/\C 15 d C/\d
Both pairs of trees are explained by p in one step. 1
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While introducing interval variables can be useful, it also has disadvantages. The decision
whether to include them in the language when learning differences depends on the differences
one might expect to learn.

5 Summary and Perspectives

This paper takes a first step towards understanding how to algorithmically learn explanations
for structural differences between trees. A language for specifying tree transformations based
on tree patterns was introduced. It was shown that learning such transformations from
examples is computationally hard, even for restricted cases. Towards practical application, we
proposed an encoding of the problem as a propositional satisfiability problem. We validated
the usefulness of the specification language and the effectiveness of the encoding exemplarily
on a dataset for educational tasks for logical modelling obtained with the educational support
system ILTIS.

In the future, we plan to address open theoretical questions as well as explore further
applications.

Several theoretical questions remain open regarding properties of (variants of) our tree
transformation language. While we saw that already severe restrictions of the learning
problem are NP-hard, it is unclear whether the general problem is even in NP. The main
issue is that the size of intermediate trees can become exponential in the number of steps,
since a transformation with m nodes can introduce O(m — 1) copies of the tree to which it is
applied, potentially resulting in trees of size O(m?®) after s steps. We conjecture that it is
never necessary to construct large intermediate trees and that, therefore, the answer to the
following question is positive.

» Open problem. Is LEARNINGTREETRANSFORMATIONS in NP?

All restrictions studied here remain NP-hard. We leave open the complexity of the
restriction asking whether there exists a single transformation explaining all given pairs in

one step (i.e. the case s = 1 and r = 1).

» Open problem. Is LEARNINGTREETRANSFORMATIONS in PTime when fixing s = 1 and

r< 17

As a first step, we can prove that this case is solvable in polynomial time if all transform-
ations must be applied at the root node of a tree (see long version [11]).

We made several design choices, including injective semantics and patterns that must
match the shapes of trees very closely. Studying variants where different choices are made
may be insightful as well.

» Open problem. How do slight changes in the definition of tree pattern transformations
(e.g. injective vs. mnon-injective semantics) impact algorithmic properties and expressive
power?

Besides addressing the theoretical questions, we also plan to explore further applications,
among other things, (1) the (empirical) application of this approach to identify typical
mistakes in modelling for other formalisms (including further logics, query languages, etc.),
(2) the extension of the approach to other educational tasks, such as the identification of
mistakes in equivalence transformation tasks, and (3) similar approaches for educational
tasks in other domains, such as the formal language domain. These applications are at the
borderline of CS education research and theoretical computer science, in particular database
theory, but we expect that they raise further interesting theoretical questions.
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A Learning Tree Pattern Transformations in Practice: SAT Solving

As sketched in the introduction, our interest in learning tree pattern transformations comes
from applications in CS education research. For overcoming the NP-hardness results shown
in Section 3.1, we follow a common strategy in the literature: we encode the learning problem
for tree pattern transformations in propositional logic and employ a SAT solver to find
solutions.

We list all the formulas used in our encoding in Tables 1 and 2 and report on our
implementation and its prototypical application. For details we refer to the long version [11].

Let us denote the conjunction of Formulas (3) to (12) as ®7,. The following example
illustrates an application of the approach to two pairs of trees.

def

» Example 17. Given the two pairs of trees D = {(t1,t}), (t2,t3)}, we want to find a single
transformation p; such that ¢; ~,, ¢7 and t5 ~+,, ¢35, where

ti: t1: to: — t5: —

A A

AN VAN RN N
- C - C and A v v A
/N /\ ANVAN VANVAN

A B B A A B C D C D AB

)

After constructing the formula (I)?,l and feeding it to a SAT solver, we will receive a
model which might contain the following, positively assigned variables: body;) = body(l)yl,
bodyiyz, head;_), headé7y27 headiyl, mapg 1, and map! ,. The body and head variables
induce the transformation

pi: — —
AR IVAN
Yi Y Yo Y1
and the two map variables indicate the nodes to which p; can be applied successfully: the

left child of the root of ¢, i.e. node 0, and the root of o, i.e. node €. Observe that applying
p1 to the subtrees induced by these nodes does indeed result in ¢7 and 3, respectively. .

We implemented this encoding and applied it to datasets from CS education. Our
implementation supports single-step and multi-step instances, an incremental mode, as well
as some practical extensions such as providing a ratio of how many examples need to be
explained.

Before applying our encoding to real data, we tested that it works as expected by applying
it to the LEARNINGTREETRANSFORMATIONS instances from Examples 6 and 8. Encodings
of both example sets were solved and the returned models were as expected.
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Table 1 Constraints ensuring the syntactic validity of r transformations.

/\ /\ \/ bodyfj’)\ A /\ (ﬁbOde;,Al v ﬁbodyfj,h)> 3)
1<j<rveV \\eQ A1, A2E€Q, A1 #N2
/\ /\ \/ headi)\ A /\ (_‘headi,,\1 v ﬂheadi’/\z)> (4)
1<j<rveV \XeQ A1, A2€Q, A1 F# A2
A A ((podvi_— A\ bodyl, | A[head] — A head], > (5)
1<j<rveVv weNs.t.vweV wENs.t.vweV

/\ /\ /\ (bodyf]’)\ - ‘Pleaf(v)) (6)

1<j<r AET vEV

A AN (bead o) (@)

1<j<r AeT veV

/\ /\ \/ headf}’)\ — \/ bodyf},’)\ (8)

1<j<r AeNUT veV v'ev

Table 2 Constraints ensuring correct semantics based on matches induced by the mapf‘)’ ; variables.
Here we denote the subtree of a tree t; rooted at a node v as subtreey, (v), rather than ¢;,, to avoid
confusion with indices.

AV Ve, ©)

1<i<n 1<j<rveV

/\ /\ /\ (map{)’i — [context(t;,v) = context(ti*,v)]) (10)

1<i<n 1<j<rveVv
and 45,0 0,550 5,0
/\ /\ /\ (ma‘p’u,i - Plabels A Pnodevars A wtreevars) (11)
1<i<n 1<j<rveVv
where

@fé{;gls = /\ /\ (bOin},A = [l (vw) = /\])

weN*s.t.vweV AeX

i def 1 i
O s = A A\ ((bodyl,, | Abodyl, ) = [6r, (vwr) = &, (vw2)])
w1 EN* s.t. vw; EV, AeN
wo EN* s.t. vwo €V

@Z}i’é’vars = /\ /\ ((bodyfﬂh)\ A body{uz,/\) — [subtreey, (vwy) = subtreetl(vwg)])

w EN* s.t.vw EV, AET
we EN* s.t. vwa €V

¥ ©,7,V,Ww ©,7,V,Ww ©,7,v,Ww
/\ /\ /\ mapv,i - /\ labels A wnodevars A 7z)trccvars (12)

1<i<n 1<j<rveV wEN* s.t. vweV
where
i,J,v,w def J —
labels /\ (headw,)\ - [zt: (Uw) - )‘D
AED
o ot ) )
ol = /\ head], , — \/ (bodyfﬂ,)\ Al (vw') = Cyx (vw)])
AEN w’'EN* s.t. vw' €V
P9 def ] ]
A head’ , — body” , , A [subtrees, (vw’) = subtree; (vw
treevars w,A Yw A i i
AET w’eN* s.t.vw' €V
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Learning Tree Pattern Transformations

We then prototypically tested our framework on datasets from CS education. Many typical
mistakes made by students in propositional modelling were identified by Schmellenkamp et
al. [14] with a custom approach. Their dataset consists of pairs of formulas (¢, ©*), where
the second one is a valid solution while the first is an erroneous modelling attempt. They
also provided a clustering of the dataset by typical mistakes that have been identified.

To test the applicability of our framework in this context, we performed two tests. First,
we verified that our tree pattern transformations are suitable to express typical mistakes in
this context. For example, a typical mistake is to model “only if” statements as if they were
“if” statements. In syntax trees of formulas this corresponds to swapping the two children of
an implication node. The dataset [14] contains 83 pairs of formulas with this mistake. For
instance, it contains pairs like (E — (mA A —=C), (wAA-C) — E) and (B — D,D — B).
For the LEARNINGTREETRANSFORMATIONS instance with these 83 pairs of (formula) trees
and with s = 1 and r £ 1, the model provided by the SAT solver encodes the expected
transformation - .

~ /N

Yo Vi Y1 Y,

Second, we tested whether our framework can be used to automatically identify candidates
for common modelling mistakes. To this end, ideally, datasets with pairs of formulas
where similar mistakes are expected to happen are used in order to find few tree pattern
transformations that explain many of the formula pairs. Such datasets naturally occur when
clustering by linguistic operators that occur in the natural language statement that is part of
the assignment for students and are provided in the dataset by Schmellenkamp et al. As an
example, we consider the operator “either-or” in statements like I'm travelling to either Italy
or Spain this year. After a preprocessing step of unifying the propositional variables used in
all the erroneous formula pairs for this linguistic operator, 19 different pairs remained. The
encoding of the LEARNINGTREETRANSFORMATIONS instance containing these 19 pairs with
s < 1 was solved by using an incremental approach for » = 1,2,.... The model provided by
the SAT solver encodes the following four transformations:

pP1: T
p2: 1

p3:

These transformations correspond to mistakes one would expect. For instance, transform-
ations ps and ps3 explain pairs for which the erroneous formula uses a faulty operator like a
conjunction instead of a bi-implication as in (A A =B, =(A <> B)) or (AA B,—(A < B)).
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