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Abstract
In resource allocation problems, a central planner often strives to have a fair assignment. A challenge
they might face, however, is that there are several objectives that could be argued to be fair, such as
the max-min and maximum social welfare. In this work, we study bipartite assignment problems
involving the optimization of a class of functions that is sensitive to the relative utilities derived
by individuals in allocation and captures these traditional objectives. We introduce and study a
subclass of evaluation functions that targets the average welfare attained within some interval of
the economic ladder (e.g., the bottom 10%, middle 50%, or top 80%). We provide an efficient
algorithm that can be used to optimize the welfare for an arbitrary interval and also show how the
approach can be used to approximate more general evaluation functions. We also study a subclass
of evaluation functions consisting of the “fair” ordered weighted averages (OWA) introduced by
Lesca et al. (Algorithmica 2019), which are most sensitive to the utilities received by the worst-off
individuals. We provide a simple proof that optimizing this objective belongs to the class XP.
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1 Introduction

Assignment problems are abundant in real life, arising in contexts such as assigning students
to schools (e.g., [2]), matching doctors with fellowship positions (e.g., [18]), and allocating
housing to individuals in need (e.g., [4]). In many of these scenarios, agents have numerical
valuations (cardinal utilities) for each available object. Typically, a central planner is
responsible for determining how to allocate these resources. A common approach involves
defining a real-valued objective function over possible assignments and optimizing it.

One widely used objective is to maximize economic efficiency or social welfare – i.e., to
maximize the sum of the values that agents derive from their assigned object. However, a
potential worry with this approach is that it inherently favors agents with higher valuations, as
improving overall welfare is more easily achieved by prioritizing those with the highest values.
This can lead to unfair outcomes where the most advantaged agents benefit disproportionately.
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21:2 OWA for Bipartite Assignments

As an alternative, the Rawlsian perspective advocates for a more equitable allocation by
maximizing the value of the least well-off agent in the assignment (max-min objective). This
ensures that the agent with the lowest value in the chosen assignment is as well-off as possible.

A central planner that has to choose between max-min and maximizing social welfare faces
a strict tradeoff between efficiency and fairness. To allow a smoother tradeoff and capture
more nuanced preferences, we can consider a more general objective that encompasses the
two objectives. Such objectives can be stated in terms of a generalized Gini social-evaluation
(GSE) function [20], which aims to capture the inequality of wealth levels in a population.
This function, denoted by ψw : Rn → R, is defined as ψw(v) :=

∑
i wiv

↑
i , where w ∈ Rn is a

non-increasing weight vector and v↑ represents the value vector v ∈ Rn sorted in ascending
order. By setting all weights to 1, we recover the standard objective of maximizing social
welfare. Conversely, if w1 = 1 and the rest of the weights are 0, we obtain the max-min
objective. More generally, this framework allows us to express additional fairness-aware
objectives, such as maximizing the total utility of the lowest 10 percent, optimizing social
welfare while ignoring the top 10 percent, or lexicographic max-min which we can capture by
assigning exponentially decreasing weights.

Optimizing GSE functions

Given their significance, GSE functions have been heavily studied within the combinatorial
optimization literature. Starting with a seminal work by Yager [21], a long line of work
examines GSE functions within the framework of ordered weighted averages (OWA) (cf. [22]
for a survey). In particular, Lesca et al. [14] define “fair” OWA as the setting with non-
increasing weights. A parallel line of work on norm optimization in combinatorial problems
(e.g., [5, 1, 11]) has studied ordered norms, which are essentially the same as generalized
Gini social-evaluation functions, but applied to settings involving cost minimization (e.g.,
job scheduling, facility location). Note that the difference between cost minimization and
utility maximization is not merely terminological; maximization and minimization can lead
to significant complexity differences. For example, finding the shortest path in a graph can
be easily solved in polynomial time, whereas computing the longest path is NP-hard.

Despite the volume of work on GSE functions, their optimization in the context of the
bipartite assignment problem has posed significant computational challenges.1 Lesca et
al. [14] showed that the decision variant of the problem, referred to as Fair OWA Multiagent
Assignment (FOWAMA), is NP-hard. They also show that if the vector w is assumed to
have at most k distinct values, the parametrized problem is in the class XP (i.e., problems
that can be solved in O(nf(k)) time); the algorithm they present runs in polynomial time
only for constant k.

Alternatives to GSE functions

Since the optimization problem for GSE functions is solved using a rather complex algorithm,
whose running time depends on the number of distinct weights, this raises an important
question: if a central planner using a GSE function were instead to optimize purely for social
welfare, how much worse would the outcome be? It is easy to see that such a naive approach
would fail, as the social welfare function cannot even approximate the max-min objective
function. However, what if, instead of optimizing the social welfare of the entire population,
we focus only on a specific interval? For instance, we could optimize over the middle 60

1 The nature of the problem makes it also related to majorization theory [15].
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percent of the population – those ranked between the bottom 20 percent and the top 20
percent. Such an optimization is also interesting in its own right. Consider, for example, a
politician whose primary voter base consists of the middle class. When making assignment
decisions, such a politician might prefer to optimize the utility of the middle class rather
than that of the entire population. Observe that an arbitrary interval defines a function
with binary weights that are not necessarily non-increasing. Therefore, existing paradigms
like fair OWA and ordered norm optimization do not provide solutions for this new problem.
Nonetheless, we show that optimization over an interval can be done in polynomial time.

Continuing with the perspective of the central planner as a politician trying to satisfy
different segments of the population, motivates considering general weight functions. These
can result from an aggregation rule that combines the preferences of different population
segments into a single weight vector for the optimization problem. For example, if each
segment prioritizes a specific interval, the central planner might assign equal weight to all
positions that are considered important by at least one segment or weight each position
according to the number of segments that care about it. An alternative interpretation of
the aggregation process arises from considering the preferences of k stakeholders – agents
who participate in the assignment process. In the spirit of the veil of ignorance [17], each
stakeholder’s preference for an assignment mechanism is determined by their estimate of
where they might fall in the ranked distribution. Under this view, each agent effectively has
a private OWA function, which the central planner aggregates into a single function. As part
of this work, we provide approaches to approximate the aggregated functions and discuss
their limitations.

1.1 Our Contributions
Our contributions can be distilled into the following vignettes:

Optimizing over a single interval. We present a simple, efficient algorithm that
optimizes the welfare for any specified interval within the population. In fact, we show
that optimizing any interval is almost as easy as computing a maximum-weight perfect
matching. This means that, with little computational overhead, we provide a decision-
maker with additional flexibility regarding their choice of segment to optimize.
Optimizing over multiple intervals. As a next natural step, we ask: what if we restrict
our attention to binary weight functions? If the number of contiguous intervals of "1"s that
we care about is k, then a trivial argument implies that, since there are k intervals, there
must exist an interval such that optimizing over it guarantees a k-approximation. This
follows simply by selecting the interval that contributes the maximal utility to ψw(·). We
show that when the intervals are of equal size, we can do significantly better: there always
exists a single interval that we can optimize over to achieve an O(log k)-approximation of
the optimal solution. We note that our result is in fact more nuanced and can also handle,
to some degree, intervals of different sizes with some loss in the approximation ratio.
Optimizing GSE functions. We provide a much simpler proof of the result of Lesca
et al. [14] that optimizing GSE functions in the bipartite matching context is in the
class XP. Our result is obtained by adapting a framework introduced by Chakrabarty
and Swamy [5] for minimizing monotone symmetric vector norms. At a high level, their
approach involves designing proxy functions to replace the vector norm with a nearly
equivalent objective that is less sensitive to the relative order of entries in the input vector.
The replacement objective is then (approximately) solved using linear programming
techniques. For our problem, we have to construct new proxy functions and show that
they provide a good approximation of our desired objectives.

FORC 2025
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Optimizing over General Weights. Observe that since the restricted case of non-
increasing weights [14] is NP-hard, the more general problem with arbitrary weights is
also NP-hard.2 Given this complexity, we again consider the question of optimizing over
a single interval and show that such an optimization cannot guarantee an approximation
ratio better than O(logn/ log logn). The lower bound holds even for restricted binary
weights.

1.2 Additional Related Work
The theme of optimizing relaxations of max-min and maximum social welfare objectives
has a long history in the Operations Research literature on facility location (cf. [3] for a
comprehensive survey) and the work of Chakrabarty and Swamy [5] has sparked interest in
applying this theme to other combinatorial problems (e.g. job scheduling, load balancing).
In addition to the works mentioned in the introduction, there are several other related works
worth discussing. Notably, the work of Deng and Zhang [6] analyzes cost minimization in
facility location for a class of objectives that includes an interval. Regarding the subject of
fairness, an exciting research direction aims to simultaneously (approximately) satisfy of a
class of objectives (e.g., [13, 7]). A more recent variant, proposed by Gupta et al. [10], studies
the design of a small portfolio of solutions that simultaneously satisfies a class of objectives;
this setting differs from ours in that we search for a single solution rather than a portfolio.

2 Preliminaries

We consider an assignment problem consisting of n agents and n indivisible items. Each
agent i ∈ [n] has a non-negative valuation for each item j ∈ [n] denoted by vi(j). Throughout
this work, we will use a square matrix V ∈ Rn×n to concisely convey agents’ valuations (so
that Vij = vi(j)). We assume that each agent wants a single item (i.e., agents have unit
demand valuations). We denote an allocation by a permutation π : [n] → [n], so that agent i
receives item π(i). Note that a valid assignment corresponds to a perfect bipartite matching.
We let Sn denote the set of perfect matchings for our problem instance. Every allocation
π ∈ Sn induces a vector of values denoted by v(π) := (v1(π(1)), v2(π(2)), . . . , vn(π(n))). Our
focus is on the ranked value vector v(π)↑ := (v(π)↑

1, v(π)↑
2, . . . , v(π)↑

n), the result of sorting
the entries of the vector v(π) in increasing order. In particular, v(π)↑

1 is the smallest value in
v(π) attained by an agent and v(π)↑

n is the largest value attained in v(π).

Ordered Weighted Averages

Given a vector w ∈ Rn
≥0, we define a function ψw : Rn → R that maps an arbitrary assignment

π ∈ Sn to a weighted linear combination of the values derived by the individuals as follows:

ψw(v(π)) =
n∑

i=1
wiv(π)↑

i (1)

Note that the function applies weights that depend on the positions of entries in the ranked
value vector, which is sorted in increasing order. This function is known as an ordered
weighted average (OWA). In an ordered optimization problem, our goal is to find a one-to-one
assignment π∗ ∈ Sn that maximizes the OWA operator ψw(v(·)):

2 We refer here to the decision variant of the problem, which asks whether, given a value Q, there exists
an assignment whose resulting utility under ψw exceeds Q. It is easy to see that verifying the validity
of a solution to this problem can be done in polynomial time for any weight vector.
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π∗ ∈ arg max
π∈Sn

ψw(v(π)) (2)

As we will see, the ordered optimization problem captures several well-studied objectives. For
instance, when the vector w is uniform on the positions in the ranked value vector, the goal
is to maximize total welfare. As another example, note that the max-min welfare problem
arises when the vector w only applies weight to the first position of the ranked value vector.

3 Non-increasing Weights

In this section, we examine the class of ordered objectives ψw whose weight vector w ∈ Rn
≥0

consists of non-increasing entries (i.e., w1 ≥ w2 ≥ · · · ≥ wn ≥ 0). These objectives, studied by
Lesca et al. [14], are often called “fair” Ordered Weighted Averages (OWA). One particularly
compelling reason behind the fairness label is the following interpretation: since the largest
weights are applied to the smallest utilities, the objective conveys a gradation of concerns
for several of the worst-off individuals under a particular assignment. For example, if the
planner is concerned about the average welfare attained within quartiles, then she could use
a weight vector w ∈ Rn

≥0 in which the same (highest) weight is placed on the bottom 25%, a
smaller weight is placed on the next 25%, and so on.

Fair OWA Multiagent Assignment

In pursuit of algorithms for the fair OWA objective, Lesca et al. [14] introduced and studied
the Fair OWA Multiagent Assignment decision problem defined as follows.

Problem Fair OWA Multiagent Assignment (FOWAMA)
Input: A tuple (V,w,Q), where V ∈ Zn×n is an integer-valued square matrix, w ∈ Rn

is a vector of non-negative and non-increasing weights (i.e. w1 ≥ w2 ≥ · · · ≥ wn ≥ 0),
and Q is a positive rational number.
Output: Does there exist an assignment π such that ψw(v(π)) ≥ Q?

Although many special instances of the FOWAMA problem are known to admit polynomial
times solutions (e.g., the max-min [12], max-welfare [8], and leximin [19]; see also [16], [9] for
additional special cases), Lesca et al. [14] showed that the decision variant of the general
problem is NP-complete. To better understand which subclasses of the FOWAMA problem
admit efficient algorithms, they introduced a parametrized version called the k-FOWAMA
problem, where the vector w is assumed to have at most k distinct entries. They also showed
that the k-FOWAMA problem lies in the complexity class XP (i.e., the set of problems that
can be solved in time O(nf(k)), where f is a computable function) via a somewhat involved
recursive argument. In this section, we give a simpler proof of that result. We remark that
proving membership within the complexity class FPT (i.e., the set of problems that can be
solved in time f(k) · nO(1), where f is a computable function) remains an open question.3

▶ Theorem 1. There exists an algorithm that decides the k-FOWAMA problem in time
O(n2k(kn2+T (n))), where T (n) is the running time of an algorithm that solves the maximum-
weight bipartite matching problem.

3 An earlier version of this paper had incorrectly claimed to resolve this problem.
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At a high level, we prove Theorem 1 by adapting a framework initially outlined by
Chakrabarty and Swamy [5] to tackle cost-minimization problems involving vector norms
(e.g., minimizing the distance from a facility, or minimizing the makespan for parallel
computation). Although the objective function for the FOWAMA problem does not involve
a vector norm and our task is a maximization problem, we are still able to apply many
of the key ideas, but with different techniques. First, we use a cleverly designed proxy
function, which allows us to focus on optimizing a sum of proxy values. We then solve a
linear programming relaxation of the proxy optimization problem. We direct the reader to
Section 3.1 for the details.

3.1 Proof of Theorem 1

Consider the case in which w1 ≥ w2 ≥ · · · ≥ wn. For convenience, we also let wn+1 = 0. An
important aspect of the vector w that we examine are the breakpoints, namely the positions
in the string w for which the entry decreases in magnitude. Formally, we let POS = {ℓ ∈
[n] : wℓ − wℓ+1 > 0} be the set of breakpoints. We also introduce some additional notation
to ease our exposition. For any ℓ ∈ [n], we let next(ℓ) = min{i ∈ POS ∪ {n+ 1} : i > ℓ} be
the first breakpoint that appears after position ℓ.

As we have alluded to in our earlier discussion on the min-norm framework, our proof
will rely on several key insights. We explain each of them step by step. We begin with the
observation that our ordered objective admits a convenient decomposition.

Bottom-ℓ Decomposition

For ease of exposition, we abuse notation to let ψℓ(u) :=
∑ℓ

i=1 u
↑
i denote the value of the

bottom-ℓ, that is the sum of the ℓ smallest entries of a vector u. We first note that the
objective ψw(u) can be viewed as the linear combination of bottom-ℓ objectives.

▷ Claim 2. For every vector u ∈ Rn
≥0, we have ψw(u) =

∑
ℓ∈POS

(
wℓ − wnext(ℓ)

)
ψℓ(u).

Proof. We use a convenient telescoping sum and recall the definitions of POS and ψℓ(u) to
derive that

ψw(u) =
n∑

i=1
wiu

↑
i

=
n∑

i=1

n∑
ℓ=i

(wℓ − wℓ+1)u↑
i

=
n∑

ℓ=1
(wℓ − wℓ+1)

ℓ∑
i=1

u↑
i

=
∑

ℓ∈POS

(
wℓ − wnext(ℓ)

)
ψℓ(u) ◀

The fact that our objective decomposes into bottom-ℓ objectives is good news, as we already
have presented algorithms for the interval in Section 4. The drawback, however, is that
we do not have a means of simultaneously optimizing those objectives. Our workaround is
to consider replacing these objectives with proxies, which will in turn allow us to do the
optimizations all at once.
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Proxy Values

As a warmup, we first design a proxy function for maximizing some bottom-ℓ interval.
Inspired by our approach for an arbitrary interval, we consider a function that will potentially
underestimate values that are too large to fall within the target interval for an optimal
solution. For a parameter ρ ≥ 0, we define the function hρ(z) := min{z, ρ}. Observe that
the function gives the following easy lower bound for ψℓ(u).

▷ Claim 3. For every value ρ ≥ 0, and vector u ∈ Rn
≥0, we have ψℓ(u) ≥

∑n
i=1 hρ(ui) − (n−

ℓ)ρ.

Proof. For any value ρ ≥ 0 and any vector u ∈ Rn
≥0, we have 0 ≤ hρ(ui) ≤ ρ and hence

ℓ∑
i=1

u↑
i ≥

ℓ∑
i=1

hρ(u↑
i )

≥
ℓ∑

i=1
hρ(u↑

i ) +
n∑

i=ℓ+1
(hρ(u↑

i ) − ρ)

≥
n∑

i=1
hρ(u↑

i ) − (n− ℓ)ρ. ◀

Notice that for the lower bound in Claim 3, a single transformation is being applied to all
the entries in the vector u, not just the smallest ℓ entries. Going forward, we want to exploit
the oblivious nature of the bound. In the following claim, we also show that given a good
guess of the value ρ, the lower bound will in fact be a good estimate for the quantity ψℓ(u).

▷ Claim 4. Fix a vector u ∈ Rn
≥0 and a real number 0 < α ≤ 1. Suppose that there exists a

value ρ ≥ 0 such that αu↑
ℓ ≤ ρ ≤ u↑

ℓ for some integer ℓ ∈ [n]. Then
∑n

i=1 hρ(ui) − (n− ℓ)ρ ≥
α · ψℓ(u).

Proof. Let k = max{i ∈ [n] : u↑
i ≤ ρ}. If i ∈ N is such that i ≤ k and i ≤ ℓ, then

hρ(u↑
i ) = u↑

i ≥ αu↑
i . Furthermore, if i ∈ N is such that k < i ≤ ℓ, then hρ(u↑

i ) = ρ ≥ αu↑
i .

Together, these facts imply that
n∑

i=1
hρ(ui) =

ℓ∑
i=1

u↑
i + (n− ℓ)ρ

≥ α

ℓ∑
i=1

u↑
i + (n− ℓ)ρ. ◀

With the insights gleaned from our examination of bottom-ℓ optimization, we now return to
the goal of designing a proxy for the weighted objective ψw(u). The crucial step we take is
replacing each objective ψℓ(u) in our decomposition with the lower bounds we established.
More precisely, for a vector ρ ∈ Rn, we define the proxy value of a vector u ∈ Rn as follows:

proxρ(w;u) :=
∑

ℓ∈POS

(
wℓ − wnext(ℓ)

) [ n∑
i=1

hρℓ
(ui) − (n− ℓ)ρℓ

]
As with our proxy for the bottom-ℓ, we now have an expression that does not depend on the
relative order of entries in the vector u. On the other hand, it depends on the advice for
each of the breakpoints in the set POS.

The following two claims, which immediately follow from Claim 3 and Claim 4, show that
with the appropriate advice, our proxy is a good estimator of the objective ψw(u).

FORC 2025



21:8 OWA for Bipartite Assignments

▷ Claim 5. For every value ρ ∈ Rn
≥0, we have ψw(u) ≥ proxρ(w;u).

▷ Claim 6. Fix a vector u ∈ Rn
≥0 and a real number α ≤ 1. Suppose that there exists

ρ ∈ Rn
≥0 such that αu↑

ℓ ≤ ρℓ ≤ u↑
ℓ for every ℓ ∈ POS. Then proxρ(w;u) ≥ α · ψw(u)

The only step that remains is to treat the proxy as the original objective and attempt to
maximize it.

Optimizing the Proxy

Our new goal is to find a perfect matching that maximizes our proxy value, given value some
advice ρ. We formulate this as the following integer program.

max
∑

ℓ∈POS
cℓ

∑
i

∑
j

hρℓ
(uij)xij − (n− ℓ)ρℓ


s.t.,

∑
i

xij = 1 ∀j ∈ [n]∑
j

xij = 1 ∀i ∈ [n]

cℓ = wℓ − wnext(ℓ) ∀ℓ ∈ POS
uij = vi(j) ∀i, j ∈ [n]
xij ∈ {0, 1} ∀i, j ∈ [n]

Observe that this is precisely the maximum weight perfect matching problem, in which the
weight on each edge in the graph is modified by a function of the advice ρ and distribution w.
Hence, we can use any of the appropriate maximum weight matching algorithms to perform
our optimization (e.g. the Hungarian algorithm [12]).

Finally, we have all the ingredients to solve our optimization problem.

Proof of Theorem 1. We propose the following procedure. We first guess the |POS| relevant
entries of the vector ρ. Given this guess, we replace all values with appropriate weights given
by the proxy function. Finally, we compute the maximum weight matching in the modified
problem instance. We ultimately return the matching with the largest objective value. The
main subroutine is described in Algorithm 1. We discuss the correctness and running time
separately.

Algorithm 1 Optimization for decreasing weights, with guess.
Input: A tuple (V, a, b) of the problem instance; guess {ρℓ}ℓ∈POS

1: Replace each weight Vi,j with
∑

ℓ∈POS cℓ · hρℓ
(Vij), yielding a matrix V ′.

2: Compute the maximum weight perfect matching τ for the valuation matrix V ′

3: Compute the objective ψw(v(σ)).
4: Return τ .

We first show that for a suitable choice of ρ, Algorithm 1 returns an optimal matching.
Let σ∗ be an optimal solution to the ordered optimization problem with non-increasing
weights and let ρℓ = v(σ∗)↑

ℓ for every ℓ ∈ POS. Suppose that τ is returned by our algorithm
above. Applying Claim 5 and Claim 6, we have
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ψw(v(σ∗)) ≥ ψw(v(τ))
≥ proxρ(w; v(τ))
≥ proxρ(w; v(σ∗))
≥ ψw(v(σ∗))

Hence, we have ψℓ(v(τ)) = ψℓ(v(σ∗)), as desired. Since our procedure encounters an optimal
matching on some iteration and returns the matching with largest objective over all the
iterations, it is clear that it returns an optimal solution.

Next, we compute the runtime of our procedure. We first compute the runtime for a
single iteration of step 2 for a given sequence (ρℓ1 , ρℓ2 , . . . , ρℓ|POS|). Replacing a single edge
weight can be done in time O(|POS|n2). Computing the maximum weight perfect matching
σ can be done in time O(T (n)), where T (n) is the running time of a maximum weight perfect
matching algorithm. Computing the objective value for the resulting matching can be done
in time O(n logn); we sort the edges based on weights and multiply each by the appropriate
entry in w. Overall the cost for a single iteration is O(|POS|n2 + T (n)). It remains to
determine the amount of advice needed to guarantee an optimal solution.

▷ Claim 7. Our procedure considers at most O(n2|POS|) possible values of ρ.

Proof. We consider a simple counting argument. We have some non-decreasing sequence
a1, a2, . . . , an2 of values and we want to insert |POS| delimiters between consecutive sequence
terms or after the final term an2 . It is clear that there is a surjection between the possible
sequences of ρ and the ways of inserting the delimiters. Indeed, we can associate each
delimiter with the largest sequence term that precedes it. The number of ways of inserting
the delimiters is(

n2 + |POS|
|POS|

)
≤
(
e(n2 + |POS|)

|POS|

)|POS|

≤
(

2en2

|POS|

)|POS|

,

which implies our desired result. ◁

Granting the claim above, and setting that |POS| = k, we conclude that the overall runtime
of the algorithm is O(n2k(kn2 + T (n))) as desired. ◀

4 Uniform Weights on Intervals

The fair OWA objectives discussed in the previous section would certainly appeal to a planner
who is concerned about the worst-off individuals; however, they might not be compelling
if the planner is more concerned about other slices of the population. This is especially
the case if the planner wants to improve the outcomes experienced by “typical” individuals,
those who do not lie within the extreme ends of the economic ladder. For example, a planner
might want a strong guarantee for the median utility received in the assignment.

▶ Example 8 (Median Utility). Suppose that the planner is interested in obtaining a strong
guarantee for the median position on the economic ladder. Consider the following setting
with 3 agents and 3 items, where agent valuations are given by rows of a matrix V .

V =

 100 50 ϵ

50 − ϵ ϵ 0
ϵ 0 0



FORC 2025



21:10 OWA for Bipartite Assignments

In the above matrix, we assume that ϵ is some small positive constant, say 0.01. Note that
the sorted value vectors for the max-min solution and max-welfare solutions are (ε, ε, ε) and
(0, ϵ, 100) respectively. On the other hand, the solution that maximizes the median welfare
has sorted value vector (0, 50 − ε, 50).

More generally, a planner could be interested in maximizing the average utility derived by the
individuals belonging to certain specified brackets within the economic ladder. For instance,
she might believe that tending to the welfare of the extremely disadvantaged is not worth
compromising on the outcomes for most individuals and thus opt for an assignment that
prioritizes say the top 80% of individuals. Alternatively, she could believe that an ideal
assignment is one that results in a strong middle class and thus aim to maximize the average
utility derived by the middle 50% of individuals.

To capture the kinds of priorities outlined above, we will consider ordered objectives
ψw : Rn → R whose weight vectors w ∈ Rn

≥0 are such that wi = 1 for all indices i belonging
to some specified subset I ⊆ [n] of the economic ladder and wi = 0 otherwise.

Optimizing a Single Interval

Perhaps, the most natural setting of the subset I is a contiguous slice of the economic ladder.
Note that the associated objective ψw would amount to maximizing the average value derived
within some interval. Thus, we refer to the ordered optimization task as interval optimization.

Problem Interval Optimization
Input: A tuple (V, a, b), where V ∈ Rn×n is a square matrix encoding agent valuations
for items (i.e., Vij = vi(j)), and a, b ∈ N are natural numbers such that 1 ≤ a ≤ b ≤ n.
Output: A solution π ∈ Sn to the objective maxπ∈Sn

∑
i∈[a,b] v(π)↑

i

Recall that efficient procedures are known for several special cases: when (a, b) = (1, 1),
there is the bottleneck algorithm [8]; and when (a, b) = (1, n), there is the Hungarian
algorithm [12]. In this section, we complement those results by giving a simple, efficient
combinatorial algorithm for maximizing the welfare for any arbitrary interval. In fact, we
show that optimizing the more general interval objective is nearly as efficient as optimizing
the traditional max-min and max-welfare objectives.

▶ Theorem 9. There is an algorithm that, on input (V, a, b), performs interval optimization
in time O(n4 +n2 · T (n+ a− 1)), where T (n) is the running time of an algorithm that solves
the maximum-weight perfect matching problem.

Proof of Theorem 9. We first present a subroutine (Algorithm 2) that maximizes the welfare
for the specified interval, given a guess about the maximum value attained within the interval
for the optimal solution. We also provide some intuition behind the approach. Although it
might be tempting to immediately use the maximum weight matching algorithm, an issue we
encounter is potentially over-prioritizing the contribution of values that are too large. With
the guess in mind, we can truncate the large values to minimize their contribution to the
total weight. We ensure that the truncation is just enough, so that the large value items
remain at least as valuable as the best value for the interval. Unfortunately, our approach
could still fail even after truncation: the contribution of small values could also be too large.
We overcome this issue by assigning highly valuable dummy items to agents who would
have otherwise gotten low value items. We can easily reassign those individuals without
compromising on our goal.
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Algorithm 2 Interval Optimization, with guess.
Input: A tuple (V, a, b) of the problem instance; guess ρ ∈ R
Output: A one-to-one assignment π ∈ Sn

1: Construct a new problem instance by adding a − 1 dummy items and a − 1 dummy
individuals. Define the modified valuation matrix U ∈ R(n+a−1)×(n+a−1) as follows:

Uij =
{

min{Vij , ρ} i, j ∈ [n]
ρ otherwise

2: Find a maximum-weight matching π∗ ∈ Sn+a−1 for the graph with adjacency matrix U .
3: Construct a perfect matching π ∈ Sn for the original instance using the following

procedure. First, remove from π∗ any assignment that involves a dummy item or dummy
individual. Then, arbitrarily reassign the unassigned real individuals in [n] to the
unassigned real items in [n].

4: Return π

The algorithm that establishes the theorem is obtained by enumerating over all the possible
guessed values. In other words, we iterate ρ over all possible values {vi(j) : i, j ∈ [n]}, using
the subroutine to obtain a candidate matching σ, and returning the candidate with the
largest value of ψw(v(σ)).

▷ Claim 10. Let σ∗ ∈ Sn be a one-to-one assignment that maximizes the welfare for the
interval with endpoints (a, b). If ρ = v(σ∗)↑

b , then the assignment π ∈ Sn returned by
Algorithm 2 also maximizes the welfare on the same interval.

Proof of Claim 10. For ease of exposition, let the function u denote the values derived by
individuals in the instance associated with the matrix U , so that Uij = ui(j) for every pair
i, j ∈ [n]. Note that this function will underestimate the value of real items, when compared
to the original value function v, (i.e., ui(j) = min{vi(j), ρ} for every pair i, j ∈ [n]).

Let σ ∈ Sn+a−1 be the matching obtained by modifying σ∗ ∈ Sn as follows. First, we
reassign the a− 1 individuals with smallest value (according to the matrix V ) to dummy
items. Then we assign the a − 1 unassigned items to the dummy individuals. We now
examine how the items in the reassignment are valued according to the function u. Note
that the dummy items and items paired to dummy individuals will have value ρ. Also, note
that a real item’s altered value will only be truncated to ρ if its original value (according to
the matrix V ) exceeds ρ; only (n− b) values will be truncated. Hence, we deduce that

n+a−1∑
i=1

ui(σ(i)) =
b∑

i=a

v(σ∗)↑
i + (n− b+ 2(a− 1))ρ.

Now consider the map π∗ ∈ Sn+a−1, a maximum-weight perfect perfect matching for the
adjacency matrix U (defined in step 2 of Algorithm 2). Let X ⊆ [n] be the set of real
individuals that are not assigned to a dummy item by the map π∗. Also, let Xlow be a set of
the b− a− 1 individuals in X with the smallest values (according to the matrix U). Since
π∗ ∈ Sn+a−1 is optimal and every entry in U is at most ρ, we have
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∑
i∈Xlow

ui(π∗(i)) =
n+a−1∑

i=1
ui(π∗(i)) −

∑
i∈[n+a−1]\Xlow

ui(π∗(i))

≥
n+a−1∑

i=1
ui(π∗(i)) − (n− b+ 2(a− 1))ρ

≥
n+a−1∑

i=1
ui(σ(i)) − (n− b+ 2(a− 1))ρ

=
b∑

i=a

v(σ∗)↑
i .

This, along with the following chain of inequalities, would imply our desired result.

b∑
i=a

v(σ∗)↑
i ≥

b∑
i=a

v(π)↑
i

≥
∑

i∈Xlow

vi(π∗(i))

≥
∑

i∈Xlow

ui(π∗(i))

The first inequality follows from the optimality of σ∗ ∈ Sn and the third follows from the
fact that the function u was constructed to underestimate the function v. Thus, it remains
to justify the second inequality. Suppose there are d real individuals in [n] who were assigned
a dummy item under π∗. When we modify π∗ to get π, an individual in Xlow will now be
among the (b− a+ 1) + d ≤ b individuals with smallest value (according to the matrix U).
Therefore, the sum of values for the individuals in Xlow (a set of size b− a− 1) is at most
the sum

∑b
i=a v(π)↑

i . ◁

Claim 10 implies that the assignment πρ that has the highest value for the interval for all
values of ρ maximizes the social welfare of the interval [a, b]. Note that we can obtain the
right value of ρ by iterating over all the possible values in the matrix V . Having established
correctness, we turn our attention to the running time. Note that steps 1 and 3 of Algorithm
2 can be done in time O(n2) and step 2 can be done in time (n + a − 1). Note also that
computing our objective value for the returned matching can also be done in time O(n2).
Thus, the cost for a single iteration is O(n2 +T (n+ a− 1)). Since we iterate over n2 possible
values of ρ, the overall runtime is O(n4 + n2 · T (n+ a− 1)). ◀

▶ Remark 11. There might not always be a unique solution to a given interval optimization
task. For instance, it is possible to have two solutions that optimize the same interval, but
the total social welfare is higher in one of them. Note that our algorithm outlined above
makes no distinction between these optimal solutions and returns one of them arbitrarily.

Optimizing a Union of Intervals

Next, we consider the more general setting in which the subset I is the union of k dis-
joint intervals of the economic ladder. We call the ordered optimization task k-intervals
optimization.
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Problem k-Intervals Optimization
Input: A tuple (V, I = ∪k

i=1Ir), where V ∈ Rn×n is an integer-valued square matrix
and I1 = [a1, b1], I2 = [a2, b2], . . . , Ik = [ak, bk]} are k disjoint intervals on the economic
ladder such that br < ar+1 for every r ∈ [k − 1].
Output: A solution π ∈ Sn to the objective maxπ∈Sn

∑k
r=1

∑
i∈Ir

v(π)↑
i

For the above optimization problem, there is a simple algorithm with modest approxima-
tion guarantees when the set I is comprised of intervals of the same size: we can run the
interval optimization algorithm on instances (V, ar, br) for each r ∈ [k] and return the best
assignment. Since one of the intervals must account for at least 1/k of the optimal value, a
naive averaging argument would have suggested an approximation of O(k); however, we can
show that the approach would actually result in a logarithmic multiplicative approximation.
Our proof can be found in Appendix A.

▶ Theorem 12. Let (V, I = ∪k
r=1Ir) be an instance of the k-intervals optimization problem

such that for some real number α > 0 and every r ∈ [k],
1
r

(|I1| + |I2| + · · · + |Ir|) ≥ α · |Ir|.

There exists an interval [a, b] such that the following holds. Any solution σ ∈ Sn to the
interval optimization problem on instance (V, a, b) is an O

(
log k

α

)
-approximation for the

k-intervals optimization problem on instance (V, I). In particular, if |I1| = |I2| = · · · = |Ik|,
the solution σ is a O(log k)-approximation.

The above theorem highlights a potential upside of using interval optimization as a tool for
(approximately) solving more ordered objectives. In the next section, we explore how well
this approach fares on more general ordered objectives.

5 General Weights

Although the ordered objectives ψw discussed so far are arguably quite natural from a fairness
perspective, we recognize that a central planner could want to work with a more complicated
objective. This is especially the case if she attempts to simultaneously reconcile the concerns
of multiple stakeholders. Thus, we consider ordered optimization with general weights.

Problem General Ordered Optimization
Input: A tuple (V,w), where V ∈ Rn×n is an integer-valued square matrix, w ∈ Rn

is an arbitrary vector of non-negative weights
Output: A solution π ∈ Sn to the objective maxπ∈Sn

∑n
i=1 wiv(π)↑

i

Since the FOWAMA problem discussed in Section 3 is already known to be NP-complete
[14], it is highly unlikely that an efficient algorithm will exist when the weights w ∈ Rn

are allowed to be arbitrary. Nevertheless, it is still worthwhile to consider simple heuristic
algorithms that could lead to reasonable approximations.

A possible approach, inspired by works on simultaneous optimization [7, 13], is to consider
how well a solution for one objective approximates another. In the previous section, we showed
that arbitrary interval optimization is efficient. One might reasonably hope that a suitable
interval could approximate a more complicated ordered objective. For instance, it could be the
case that a max-welfare or max-min approach (or some other interval optimization) captures
enough of the objective’s complexity. We show, however, that a logarithmic multiplicative
error is about the best one can hope to achieve using a single interval for approximation for
general instances. The proof can be found in Appendix B.
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▶ Theorem 13. There exists an instance (V,w) of the general ordered optimization problem
such that the following holds. For any interval J , there exists an assignment πJ ∈ Sn that
optimizes interval J such that

maxπ∈Sn ψw(v(π))
ψw(v(πJ)) = Ω

(
logn

log logn

)
.

Recall that there could potentially be many assignments that optimize a given interval
and we do not make any assumption about the one returned by our algorithm for interval
optimization (see Remark 11). In the worst-case, our algorithm returns an assignment that
yields the above lower bound.

6 Conclusion

In this work, we provide efficient exact and approximation algorithms for several ordered
weighted average (OWA) operators that could appeal to a central planner with fairness
considerations. Our work also motivates the study of OWA operators with arbitrary weights,
which may arise as the result of aggregating the private OWA functions held by stakeholders.
An interesting direction is to design and study aggregation functions for these privately
held OWA functions. Consider the specific case in which each agent has some interval that
she cares about. Is there an aggregation rule that motivates the agent to truthfully report
the interval that they care about? Is there any such rule which is not some variation of
dictatorship? An additional fascinating direction is determining how well OWA operators
can capture or approximate other notions of fairness (e.g. Nash social welfare).
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A Missing Proofs from Section 4

▶ Theorem 12. Let (V, I = ∪k
r=1Ir) be an instance of the k-intervals optimization problem

such that for some real number α > 0 and every r ∈ [k],

1
r

(|I1| + |I2| + · · · + |Ir|) ≥ α · |Ir|.

There exists an interval [a, b] such that the following holds. Any solution σ ∈ Sn to the
interval optimization problem on instance (V, a, b) is an O

(
log k

α

)
-approximation for the

k-intervals optimization problem on instance (V, I). In particular, if |I1| = |I2| = · · · = |Ik|,
the solution σ is a O(log k)-approximation.

Proof of Theorem 12. For ease of exposition we will abuse notation, letting ψ(I; ·) for a
given subset I ⊆ [n] denote the OWA operator ψw(·) where wi = 1 if i ∈ I and wi = 0
otherwise. We also remind the reader that for the the k-intervals optimization problem,
the intervals are ordered so that I1 is a higher region on the economic ladder (and hence
corresponds to individuals with higher utility) than interval I2, I2 is higher than I3, and so
on.
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Let σ be an assignment that optimizes the union of intervals I = ∪k
r=1Ir. For each

index r ∈ [k], let σr be the assignment that optimizes the interval Ir Suppose that f(k) is a
function such that for every r ∈ [k], we have ψ(I; v(σ)) > f(k) · ψ(I; v(σr)). Then, observe
that for every r ∈ [k], we have

ψ(I; v(σ)) > f(k) · ψ(I; v(σr))
≥ f(k) · (ψ(I1; v(σr)) + ψ(I2; v(σr)) + · · · + ψ(Ir; v(σr)))

≥ f(k) · (|I1| + |I2| + · · · + |Ir|)
|Ir|

· ψ(Ir; v(σr))

≥ f(k) · (αr) · ψ(Ir; v(σr))

The third inequality follows from recalling the fact that every value in an interval that
precedes Ir is at least as large as the maximum value within the interval Ir and comparing
the average value attained within each interval. Now, rearranging our final expression and
summing over r, we see that

k∑
r=1

ψ(Ir; v(σr)) <
(

1
f(k)

k∑
r=1

1
αr

)
ψ(I; v(σ))

≤ C · log k
α · f(k) · ψ(I; v(σ))

for some absolute constant C > 0. We claim that f(k) ≥ C log k
α would lead to a contradiction.

On one hand, we would have
∑k

r=1 ψ(Ir; v(σr)) < ψ(I; v(σ)). Yet, the the optimality of each
assignment σr implies that

ψ(I; v(σ)) =
k∑

r=1
ψ(Ir; v(σ)) ≤

k∑
r=1

ψ(Ir; v(σr))

Hence, we must have f(k) < C log k
α . Moreover, there must exist an interval Ir such that

ψ(I; v(σ)) ≤ C log k
α · ψ(I; v(σr)), as desired. ◀

B Missing Proofs from Section 5

▶ Theorem 13. There exists an instance (V,w) of the general ordered optimization problem
such that the following holds. For any interval J , there exists an assignment πJ ∈ Sn that
optimizes interval J such that

maxπ∈Sn
ψw(v(π))

ψw(v(πJ)) = Ω
(

logn
log logn

)
.

Proof of Theorem 13. We will construct an instance involving the union I of k-disjoint
intervals, where k is later defined in terms of the number of agents n. At a high level, we
design the valuation matrix V in such a way that each specified interval I ∈ I will correspond
to a fixed set of agents AI . Each agent in AI will have a unique item they prefer most; their
value for this item will significantly exceed that of any other item. In order to optimize
the union I, an assignment must ensure that for each I ∈ I, every agent in AI gets her
unique preferred item. An assignment that optimizes some other region of the ladder may
fail to provide maximum utility for some set AI , resulting in a significant decrease in the
contribution to the target objective. In the paragraphs that follow, we discuss the aspects
of our construction and analyze how well a single interval is able to approximate the union
objective.
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Ak Bk Ak−1 Bk−1 . . . A2 B2 A1

Increasing Value

Figure 1 Positions on the economic ladder induced by the valuation matrix V .

Construction

We construct an instance with n = 1 + 2
∑k

r=1 k
2r−2 agents. These agents are partitioned

into sets A1, B2, A2, . . . , Bk, Ak such that |A1| = 1 and |Br| = |Ar| = k2r−2 for every
r ∈ {2, . . . k}. For ease of exposition, we also let B1 = A1. Let f be an injective function
such that for each r ∈ {1, . . . , k}, every agent b ∈ Br is mapped to some agent f(b) ∈ Ar.
We design a valuation matrix V ∈ Rn×n as follows:

Vij =


1/k2r−3 i ∈ Br, j = f(i)
1/k2r−2 i ∈ Br, j ̸= f(i)
1/k2r−2 i ∈ Ar, j = i

1/k2r−1 i ∈ Ar, j ̸= i

By design of the function f and matrix V , the following claims are immediate.

▷ Claim 14. For every r ∈ {1, . . . , k}, the item most preferred by an agent b ∈ Br is also
the item most preferred by the agent f(b) ∈ Ar.

▷ Claim 15. The following hold for any matching σ ∈ Sn:
For any r ∈ {2, . . . , k}, and any pair (a, b) ∈ Ar ×Br, we have v(σ(b)) ≥ v(σ(a))
For any r ∈ {2, . . . , k}, and any pair (a, b) ∈ Ar−1 ×Br, we have v(σ(a)) ≥ v(σ(b)).

As a result of Claim 15, we can treat each set of agents Ar or Br as occupying a fixed
interval in the economic ladder, regardless of the chosen assignment. Moreover, the ladder
can be viewed as an interleaving of the sets A1, B2, A2, B3, A3, . . . , Bk, Ak (see Figure 1).

Analysis

Let I1, I2, . . . Ik be the intervals respectively corresponding to the agents in the setsA1, A2, . . . ,

Ak and let I = ∪k
r−1Ir be the union of those intervals. We first analyze the assignment that

optimizes the union I. For ease of exposition we will abuse notation, letting ψ(I; ·) denote
the OWA operator ψw(·) where wi = 1 if i ∈ I and wi = 0 otherwise for each subset I ⊂ [n].
Recall that for each r ∈ {1, . . . , k}, the unique item preferred most by agent a ∈ Ar has value
1/k2r−2. An assignment π ∈ Sn that gives each agent in Ar their most preferred item would
maximize the value derived for the union I. Computing the objective value ψ(I; v(π)), we
therefore get

ψ(I; v(π)) =
k∑

r=1
|Ar| · (1/k2r−2) = k

We now analyze how well a single interval J ⊆ {1, . . . , n} is able to approximate this
optimal value. For each J , we will consider an assignment πJ that optimizes the interval
J , but whose contribution to the objective ψ(I, v(πJ)) is worst-case (in the sense that as
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many agents in ∪k
r=1Br receive their unique favorite item as possible). Since πJ is worst

case, we claim there is at most one set Ar whose agents are assigned their most preferred
items. Indeed, this follows from Claim 14 and considering several cases:

If J corresponds to a region of the ladder that contains all the agents in Br and all the
agents in Ar for some r, then modifying the assignment πJ to give each agent in Br

their most preferred item (instead of the agents in Ar) does not decrease the value of
ψ(J, v(πJ)).
If J corresponds to a region of the ladder that contains some of the agents in Br and
none of the agents in Ar for some r, then modifying the assignment πJ to give each agent
in Br their unique favorite item does not decrease the value of ψ(J ; v(πJ))
If J corresponds to a region of the ladder that contains at most |Br| − 1 agents from Br

and some of the agents in Ar, then πJ could potentially have given some of the agents in
Ar their most preferred items.

Since there is at most one set Ar whose agents are assigned their most preferred items, the
objective value ψ(I; v(πj) is

ψ(I; v(πJ)) ≤ |Ar| · (1/k2r−2) +
∑
i ̸=r

|Ai| · (1/k2i−1)

= 1 + (k − 1)/k
= 2 − 1/k

Comparing to the assignment π, we see that
ψ(I; v(π))
ψ(I; v(πJ)) ≥ k

2 − 1/k ≥ k

2
We use the following claim to complete our proof.

▷ Claim 16. k = Ω
(

log n
log log n

)
Proof. Recall that the number of agents is

n = 1 + 2
k−1∑
r=1

k2r = 2k2k − k2 − 1
k2 − 1

By taking the last term of the summation and assuming that k > 2, it follows that

k2k−2 ≤ n ≤ 2k2k

k2/2 = 4k2k−2.

Rearranging terms (and taking k sufficiently large), we derive that
logn− log 4

log k ≤ 2k − 2 ≤ logn
log k (3)

Note that the second inequality in (3) implies that log(2k − 2) + log log k ≤ log logn. For n
sufficiently large, we therefore have

log k < log(2k − 2) + log log k ≤ log logn

Applying the above inequality to the first inequality in (3), we see that

2k − 2 ≥ logn− log 4
log k ≥ logn− log 4

log logn

which implies that k = Ω
(

log n
log log n

)
◁

◀



Revision Notice

This is a revised version of the eponymous paper that appeared in the proceedings of FORC 2025
(LIPIcs, volume 329, https://www.dagstuhl.de/dagpub/978-3-95977-367-6, published in
June, 2025), in which it was erroneously claimed that the fair OWA problem belongs to the class
FPT. This claim is withdrawn and replaced by a simple proof of the fact that fair OWA belongs
to the class XP in this version (Theorem 1). All references to this error in the introduction and
abstract have also been updated accordingly.

Dagstuhl Publishing – September 02, 2025.
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