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Abstract
Covers of query results were introduced as succinct lossless representations of join query outputs.
A cover is a subset of the query result from which we can efficiently enumerate the output with
constant delay and linear preprocessing time. However, covers are dependent on a single tree
decomposition of the query. In this work, we generalize the notion of a cover to a set of multiple tree
decompositions. We show that this generalization can potentially produce asymptotically smaller
covers while maintaining the properties of constant-delay enumeration and linear preprocessing time.
In particular, given a set of tree decompositions, we can determine exactly the asymptotic size of a
minimum cover, which is tied to the notion of entropic width of the query. We also provide a simple
greedy algorithm that computes this cover efficiently. Finally, we relate covers to semiring circuits
when the semiring is idempotent.
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1 Introduction

Join queries are one of the fundamental operations in relational databases. However, the
output of a join query can be potentially huge when executed over a large database instance.
This is particularly relevant when a join output needs to be sent over a network link in a
distributed setting, or if the output result needs to be stored before being processed in a
downstream task. In such scenarios, it is often desirable to construct concise representations
of the query output such that we can reconstruct the query result as efficiently as possible
when and where it is needed. Several succinct data structures have been proposed in the
literature, including factorized databases [16] and compressed representations [7].

A cover is one such succinct and lossless representation of a join output that was introduced
by Kara and Olteanu [13]. A cover is simply a subset of the query result that, together with a
given tree decomposition of the query, can efficiently reconstruct the full query output. Here,
efficient means that after a preprocessing step that is linear to the size of the representation,
we can enumerate the output with a constant delay guarantee. One of the key results in [13]
is that, given a tree decomposition T of the query and a database instance of size N , we can
always produce a cover of size OpN fhwpT qq, where fhwpT q is the fractional hypertree width of
T . Thus, choosing a tree decomposition of minimum width gives a cover of size OpN fhwq and
that can be shown to be asymptotically optimal. This bound is a large improvement over
storing the full output, which can be as large as the AGM bound [2], i.e., ΩpNρ˚

q where ρ˚

is the fractional edge cover of the query.
The main insight of this work is that it is possible to construct covers of even smaller

asymptotic size if we define the cover to depend not on a single decomposition, but on
multiple tree decompositions. This is analogous to the PANDA algorithm [14], which improves
the runtime of query evaluation from OpN fhwq to OpN subwq by considering simultaneously
multiple tree decompositions. Here, subw is the submodular width of the query. Importantly,
even though we allow a dependence on multiple tree decompositions, we can still show
that the guarantee of linear-time preprocessing with constant delay enumeration remains
unchanged. Thus, this generalized notion of a cover produces an even more succinct and
efficient representation of the query output.
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28:2 Generalized Covers for Conjunctive Queries

In fact, we will show in this paper that by considering the (finite) set of all possible
tree decompositions, we can construct covers of size OpN entwq, where entw is the entropic
width of the query, a width measure that is at least as small as the submodular width. As a
consequence, we show the existence of a data structure of size OpN entwq from which we can
enumerate the query output with constant delay. We should note here that, unfortunately,
the time to construct this data structure can be much larger than OpN entwq, and so the cover
construction does not produce a faster query evaluation algorithm.

From a theoretical point of a view, this makes progress to the following fundamental
question: what is the smallest possible compression of a query result that still guarantees
constant-delay enumeration (i.e., fast decompression)? From a practical point of view, the
enumeration guarantee is dependent on the number of tree decompositions, which can be
exponentially large in the query. However, we show that as we add more decompositions
the size of the cover can only improve; hence, even a small set of decompositions can lead
to a large improvement in the cover size compared to considering only a single one. The
algorithm we present that constructs a small cover – even though it needs access to the full
query result – requires only a linear scan over the query result.

Our Contribution. We summarize our contributions as follows:
We generalize the notion of a cover of a query result to consider multiple tree decomposi-
tions (Section 4). We prove several interesting properties for covers, and show that given
a cover of size K we can spend Op|K|q preprocessing time to enumerate the query output
with constant delay.
We present a simple greedy algorithm (Section 5) that, given the query output, produces
an asymptotically optimal cover in time linear w.r.t. the query output. Moreover, we show
an upper bound that uses not only the input size N as a parameter, but any combination
of degree constraints, including different cardinalities, functional dependencies, and degree
bounds.
We provide a lower bound (Section 6) that asymptotically matches our upper bound.
The lower bound uses a technically interesting connection to disjunctive Datalog rules to
find a worst-case instance for a cover.
Finally, we show in Section 7 how we can use a cover to produce a semiring circuit of size
linear to the cover size for the provenance polynomial of the query for any idempotent
semiring. A semiring circuit can be thought as a factorization of the query output (more
precisely, it is a factorization of the polynomial associated with the query output), with
the additional flexibility that it can consider different tree decompositions in its internal
representation.

2 Related Work

In this section, we present work that relates to covers and in general efficient representations
of query results.

Factorized Databases and Circuits. As shown in [13], covers over a single tree decomposition
are related to d-representations over the same tree decomposition. d-representations (and
f -representations) are also lossless representations of query outputs, which allow for efficient
enumeration, aggregation, and even ML model computation [18]. Query outputs can also be
concisely stored using circuits [9, 1] – these circuits represent the polynomial corresponding
to the join query and can be evaluated under different semiring semantics. As we will show
later in the paper, analogous to the connection between covers and d-representations, there
is also a direct connection between generalized covers and semiring circuits.



P. Koutris 28:3

Compressed Representations of Outputs. Recent work has also looked at how we can
further decrease the size of a representation by trading off the enumeration delay guarantee [7,
19, 6]. Such a tradeoff allows for asymptotically smaller succinct data structures, but with
an increased possible delay when outputting two consecutive outputs. Even though it would
be theoretically possible to consider covers with weaker enumeration guarantees, in this work
we focus only on constant delay.

Preprocessing Time and Enumeration. Several algorithms on join computation use a two-
phase framework where a preprocessing phase is followed by an output enumeration phase [3].
For instance, for any join query with fractional hypertree width fhw, we need OpN fhwq

preprocessing time to achieve constant delay enumeration. The intermediate data structure
constructed by the preprocessing phase can be also viewed as a succinct representation of
the result; however, it is critical in this case to also have an efficient algorithm to construct
the data structure. Recent work has looked at preprocessing time/size and enumeration
tradeoffs in this setting [11, 12]. In our paper, even though we construct a very small succinct
representation, the runtime can exceed the size of the representation and thus does not lead
to a better query evaluation algorithm.

3 Preliminaries

In this section, we present useful notation and terminology.

Conjunctive Queries. A Conjunctive Query (CQ) Q is an expression associated to a
hypergraph H “ prns, Eq where rns “ t1, . . . , nu and a set U Ď rns:

QpxU q Ð
ľ

ePE
Repxeq

where each Re is a relation of arity |e|, the variables x1, x2, . . . , xn take values in some
discrete domain, and xe :“ pxiqiPe. We say that Q is Boolean if U “ tu and full if U “ rns.

Given a tuple t over rns and a subset S Ď rns, we will use trSs to denote the projection
of the tuple on the attributes in S.

Tree Decompositions. We recall the notion of a tree decomposition.

▶ Definition 1 (Tree Decomposition). A tree decomposition of a hypergraph H is a pair
pT , χq, where T is a tree and χ maps each node t of the tree to a subset χptq of V pHq, called
a bag, such that:
1. every hyperedge e P EpHq is a subset of χptq for some t P V pT q; and
2. for every vertex v P V pHq, the set tt|v P χptqu is a non-empty connected subtree of T .

We say that a tree decomposition is non-redundant if no bag is a subset of another;
otherwise it is redundant. We let TDpHq be the set of all non-redundant tree decompositions
of H. This set is known to be finite; it can be shown that |TDpHq| ď n!, where n is the
number of vertices of the hypergraph (Proposition 2.9 [15]).

Entropic Functions. Let n be a positive integer. A function h : 2rns Ñ R` is called a set
function on rns “ t1, 2, . . . , nu. Given a discrete random variable X with support in X and
probability distribution p : X Ñ r0, 1s, its entropy is defined as HpXq “ ´

ř

xPX ppxq log ppxq.
When the probability distribution is uniform in the support set, then HpXq “ log |X |. Given

ICDT 2025



28:4 Generalized Covers for Conjunctive Queries

a set of random variables X1, . . . , Xk, the joint entropy HpX1, . . . , Xkq is defined as the
entropy of the random variable Y that represents the tuple pX1, . . . , Xkq. A set function
is an entropic function of order n if there exist random variables A1, . . . , An such that
hpSq “ HppAiqiPSq for any S Ď rns. We denote by Γ˚

n the set of all entropic functions of
order n, and Γ˚

n the topological closure of Γ˚
n.1 The important property of Γ˚

n is that it is a
convex cone and hence characterized by the (infinitely many) linear inequalities it satisfies.

Entropic Width. Let DC be a set of triples pX, Y, NY |Xq for some X Ă Y Ď rns and
NY |X P N that encodes a set of degree constraints. A database instance I over the relational
schema tReuePE satisfies the constraints if for every relation Re in I with X Ď Y Ď e and
every tuple t defined over schema X, we have |πY pRe ˙ tq| ď NY |X . A constraint of the form
pH, e, Neq is simply a cardinality constraint that says that relation Re has size at most Ne.
The degree constraints on an instance can be translated as constraints on entropic functions
as follows:

HDC :“

$

’

&

’

%

h : 2rns Ñ R` |
ľ

pX,Y,NY |XqPDC

hpY |Xq ď log NY |X

,

/

.

/

-

where hpY |Xq :“ hpY q ´ hpXq. For a given set of degree constraints HDC, we define the
“scaled-up” degree constraints HDC ˆ k as the same set of constraints but with all the degree
bounds multiplied by k. It will be also helpful to define the entropic constraints in the case
we are only given a uniform cardinality constraint (input size):

ED :“ th : 2rns Ñ R` | hpeq ď 1, @e P Eu

We now define the entropic width (defined in [9]) and degree-aware entropic width (defined
in [15] as eda-subw) w.r.t. a set of tree decompositions T respectively:

entwTpH, EDq :“ max
hPΓ˚

n XED
min

pT ,χqPT
max

vPV pT q
hpχpvqq

da-entwTpH, HDCq :“ max
hPΓ˚

n XHDC
min

pT ,χqPT
max

vPV pT q
hpχpvqq

When T “ TDpHq, we obtain the standard notions of (degree-aware) entropic width.

Computational Model. We use the uniform-cost RAM model where data values as well as
pointers to databases are of constant size. Our runtime analysis will consider data complexity
(where the query is considered fixed) unless otherwise stated.

4 Generalized Covers

We start by generalizing the notion of a cover of a query result from one to multiple tree
decompositions.

▶ Definition 2 (Cover). Let Q be a full CQ with hypergraph H, D be an instance, and T be
a finite set of tree decompositions of H. A relation K over schema rns is a cover of QpDq

w.r.t. T if
ď

pT ,χqPT
’tPV pT q pπχptqKq “ QpDq.

1 The topological closure of a set S is defined as the smallest closed set that contains S.
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In other words, if for every decomposition we project the cover to its bags and then join
the bags together, the union of these outputs must form exactly QpDq. When the set T
consists of a single tree decomposition, then we recover the notion of a cover as in [13]. In
our more general definition, the reconstruction of the output QpDq is based not on a single
tree decomposition, but a set of tree decompositions.

▶ Proposition 3. Let Q be a full CQ, D be an instance, and T be a set of tree decompositions
of Q. If K is a cover of QpDq w.r.t. T, then K Ď QpDq.

Proof. This follows immediately from the fact that for every tree decomposition pT , χq and
relational instance K, we have K Ď’tPV pT q pπχptqKq. ◀

▶ Remark 4. It is useful to contrast with the original definition of a cover used in [13] for
a single tree decomposition pT , χq. In this definition, a cover K was equivalently defined
as a set of tuples for which πχpvqpKq “ πχpvqpQpDqq for every v P V pT q. However, such an
equivalent characterization does not hold anymore in the case of multiple tree decompositions,
since each decomposition may be responsible to produce a (strict) subset of the query output.

We say that a cover K is minimal w.r.t. T if there is no strict subset K 1 Ĺ K that is also
a cover w.r.t. T 2. A cover is minimum w.r.t. T if it has the smallest possible size across all
covers w.r.t. T.

▶ Example 5. We will use as an example the 4-cycle query:

Qpx1, x2, x3, x4q Ð R1px1, x2q, R2px2, x3q, R3px3, x4q, R4px4, x1q.

This CQ has only two non-redundant tree decompositions: T1 “ t1, 2, 3u, t1, 3, 4u and
T2 “ t1, 2, 4u, t2, 3, 4u. We consider the following relational instance D, where each relation
has 2n tuples and thus the input size is |D| “ Θpnq. Note also that |QpDq| “ 2n2, hence the
output size is quadratic w.r.t. the input size.

R1 R2 R3 R4

x1 x2 x2 x3 x3 x4 x4 x1

a1
1 a2 a2 a1

3 a1
3 a4 a4 a1

1

a2
1 a2 a2 a2

3 a2
3 a4 a4 a2

1
...

...
...

...
...

...
...

...
an

1 a2 a2 an
3 an

3 a4 a4 an
1

b1 b1
2 b1

2 b3 b3 b1
4 b1

4 b1

b1 b2
2 b2

2 b3 b3 b2
4 b2

4 b1
...

...
...

...
...

...
...

...
b1 bn

2 bn
2 b3 b3 bn

4 bn
4 b1

Suppose now that we want to find a cover w.r.t. tT1u only. Using a result from [13], we
know that the size of any cover w.r.t. a single decomposition is at least the size of the largest
bag in the decomposition. For T1, both bags t1, 2, 3u and t1, 3, 4u have size Θpn2q, hence the
cover has size Ωpn2q. A similar reasoning provides a lower bound of Ωpn2q for the size of any
cover w.r.t. T2. Hence, no matter which tree decomposition we use, a cover w.r.t. a single
tree decomposition has size Ωpn2q.

2 We should note here that in [13] a cover always refers to a minimal cover. In this paper, however, we
will also consider covers that may not be minimal.

ICDT 2025
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Now, suppose we want to find a cover w.r.t. tT1, T2u, i.e., we will include both non-
redundant tree decompositions. We claim that the following set K of size only Opnq is a
cover w.r.t. tT1, T2u:

K

x1 x2 x3 x4

a1
1 a2 a1

3 a4
...

...
...

...
an

1 a2 an
3 a4

b1 b1
2 b3 b1

4
...

...
...

...
b1 bn

2 b3 bn
4

Indeed, partition D “ Da Y Db, where Da, Db contain the tuples with a, b -values re-
spectively, and similarly partition K into Ka, Kb. Then, one can verify that π124pKaq ’

π234pKaq “ QpDaq and π123pKbq ’ π134pKbq “ QpDbq. In other words, we use decomposi-
tion T2 to guide the covering of the a-tuples, and T1 to guide the covering of the b-tuples.
Note that π123pKaq ’ π134pKaq Ĺ QpDaq.

As we will show later in the paper, for the 4-cycle query we can always produce a cover
of size Op|D|3{2q using both tree decompositions. In this example, we are able to do even
better and produce a cover of only linear size.

4.1 Basic Properties of Covers
The following propositions establish some basic facts about covers.

▶ Proposition 6. Let Q be a full CQ, D be an instance, and T,T1 be two sets of tree
decompositions of Q such that T1 Ě T. If K is a cover of QpDq w.r.t. T, then K is a cover
of QpDq w.r.t. T1 as well.

Proof. Indeed, we can write the following:

QpDq “
ď

pT ,χqPT
’vPV pT q πχpvqK Ď

ď

pT ,χqPT1

’vPV pT q πχpvqK

ď

pT ,χqPT1

’vPV pT q πχpvqK Ď
ď

pT ,χqPT1

’vPV pT q pπχpvqQpDqq “ QpDq

In the last equation, the first inequality follows from Lemma 3 that implies K Ď QpDq,
while the last equality follows from the fact that for every tree decomposition pT , χq,
’vPV pT q pπχpvqQpDqq “ QpDq. ◀

The above proposition tells us that if we add more tree decompositions in a set T, the
minimum cover can never increase in size. But how large does T need to be to achieve the
smallest possible cover (among all possible tree decomposition sets)?

▶ Proposition 7. Let Q be a full CQ, D be an instance, and T be a finite set of tree
decompositions of Q. If K covers QpDq w.r.t. T, then it covers QpDq w.r.t. the (finite) set
of all non-redundant tree decompositions TDpHq.
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Proof. From Proposition 6, we have that K covers QpDq w.r.t. T Y TDpHq. Hence:
ď

pT ,χqPTYTDpHq

’vPV pT q πχpvqK “ QpDq

To complete the proof, we will show that
ď

pT ,χqPTDpHq

’vPV pT q πχpvqK “
ď

pT ,χqPTYTDpHq

’vPV pT q πχpvqK

It is straightforward that the left-hand-side is contained in the right-hand-side. For the
other direction, let pT , χq be a redundant tree decomposition in T. Then, there exists a
non-redundant tree decomposition pT 1, χ1q in TDpHq such that for every bag v1 P V pT 1q,
there exists a bag v P V pT q such that χpvq “ χ1pv1q (this is constructed by eliminating the
bags that are contained in some other bag). We will show that for any K over schema rns,
it holds that ’vPV pT q πχpvqK Ď’vPV pT 1q πχpvqK. Indeed, take any tuple t P’vPV pT q πχpvqK.
Consider some bag v1 P V pT 1q. Then, there exists v P V pT q with χpv1q “ χpvq. Hence,
πχpv1qptq “ πχpvqptq P πχpvqpKq “ πχpv1qpKq. This implies that t P’vPV pT 1q πχpvqK as
well. ◀

The above proposition says that we can achieve the best possible cover in terms of size if
we take our set of tree decompositions to be TDpHq, which is finite.

4.2 From Covers to Constant-Delay Enumeration
In this section, we show an important property of covers. Given a cover K of QpDq w.r.t.
some set of tree decompositions, we show that with preprocessing time only linear w.r.t. |K|,
it is possible to enumerate the output of a query Q with constant delay. A constant-delay
enumeration algorithm means that the time between outputting two consecutive tuples in
QpDq (as well as the time to produce the first tuple, and the time to finish after producing
the last tuple) is Op1q w.r.t. data complexity.

▶ Theorem 8. Let Q be a full CQ, D be an instance, and T be a finite set of tree decomposi-
tions of Q. Suppose we are given a cover K for QpDq w.r.t. T. Then, with preprocessing
time Op|K|q we can enumerate QpDq with constant delay.

Proof. We first describe the preprocessing phase. We will use K to construct a materialized
instance RB for every bag B in every decomposition of T. In particular, we scan K, and
for every tuple t P K and every decomposition pT , χq in T and every bag v P V pT q, we add
the projection trχpvqs to the bag Rχpvq. At this point, since K is a cover for QpDq, we know
that QpDq “

Ť

pT ,χqPT ’vPV pT q Rχpvq.
Once we have materialized each bag, computing the join JpT ,χq “’vPV pT q Rχpvq corres-

ponds to computing an acyclic CQ. Indeed, by the definition of a tree decomposition, the
query formed by treating each bag as a relation must be acyclic. Thus, we can use the
standard result [3] that, with linear preprocessing time Op

ř

vPV pT q |Rχpvq|q “ Op|K|q, we
can enumerate the results in JpT ,χq with constant delay. The last thing we need to address is
that the same output tuple may be produced via more than one tree decomposition in T. To
deal with this, we can apply Cheater’s lemma [5] that tells us that we can enumerate the
union of a constant number of constant-delay enumeration algorithms with constant delay.
Alternatively, we can also apply the method of Durand and Strozecki [8] for enumeration of
unions of sets, as done in [4]. ◀

ICDT 2025



28:8 Generalized Covers for Conjunctive Queries

Algorithm 1 Greedy Cover.

Input : output QpDq of a full CQ Q, set of tree decompositions T
Output : cover of QpDq w.r.t. T

1 sK Ð H

2 foreach t P QpDq do
3 if @pT , χq P T : t R’vPV pT q πχpvqp sKq then
4 sK Ð sK Y ttu

5 return sK

The main message of the above theorem is that considering more tree decompositions does
not hurt the constant-delay enumeration property of covers if we consider data complexity.

▶ Remark 9. Although the delay is constant w.r.t. data complexity, it depends linearly on
the number of tree decompositions |T|; more precisely, the delay will be Op|T|| ¨ |Q|q. If we
choose to include all non-redunant tree decompositions, i.e., T “ TDpHq, then the delay
can become exponentially large in the size of the query, since TDpHq can be as large as n!.
However, in practice one may not need to consider all tree decompositions to obtain a concise
representation of the output.

5 Finding Small Covers

In this section, we will seek to find the smallest possible cover we can obtain for QpDq

w.r.t. any finite set of tree decompositions T. We will be interested in providing worst-case
guarantees on the size, and not an instance-optimal construction of the minimum-sized cover.
In particular, we will show the following theorem.

▶ Theorem 10. Given a full CQ Q with hypergraph H and a database instance D that
satisfies the degree constraints DC, there exists a cover of QpDq w.r.t. a finite set of tree
decompositions T of size Op2da-entwTpH,HDCqq. Moreover, given the output of the query QpDq,
we can construct this cover in time Op|QpDq|q.

When T “ TDpHq, then the size bound simply becomes Op2da-entwpH,HDCqq. To show the
above theorem, we will give in the rest of the section a constructive proof, based on a simple
greedy algorithm (Algorithm 1). This algorithm is inspired by the construction used in [15]
(Proof of Lemma 4.1) to construct small models for disjunctive Datalog rules. Here, we adapt
this idea to a CQ and do a direct analysis.

The algorithm starts with an empty set sK Ð H, and iterates over the tuples t P QpDq

(in any order). For every tuple t P QpDq, if there exists a tree decomposition pT , χq P T
such that t P’vPV pT q πχpvqp sKq we do nothing; otherwise, we add t to sK. The algorithm
terminates when we have visited all output tuples. To bound the running time of Algorithm 1,
we can implement the existence check in line 3 in (amortized) constant time per tuple by
maintaining a hash table on the projection on each bag πBp sKq, and then simply checking that
for every v P V pT q, we have trχpvqs P πχpvqp sKq (for example, cuckoo hashing [17] gives us
constant-time access and amortized constant-time insertions.) Hence, we have the following
bound on the running time.

▶ Lemma 11. Algorithm 1 runs in time Op|QpDq|q.

By construction of sK, we also obtain:
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▶ Lemma 12. The output sK of Algorithm 1 is a cover of QpDq w.r.t. T.

Note that if we run Algorithm 1 with two different sets of tree decompositions T Ď T1,
the cover produced for T1 will be at least as small as the one for T. However, the delay in the
enumeration of the results from the cover will increase. Hence, we essentially have a tradeoff
between the compression size (the size of the cover) and time to decompress (the delay).

Let MT be the set of all maps β : T Ñ 2rns such that βpT , χq “ χpvq for some v P V pT q.
Such a map β is called a bag selector that chooses a bag from each tree decomposition in T.

▶ Lemma 13. The set sK can be partitioned as t sKβuβPMT such that for any two tuples
t, t1 P sKβ it holds that trBs ‰ t1rBs for every B P imagepβq.

Proof. We will construct the sets sKβ following the construction of sK in Algorithm 1.
Initially, all sKβ are empty. Consider the point where a new tuple t is added in sK in line
4. Then, for every decomposition pT , χq P T there must exist some bag v P V pT q such that
trχpvqs R πχpvqp sKq (if there is more than one such bag, we choose one arbitrarily). Consider
the bag selector β such that its image is exactly this set of bags, and add t to sKβ . It is easy
to see that, for every tuple t1 P sKβ and B P imagepβq, we have t1rBs P πBp sKq and thus it
must be that trBs ‰ t1rBs. ◀

▶ Example 14. We show how Algorithm 1 and the above lemma work using Example 5. Recall
that we have two tree decompositions: T1 “ t1, 2, 3u, t1, 3, 4u and T2 “ t1, 2, 4u, t2, 3, 4u.
There are four bag selectors: β1 “ t123, 124u, β2 “ t123, 234u, β3 “ t134, 124u, and
β4 “ t134, 234u. To make the exposition simpler, suppose the instance obtains only four
output tuples:

t1 “ pa1
1, a2, a1

3, a4q, t2 “ pa1
1, a2, a2

3, a4q, t3 “ pa2
1, a2, a1

3, a4q, t4 “ pa2
1, a2, a2

3, a4q

sK and all sKβ are initially empty. After reading the first tuple, we can assign it to any
selector, say Kβ1 “ tt1u. The second tuple is also added to sK; however, we will not add it to
sKβ1 because t1, t2 agree on the bag 124. Thus, sKβ2 “ tt2u. For t3, we will add it to sKβ1 , so
sKβ1 “ tt1, t3u. Finally, t4 will not be added, since it can be generated via decomposition T2.

Equipped with the above two lemmas, we can now prove an upper bound on the size of
the cover constructed via Algorithm 1.

▶ Theorem 15. If sK is the output of Algorithm 1, then | sK| “ Op2da-entwTpH,HDCq

Proof. From Lemma 13, we have that
ř

βPMT
| sKβ | “ | sK|. Hence, there exists a set sKβ with

size | sKβ | ě | sK|{|MT| such that for any two tuples t, t1 P sKβ it holds that trBs ‰ t1rBs for
every B P imagepβq. The set sKβ Ď QpDq satisfies all degree constraints, since it is a subset of
QpDq which also satisfies all degree constraints. Now, take a probability distribution over rns

that is uniformly random for sKβ , that is, each tuple in sKβ is chosen independently with the
same probability. Let h̄ denote the entropy of this distribution. Note that by construction,
h̄ P Γ˚

n X HDC. Moreover, because the projections of the tuples on the bags of B P imagepβq

are disjoint, log | sKβ | “ h̄pBq.
Now, consider any tree decomposition pT , χq P T; then, there exists a bag v P V pT q such

that B “ χpvq P imagepβq:

log | sKβ | “ h̄pBq ď max
vPV pT q

h̄pχpvqq.
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Taking the min over all tree decompositions in T, we can write:

log | sKβ | ď min
pT ,χqPT

max
vPV pT q

h̄pχpvqq

ď max
hPΓ˚

n XHDC
min

pT ,χqPT
max

vPV pT q
hpχpvqq

“ da-entwTpH, HDCq.

The bound in the statement follows from the fact that | sKβ | ě | sK|{|MT|. ◀

▶ Corollary 16. Given a full CQ Q with hypergraph H and a database instance D, there
exists a cover of QpDq w.r.t. TDpHq of size Op|D|entwpHqq.

▶ Example 17. Continuing our running example for the 4-cycle query, we know that for
this query entw “ subw “ 3{2. Hence, Algorithm 1 constructs a cover that has size at most
Op|D|3{2q; for this, it suffices to use as T the only two non-redundant tree decompositions.

Combining the above corollary with Theorem 8, we obtain that we can construct a data
structure of size only Op|D|entwq such that we can provide a constant-delay enumeration
guarantee of the output QpDq. Note that the best-known such data structure has size
Op|D|subwq, where subw is the submodular width of the query. However, it holds that
entw ď subw [14].3 Of course, we do not know whether we can construct this data structure
in time Op|D|entwq, since our algorithm needs time linear w.r.t. the output size, which
can be asymptotically larger. However, as the next proposition shows, we can construct
a (potentially larger) cover in time and size Op|D|subwq using the PANDA algorithm as a
blackbox.

▶ Proposition 18. Given a full CQ Q with hypergraph H and a database instance D, there
exists a cover of QpDq w.r.t. TDpHq of size Op|D|subwpHqq that can be constructed in time
Õp|D|subwpHqq.4

6 Lower Bounds for Covers

To prove the lower bound, we will relate the size of a cover to the size of a model of a
disjunctive Datalog rule, following a similar argument as used in [9] to connect the size of a
semiring circuit to disjunctive Datalog. Following the definition in [15], a disjunctive Datalog
rule over a hypergraph H “ prns, Eq is an expression of the form:

P :
ł

BPB
TBpxBq Ð

ľ

ePE
Repxeq

where B Ď rns and B Ď 2rns. Each output relation TB on the head of the rule is called a
target. Given an instance D, a model of a disjunctive Datalog rule is a tuple T “ pTBqBPB of
relation instances such that for any tuple t over schema rns, if tres P Re for all e P E , then
there exists a target TB such that trBs P TB . The size of a model is defined to be maxB |TB |

and the output size of a disjunctive Datalog rule over an instance D is the minimum size
over all models of the rule.

3 It is not known whether there is some query where there is a gap between the two width measures.
4 The notation Õ allows for a polylogarithmic factor in the input size |D|.
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▶ Lemma 19. Let Q be a full CQ, D be an instance, and T be a finite set of tree decompositions
of Q. Suppose K is a cover of QpDq w.r.t. T, and let β be any bag selector for T. Consider
the disjunctive rule

Pβ :
ł

BPimagepβq

TBpxBq Ð
ľ

ePE
Repxeq.

Then, |K| ě |PβpDq|.

Proof. We will construct a model of Pβ from the cover K by taking TB :“ πBpKq for every
B P imagepβq. Clearly, |Pβ | “ maxB |TB | ď |K|. To show that tTBuBPimagepβq is a model for
Pβ , consider any tuple t P QpDq. Then, since K is a cover, there exists a tree decomposition
pT , χq such that t P’vPV pT q πχpvqpKq. Since β is a bag selector, there exists B P imagepβq

for which βpT , χq “ B, and for this bag, trBs P πBpKq “ TB . ◀

▶ Example 20. We continue our running example for the 4-cycle query with T “ tT1, T2u.
Consider the bag selector β where we choose bag t1, 2, 3u from decomposition T1 and bag
t1, 2, 4u from decomposition T2. Then, the following disjunctive Datalog rule is formed:

Pβ : T123px1, x2, x3q _ T124px1, x2, x4q Ð R1px1, x2q, R2px2, x3q, R3px3, x4q, R4px4, x1q.

Lemma 19 tells us than any lower bound on the size of the model for Pβ is also a lower
bound for the size of any cover w.r.t. T. Note that the rule that has only target T123 (or
T124) does not transfer its lower bound, since the disjunction on the left-hand side needs to
include all tree decompositions in T.

▶ Theorem 21. Let Q be a full CQ, and T be a finite set of tree decompositions of Q.
Consider a set of constraints HDC. Then, for any ϵ ą 0 there exists a scale factor k and an
instance D that satisfies the constraints HDC ˆ k for which for every cover K of QpDq w.r.t.
T we have: log |K| ě p1 ´ ϵq ¨ da-entwTpH, HDC ˆ kq.

Proof. We will use the lower bound construction for an output of a disjunctive rule [15] and
follow the proof of Theorem 3.7 in [9]. Let BT be the collection of images of all β P MT.
Then, we can bound da-entwTpH, HDC ˆ kq as follows:

da-entwTpH, HDC ˆ kq ď max
BPBT

max
hPΓ˚

n XHDCˆk

min
BPB

hpBq

For a bag selector β, consider the disjunctive rule Pβ as constructed in Lemma 19. We know
from Lemma 4.4 in [15] that for any ϵ ą 0 there exists an integer kβ ą 0 and an instance Iβ

such that

log |P pIβq| ě p1 ´ ϵq max
hPΓ˚

n XHDCˆkβ

min
BPB

hpBq.

Consider now the k0 that maximizes kβ over all bag selectors in MT, and let β0 the bag
selector that maximizes the right-hand side of the first inequality. Then,

log |P pIβ0 q| ě p1 ´ ϵq ¨ da-entwTpH, HDC ˆ k0q.

To conclude the proof, observe that from Lemma 19 we have that for a cover K, it holds
that log |K| ě log |P pIβ0 q|. ◀

This lower bound matches (asymptotically) the upper bound in the previous section.
When the degree constraints correspond to a uniform cardinality constraint N on each relation
and T is the set of all non-redundant tree decompositions, then we obtain from Theorem 21
that there exists an instance where any cover has size ΩpN entwq.
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7 From Covers to Semiring Circuits

In this section, we will show how we can go from a cover of a query result to a semiring
circuit. Before we present the main result, we need to introduce some further terminology.

A semiring S “ pD, ‘, b, 0, 1q is a structure where ‘ is the addition and b is the multi-
plication such that piq pD, ‘, 0q and pD, b, 1q are commutative monoids, piiq multiplication
is distributive over addition, and piiiq x b 0 “ 0 for every element x P D. The semiring is
also idempotent if x ‘ x “ x for every element x P D. An example of an idempotent semiring
is the tropical semiring pZ, min, `, `8, 0q.

Given a full CQ with hypergraph H, an instance D and a semiring S, we will add to each
input tuple t from relation Re an annotation xe

t : this annotation can be thought as a variable
that takes values from the domain D of the semiring S. For example, if S is the Boolean
semiring pt0, 1u, _, ^, 0, 1q, the annotation captures the presence or absence of the tuple t.
As another example, if S is the counting semiring pN, `, ˆ, 0, 1q, the annotation captures the
multiplicity of the tuple t. We can now define the sum-product polynomial as:

pH
D :“

à

tPQpDq

â

ePE
xe

tres.

The sum-product polynomial captures different types of provenance of the query, depending
on the semiring we use to interpret it [10]. When S is the Boolean semiring, the polynomial
captures Boolean provenance, while if it is the counting semiring, it encodes how-provenance.
Why-provenance can also be captured in this framework.

We can concisely represent the sum-product polynomial using circuits. For our purposes,
we will define a circuit F over S as a directed acyclic graph with input nodes the variables
xe

tres
and constants 0, 1. Every other node is labelled by a semiring operation (‘ or b) and

has fan-in 2. An input gate of F is any gate with fan-in 0 and the output gate of F is the
unique gate with fan-out 0.5 The size of the circuit, denoted as |F |, is the number of gates
in the circuit. If we have a circuit F that computes the polynomial pH

D, then we can evaluate
pH

D for any input values in time only Op|F |q by evaluating the circuit in a bottom-up fashion.
Our main result in this section shows a tight connection between covers and circuits. In

particular, we show that we can use a cover of size K to construct a semiring circuit of the
same size OpKq. Hence, small covers will lead to small circuits.

▶ Theorem 22. Let Q be a full CQ with hypergraph H, D be an instance, and T be a finite
set of tree decompositions of Q. Let K be a cover of QpDq w.r.t. T. Then, in time Op|K|q we
can construct a semiring circuit of size Op|K|q for the polynomial pH

D under any idempotent
semiring.

Proof. For a decomposition T “ pT , χq P T, we will first augment it with a mapping
µT : E Ñ V pT q; this mapping assigns each hyperedge of H to a node v in the tree
decomposition. For a node v P V pT q and a tuple t, we can now define a new variable

yv
t :“

â

ePE:µT peq“v

xe
tres

In other words, the new variable corresponds to taking the semiring product of the input
tuples for the hyperedges we have assigned to the bag v. If there is no hyperedge assigned to
v, then yv

t :“ 1. Any variable yv
t can be always encoded via a constant-size subcircuit that

computes a constant-size semiring product.

5 In general, we could define a circuit to have multiple output gates, but for the purposes of this paper it
suffices to consider circuits with a unique output gate.
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Using the definition of a cover, we can now write:

pH
D “

à

tPQpDq

â

ePE
xe

tres

“
à

tP
Ť

pT ,χqPT’vPV pT qpπχpvqKq

˜

â

ePE
xe

tres

¸

pby definition of a coverq

“
à

pT ,χqPT

¨

˝

à

tP’vPV pT qpπχpvqKq

˜

â

ePE
xe

tres

¸

˛

‚ pby the idempotence of ‘q

“
à

pT ,χqPT

¨

˝

à

tP’vPV pT qpπχpvqKq

˜

â

vPV pT q

â

ePE:µpeq“v

xe
tres

¸

˛

‚ pby commutativity of ‘q

“
à

pT ,χqPT

¨

˝

à

tP’vPV pT qpπχpvqKq

˜

â

vPV pT q

yv
t

¸

˛

‚ pby definition of yv
t q

At this point, we can see that it suffices to build a subcircuit for each tree decomposition
pT , χq P T and then sum their output gates to obtain the final output. Since |T| is data-
independent, the number of these sum-gates is a constant. Hence, our problem reduces to
constructing a circuit for the polynomial

pT :“
à

tP’vPV pT qpπχpvqKq

˜

â

vPV pT q

yv
t

¸

.

This corresponds to constructing a circuit for the polynomial of an acyclic query with
body

Ź

vPV pT q Sχpvqpxχpvqq, where each input relation Sχpvq is constructed by computing the
projection on the cover πχpvqK. Any such projection can be computed in linear time Op|K|q.
Additionally, from [9] (Theorem 4.1), we know how to construct this circuit in time linear
w.r.t. the size of the input, which is Op|K|q. Moreover, the size of the circuit is bounded by
the input size, and thus is also Op|K|q. ◀

▶ Remark 23. The idempotence of the semiring is a critical requirement for the above
theorem, since otherwise the proof breaks. Indeed, if the same output tuple is produced by
multiple tree decompositions, then it is not possible to correctly split to decompositions with
‘. Thus, we cannot use a cover to construct a semiring circuit for, say, the counting semiring
pN, `, ˆ, 0, 1q which is not idempotent.

8 Conclusion

In this paper, we have shown that by generalizing covers to depend on multiple tree decom-
positions, we can construct covers of asymptotically smaller size. We have also provided
matching worst-case lower bounds for general degree constraints.

Several research questions on covers remain open. A first question is how efficiently we can
construct a small cover of size Op|D|entwq. Our current construction takes time Op|QpDq|q,
which can be as large as Ωp|D|ρ

˚

q. It would be interesting to explore whether it is possible
to reduce this time down to Op|D|subwq using the PANDA algorithm as a blackbox.

A second direction is to consider algorithms that compute the instance-optimal cover
(instead of the worst-case optimal). It is likely that this becomes a computationally hard
problem – especially when we consider multiple tree decompositions – however, there might
be cases where the problem of finding the smallest cover is tractable.
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Finally, it is possible to consider a variant of a generalized cover where the output of each
decomposition is disjoint from each other. In other words, we want QpDq to be partitioned
into tIiuiPT such that each Ii has a cover Ki w.r.t. the decomposition i. Such a “disjoint
cover” tKiuiPT would allow us to construct a semiring circuit for any semiring, even one that
is non-idempotent. The current greedy algorithm, however, does not have the disjointness
guarantee and thus it is not clear how we can construct disjoint covers of small size.
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A Appendix

We show here the proof of Proposition 18.

Proof. Consider BTD and for each B P BTD, the disjunctive Datalog rule

P :
ł

BPB
TBpxBq Ð

ľ

ePE
Repxeq

From the proof of Proposition 7.13 in [15], we can construct in time Õp|D|subwpHqq a
model pTBqBPB of size Op|D|subwpHqq using the PANDA algorithm.

Next, at each bag χpvq in every tree decomposition pT , χq P TD, we construct a table
Sχpvqpxχpvqq (xχpvq is its schema) as follows: (1) take the union over all output tables
Tχpvqpxχpvqq from every disjunctive Datalog rule defined by B “ imagepβq P BTD, if the bag
selector β selects this bag χpvq from pT , χq, and (2) semijoin-reduce the union by every input
relation Repxeq, to prune off tuples that do not contribute to the output. It is easy to verify
that Sχpvqpxχpvqq is of size Op|D|subwpHqq.

By Corollary 7.13 in [15], the query results can be written as the following union of CQs,
where we have one CQ per tree decomposition:

QpDq “
ď

pT ,χqPTD
’vPV pT q Sχpvqpxχpvqq

Let QpT ,χq :“’vPV pT q Sχpvqpxχpvqq. Note that this corresponds to computing an acyclic
join over relations with sizes bounded by Op|D|subwpHqq. We can now use the standard
construction of a cover (Lemma 23 in [13]) to construct in time Õp|D|subwpHqq a cover KpT ,χq

of QpT ,χq of size Op|D|subwpHqq. Finally, to obtain the cover K we simply take the union of
all covers, i.e., K :“

Ť

pT ,χq KpT ,χq. ◀
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