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—— Abstract

Calibration requires predictor outputs to be consistent with their Bayesian posteriors. For machine

learning predictors that do not distinguish between small perturbations, calibration errors are
continuous in predictions, e.g. smooth calibration error [9], distance to calibration [2]. On the
contrary, decision-makers who use predictions make optimal decisions discontinuously in probabilistic
space, experiencing loss from miscalibration discontinuously. Calibration errors for decision-making
are thus discontinuous, e.g., Expected Calibration Error [10], and Calibration Decision Loss [19].
Thus, predictors with a low calibration error for machine learning may suffer a high calibration error
for decision-making, i.e. they may not be trustworthy for decision-makers optimizing assuming their
predictions are correct. It is natural to ask if post-processing a predictor with a low calibration
error for machine learning is without loss to achieve a low calibration error for decision-making.
In our paper, we show post-processing an online predictor with e distance to calibration achieves
O(y/€) ECE and CDL, which is asymptotically optimal. The post-processing algorithm adds noise
to make predictions differentially private. The optimal bound from low distance to calibration
predictors from post-processing is non-optimal compared with existing online calibration algorithms
that directly optimize for ECE and CDL.
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1 Introduction

Calibration requires that predictions are empirically conditionally unbiased. Consider a
sequence of predictions for the chance of rain, a predictor is calibrated if, for every p, among
the days that the prediction is p, the fraction of rainy days is also p. Calibrated predictions
can thus be reliably interpreted as probabilities.

Calibration errors quantify the error of a predictor from being perfectly calibrated.
Machine learning (ML) predictors make predictions continuously in probabilistic space, so
calibration errors for ML are continuous in prediction values and do not distinguish between
small perturbations in predictions. Two canonical examples are the smooth calibration error
[9] and the distance to calibration (DTC) [2]. As an illustrating example of the calibration
errors for ML, consider a predictor in Table 1. Although the predictions of 50.01% and 49.99%
are biased, the total number of rainy days is 50%, indicating the predictor is very close to a
calibrated predictor that always outputs 50%. Both DTC and the smooth calibration error
are about 0.01%, close to 0. The smooth calibration error combines the bias over all the days
by weighing biases continuously, e.g. weighing bias (50.01% — 0) by —0.01%, (49.99% — 1) by
0.01%, and summing together (the weights are Lipschitz continuous in prediction values).
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Table 1 A miscalibrated predictor for the chance of rain.

Prediction value ‘ # days ‘ conditional frequency of rain
50.01% half of the days 0
49.99% half of the days 1

The smooth calibration error is linearly related to DTC, which calculates the expected ¢
distance between the predictor and the nearest calibrated predictor, which in this example
predicts 50% every day.

Decision-makers make decisions discontinuously in probabilistic space, thus, a calibration
error for decision-making is discontinuous in the prediction space. For example, consider
a decision problem with binary action space, bringing an umbrella or not. The decision
maker receives a payoff of 1 when the decision matches the state, i.e. bringing an umbrella
when rainy, not bringing when not rainy, and a payoff of 0 in other cases. When assisted
by a prediction, the action of a decision-maker changes from not bringing an umbrella to
bringing an umbrella at the prediction threshold of 50%. Two examples of calibration errors
for decision-making are Expected Calibration Error (ECE) [10] and Calibration Decision
Loss (CDL) [19]. CDL quantifies the worst-case decision loss of a decision-maker who
trusts the prediction as a probability, where the worst-case is taken over all payoff-bounded
decision tasks. By definition, CDL upperbounds any decision-maker’s loss. ECE, the most
well-studied calibration error metric, is defined by the averaged absolute bias in predictions.
For example, ECE averages over |50.01% — 0] and |49.99% — 1] for the predictor in Table 1 and
has a calibration error of 50.01%. Kleinberg et al. [23] shows that ECE linearly upperbounds
the decision loss of every payoff-bounded decision task, implying an upperbound of CDL.

From the decision-making perspective, having a low calibration error for ML, however,
does not guarantee a low calibration error for decision-making or being trustworthy for
decision-making. Consider the same example of a predictor in Table 1 and the umbrella
decision problem above. According to a calibration error for ML, e.g. distance to calibration,
the predictor is 0.01% close to a calibrated predictor that always outputs 50%. However,
to the decision-maker, the prediction suggests not taking an umbrella when the weather is
rainy, and taking an umbrella when not rainy. This non-trustworthiness comes from the
discontinuity of decision-making which the decision-maker changes an action at the threshold
50%.

Here is the natural question: can we design a post-processing algorithm that, given any
predictor with a low calibration error for machine learning, outputs predictions with a low
calibration error for decision-making? Ideally, the post-processing algorithm should achieve
near-optimal guarantees that asymptotically match the guarantees from directly optimizing
for decision-making.

Our paper designs a post-processing algorithm that, given any predictor with DTC = ¢,
outputs differentially private predictions with ECE and CDL bounded by O(y/€), in both
the batch setting and the online setting. We give lower bounds, described below, for both
that online and batch setting, that show that this post-processing algorithm is asymptotically
optimal. Additionally the online lower bounds shows that the optimal predictors for decision
makers cannot be constructed from optimal predictors from machine learning.

We show that the privacy-based post-processing algorithm is asymptotically optimal in the
online setting. This optimality implies there does not exist a post-processing algorithm that
achieves the same guarantee as known online algorithms that directly optimize predictions

for ECE and CDL. For online calibration, there has been shown an O (T*%*C) (¢ >0)
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upperbound on optimal algorithm for ECE [5], a O(T~2) optimal bound to CDL [19],
and an Q(T~%) lowerbound to DTC [27]. Thus, applying the lowerbound of Q(y/€), any
post-processing algorithm can only achieve the non-optimal Q(T‘é) ECE and CDL.

We show that the privacy-based post-processing algorithm is asymptotically optimal in
the batched setting in two models. The first model considers post-processing algorithms
applied individually to each prediction, and the same guarantee and lowerbound to ECE and
CDL applies as in the online setting. The second model allows algorithms that post-process
the entire batch of predictions. However, doing so just to attain calibration is too easy:
simply ignoring the individual information in each prediction and averaging them all will be
close to calibrated. Thus, we impose a stronger benchmark that measures the worst-case
decision loss relative to a nearby — in the sense of € Distance to Calibration — calibrated
predictor. This worst case is taken over all such nearby calibrated predictors and all bounded
decision problems. We show that the privacy-based post-processing algorithm achieves O(+/¢)
decision loss and that this result is tight, i.e. no other post-processing algorithm achieves
asymptotically better decision loss.

1.1 Related Work
Calibration Error Metrics

The most relevant work to ours, Blasiok and Nakkiran [4], introduces the error metric
Smooth ECE, which, given a predictor, calculates the ECE with Gaussian noise added to the
predictions. For any predictor with DTC = €, smooth ECE is shown to be bounded by ©(+/€).
Instead, our paper focuses on the decision-making perspective of calibration. We show that
this bound of ©(y/e€) is tight, suggesting that from a decision-making perspective, optimizing
for DT'C and post-processing achieves suboptimal guarantees. Our post-processing algorithm
also generalizes the result of Blasiok and Nakkiran [4] by considering noise distributions for
differential privacy.

As introduced previously, existing calibration error metrics mainly focus on two aspects:
calibration errors for machine learning, continuous in predictions, e.g. smooth calibration
error [9], distance to calibration! [2], smooth ECE [20]; and calibration errors for decision-
making, e.g. the canonical ECE [10] and the Calibration Decision Loss [19]. Recently, as
an orthogonal property to continuity and decision-making, Haghtalab et al. [16] propose an
approximately truthful calibration error metric for an expected-error-minimizing sequential
predictor.

Online Calibration

In online calibration, the predictor repeatedly interacts with an adversary selecting a binary
state. In each round, both the predictor and the adversary know the history of predictions
and states, but are not allowed to strategize conditioned on the opponent’s action in the
current round. Foster and Vohra [11] showed an upperbound of ECE = O(T_%), which is
recently proven to be polynomial-time achievable by Noarov et al. [25]. Recently, Dagan et

c

al. [7] improves the upperbound to O (T’%* )

side, Qiao and Valiant [26] showed there exists an O(T~%472) lowerbound, strictly above

O(%)7 which is improved to O(T~%456) by Dagan et al. [6].

for some constant ¢ > 0. On the lowerbound

1 We follow Qiao and Zheng [27] and refer to distance to calibration as the lower distance to calibration
in Blasiok et al. [2].
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For linearly related smooth calibration error and DTC, Qiao and Zheng [27] prove an
O(ﬁ) upperbound and an O(T~ %) lowerbound. Arunachaleswaran et al. [1] design a simple

polynomial-time algorithm that achieves DTC = O(%)
The Calibration Decision Loss (CDL) is introduced in Hu and Wu [19] with a bound of

5(%), tight up to a logarithmic factor.

Omniprediction

Our definition of decision loss for the batch setting can be equivalently formulated as achieving
omniprediction with regard to reference predictors and a set of loss functions. Calibration
guarantees the trustworthiness of predictions by every decision-maker, allowing decision-
making to be separated from predictions. Introduced in Gopalan et al. [13], omnipredictor
follows the same idea, requiring an omnipredictor to achieve comparable guarantee with
regard to a class of loss functions and a set of competing predictors. Techniques from the
algorithmic fairness literature, e.g. Hebert-Johnson et al.; Kim et al. [17, 22], have been
applied to achieve omniprediction in both online and batch setting [13, 15, 14, 12, 18]. While
the classical guarantee usually learns an omnipredictor that competes with the hypothesis
space of predictors, our decision loss evaluates a predictor with regard to the set of calibrated
predictors close in DTC.

2 Preliminaries

Mathematical Notations

We write Dx y as the joint distribution between random variables X and Y, and X ~ D as
random variable X drawn from distribution D. Where it is obvious from the context, we
write Pr[X = z] for the probability of a discrete random variable as well as the probabilistic
density function of a continuous random variable.

We consider a prediction problem of a binary state § € © = {0,1}. A predictor is specified
by a joint distribution Dpe over the prediction p and the state §. Slightly abusing the
notation, we also write a predictor as a random variable P, omitting the state, where a
realized prediction value is p.

Our privacy-based post-processing algorithm adds noise to make predictions differentially
private. Definition 1 defines a differentially private mechanism for predictions.

» Definition 1 (Differential Privacy). A mechanism M is (v, d)-differentially private (DP) if
for any two predictions q,q’ € [0,1]:

PriM(q) € I) < €197 Pr[M(¢) € I] + 4.

We construct our privacy-based algorithm by adding truncated noise, where truncation
guarantees predictions fall in the range of [0,1]. The truncation of noise Y works in the
following way: given a prediction ¢, for random variable Y with unbounded support, we
draw X ~ D.(q) such that

Prlg+Y = p|
Prlg+Y €[0,1]]

Prlg+ X =p] =
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2.1 Predictions for Decision-Making

A decision maker faces a decision problem (A, ©,U):
the decision maker (DM) selects an action a € A;
a payoff-relevant state 6 € © is realized;
DM receives payoff U : A x © — R.

When assisted with a prediction, the best response a* maps a prediction to the action:

a*(p) = argmax Eg., [U(a,0)]. (1)
acA
When the DM best responds, she assumes the state is drawn from p and takes the action
that maximizes the expected payoff. We define the best-responding payoff as a function S of
the prediction and the state.

» Definition 2 (Scoring Rule from Decision). Given a decision problem U, the scoring rule
induced from U and belief p € A(©) is

Su(p,0) = U(a”(p),0)
Proper scoring rules characterize scoring rules induced from a decision problem.

» Definition 3 (Proper Score). A scoring rule S : [0,1] x {0,1} — R is proper if and only if
Eo-p [S(,0)] > Eony [SW.0)] V0 € [0,1]

Claim 4 shows that the space of best-responding payoff is equivalent to the space of
proper scoring rules. Throughout the paper, we will write the best-responding decision payoff
as proper scoring rules.

> Claim 4 (Kleinberg et al. [23]; Hu and Wu [19]). There exists a bijective mapping between a
bounded proper scoring rules and scoring rule induced from a decision problem with bounded
payoff:
Given a decision problem U(-,-) € [0, 1], the induced scoring rule Sy (-,-) € [0,1] is a
proper scoring rule.
Given a proper scoring rule S(-,-) € [0, 1], there exists a decision problem U(-,-) € [0, 1]
that induces S.

Given a set of reference predictors B and a set of proper scoring rules S, we define the
decision loss with regard to the set of reference predictors.

» Definition 5 (Decision Loss). Given a set of reference predictors B and a set of proper
scoring rules S, the decision loss of a predictor P is

DL(P; B) = Serg,zg(eB EP,bﬂNDP,B,@ [S(b7 9) - S(p, 0)] .
Throughout the paper, we consider decision loss with regard to the set of all bounded proper
scoring rules S = {S(-,-) € [0, 1]}, i.e. all decision problems with bounded payoff.

Our decision loss is closely related to omniprediction. A predictor with e decision loss is
an € omnipredictor with regard to reference predictors in B and the set of scoring rules in S.

» Definition 6 (Omniprediction [13]). Given a set of reference predictors B and a set of
proper scoring rules S, a predictor is an e-omnipredictor with regard to B and S if

E(p.6)~Dpo [5(0:0)] 2 E0)~Dp o [S(0,0)] — €, vBeB,SeS.

16:5

FORC 2025



16:6

Smooth Calibration and Decision Making

2.2 Measures of Calibration Error

In this section, we define different calibration error metrics that are relevant to the paper.
The definitions of error metrics follow the definitions of perfect calibration. We denote the
Bayesian posterior of prediction values as p = Pr[§ = 1|P = p).

» Definition 7 (Perfect Calibration). A predictor P is perfectly calibrated if p = p for any
p € [0,1].

We introduce relevant calibration errors to the paper by two categories: calibration error
for decision-making and calibration error for machine learning.

2.2.1 Calibration Errors for Decision-Making

The canonical calibration error metric is ECE, the averaged bias in predictions.

» Definition 8 (Expected Calibration Error, ECE). Given predictor P, the expected calibration
error 1s

ECE(P) = Byep [Jp 5[]

The swap regret of a decision-maker is closely related to predictions being calibrated. Swap
regret minimizers are special cases of omnipredictors where the set of reference predictors B
is the set of post-processed predictors, i.e. by applying a mapping o : [0,1] — [0, 1] to the
orginal predictions p.

» Definition 9 (Swap Regret). Given a decision problem with proper scoring rule S, a
predictor P, the swap regret for the decision-maker is
SwWAPg(P) = E,o~ S ,0)—S(p,0)].
s(P) o0 0,1 P Dy [5(9(P), 0) = S(p. )

Proposition 10 shows that the swap regret equals the payoff improvement from calibrating
a predictor.

» Proposition 10. Given a decision problem with proper scoring rule S, a predictor P, the
mapping o*(p) = Pr[0|p] is the swap regret mazimizing mapping, i.e.

o" € argmax Eq,9).p,, [S(o(p),0) — S(p,0)].
0:[0,1]—10,1]

the swap regret equals the payoff improvement from calibrating the predictor: o*(p) = Pr[0 =
1|p].

Proposition 11 thus follows by the definition of calibration.

» Proposition 11 (Foster and Vohra [11]). A predictor is calibrated if and only if for any
decision problem U, the decision-maker has no swap regret.

Motivated by Proposition 11, Hu and Wu [19] define Calibration Decision Loss (CDL), the
worst-case decision loss induced by miscalibration, with worst-case over all bounded proper
scoring rules. Instead of decision loss that compares with a set of fixed reference predictor,
CDL calculates the decision loss where the reference is the calibrated correspondence of the
predictor to be evaluated.
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» Definition 12 (Calibration Decision Loss, CDL). For predictor P, the Calibration Decision
Loss is defined as

CDL(P) = max SwaPpg(P),
proper S(-,-)€[0,1]

where the maximum is taken over all bounded proper scoring rules.
Kleinberg et al. [23] shows that CDL is upperbounded by ECE.

» Lemma 13 (Kleinberg et al. [23]). For predictor P, CDL is upperbounded by ECE, i.e.
CDL(P) < ECE(P).

2.2.2 Calibration Errors for Machine Learning

The calibration errors in this section are continuos in prediction space. The calibration error
metrics relevant to the paper are the smooth calibration error and the distance to calibration
(DTC).

» Definition 14 (Smooth Calibration Error). Given predictor P, the smooth calibration error
takes the supremum over the set ¥ of 1-Lipschitz functions:

sMCAL(P) = sug E.0)~Dpo l0(p) - (p—0)]
[e4S]

Note that without the constraint that o is 1-Lipschitz, SMCAL is the same as ECE. To see
this, note that taking 0 = 1 when p —p > 0 and 0 = —1 when p — p < 0 gives the same
definition as ECE.

Given a predictor p, the distance to calibration finds a calibrated predictor b with a
coupling D), ; ¢ with the given predictor p, such that b has the smallest distance from p. The
distance is the ¢; distance between predictions, as defined in Definition 15.

» Definition 15 (Distance between Predictors). Given predictors B and P, the distance
between the predictors is defined as

Dist(P,B) = Ep, ., [|[P — B|].
Definition 16 defines the distance to calibration.

» Definition 16 (Distance to Calibration, DTC). For predictor P, the distance to calibration
18

DTC(P)= min  DIsT(P, B).

B is calibrated

The smooth calibration error is linearly related to the distance to calibration. While in
our paper, we mainly focus on DTC, our results also apply to the smooth calibration error
SMCAL.

» Lemma 17 (Btasiok et al. [2]). Given any predictor P,
%DTC(P) < sMCAL(P) < DTC(P).

2.3 Online and Batch Post-Processing Algorithm

We design a post-processing algorithm for both the online setting and the batch setting,
given predictions ¢ ...qr from a predictor Q. The post-processing algorithm knows the
parameter DTC(Q) = e.

FORC 2025
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The Online Setting

In the online setting, the goal of a post-processing algorithm is to generate trustworthy
predictions p = (p1, ..., pr) with low ECE or CDL given a sequence of predictions with low
DTC. At the end of T rounds, the predictor is evaluated by a calibration error against the
sequence of states @ = (61,...,07). We define the joint distribution of Dp ¢ in definitions
in Section 2.2 as the empirical distribution of (p¢, ;) over T rounds, which gives equivalent
definitions of online calibration errors in the literature. We will write the calibration error of
online predictors as a function of p and 6.

In round t € [T, the adversary selects a prediction ¢;. The post-processing algorithm
[ = (ft)te;r) makes a (randomized) prediction according to f; given ¢; and the history of
(qk, P ) keft—1) but not the states®. The adversary then reveals the state 6;. The adversary
knows the full history of interactions, i.e. (qx,pk, Ok )rejt—1)- When selecting the prediction
qt, the adversary faces the constraint that DTC(Q) = € at the end of T rounds.

Note that the restriction of the algorithm not knowing the state is slightly different from
the classic online calibration [11]. This restriction effectively excludes a post-processing
algorithm that ignores the predictions ¢ and directly implements a calibrated predictor.

The Batch Setting

In the batch setting, the predictor @) is specified by the joint distribution Dg g as introduced
in the beginning of Section 2. We write Q7 as the joint distribution of 7" independent and
identical draws of predictions from Q. Given T realizations of predictions ¢ = (q1,...,qr) ~
Q" the post-processing algorithm f : [0,1]7 — A([0,1]7) outputs (randomized) predictions
p = (p1,...,pr). Since f is only allowed to depend on predictions g not the states, it
is without loss to write fq(q) : [0,1] — A([0,1]), assuming the output follows the same
distribution fixing samples g. Then the states @ = (01, ...,07) is realized. In addition to the
calibration errors as defined in Section 2.2, the algorithm is evaluated by the performance
for omniprediction as in Definition 6, where the set of reference predictors B is the set of
predictors with low DTC to Q.

3 Smoothed Predictions for the Batch Setting

In this section, we will focus on post-processing in the batch setting where ¢ is stochastically
generated. Given a prediction ¢ ~ @, our privacy-based post-processing algorithm simply
adds noise to g. We write the resulting predictor as P, with randomness from both ) and the
privacy-based algorithm M. Note that in the batch setting where predictions and states are
stochastically drawn, the privacy-based post-processing algorithm optimizes for the expected
error, where the expectation is taken with randomness from both the prediction, the state,
and the post-processing algorithm.

Privacy-Based Post-Processing Algorithm M
Input: prediction ¢ ~ @, parameter € such that DTC(Q) < ¢, DP mechanism M.
Output: Prediction p ~ M(q)

Theorem 18 characterizes the decision loss of P with regard to all proper scoring rules
and all predictors that are e close to Q.

2 The algorithm in our paper only depends on ¢;. This dependence on history only reinforces the definition.
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» Theorem 18. Suppose mechanism M is (v,9)-differentially private, then the output
predictor P has at most C decision loss with regard to all proper scoring rules S and the
set of calibrated predictors B such that any B € B is e-close to @, i.e. DIST(Q, B) < e. The
bound C' is the following

C<2max E[[M(q) —q]] +4(1 —e 7 +4).
q€[0,1]

Moreover, ECE of P has the same bound.

We prove Theorem 18 following the idea of the Follow-The-Perturbed-Leader Algorithm
[21]. We apply the same privacy-based post-processing algorithm M to any calibrated
predictor B that is € close to ), which constructs a hypothetical predictor R as an intermediate
connecting B and the post-processed predictor P = M(Q). Theorem 18 follows from
combining Lemma 19 and Lemma 20, where Lemma 19 bounds the decision loss from B to
R, and Lemma 20 characterizes the decision loss from R to P via DP mechanism M.

» Lemma 19. For any calibrated predictor B, we write R as the resulting predictor with the
post-privacy-based processing algorithm M applied to B. For any bounded proper scoring
rule S(-,-) € [0,1], the loss of R is bounded,

DL(R) <2 max E[[M(q) —ql].
q€[0,1]

The same bound holds for ECE.

ECE(R) < max E[IM(q) —q|].
q€(0,1]
» Lemma 20. Suppose mechanism M satisfies (v, 0)-differentially privacy. We write R as
the resulting predictor with the privacy-based post-processing algorithm applied to calibrated
predictor B with DIST(Q, B) < €. The decision loss from R to P is bounded by

E(p’g)NDR@ [S(p, 9)] > E(T’Q)NDR@ [S(’I“, 9)] —4 (1 —e 7+ (5) .
A similar bound holds for ECE:
ECE(P) < ECE(R)+4(1—¢ 7 +4).

Lemma 21 shows the guarantee obtainable from some choices of the differentially private
mechanism by adding noise D.. We construct the noise by truncating the distribution with
unbounded support into the feasible range of predictions. The parameters of (v,d) are
standard for Laplace and Gaussian noise [8].

» Lemma 21. We consider two truncated noises that induce differential privacy.

Truncated Laplace Noise variable X from a truncated Laplace distribution with parameters
(0, =) is (—21In T, 0)-differentially private. The expectation of the bias induced by noise

“InT

is bounded: E [|X|] < == — 1==. Combining the bounds and taking T = exp (—, / i),

T InT
we have C = O (y/€), the decision loss of the predictor is bounded by C, and ECE < C.
Truncated Gaussian Consider noise variable X from a truncated Gaussian distribution

N (0, 261n(1'—\/2£’)). The truncated noise has

E[X| <o QGIH(%),

t

16:9
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and is (v, 0)-differentially private with 6 = /e and 1 — e~ 7¢ < 2y/e . Combining the
bounds and taking C = ©(y/eIn(1)), the decision loss of the predictor is bounded by C,
and ECE< (C.3

Theorem 22 shows that, there exists a predictor with DTC = ¢, such that no post-
processing algorithm can achieve a worst-case decision loss better than % Our guarantee of
decision loss in Theorem 18 is asymptotically optimal.

» Theorem 22 (Post-processing Lowerbound for Batch Decision Loss). There exists a predictor
Q, with DTC(Q) = € and a reference calibrated predictor B € argming, DIST(B’,Q),
such that for any post-processing algorithm that depends on the sequence q of predictions,
fq(q) 1 [0,1] = A([0,1]), fq(Q) suffers a % decision loss from B, i.e.

Vf,35(,) €[0,1], Efponre [S(fa(@): 0] < Egoepy o [SO,0)] - g

As the main idea of the proof of lowerbound, any post-processing algorithm that does
not depend on the state achieves a score at most by outputting the Bayesian posterior of
predictor Q. We construct a predictor () with a calibrated reference predictor B that is more
informative than ). By definition of DT C that specifies a coupling between B, @, and the
state 0, a reference calibrated predictor B may correlate with the state 8 when conditioned
on Q. Thus, for this predictor @ and any post-processing algorithm f, f(Q) achieves a lower
score than B.

If the post-processing algorithm is a function of only the prediction ¢ but not the
prediction sequence q, our bounds are asymptotically optimal.

» Corollary 23. For any post-processing algorithm that depends only on the current prediction,
f(q) : 0,1] — A([0,1]), there exists a predictor Q with DTC(Q) = € and a reference calibrated
predictor B € argming, DIST(B’,Q), such that f(Q) has

ECE(Q)=0(ve) and  CDL(Q) = O(e).

Corollary 23 is a corollary from Theorem 27 which we will introduce later.

4 Smoothed Predictions for the Online Setting

To achieve guarantees for the online setting where the predictions g and the states @ are
adversarially selected, the algorithm outputs are discretized for the empirical distribution to
be meaningful. We prove empirical guarantees of the post-processing algorithm.

Input: predictions ¢;, parameter € such that DTC(g,0) < ¢, DP mechanism M.
Discretize the space of predictions into T'3 prediction values in {T% | i € [eT]}.

3
Draw p' ~ M(q).

Find ¢ such that p’ € [TL%, :

]

S

2

Output: p =

u\»a‘

3 Section A.4 shows an improved O(+/€) bound for truncated Gaussian noise without the log factor.
Note that we obtain Lemma 21 by bounding the T'V-distance between the DP-mechanism output of
adjacent predictions. Our improved bound directly analyzes this TV-distance rather than using the
(v,9) parameters of differential privacy.
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By Theorem 18, the online privacy-based post-processing algorithm achieves the same
bound for ECE up to a discretization error.

» Theorem 24. Suppose mechanism M is (v, 0)-differentially private. The output predictor
p satisfies

E [ECE(p;0)] < max B [IM(q) — gl) +4(1 — e +8) + 2T 5.
q€|0,

By Lemma 13, the same bound holds for CDL

» Corollary 25. Suppose mechanism M is (v, 0)-differentially private. The output predictor
p satisfies

E [CDL(p: 0)] < 2 max B[M(q) —gql] +8(1— e +7) + 274,
q€l0,

By Lemma 21, we obtain the guarantees for ECE and CDL in the online setting.

» Lemma 26. With truncated Laplace noise, the privacy-based post-processing algorithm for
online calibration achieves CDL < 2ECE = O(/€) 4+ 2T~3. With truncated Gaussian noise,

the privacy-based post-processing algorithm achieves CDL < 2ECE = O(y/¢eln %) + 275,

Arunachaleswaran et al. [1] provides an online DT'C minimization algorithm that achieves
DTC = O(ﬁ) Plugging into Lemma 26, the post-processing algorithm achieves ECE =

O(T~7) with truncated Laplace noise and ECE = O(T~ 7 InT) with truncated Gaussian
noise.

Theorem 27 shows that there exist two sequences of predictions q,q’ and corresponding
state realizations, such that both sequence has DTC = e. However, no post-processing
algorithm can guarantee ECE < O(y/€) or CDL < ©(4/€) for both sequences. Theorem 27
shows the online post-processing algorithm is asymptotically optimal for ECE as well as for
CDL.

» Theorem 27 (Post-processing Lowerbound for Online ECE). For any post-processing
algorithm f = (f1,..., fr) where f; depends on the prediction history (qi,...,q:) and
(p1,-..,pi—1) before round t, there exists two sequences of predictions q and q' with states 0
and 0', respectively, both satisfying DTC(q) = DTC(q') = ¢, such that

max {E [ECE (p: 6)] B [ECE (9';8))]} > 5/ + 5c = O(/0)

where we write p,p’ as the output of the post-processing algorithm f on q,q’, respectively.
Moreover, the same lowerbound holds for CDL.

The lowerbound for CDL is perhaps surprising because Hu and Wu [19] shows a 6( \%T)

optimal bound for CDL, indicating ECE overestimates CDL when there exists a w(ﬁ)
lowerbound for ECE [26]. We expected the same observation for the post-processing bound,
which turns out not to be true. Considering the e = Q(T3) lowerbound for DTC [27], the
post-processing bound of O(v/€) + 273 is asymptotically optimal.

As an immediate corollary of our proof, even if the decision-makers are allowed to use
different post-processing algorithms such as the differentially private exponential mechanism
[24], there exists a worst-case decision-maker with a swap regret of ©(y/€).
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» Corollary 28. There exists one decision-maker with proper scoring rule S such that for
any post-processing algorithm f = (f1,..., fr) where f; depends on the prediction history
(q1,--.,qt) and (p1,...,pi—1) before round t, there exists two sequences of predictions q and
q’ with states 0 and ', respectively, both satisfying DTC(q) = DTC(q') = ¢, such that

max (B [Swaps (1(p); 6)], B [Swars (f(p); 0]} > cve+ e = O(A),

5 Discussion

Our lowerbound presents a gap in post-processing a predictor with a low distance to calibration
from directly optimizing for calibration errors related to decision-making. However, in the
examples we present, the conditional empirical frequencies are discontinuous in the prediction
space, which does not match the discussion of machine learning predictors not distinguishing
between small perturbations. One follow-up question is, are there properties of the predictor
that, combined with a low distance to calibration, guarantee the predictor trustworthy for
decision-making after post-processing?

Btlasiok et al. [3] provides an answer to the question above. When the bias ¢ — ¢ is
1-Lipschitz continuous in the prediction g, it follows that

ECE(Q) < O(/DTC(Q)),

and no post-processing algorithm is needed. This result, however, suggests the same problem
as suggested by our lowerbound, that a given predictor with low DT C achieves a non-optimal
ECE or CDL compared to optimizing for ECE or CDL directly in the online setting. Thus,
it remains a question whether there exists a property of a predictor with low distance to
calibration that guarantees an optimal ECE or CDL from post-processing.
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A Missing Proof in Section 3

A.1 Proof of Lemma 19
Proof of Lemma 19. Since S is bounded by [0, 1], we know for any fixed b,
By [S(b,0) — S(r,0)] < 2lb—r].
Thus,
Eb,r [EGNb [S(ba 9) - S(Tv 9)]] < 2Eb,7‘ “b - TI] )
which proves the argument for decision loss.
Now we prove Lemma 19 for ECE. We define Y (bg) = M(bg) — by. The joint probability
density function of state 8 and prediction value r can be expressed as
1
mw:LR:ﬂ:/1%w=m.mw:LA«m=ﬂB=m@
0
1
:/ Pr[B =b] - Pr[M(b) =r] - Pr[0 = 1|B = b]db
0
1
:/ﬁﬂBzmpmwwzﬂwda @)
0

Equation (2) is derived given that B is a calibrated predictor.
According to the definition of ECE,

ECE(R) = Eg [|r — P = 1|R = r]|]

:A¥wR:ﬂ-v—mw:uR=ﬂmr
:AwﬂﬂRzﬂ—mszR:mm
/1

/ / PrIM(b) = r] - Pr[B = b] - |r — b| dbdr

=E [[M(b —b|] <

/1 Pr[M(b) =r]-Pr[B=10]- (r —b)db|dr
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A.2 Proof of Lemma 20

Proof of Lemma 20. We prove the lemma by Lemma 29, bounding the TV-distance between
M(B) and M(Q). Combining with Lemma 30, we prove Lemma 20. <

» Lemma 29. We write R as the resulting predictor with post-processing algorithm applied
to calibrated predictor B with DIST(Q, B) < €. The decision loss from R to P is bounded by

E(Pva)NDP,e [S(p, 0)] > E(T,G)NDR,@ [S(Ta 0)] - 4E(b,q)NDB,Q [dTV (M(b)v M(Q))] .

Note that the TV distance quantifies the distance between M(b) and M(q).
A similar bound holds for ECE:

ECE(P) < ECE(R) + 4E(, g~ Dy, o, [drv (M(D), M(q))] -

Lemma 29 follows from the fact that the scoring rule S is bounded in [0, 1].

Proof of Lemma 29. Since the scoring rule S is bounded in [0, 1], we know for any fixed b
and g,

E,mv),0~ [9(1,0)] = Epepn(q),0~0 [S(0, 0)]
- / (PrIM(b) = p] — PrlM(q) = p]) oy [S(p.6)] dp

<4ddry (M(b), M(q)) .

Thus Lemma 29 for decision loss from R to P holds.

Now we prove Lemma 29 for ECE by dividing it into three parts, the first part is

1
/0 p| Pr[P = p] — Pr(R = pl|dp

1
0

/0 / Pr(B = b,Q = q] (Pr[M(g) = p| — PrIM(b) = p]) dbdg| dp

3)
1,1 1
S/ / Pr[B=b,Q=q] [ |Pr[M(b) = p] — Pr[M(q) = p]|dpdbdq
o Jo 0
=2E(,q)~Dp,q ldrv (M(), M(q))] .
The distance between joint distribution Dr e and Dpg is
1
/ ‘Pr[R:p]Pr[Hzl | R=p]—Pr[P=p|Pr[=1]| P =p] |dp
0
1
= /[ |Pr[f=1,R=p|—Pr[f=1,P=p]|dp @

S/O /0 Pr [B:b,qu]/O | Pr[M(b) = p] — Pr[M(q) = p]|dpdbdq

:2E(b,q)~DB,Q [dTV (M(b)v M(Q))] .

16:15

FORC 2025



16:16 Smooth Calibration and Decision Making

Combine (3) and (4),

ECE(P) :A Pr[P =pllp—Pri§=1|P=p]|dp

s/ PR =p|(p—Prio=1|R=0p])|dp
0

1
+ [ ol PrlP = g1 = Pl = ]|y

+/O |Pr[R=p|Pr[0=1|R=p|—Pr[P=p|Pr[f=1|P=p]|dp
< ECE (R) +4E (4 o)y, o, [drv (M(b), M(q))]. <

» Lemma 30. Given noise X, Y for (v,9d)-differential privacy, X andY are drawn from
the same distribution,

E(b7Q)NDB,Q [dTV (M(b),_/\/l(q))] <1—e 7 44.

Proof of Lemma 30. For any pair of fixed (q,b), consider the set of prediction values
V=A{p| Pr{M(b) =p| - Pr(M(q) =p| <0}.
By Definition 1 of differential privacy,

Pr[M(b) = p] — Pr{M(q) = p] > e "= (Pr [M(q) = p] — §) = Pr[M(q) = p]
= (el = 1) Pr(Mg) = p] — de 17,

Calculate dry (M(b), ¢+ X) using prediction values in V:
drv (M(D),M(@) = | [PriM(b) = 5] = Pr(M(g) =il dp
%

< / [(1 - e*ﬂb*q') Pr{M(q) =p]+ 56”’“’*’1‘] dp
v
<1—eb=dl 4 se=Ib=al
Take the expectation with respect to (b, p) and get
E(p,q)Ds,q [drv (M), M(@)] < Eggnps o [1 = (1= 6) e 7]
<1-—(1-4)e
<1—e 744

The second inequality follows from Jensen’s inequality, give that 1 — é > 0, function e~ 7% is
convex and Eq g)~py o [0 —pl] = € <

Similarly combining Lemma 20 and Lemma 19, post-processed predictor P is calibrated
in ECE.

A.3 Proof of Lemma 21
A.3.1 Truncated Laplace Noise

Proof of Lemma 21, Truncated Laplace. For Vgq,p € [0,1] and differentially private mech-
anism M as adding noise from the truncated Laplace distribution,

—InT

e —
2— 79— 7l-q

Pr{M(q) = p]
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w — flp=a=lp=¢| 2 "7 T
PrM(q') = p| 27t —rla’
Since [p—q| = [p—¢'| > —|¢ — ¢'],

’ !
Flp—al=Ip—¢’| < F—la—=d'|.

The following steps will show

! ’ 2 ’
Since 779 € [1,779], —r9T! (T_q ) + 279 .79 4+ 7179 achieves its maximum value at 779,
and the maximum value is 2.
Case 2: ¢’ > q.

2
. —_ ’ —_ / —_ / . . .
Since 779 € [1, 7], =771 (7"1 ) 4+ 2777. 79 4 79 achieves its maximum value at 79, and
the maximum value is 2.
Therefore,

Pr[M(q) = p) < 77277 Pr{M(¢) = p].
For any subset Z C [0, 1] of predictions,

PriM(q) € ) < 7 214=41 . pr[M(¢) € T). <

A.3.2 Truncated Gaussian Noise

Proof of Lemma 21, Truncated Gaussian. The choice of parameters is adopted from Dwork
et al. [8]. We write the proof here for reference. The proof has two main steps. First, we

show that the Gaussian distribution ¥ ~ N (O7 2e ln(l—jf)) is (70, 0)-differentially private

with § = /e and 1 — e~7°¢ < \/e. Then we show the probability that Gaussian is truncated
is bounded by 1 — exp(—#), implying

Pr[X = p] 1
< .
PI‘[Y = p] 1—exp (_4\1/g)

By Definition 1, the truncated distribution has 6 = /e and 1 — e < 1 — e 70¢(1 —
exp(— 12)) < 21/
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Now we show Gaussian distribution Y ~ N (O, 2¢eIn( 1'26
that for Definition 1, it suffices to show

)) is differentially private. Notice

p~at+Y [ Pry[¢ +Y =p| — -
Define L(p) = %. We know
-0’ +(-d) _(@—d)P+20-9 (@ —4d)

In[L(p)] = 52 552 ,

where (p — q) is the Gaussian A/(0,0?). Applying the tail bound for Gaussian distribution
with 71 = 0lq — ¢'|

7~ 9%

(ri0? = 5(q — Q’)2)2>

Pr(In[L(p)] > m] <exp <—

For 0 = y/2eIn(+22) > \/W Jla—d , we have Pr[In[L(p)] < 6. <

A.4 Improved Bound for Truncated Gaussian Noise

For any distribution D with probability density function f, define f°(x) as the probability

density function of truncated distribution of D on the interval [—b,1 — b] and f(z) =
f(=)

f_lb_b f(z)dz

» Lemma 31. Consider any distribution of noise with probability density function f(zx) that
is monotone on x > 0 and x < 0 respectively. Then for Vb,q € [0, 1],

dry (M(b), M(q)) < max{f*(x), f*(x)} - g - b] .
Proof of Lemma 31. Fix b and ¢, without loss of generality, assume that b < q. There exists
€ [b,q] that ft —b) = f9(t — q).
Represent the probability of M(b) € [0,t] by S = fi;b fb(z)dz, so drv (M(b), M(q)) =
S— 1,7 fi(x)dw
When ¢t > g — b, represent the probability of M(b) € [t +b— ¢,t] by S1 = tt__qb fo(z)dz =
S — ft 7 fb(z)dz. The aim is to show dry (M(b), M(q)) < Si.
) If f_lbbf Ydz > f_quf (x)dz, then
drv (M(b), M(q)) < S

t—q t—q

= fP(x)da < fUx)dx
—b

t—q o —b
o[, U@ -reyas [

(i) If fi;b z)dz < fl ? f(x)dw, then ft x)dz > ft (x)dz. Since
0 2, f(z)de 1
dr = =2 =
/_bfb(m) ! I f@)de 1+ [ r@)da

f f(z)dz
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is an increasing function of b,

0 0
/ s < [ g

dry (M(b), M(q)) < 51

& fo(z)dx < fU(x)dx

o [ e [ fote< [ s [ e

Therefore,
dry (M(b), M(q)) < S < (g — b) max{f*(z), f(x)}.
When t < g — b,
dre (MO). M@) = 5= [ 1o <5 < (a = 0 max{ @), 1) 4

» Lemma 32. Consider adding the truncated noise from a Gaussian distribution N (0, /€)
in the same way as Lemma 21, then for C = O(y/€), the predictor is C-omnipredictor with
ECE<LC.

Proof. The truncated noise has
E[X]| <o = Ve

The maximum value of the truncated Gaussian distribution’s probability density function is

1 (r—a)? 1
L (~502)
maacl PTqu+X [q—|—X :p] = maa{l 1_\/q 71’0'1 — == - 2o - .
4,p€[0,1] 4,p€[0,1] f_q S— exp (—5)da [, To=s €XD (—&5) da

20 2mo
area of a ladder:

/1 ! e < xQ)dx> 1 <1—|—e ( 1)) > 1
——exp | —— xp| —= )] -0 )
0 V2mo P\ 7202 = 2270 P\ 72 T 2v2m

By Lemma 31,

Since exp (fw—i) is concave on [0, o], fOU L oxp (7%) dx can be lower bounded by the

2 2¢
Bl v (MO, M@)] < By | 21— 1] =2
Therefore, the parameter C' of the predictor can be upper bounded by o + 5¢ = O( /). =

ag

A.5 Proof of Theorem 22

Proof of Theorem 22. Fix a predictor @), define predictor @ that predicts the Bayesian
posterior of Q: for every prediction value g;, when Q predicts ¢;, let Q predict q; =
Pr[0 =1]q= ¢q]. Post-process predictor @ by f and get predictor P.
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Fix a prediction value ¢; and a proper scoring rule S, consider all predictions p ~ f(g¢;),
according to the definition of proper scoring rules, the score achievable by f is upperbounded

by Q:

By s0) By [S0.0)]] < Bpmsia) By 15(G.0))| = By (53,6

E(p0)~Dre 190, = By [Bpmjia) [ B [S0.0)]]]
< Bying By [5(3.0))] = Eguon [S(.0).

Consider the following predictor @ with DTC(Q) = e.
Case 1: With probability 1 — 1/, the distribution of predictions and states follows

G —Val=ve wp.
(q&)—{(éJr\/g’;Jmﬁ) W.D.

Case 2: With probability /€, the distribution of predictions and states follows

_ [(3-+el) wpi
(%Q)_{( +V€0) wp.i

Therefore the corresponding ¢ follows

o (l_lﬁ+€7l_\/g) w.p.-
(q’Q){(§+§ﬁ—6é+\ﬁ) W.p-

Define a calibrated predictor B, when @ follows from Case 1, let B outputs the same
prediction of ). When @ follows from Case 2, let B always predicts % Notice that

NN =
[SIE ST

N[=N =

DTC(Q) < DisT(Q, B) = ¢,

to show DTC(Q) = ¢, use a linear program with infinite constraints to prove DTC(Q) > e.
Notice that @ = {1 — \/e, 3 + \/e}. Let p denotes joint probability distribution function of
(b,q,0) € [0,1] x Q x {0,1}. The following linear program is feasible and its optimal value
equals DTC(Q).

minimize Z |g — b p(b,q,0) (5)
(b,q,0)€[0,1]x Q% {0,1}
st. Y plb.g.0) = Prig,0], for V(g,0) € @ x {0,1}; (r(g,0))
be[0,1]
(1=0) > pb,q, 1) =b>_ p(b,g,0) =0, for Vb€ [0, 1]; (s(b))
qeQ qeQ
p(b,q,0) > 0, for V(b,q,6) € [0,1] x Q x {0,1}.

The objective of this linear program corresponds to DTC(Q). The first constraint ensures
that the joint distribution of (b, p,6) is consistent with the joint distribution of (¢, ). The
second constraint ensures that predictor B is calibrated. This linear program is feasible,
because

Priq,0] ifb=246
0 else

p(b,q,0) = {
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is a feasible solution of this linear program. The dual of the linear program (5) is

maximize Z Prq,0]7(q,0) (6)
(¢,0)€2x{0,1}
s.t. r(q,0) <|b—q|l+ (0 —Db)s(b), for V(b,q,0) € [0,1] x Q x {0,1}.

If s(b) > 1, change s(b) to 1 still satisfy the constraints and the objective stays the same:
r(q,0) < |b—gq| —bs(b) < |b—q|—b,
(g, 1) <1 =gl <[b—q|+(1-D).
If s(b) < —1, change s(b) to —1 still satisfy the constraints and the objective stays the same:
r(q,0) < g <|b—q|+0,
r(g1) <[b—ql+ (1 =b)s(q) < [b—g| - (1)
Therefore, the optimal solution of linear program (6) stays the same after adding the
constraints:
—1<s(b) <1, forVvbe]0,1].
The optimal value of linear program (5) can be lower bounded by the objective of linear

program (6):

Y. Pria,0r(q.0)

(g,0)eQx{0,1}

= > (@0 D pba)+ D s) > (b—6)p(b,q.6) (7)
(q,0)eQx{0,1} be[0,1] be(0,1] (q,0)eQx{0,1}
(¢,0)eQx{0,1} be[0,1] be[0,1] (¢,0)€Qx{0,1}

= > [r(q,0) + (b —0)s(b)] p(b,q,0) (9)

(b,q,0)€[0,1]x 9% {0,1}
< > la =0l p(b. 4, 6).
(b,q,0)€[0,1]x Q% {0,1}

(7)=(8) holds because Zbe[o,l] p(b,q,0) is absolutely convergent, the distributive property of
multiplication still holds. (8)=(9) holds because Equation (8) is absolutely convergent, the
commutative property of addition still holds.

Let
2y/€ : 1
/et 1 lfb<§
s(b) = 0 ifb=3
2\/€ : 1
72\&"*1 lfb>§
Then the constraints for the dual linear program (6) are
1 1 —Ve(d -2V
- =€ 0] < b— - —bs(b)} = ———~—"7—
r(2 \/E,> min (b= 5+ ve| —bs ) = U2,
1 1
- — < — — — =
r(5-ver) < min (o= g+ Ve + (1= 0)50) = Ve
1 1
r<2+ﬁ,0>§b§3g]{b2ﬁ —bs (b)) = V5,
1 : —Ve(d —2Ve)
= 1) < b— - — 1-b)s(b)} = —~——F—.
T<2+ﬁ,)_b§5{11]{‘ v+ 1 -nsm) =G US
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Take maximum values of all (¢, 0) and get the optimal value of linear program (6) is no less

than
(1) () ()

A ) ber) o heved)

Therefore, DTC(Q) > ¢ and thus DTC(Q) =
Consider the proper scoring rule

1-0 ifp<
S(p’a):{ 9 ifil

SIS ST

and calculate the expected payoff in decision making for predictor ¢ and B:

1 1
E ~D~ , = — 4 - — €.
(p,0) DQ,e [S(p 9)] B 2\/E €

1
Eg0)~npe [S0,0)] =5+ Ve—e

Therefore, for any post-processed algorithm f, there exists predictor @ and a reference
calibrated predictor b such that DTC(Q) = € and

DL(7(Q): B) 2 By a1y [S0,0)] ~ By [50)] =

B Missing Proof in Section 4
B.1 Proof of Theorem 24

Proof of Theorem 24. We write n; as the number of times that T% is predicted. Clearly,

Zie[eT] n; = T. We also write p} as the output of post-processed predictor before discretiza-
tion. Conditioning on a set of (n;);, we know for each n;:

1 Ht
— I R i)
’ . {pt Té} ]

o A P e

where Pr[f|p;] is defined over the empirical distribution over T rounds with the noise of the

algorithm. Summing over all prediction values, we know

1 1 1 9,5
TEE[T;‘Z:H[ - 7|

]<Z ! +ECE(P)+T"5 < ECE(P)+2T" 5.4

NG



J. Hartline, Y. Wu, and Y. Yang

B.2 Proof of Theorem 27

We restate our lemmas for ECE and CDL separately here and prove them.

» Theorem 33. For any post-processing algorithm f, there exists two sequences of predictions
q and q' with states 0 and 0', respectively, both satisfying DTC(q) = DTC(q') = €, such
that

1 1
max {E [ECE (p; 6)] ,E [ECE (p; 0]} = £V + y¢ = O(Ve),
where we write p,p’ as the output of the post-processing algorithm f on q,q’, respectively.

» Lemma 34. Given predictor Q@ = (q1,...,q9r), and a post-processing algorithm f =
(f1,---, fr), suppose the empirical posterior for each prediction is Q = (q1,... qr). There
erists a sequence of states @ such that @ is compatible with the empirical posterior, i.e.

0,10 = a;
vie (1].g — =em? [qt_ 4
Zte[T] Llg: = i

Moreover, the expected ECE of the predictor f with states 8 is lowerbounded

1
Ep s [ECE(P,0) = Epy | 7 >

pE supp(p)

> =@ I =pll|,

te[T]

where supp is the support of the output of f in each round.

Proof. Define Sy = {0 | 0 is compatible with the empirical posterior}. Let 6 be chosen
uniformly at random from Sy, fix a sequence of predictions p.

Given the distribution of 0, Egcs, [>_, Dil [p: = pi]] = >, @1 [p+ = pi] holds for any
sequences of predictions p and any ¢ € [T]. By Jensen’s Inequality,

E

> (pi — pi)1[pe = pil

t

> (pilllpe = pi] — Boes, [Bil [p = pz—n)‘

Eocs, l
t

Z(pi =) I[pe = pi]

|

I

apply this inequality to every prediction value p;:

> (i — 5 1pe = pi)

t

1
Eges, [ECE (p)] = T ZEGESQ [
Pi

1
>
- T

Di

> (i — @)1l = pi]

t

Take expectation on the distribution of predictions,

1
Eocs,Ep~r [ECE (p)] 2 Epy T Z

p€Esupp(p)

> (0= ) -1l =l

te[T]

Therefore, there must exist a sequence of states 8 that

1 ~
Ep~p [ECE (p)] 2 Eoes,Ep~p [ECE (p)] 2 Eps | D p—a@) Ip=0p| '
pEsupp(p) ' t€[T]

16:23
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Proof of Theorem 33. Assume there are 27T rounds, define q and q’ as following:

. {;—\ﬁ ift<T
t:

14+ Ve else
= 11 = 11
;H[etl]T(Q2¢E+e),t_;111[0t1]T<2+2ﬁe>.
For any t € [2T7, ¢ \/EandzzT]I[(%zl]zZT(%—ﬁ—e).Deﬁnef]{):%—\/g—e,
q' =5 5Ve +eq—*+2xf—6

Fix a post-processing algorithm f. For any sequence of predictions p generated by
post-processing g, denote the distribution of p by f(q).
For any ¢ € [2T] and any sequence of predictions p ~ f(q), define

~ T A~ 2T
ql Zt:l]l[pt :pt’] +q2 Zt:T.l,_l]I[pt :pt’] ~ ~2
2T € [q yq }
Zt:1 I [pt = pt’}

According to Lemma 34, there exists a sequence of states 8 that

Alp)v =

1 ~

Ept(q) [ECE (P)] 2 Ept(a) | 57 > > (p—a@) - Tpe =1
pesupp(f(q)) ' te[2T]
1
= Epr(q) ﬁ Z |pt 7A(p)t‘ . (10)
L te[2T)
According to Lemma 34,

Ept(g [ECE( )] = Eptq) Z ‘pt . (11)

te (27

For any p ~ f(q) and p’ ~ £(q’), p: = p} always holds for t € [T}, since ¢ = ¢; always holds
for t € [T]. Therefore, for any ¢ € [T,

1
lpe — A(p)e| + |p — 2°| = |A(p): — P°| = Vet 2e

Add up inequality (10) and inequality (11),
Ep~t(q) [ECE (p')] + Ept(q) [ECE (p)]

>Ep~t(q).p~t@) | 57 Z (Ipe — (P)t|+|p2_ﬁ0|)
tE 2T

>Ept(q)p/~t(a) | 57 Z pe — A(p)| + |1 — 5°])
te [T]

>Ep t(q),p'~f(q) T Z |A P)t—4q |
te[T)

:iﬁ + €.
Therefore,
max {E,¢(q) [ECE (p)], Epe(q) [ECE ()]}

1 1 1 1
25 Ept(q) [ECE ()] + 5 Epus(q) [ECE (p)] 2 gVe + 5e <
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» Theorem 35. For any post-processing algorithm f, there exists two sequences of predictions
q and q' with states 6 and 0’, respectively, both satisfying DTC(q) = DTC(q') = ¢, such
that

max {B[ECE (p;0)] , B[ECE (p:8)]} > {ve + ¢ = O(ve).

where we write p,p’ as the output of the post-processing algorithm f on q,q’, respectively.
Moreover, the same argument holds for CDL.

Proof of Theorem 35. Define two sets of sequences of states corresponding to predictor
q and ¢’ that every 0 and 6’ in these sets are compatible with empirical posterior: Sy =
{6 | Zte[T] 0r = (* \[4’ €), t T+1 0r = T(% + %\ﬁ_ €)}, Sor = {0 | Zt€[2T] Or =
2T(% — /€ —€)}. Denote the number of predicting prediction value p € supp(p) by n; =

ZtezT I [pt = pi}-
Fix a post-processing algorithm f. Define a proper scoring rule

1 1 6— .
S ( 9) _ )27 2" maxéuﬁ—u} lfp <p
A ohC PO S T else
2 2 max{u,1—p} :

According to the definition of CDL,

1 I
Epwf(q) [CDL (p7 0)} > ﬁEpr(q) sup Z (Su(ptv et) - Su(pta 915)) : (12)
HEA] a7y

For any sequence of predictions p, define N, = ZtE[T] [pe > pl, Mp = Et 1 Lpe > ]

Egcs, Z (Su(@7et) - Su(pt, et))

| t€[2T]

1
>E — Lpi < pf (i —
=Bocsi | it = > nil[ps < pl (Bi — )
pi €supp(p)

! S Y =il @ - )

max{p, 1 — p} pi€supp(p),pi <p t€[2T)

! Y Y (;—;me—u)

Z—
max{p, 1 = p} pi€supp(p),pi<p t€[2T]

EGES@ Epwf(q) sup Z (SH<@>€1‘/) - Su(pta 915))
RE0] a7

pet(@) |Bocs, | sup > (Su(Bir00) — Su(pr, 6))
nelo,1] te[2T]

>Ep~f(q) sSup EGESe Z (Sl»b(@vet) - S,u(pta 915))
nel0,1] te[27)

(2T — Ny — M) (i—;me—u)]. (13)

>Ept(q)

sup —————
| nefo.1] max{p, 1 —p}

FORC 2025
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Combine inequality (12) and (13), there exists 8 € Sy, that

Ept(q) [CDL (p, 0)]

1 1

> Epr —
or PH@ [0 1 max{u, 1 —p}

1

(2T = Np — Mp) (2;\E+Eu)]-

Eo¢es,, Z (Su(Pt;0:) — Su(pe, 0r))

te[2T]

1
>E _ E A p;, > — Dy
Zlgegs, max{ﬂ, 1- M} L% [pz =z /L] (,u pz)
pi€supp(p’)

! S Y (1= )

max{p, 1 =y} pi€supp(p’),pi>p te[2T)
T (
- >3t (ne e veee)
max{p, 1 = p} pi€supp(p’),pi>p te[2T)
- 1
~max{u, 1 —p}

(Np' + My) (u— 2+\/E+e) :
Similarly, there exists 8’ € Sy, that

Ep/Nf(q/) [CDL (p/, 0’)}

1
>
—2T

1
sup ————
pefo,1] max{u, 1 — pu}

(15)

1
Ept(q) (Np + Mp) <N 5 +\ﬁ+€>

For any p ~ f(q) and p’ ~ £(q’), p: = p} always holds for ¢t € [T}, since ¢; = ¢; always holds
for t € [T]. So Np = Np and My, = M, always hold for ¢t € [T]. Combine inequality (14)
and (15),

max {Ept(q) [CDL (p, 0)],Ep (g [CDL (p',6")]}

1 1 1
> B, . T -Ny-Mp)[:—= -
2 7 Eot@ [ P maX{%l_M}( p — Mp) (2 sVete u)]
+1E sup ! (Np + M, )<u 1+\f+> (16)
_— !~y ’ —_— / / — = € €
4T P ) pefo,1) max{p, 1 — pu} P P 2
1 1 1
ZEEPNf(Q)aP'Nf(q/) m (2T — Mp + Myp) i\/g‘f'e (17)
1 1

By taking p —% %\f or both cases for p and p’ and get (16)>(17). Since Mp, My € [0,T],
My — My, > =T, so (17)>(18). <
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