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Abstract
Given a predictor and a loss function, how well can we predict the loss that the predictor will incur
on an input? This is the problem of loss prediction, a key computational task associated with
uncertainty estimation for a predictor. In a classification setting, a predictor will typically predict a
distribution over labels and hence have its own estimate of the loss that it will incur, given by the
entropy of the predicted distribution. Should we trust this estimate? In other words, when does the
predictor know what it knows and what it does not know?

In this work we study the theoretical foundations of loss prediction. Our main contribution is to
establish tight connections between nontrivial loss prediction and certain forms of multicalibration [20],
a multigroup fairness notion that asks for calibrated predictions across computationally identifiable
subgroups. Formally, we show that a loss predictor that is able to improve on the self-estimate of a
predictor yields a witness to a failure of multicalibration, and vice versa. This has the implication
that nontrivial loss prediction is in effect no easier or harder than auditing for multicalibration. We
support our theoretical results with experiments that show a robust positive correlation between the
multicalibration error of a predictor and the efficacy of training a loss predictor.
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1 Introduction

It is increasingly common for large machine learning models to be part of a pipeline where a
base model is trained by a provider that has access to large-scale data and computational
power, and the model is then deployed by a heterogeneous set of downstream consumers, for

1 Authors in alphabetical order.
2 Work done while interning at Apple.

© Aravind Gollakota, Parikshit Gopalan, Aayush Karan, Charlotte Peale, and Udi Wieder;
licensed under Creative Commons License CC-BY 4.0

6th Symposium on Foundations of Responsible Computing (FORC 2025).
Editor: Mark Bun; Article No. 22; pp. 22:1–22:22

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:a_gollakota@apple.com
https://orcid.org/0000-0001-9364-5294
mailto:parikg@apple.com
https://orcid.org/0000-0003-3069-9054
mailto:akaran1@g.harvard.edu
https://orcid.org/0009-0008-0074-5834
mailto:cpeale@stanford.edu
https://orcid.org/0000-0002-9959-857X
mailto:u_wieder@apple.com
https://doi.org/10.4230/LIPIcs.FORC.2025.22
https://arxiv.org/abs/2502.20375
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


22:2 When Does a Predictor Know Its Own Loss?

a diverse range of prediction tasks. Not only could the tasks be very different from each other,
they might involve data distributions, loss functions and other metrics and features that are
markedly different from those used to train the model. Indeed, often the data sources used
in training are not even disclosed to the downstream application. A typical instantiation of
this framework is zero-shot classification, where (say) an LLM is required to classify texts
into classes described by the user. Another important case is that of medical classification
where the base model was trained on one set of features, say lab reports, but the model (or
human) downstream has access to additional features such as patient history.

In such a situation, a user might want to delve deeper into how the model is likely to
perform on their specific task. They might seek to discover problematic regions of the input
space where the model performs poorly, where performance is measured by an appropriate
loss function chosen by the user. This information could prove valuable in several ways:

Active and continual learning: Users could address performance issues by collecting
additional data points from problematic regions and fine-tune the model on this enhanced
dataset.
Fairness considerations: The analysis might reveal potential biases or inequities in the
model’s performance across different subgroups.
Selective prediction: Such insights could guide downstream users on when to rely on the
model’s predictions and when to exercise caution. In cases where predictions are likely to
be unreliable, users might opt to consult external experts or alternative models instead.

By systematically identifying and addressing these performance vulnerabilities, users can
judge the model’s reliability, fairness, and overall utility. A provider who desires to improve
their model would similarly benefit from knowing where their model performs poorly.

This discussion motivates the problem of loss prediction, which we now define. In this
work we focus for concreteness on the binary classification setting, although many of the
results extend to multiclass classification as well. We are given a pre-trained predictor
p : X → [0, 1] (where X denotes the space of inputs), a target loss ℓ : {0, 1} × [0, 1] → R3,
and some labeled data (x, y) drawn from an unknown distribution D on X × {0, 1}. The goal
is to estimate the loss ℓ(y, p(x)) incurred at a point x using a loss predictor LPℓ,p : X → R.
This can be viewed as a regression problem, and we measure the quality of a loss predictor by
its expected squared loss with respect to the true loss, i.e. E(x,y)∼D[

(
LPℓ,p(x) − ℓ(y, p(x))

)2].
Loss prediction is closely connected to the well-studied problem of uncertainty estimation.

A standard measure of predictive uncertainty at a point is the expected loss that a predictor
suffers at that point [30], and estimating this requires solving the problem of loss prediction.
Given such a loss predictor, its uncertainty estimate is then often decomposed into two parts:
aleatoric uncertainty, which is the uncertainty stemming from the randomness in nature,
and epistemic uncertainty, which is the uncertainty arising from shortcomings in our model
and/or training data.4 Since epistemic uncertainty can be driven down with more data and
fine tuning, active learning strategies have been proposed that use loss predictors to decide
what regions to prioritize for collecting more data [41, 31]. Loss predictions can also be used
for various other applications, including deciding when a model should abstain from making

3 It will be convenient to assume that this loss is proper, namely that for any p∗ the expected true loss
Ey∼p∗ [ℓ(y, p)] is minimized at p = p∗. Canonical examples are the cross-entropy and the squared loss.
The case of general losses can be reduced to that of proper losses.

4 There are many proposals for how to achieve such a decomposition, see e.g. [23], not all of which
come with rigorous guarantees. Recent work of [2] does give rigorous guarantees, but it requires an
enhancement to the standard learning model called learning with snapshots. See also the discussion of
related work therein.
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a prediction or route the input to a stronger model. Consequently, there has been plenty of
applied work on the problem of loss prediction, but little theoretical analysis (see Section 7
for more discussion of related work).

1.1 Our contributions
In this work, we initiate a study of the theoretical foundations of loss prediction. We formalize
the task of loss prediction and connect it to the basic primitives of computational learning.

The self-entropy predictor of loss

The first question is what baseline one should use to measure the quality of a loss predictor.
Drawing from work on outcome indistinguishability [7, 9], we propose a baseline based on the
fact that a predictor posits a certain model of nature: that labels for x are drawn according
to a Bernoulli distribution with parameter p(x). This entails a belief about the expected
loss it will incur at a point, which is Eỹ∼Ber(p(x))[ℓ(ỹ, p(x))]. In the case of squared loss,
this estimate is p(x)(1 − p(x)) at the point x; for the cross-entropy loss, it is the Shannon
entropy H(p(x)). By results of [13], for any proper loss ℓ, there exists a concave “generalized
entropy” function Hℓ : [0, 1] → R such that this estimate is Hℓ(p(x)). We refer to this as
the self-entropy predictor. Using this as our baseline, we ask when it is possible for a loss
predictor to do better than the self-entropy predictor. At a high level, we wish to understand

When can a loss-predictor beat a model in estimating what the model knows and does not
know?

A hierarchy of loss prediction models

It is natural that loss predictors should receive the input features i(x)5 and the prediction p(x)
as inputs. But this does not capture some important architectures for loss prediction that
are used in practice; for instance the works of [41, 28] which consider models that can access
representations of x that are computed by the neural network computing p. Accordingly, we
model loss predictors as taking inputs φ(p, x) lying in an abstract feature space and returning
a loss prediction LPℓ,p(p(x)). We define a hierarchy of loss predictors of increasing strength,
depending on expressivity of φ(p, x) (Definition 2):
1. Prediction-only loss predictors only have access to p’s prediction at a point x, i.e. φ(p, x) =

p(x). The self-entropy predictor of loss is an example.
2. Input-aware loss predictors have additional access to the input features i(x), i.e. φ(p, x) =

(p(x), i(x)).
3. Representation-aware loss predictors have access to φ(p, x) = (p(x), i(x), r(x)), where r(x)

is some representation of x. In this case, we further distinguish between two settings:
Internal representations r(x) = rp(x) where rp(x) is computed by p in the course of
computing p(x).
External representations r(x) = re(x) which are not explicitly computed by p.

Internal representations could for instance correspond to the embedding produced by the
last few layers of a deep neural net. External representations could be the representation of
x obtained from a different model, or additional features added by consulting human experts.
The related work in Section 7 gives examples of both kinds of representations that have been
considered in the literature.

5 For clarity, we make a distinction between the abstract input x (e.g., an individual) and its input feature
representation i(x) (e.g., features collected about the individual).
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Finally, we define the advantage of a loss predictor over the self-entropy predictor to be
the difference in the squared loss incurred by the two loss predictors (Definition 4).

Relation to auditing for multicalibration

Multicalibration is a multigroup fairness notion introduced by [20], which has since found
numerous other applications [27, 7, 16]. We show that learning a loss predictor with a
non-trivial advantage is tightly connected to auditing the predictor for multicalibration. At
a high level, we show the following correspondence, which we formalize in Theorem 7:

Finding a prediction-only loss pre-
dictor with good advantage ⇔ Identifying a calibration violation for

p

Finding an input-aware loss pre-
dictor with good advantage ⇔ Identifying a multicalibration viola-

tion for p

Finding a representation-aware
loss predictor with good advantage ⇔

Identifying a representation-aware
multicalibration violation for p,
where the auditor function is of the
form c(φ(p, x)).

In all cases, the regions where the multicalibration violations occurs arise from analyzing
where the loss predictor and the self-entropy predictor differ from each other. The first two
notions in our hierarchy, calibration and multicalibration, have been extensively studied in
previous works [11, 20]. The last member of the hierarchy, representation-aware multical-
ibration, is a strengthening of multicalibration that naturally extends the multicalibration
framework.

Furthermore, we explore how the lens of multicalibration proves valuable in predicting
well for a large class of losses, particularly when learning individual predictors for each
loss is impractical. In Theorem 14, we show that via standard techniques for learning
multicalibrated predictors, we can efficiently learn a predictor whose self-entropy predictions
for every 1-Lipschitz proper loss (of which there are infinitely many) are comparable to the
best-in-class loss predictor for each loss from some fixed class of candidate predictors.

On calibration blind-spots for loss prediction

Calibration is not necessary for producing good estimates of the true loss. For instance,
a predictor that predicts p(x) = 1/2 on every input will indeed incur a squared loss of
1/4, matching its self-entropy predictor regardless of the true labels. But depending on the
distribution of labels, this predictor might be very far from calibrated, and need not even be
accurate in expectation.

Our results imply a simple characterization of such “blind spots” for any proper loss ℓ as
points p where H ′

ℓ(p) = 0.6 In terms of the loss ℓ, this is equivalent to ℓ(0, p) = ℓ(1, p), so
that the loss incurred is independent of the label, and hence predicting the expected loss for
such p is trivial. For strictly proper losses, the function Hℓ is strictly concave, and there is a
unique point where this happens.

6 Recall that Hℓ(p) is the concave entropy function corresponding to ℓ.
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This introduces some subtlety in the type of multicalibration violations that arise from
our correspondence; the standard calibration error at p is weighted by a factor of H ′

ℓ(p).
Hence non-trivial loss prediction corresponds to (multi)calibration violations at prediction
values p such that H ′

ℓ(p) is far from 0.

Experimental results

We empirically verify that there is a correspondence between loss prediction and multical-
ibration (see Section 6). Focusing on input-aware loss prediction algorithms run across a
variety of base predictor types, we find that:

As the multicalibration error of the base model increases, the advantage of the loss
prediction over the self estimate of the loss increases.
Loss predictors are more advantageous on data subgroups that have higher calibration
error.

Our experiments suggest that regression-based loss predictors present an effective way to audit
for multicalibration and are an intriguing avenue towards developing efficient multicalibration
algorithms for practice.

1.2 Takeaways from our result

The main takeaway from our work is that non-trivial loss prediction is no easier (and not
much harder) than auditing the predictor itself. Any predictor that improves over the
self-entropy predictor could be used to find (and possibly fix) multicalibration issues in the
predictor.

Practical multicalibration using loss prediction

The complexity of multicalibration depends crucially on the class of test functions used. For
complex functions, our equivalence suggests a novel approach to multicalibration auditing:
choose a proper loss, run a regression for loss prediction, and see if the loss predictor
outperforms the self-entropy predictor. This is a simple and practical approach that is able
to leverage the strength of any well-engineered library for regression. In our experiments we
show that this is indeed effective, with loss prediction advantage being robustly correlated
with multicalibration error across mutliple base predictors as well as subgroups.7

On two-headed architectures

There has been work on training deep neural nets with two heads: a prediction head p, and
a loss prediction head LPℓ,p [41, 28]. The loss prediction head has access to the embedding
of the inputs produced by the last few layers of the neural net, and can be modeled by a
representation-aware loss predictor of low complexity. Our result shows that (at least in a
classification setting) one of the following must be true:

The loss prediction head does not give much advantage over the self-entropy predictor,
which only requires prediction access.

7 To get around the blind-spot issue, one could choose a few strictly proper loss functions each with a
different blind spot. This is easy to do, given the correspondence between convex functions and proper
losses [13].

FORC 2025



22:6 When Does a Predictor Know Its Own Loss?

The prediction head is not optimal, as evidenced by a multicalibration violation witnessed
by the difference between the loss prediction head and the self-entropy predictor (see
Lemma 10).

The ideal situation for a well-trained model is clearly the former.
Note that this does not mean that two-headed architectures are not useful: the two heads

may influence the training dynamics in a subtle way, with the loss-predictor head revealing
complex regions where multicalibration fails. However, what our result implies is that when
training concludes, we want to be in the situation where the loss-predictor is not much better
than the self-entropy predictor. This is analogous to the situation with GANs [14], where at
the end of training, we would ideally like the generator to be able to fool the discriminator.
But in the intermediate stages of training, the discriminator helps improve the quality of the
generator.

Two-headed architectures may also be useful in prediction problems more general than
ordinary classification, such as image segmentation [28], where a predictor does not necessarily
come with a self-entropy estimate at all.

Extra information helps: when loss prediction might be effective

An important scenario is where the loss-predictor may have informative features φ′(x) about
the input x that were not available to the entity that was training the model p. For example,
consider a neural net that is trained to screen X-rays for prevalence of a certain medical
condition. Such models may be trained by aggregating data from across several hospitals. A
hospital that is trying to use this model might not have the same computational resources
available to them. But they might have access to other useful information such as observations
made by a doctor or the patient’s medical history.

In such a case, even a model which is multicalibrated with respect to complex functions
over the features φ(p, x) might not be multicalibrated with respect to simple functions
over a new set of features. This was illustrated in the recent work of [3] in their work on
incorporating human judgments to improve on model predictions. Another natural scenario
in which the loss predictor may have extra information is if it uses a powerful pretrained
foundation model. The work of [24] does precisely this, leveraging embeddings from CLIP
[35]. In such settings, improvements to the predictor, and loss predictors with a non-trivial
advantage are both possible.

Organization

We define loss predictors in Section 2 and recall the relevant notions of multicalibration in
Section 3. We present the equivalence between loss prediction with an advantage over the
self-entropy predictor and multicalibration in Section 4. We discuss how to efficiently find
predictors that give good self-entropy predictors for multiple loss functions in Section 5. In
Section 6, we empirically demonstrate the correspondence between loss prediction advantage
and multicalibration violations, and show that it holds across multiple architectures and
data subgroups. We discuss related work in detail in Section 7. In Appendix A, we present
the extension of our results to the case where the losses are non-proper.

2 Loss prediction

We consider binary classification, with a distribution D on X × {0, 1}. A predictor is a
function p : X → [0, 1]. The Bayes optimal predictor is defined as p∗(x) = E[y|x]. Given
p, we define the simulated distribution D(p) on X × {0, 1} where x is drawn as in D, and
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y|x ∼ Ber(p(x)). Let ℓ : {0, 1} × [0, 1] → [0, 1] be a proper loss function.8 We will use the
following characterization of proper losses.

▶ Lemma 1 ([13]). For every proper loss ℓ, there exists a concave function Hℓ : [0, 1] → R
so that

ℓ(y, v) = Hℓ(v) + (y − v)H ′
ℓ(v).

where H ′
ℓ(v) is a “superderivative” of Hℓ, i.e. for any v, w ∈ [0, 1], Hℓ(v) ≤ Hℓ(w) + (v −

w)H ′
ℓ(w).

When Hℓ(v) is differentiable at all v ∈ [0, 1], the superderivative is unique, and is just the
derivative. From the definition it follows that

Hℓ(v) = E
y∼Ber(v)

[ℓ(y, v)] ∈ [0, 1]

H ′
ℓ(v) = ℓ(1, v) − ℓ(0, v) ∈ [−1, 1]

Let L(p∗; p) = Ey∼Ber(p∗)[ℓ(y, p)] denote the expected loss when y ∼ Ber(p∗) but we predict
p. Then

L(p∗; p) = Hℓ(p) + (p∗ − p)H ′
ℓ(p) ≥ Hℓ(p∗) = L(p∗; p∗) (1)

where the inequality follows from the concavity of Hℓ, and is equivalent to the loss ℓ being
proper.

We now define the notion of a loss predictor.

▶ Definition 2 (Loss predictor). Let p be a predictor and ℓ be a proper loss. Let Φ be an
abstract feature space, which we will make concrete shortly. A loss predictor is a function
LPℓ,p : Φ → R, which takes as input some features φ(p, x) ∈ Φ related to a point x and its
prediction using p, and returns an estimate LPℓ,p(φ(p, x)) of the expected loss E[ℓ(y, p(x))|x]
suffered by p at the point x. We define a hierarchy of loss predictors of increasing strength,
depending on the information contained in φ(p, x):
1. Prediction-only loss predictors only have access to p’s prediction at a point x, i.e. φ(p, x) =

p(x). The most natural choice for a prediction-only loss predictor is given by the self-
entropy predictor, which we will define in Definition 3.

2. Input-aware loss predictors have access to the input features i(x) used to train the model
p, as well as its prediction, i.e. φ(p, x) = (i(x), p(x)).

3. Representation-aware loss predictors have access to φ(p, x) = (p(x), i(x), r(x)), where
r(x) is some representation of x. We distinguish between two kinds of representations:

Internal representations: The representation r(x) = rp(x) consists of features that are
explicitly computed by the predictor p in the course of computing p(x). For instance,
they could consist of the embedding of x produced by the last few layers of a DNN.
External representations: The representation r(x) = re(x) consists of features that are
not explicitly computed by the predictor p. For instance, they could be the representation
of x obtained from a different model, or by consulting human experts.

8 The case of general losses reduces to the proper loss case; please see Section A for details. We also
assume for technical convenience that the loss is bounded. Losses that are not strictly bounded, such as
cross entropy, can be handled with some further care and constraints on predicted probabilities.

FORC 2025
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A few comments on the definition:
Two-headed architectures that simultaneously train both the predictor and the loss-
predictor (such as [41, 28]) are a class of internal representation-aware predictors. In
contrast, loss-predictors that use an embedding produced by a foundation model (such as
[24], which audits the errors of the predictor) are external representation-aware.
If we allow the loss predictor to be significantly more complex than the predictor p, then
it could compute rp(x) from i(x) using the model p. So the gap between input-aware
and representation-aware loss predictors diminishes as the loss-predictor becomes more
computationally powerful. But in the (important) setting where the loss predictor is less
computationally powerful than the predictor, there could be a gap.
In contrast, external representations might contain auxiliary information that cannot be
computed using i(x), regardless of the computational power of the loss predictor.

The loss predictor can be trained using standard regression, given access to a training set
of points (φ(p, x), y) where (x, y) are drawn from the distribution D. One can measure the
performance of our loss predictor as we would with any regression problem. We formulate
it using the squared loss, as E[(ℓ(y, p(x)) − LPℓ,p(φ(p, x))2]. It follows from Equation (1)
that the Bayes optimal loss predictor is given by LP∗

ℓ,p(x) = L(p∗(x); p(x)). But computing
this requires knowing the Bayes optimal predictor p∗, and is likely to be infeasible in most
settings. Rather, we will compare our loss predictor to a canonical baseline which we describe
next.

The self-entropy predictor

Following [7], given a predictor p, we define the simulated distribution D(p) on pairs
(x, ỹ) ∈ X × {0, 1}, where x ∼ D and E[ỹ|x] = p(x). The predictor hypothesizes that this
how labels are being generated. Hence for each x ∈ X , the self-entropy predictor predicts
the expected loss according to this distribution.

▶ Definition 3 (Self-entropy predictor). Given a proper loss ℓ and predictor p, the self-entropy
predictor is the prediction-only loss predictor SEPℓ,p : [0, 1] → R that predicts the expected
loss when ỹ ∼ Ber(p(x)) at each x; that is

SEPℓ,p(p(x)) = E
ỹ∼Ber(p(x))

[ℓ(ỹ, p(x))] = Hℓ(p(x)).

We use the self-entropy predictor as our baseline. Hence the question is when can we
learn a loss predictor with significantly lower squared loss than the self-entropy predictor.
We formalize this using the notion of advantage of a loss predictor over the self-entropy
predictor.

▶ Definition 4 (Advantage of a loss predictor). Define the advantage of a loss predictor LPℓ,p

over the self-entropy predictor to be the difference in the squared error

adv(LPℓ,p) = E[(ℓ(y, p(x)) − SEPℓ,p(p(x)))2] − E[(ℓ(y, p(x)) − LPℓ,p(φ(p, x))2].

We want loss predictors whose advantage is positive and as large as possible. Our goal is
understand under what conditions we can hope to learn such a predictor.
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On non-proper losses

So far we have assumed that we a trying to predict the proper loss incurred by a predictor.
We can generalize this to a setting where we have a hypothesis h : X → A (for instance h

might be a binary classifier), and a loss function ℓ : {0, 1} × A → R. It turns out that our
theory extends seamlessly to the non-proper setting, under rather mild assumptions on the
hypothesis h. We present this extension in Appendix A.

3 Multicalibration

Having defined our notion of a loss predictor, we next introduce the framework of mul-
ticalibration proposed by [20]. Our definition is most similar to the presentation used
in [27].

▶ Definition 5 (Multicalibration). Let φ(p, x) ∈ Φ be some auxiliary set of features related
to the computation of p(x), which we define concretely below. Let C be a class of weight
functions c : Φ → [−1, 1], and p : X → [0, 1] a binary predictor for a target distribution D
over X × {0, 1}. Then, the multicalibration error of p with respect to C is defined as

MCE(C, p) := max
c∈C

∣∣∣∣ E
x,y∼D

[(y − p(x))c(φ(p, x))]
∣∣∣∣ .

The information contained in φ(p, x) gives rise to a hierarchy of multicalibration notions of
increasing strength:
1. Calibration corresponds to the setting where φ(p, x) = p(x), and test functions can only

depend on p’s prediction.
2. Multicalibration corresponds to the case where test functions can additionally depend on

the input features, i.e. φ(p, x) = (p(x), i(x)).
3. Representation-aware multicalibration is a strengthening of multicalibration where test

functions can additionally depend on some representation r(x) of x i.e., φ(p, x) =
(p(x), i(x), r(x)). We distinguish between internal representations rp(x) and external
representations re(x) as with loss predictors (Definition 2).

The first two levels in this hierarchy, calibration and multicalibration, have been extensively
studied in previous works. In standard multicalibration, we require that a predictor p(x) be
well-calibrated under a broad class of test functions, C, that depend only on i(x) and p(x).
The literature on multicalibration typically identifies i(x) with x itself. The last level of the
hierarchy, representation-aware multicalibration, is a strengthening of multicalibration that
naturally extends the multicalibration framework of [20]. As in the case of loss-predictors,
the gap between internal representations rp(x) and i(x) is computational; whereas the gap
between external representations r(x) and i(x) could be information-theoretic.

▶ Definition 6 (Multicalibration violation witness). We say that a function c : Φ × [0, 1] →
[−1, 1] is a witness for a multicalibration violation of magnitude α for a predictor p if∣∣∣∣ E

x,y∼D
[(y − p(x))c(φ(p, x))]

∣∣∣∣ > α.

[20] showed that if we find such a witness, we can use it to improve the predictor p in
a way that reduces the squared loss. While their argument is stated for the input-aware
setting where φ(p, x) = (p(x), i(x)), it applies to the representation-aware setting as well.

FORC 2025
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4 Loss prediction advantage and multicalibration auditing

In this section, we establish the relationship between learning loss predictors with good
advantage, and auditing for multicalibration, i.e. finding a c that witnesses a large multicalib-
ration violation. The main result of our section is the following theorem, which establishes the
correspondence between various levels of loss predictors and multicalibration requirements,
when instantiated with the appropriate values φ(p, x). We let Π[0,1] : R → [0, 1] denote the
projection operator onto the unit interval.

▶ Theorem 7. Let F be a class of loss predictors f : Φ → [0, 1]. Let F ′ ⊇ F be the augmented
function class defined as

F ′ = {Π[0,1]((1 − β)Hℓ(p(x)) + βf(φ(p, x))) : β ∈ [−1, 1], f ∈ F}.

Let C be a class of weight functions defined as

C = {(f(φ(p, x)) − Hℓ(p(x)))H ′
ℓ(p(x)) : f ∈ F}.

Then,

1
2 max

LPℓ,p∈F
adv(LPℓ,p) ≤ MCE(C, p) ≤

√
max

LPℓ,p∈F ′
adv(LPℓ,p).

The proof of Theorem 7 can be found in Appendix B.1 and follows from two key lemmas.
Lemma 10 establishes the left-hand inequality by showing how a loss predictor with good
advantage can be used to construct a witness of large multicalibration error. Conversely,
Lemma 11 establishes the right-hand inequality by showing how to leverage a witness for
large multicalibration error to construct a loss predictor with large advantage.

Before presenting our main lemmas, we introduce two auxiliary claims that are well-known
in the literature on boosting and gradient descent. We provide proofs here for completeness
and notational consistency.

Let D′ be a distribution over (x, z) ∈ X × [0, 1]. Let h1, h2 : X → [0, 1] be two hypotheses.
Under what conditions does h2 improve on h1? The following lemma gives a necessary
condition: the update δ(x) = h2(x) − h1(x) must be correlated with the residual errors
z − h1(x) of the hypothesis h1 under the distribution D′.

▷ Claim 8. For two hypotheses h1, h2,

E
D′

[(h1(x) − z)2] − E
D′

[(h2(x) − z)2] ≤ 2 E
D′

[(h2(x) − h1(x))(z − h1(x))].

The proof of this claim can be found in Appendix B.2. Conversely, if we find an update δ(x)
which is correlated with the residuals, we can perform a gradient descent update to reduce
the squared error.

▷ Claim 9. If there exists δ : X → [−1, 1] such that ED′ [δ(x)(z − h1(x))] ≥ β ≥ 0, then
setting h2(x) = Π[0,1](h1(x) + βδ(x)) gives

E
D′

[(h1(x) − z)2] − E
D′

[(h2(x) − z)2] ≥ β2.

The proof of this claim can be found in Appendix B.3. With these claims in hand, we show
that any loss predictor with a non-trivial advantage points us to a failure of multicalibration.
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▶ Lemma 10. Assume that LPℓ,p achieves advantage α ≥ 0 over the self-entropy predictor.
Then the function δ(φ(p, x)) = LPℓ,p(φ(p, x)) − SEPℓ,p(p(x)) satisfies

E[δ(φ(p, x))H ′
ℓ(p(x))(y − p(x))] ≥ α/2.

In other words, LPℓ,p can be used to construct a witness c(φ(p, x)) = δ(φ(p, x))H ′
ℓ(p(x)) for

a multicalibration violation of magnitude α/2.

The proof of this lemma can be found in Appendix B.4.
Conversely to the result of Lemma 10, we show that we can leverage certain types of

multicalibration failures to predict loss with an advantage over the self-entropy predictor.

▶ Lemma 11. Assume there exists a function δ : Φ → [−1, 1] such that

E[δ(φ(p, x))H ′
ℓ(p(x))(y − p(x))] ≥ β ≥ 0.

i.e., the function c(φ(p, x)) = δ(φ(p, x))H ′
ℓ(p(x)) is a witness for a multicalibration violation

of magnitude β. Define the loss predictor

LPℓ,p(φ(p, x)) = Π[0,1](SEPℓ,p(p(x)) + βδ(φ(p, x))).

Then adv(LPℓ,p) ≥ β2.

The proof of this lemma can be found in Appendix B.5.

5 Loss prediction for multiple losses

Up to this point, our discussion has focused on loss prediction for a single, predetermined
loss function. However, in real-world applications, multiple stakeholders may use a predictor,
each with unique objectives and priorities that correspond to different loss functions. This
scenario would require training separate loss predictors for each user to meet their individual
needs.

The self-entropy predictor offers a key advantage: it can be computed for any loss function
using only the predictions p(x), eliminating the need for additional training. Moreover, by
extending the result of Theorem 7, we can define a class test functions C such that when
p is multicalibrated with respect to C, its self-entropy predictions simultaneously compete
with the best-in-class loss predictor for each loss in a rich class of losses L, rather than just a
fixed loss. We formalize this in the following lemma, which we prove in Appendix C.1:

▶ Lemma 12. Let F be a class of loss predictors f : Φ → [0, 1]. Let L be a class of
bounded proper losses ℓ : {0, 1} × [0, 1] → [0, 1] with associated concave entropy functions
Hℓ : [0, 1] → [0, 1], and let CL be the class of test functions

CL = {(f(φ(p, x)) − Hℓ(p(x)))H ′
ℓ(p(x)) : f ∈ F , ℓ ∈ L}.

Then,

max
ℓ∈L

max
LPℓ,p∈F

adv(LPℓ,p) ≤ 2 MCE(CL, p).

I.e., no loss predictor from F for any loss ℓ ∈ L can obtain better advantage than 2 MCE(CL, p)
over the self-entropy predictor.
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When L is the set of all proper losses, the form of multicalibration imposed by CL can be
thought of as the extension to multicalibration of the notion of proper calibration, recently
proposed by [33]. The proper calibration error of a predictor p is defined as

PCE(p) = max
ℓ∈Lprop

|E[H ′
ℓ(p(x))(y − p(x))]|

where Lprop denotes the set of proper losses. Our condition can be thought of as “proper
multicalibration” where each test function consists of H ′

ℓ(p(x)) multiplied with an additional
test function δ(φ(p, x)), that may depend on other features in addition to the prediction
value.

5.1 Achieving efficient multicalibration for many losses
As the class of losses we consider expands, training an effective loss predictor for each
individual loss becomes increasingly challenging. This section demonstrates that in certain
scenarios, it is possible to efficiently produce a multicalibrated predictor with respect to the
class of tests outlined in Lemma 12, even for some infinite classes of losses. This approach
allows us to learn a single predictor p whose self-entropy estimates can compete with the
best LPℓ,p ∈ F for every ℓ ∈ L, thus eliminating the need to train separate predictors for
each loss.

This result draws on the techniques of [33], who show that when the class of functions
{H ′

ℓ}ℓ∈L admits a finite approximate basis, proper calibration can be achieved efficiently.
We present further discussion and a more general version of Theorem 14 in the full version
of our paper (see “related version”) and provide a simpler instantiation here for the class of
1-Lipschitz proper losses, LLip.

We show efficiency in terms of oracle access to a weak-agnostic-learner for F , the class of
loss predictors. We motivate this assumption by observing that if we care about learning
a loss predictor from the class F , it’s reasonable to assume that we have access to a weak
agnostic learner for F . We formally define a weak agnostic learner as follows:

▶ Definition 13 (Weak agnostic learner). Let α ≥ 0, δ ≥ 0. An α-weak agnostic learner
for F ⊆ {f : Φ → [−1, 1]}, closed under negation, with sample complexity n and failure
parameter δ is an algorithm that when given n samples from a distribution U over Φ × [−1, 1],
outputs f ∈ F ∪ {⊥} such that with probability at least 1 − δ over the samples from U and the
randomness in the algorithm itself, if maxf∈F E(φ,z)∼U [f(φ)z] ≥ α, the algorithm returns a
f ∈ F such that E(φ,z)∼U [f(φ)z] ≥ α/2. Otherwise, if for all f ∈ F , E(φ,z)∼U [f(φ)z] ≤ α,

the algorithm either returns f = ⊥ or f ∈ F such that E(φ,z)∼U [f(φ)z] ≥ α/2.

With this definition in hand, we are ready to present the main theorem of this section.
The proof can be found in the full version of the paper.

▶ Theorem 14. Fix δ, ϵ > 0. Let LLip be the class of proper 1-Lipschitz losses ℓ : {0, 1} ×
[0, 1] → [0, 1], and let F be a class of loss predictors F : Φ → [−1, 1] that is closed under
negation and contains the class of self entropy predictors, HLLip

= {Hℓ}ℓ∈LLip
. Further

assume that we have access to an α-weak-agnostic-learner for F with sample complexity n

and failure parameter β ≤ α2δ
4⌈2/ϵ+1⌉ .

Then, there exists an algorithm that, given m = O(n/α2) samples, with probability at
least 1 − δ outputs a predictor p such that

max
ℓ∈LLip

max
LPℓ,p∈F

adv(LPℓ,p) ≤ 16α + 4ϵ.

In other words, our learned p’s self-entropy predictions compete with the best-in-class
loss predictor with every ℓ ∈ LLip, up to an error of 16α + 4ϵ.
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6 Experiments

We have shown in Section 4 a correspondence between the advantage a loss predictor has
over the self entropy predictor and the multicalibration error. In this section, we empirically
demonstrate this correspondence and see that it holds across several base models, loss
prediction algorithms, as well as data subgroups.

Experiment design

We follow the basic design set forth in [19] for working with binary prediction tasks on
UCI tabular datasets, specifically Credit Default [40] and Bank Marketing [32]. For each
dataset, we consider certain subgroups (13 and 15 different groups respectively) defined
by combinations of features such as occupation, education, and gender (see Appendix C.4
[19] for full details). These subgroups are used to evaluate the multicalibration error of the
predictors as follows: for each subgroup we measure the smoothed Expected Calibration Error
(smECE) [25], and take the multicalibration error to be the maximum smECE obtained.

We examine base predictors from different model families at various levels of multical-
ibration, specifically Naive Bayes and Support Vector Machines (SVMs), which tend to be
uncalibrated without any postprocessing, along with Random Forests, Logistic Regression,
Decision Trees, and Multilayer Perceptrons (MLPs), which tend to be well-calibrated out
of the box when trained with empirical risk minimization. The base predictor MLP we
use has a three-hidden-layer architecture with ReLU activations. For further details on
hyperparameters, architectures, and training, we point the reader to Appendix E in [19].

We then run the following four loss prediction algorithms: decision tree regression,
XGBoost, support vector regression (SVR), and a three-hidden-layer MLP. Each of these
is input aware, that is, it is given both i(x) and p(x) at train time, and is trained using
a standard regression objective to minimize E(x,y)∼D[

(
LPℓ,p(i(x), p(x)) − ℓ(y, p(x))

)2]. Our
target loss ℓ will be the squared loss ℓ(y, p(x)) = (y − p(x))2.

Results

Our main takeaways are as follows:
Loss predictors perform better as the multicalibration error of the base model increases.
Loss predictors perform better on subgroups that exhibit higher calibration error.

The first takeaway is demonstrated by Figure 1, where the horizontal axis indicates
the max smECE of the base model, and the vertical axis indicates the advantage the loss
predictor attains over the self-entropy predictor of the base model. As our theory predicts, we
see a clear positive correlation between the maximum smECE and the relative performance
of the loss predictor. In other words, less multicalibrated models have better performing loss
predictors. This correlation holds across different base models and different algorithms for
the loss predictor.

To delve deeper, we examine how loss prediction advantage varies across different sub-
groups. For this experiment we vary the base predictor only, while fixing the loss prediction
algorithm to be an MLP. In Figure 2, for each base predictor and each subgroup, we report
the loss predictor’s advantage restricted to the subgroup on the vertical axis and the smECE
of the subgroup on the horizontal axis.

For base models that are poorly calibrated overall (Decision Tree, SVM, and Naive Bayes),
we see a clear correlation showing the loss predictor performs better on subgroups as the
calibration error gets worse. By contrast, base predictors that are well-calibrated overall
(Logistic Regression, Random Forest, and MLPs) allow negligible loss prediction advantage
even after stratifying by subgroup.
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Figure 1 Advantage vs. max smECE across base predictors and loss prediction algorithms. For
any particular loss predictor (shape), we see that as the multicalibration error of the base model
(color) grows, the loss predictor’s advantage improves.

Figure 2 Fixing the type of loss predictor to be an MLP, we plot the loss advantage vs. the
smECE on each subgroup across different base predictor models for the Credit Default and Bank
Marketing datasets. For a fixed base predictor (color), the loss predictor exhibits more advantage on
subgroups where the base predictor is less calibrated.

7 Related work

Applications of loss prediction

The idea of loss prediction has its roots in Bayesian and decision-theoretic active learning
[38, 36], wherein the loss expected to be incurred at a point provides a natural measure of how
valuable it is to label; see e.g. the well-known method of Expected Error Reduction (EER)
[37]. To our knowledge, loss prediction in the explicit sense that we consider in this paper
was first studied by [41], who proposed training an auxiliary loss prediction module alongside
the base predictor. This is a practical approach used in many real-world applications. An
important example from industry is the popular Segment Anything Model [28], which is an
image segmentation model that includes an IoU prediction module9. This module plays a
key role in the continual learning “data engine” used to train the model. Other applications
of loss prediction are in routing inputs to weak or strong models [6, 34, 21], diagnosing model
failures [24], and MRI reconstruction [22].

9 IoU, or intersection over union, is a standard segmentation error metric.
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Loss prediction is inherently connected to the broader topic of uncertainty quantification
[23, 1]. The work of [31] formulates epistemic uncertainty as a form of excess loss or risk
(see also [39]) and estimates it using an auxiliary loss predictor. Loss decomposition and
connections to calibration have also been studied by [30, 2], although these works do not
discuss auxiliary loss predictors per se.

Related theoretical work

We are not aware of prior theoretical work that studies the complexity of loss prediction. We
build on notions and techniques from prior work on calibration [42, 18, 29], multicalibration
[20, 27], omniprediction [16, 15, 17, 33] and outcome indistinguishability [7, 9]. Multical-
ibration has found applications to a myriad areas beyond multigroup fairness; a partial
list includes omniprediction [16], domain adaptation [27], pseudorandomness [7, 10] and
computational complexity [5]. Our work adds loss prediction to this list.

Decision calibration, decision OI and proper calibration

The work of [42] on decision calibration (implicitly) considered the self-entropy predictor, and
conditions under which this predictor is accurate in expectation. The subsequent work of [15]
termed this condition decision OI and showed that calibration of the predictor guarantees that
the self-entropy predictor is itself calibrated for loss prediction. As we have seen, however,
calibration of the predictor is not necessary for the self-entropy predictor to be calibrated
(or optimal), due to the existence of blind-spots for a specific loss. This is explained by
the notion of proper calibration introduced in [33], who showed that it tightly characterizes
decision OI.

While our results have strong connections to all these works, the key difference is that
our goal in loss prediction is not just to give loss estimates that are calibrated, it is to predict
the true loss in the regression sense, which is potentially a much harder task.

Swap multicalibration

Our results equate the ability to gain an advantage over the self-predictor to a lack of
multicalibration. This recalls a result of [17] which characterizes swap omniprediction
by multicalibration: there too, the ability to achieve better loss than a simple baseline
is attributable to a lack of multicalibration. Another related work is that of [12], which
views multicalibration as a boosting algorithm for regression. Their work also connects
multicalibration and regression, but the regression task they analyze is predicting y, whereas
the regression task that we analyze is predicting ℓ(y, p(x)).

Representation-aware multicalibration

Internal representation-aware multiaccuracy is considered in the work of [26] who use it in the
context of face-recognition. Internal representation-aware multicalibration has connections
to the notion of Code-Access Outcome Indistinguishability (OI), proposed by [8]. In Code-
Access OI, outcomes generated by p(x) must be indistinguishable from the true outcomes
generated from the target distribution with respect to a set of tests that can inspect the full
definition and code of p. With code access, such tests can compute the internal features
rp(x) that are available in internal representation-aware multicalibration, but also have other
capabilities such as querying p on other points x′ ∈ X . The use of external representations
for auditing/improving predictions is found in the work of [4] who use skin type to assess
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facial recognition; in recent work of [3], which investigates the use of expert opinions in
addition to ML predictions to improve on medical test results, and in the work of [24] who
use representations from a foundation model that is distinct from the model they audit.

Experimental work on multicalibration

The work of [26] considers internal-representation aware multiaccuracy for facial recognition
tasks, and shows how auditing can be used to improve accuracy across subgroups. Recently,
[19] conducted a systematic investigation of multicalibration in practice, analyzing the utility
of algorithms for multicalibration on a number of real-world datasets, prediction models, and
demographic subgroups. We build closely on their setup for our own experiments.
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A Handling non-proper losses

We consider an abstract action space A; examples are the discrete setting where A = [k],
and the continuous setting where A = R. A hypothesis is a function h : X → A. A loss
function is a function ℓ : {0, 1} × A → [0, 1]. The expected loss of hypothesis h at the point
x is given by E[ℓ(y, h(x))|x]. The goal of a loss predictor is to learn a function LPℓ,p : Φ → R
that gives pointwise estimates of this quantity. As in definition 2, we can define a hierarchy
of loss predictors based on the features available to them.

For any loss ℓ, if the labels are drawn according to y ∼ Ber(p) for any p ∈ [0, 1], then the
optimal prediction that minimizes the loss, kℓ(p) ∈ [0, 1] is defined by

kℓ(p) = arg min
v∈[0,1]

E
y∼Ber(p∗(x))

[ℓ(y, v)]10.

If there exist a latent predictor ph : X → [0, 1] so that h = kℓ ◦ ph is obtained by
best-responding to its predictions, then we can reduce to the setting of proper losses, since

E[ℓ(y, h(x))] = E[ℓ(y, kℓ(p(x)) = E[ℓ ◦ kℓ(y, p(x))]

and we have the following result of [29].
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▶ Lemma 15 ([29]). For any loss ℓ : {0, 1}×A → [0, 1], the loss function ℓ◦kℓ : {0, 1}×[0, 1] →
R is a proper loss.

But under what conditions on h does there exist such a predictor ph? And is it easy to
estimate its predictions given access to h?

To answer the first question, we show that it is equivalent to assuming that the hypothesis
satisfies a simple optimality condition for the loss.

▶ Definition 16. The hypothesis h : X → [0, 1] is swap-optimal for D if for every function
κ : A → A, it holds that E[ℓ(y, h(x))] ≤ E[ℓ(y, κ(h(x)))].

Swap optimality is a weak optimality condition that can be easily achieved by post-processing.
It is quite reasonable to assume that a well-trained model optimized to minimize loss satisfies
this guarantee. For instance, a well-trained image classifier should not improve if every
time it predicts cat, we say dog instead. For a swap optimal hypothesis h, we show that is
indeed easy to identify a latent predictor ph so that h is obtained by best-responding to its
predictions. This theorem lets us extend our theory of loss prediction for proper losses to
arbitrary loss functions under the rather weak assumption that h is swap-optimal.

▶ Theorem 17. Given a hypothesis h : X → A and a distribution D, define the predictor
ph : X → [0, 1] by ph(x) = ED[y|h(x)]. The hypothesis h is swap optimal iff h(x) = kℓ ◦ ph(x)
for all x ∈ X .11

Proof. Assume that h is not swap-optimal, so there exist κ such that E[ℓ(y, κ(h(x)))] <

E[ℓ(y, h(x))]. There must exist a specific choice of h(x) = a ∈ A conditioned on which the
inequality still holds, hence

E[ℓ(y, κ(a))|h(x) = a] ≤ E[ℓ(y, a)|h(x) = a].

Let E[y|h(x) = a] = v. But this shows that when y ∼ Ber(v), E[ℓ(y, κ(a)] < E[ℓ(y, a)], so
a ̸= kℓ(v). Hence for all x ∈ h−1(a), we have h(x) = a ̸= kℓ(v) = kℓ(ph(x)).

Conversely, if h is indeed swap optimal, then it must be the case that every action a ∈ A
is a best response to E[y|h(x) = a] = ph(x), which means we have h(x) = kℓ(ph(x)). ◀

B Proofs from Section 4

B.1 Proof of Theorem 7

Proof of Theorem 7. The inequality on the left follows from Theorem 10, while the inequality
on the right follows from Lemma 11. We prove each in turn, starting with the left-hand
inequality.

By Theorem 10, if there exists a f ∈ F such that setting LPℓ,p = f gives adv(LPℓ,p) = α,
then this implies that

E[(LPℓ,p(φ(p, x) − SEPℓ,p(p(x)))H ′
ℓ(p(x))(y − p(x))] ≥ α/2.

11 Strictly speaking, kℓ is not a function as there can be many optimal actions. However we interpret this
equation as saying h(x) is in the set of optimal actions for ph(x).
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We observe that because LPℓ,p = f ∈ F , the witness of this multicalibration violation,
(LPℓ,p(φ(p, x) − SEPℓ,p(p(x)))H ′

ℓ(p(x)) lies in C, and thus

MCE(C, p) = max
c∈C

|E[c(φ(p, x))(y − p(x))]|

≥ E[(LPℓ,p(φ(p, x) − SEPℓ,p(p(x)))H ′
ℓ(p(x))(y − p(x))]

≥ α/2

= 1
2adv(LPℓ,p)

The inequality follows by taking the maximum over all LPℓ,p ∈ F , as LPℓ,p was chosen
arbitrarily.

We now move on to proving the inequality on the right, i.e., the upper bound on
MCE(C, p).

By definition of the multicalibration error and C, there exists some c ∈ C that witnesses a
multicalibration error of magnitude MCE(C, p), i.e. for some f ∈ F ,

MCE(C, p) =

∣∣∣∣∣∣∣E[(f(φ(p, x)) − Hℓ(p(x)))H ′
ℓ(p(x))(y − p(x))]︸ ︷︷ ︸

:=Ef

∣∣∣∣∣∣∣ .

Thus, if we define δ : Φ → [−1, 1] as

δ(φ(p, x)) = sign(Ef )(f(φ(p, x)) − Hℓ(p(x))),

it follows that

E[δ(φ(p, x))H ′
ℓ(p(x))(y − p(x))] = MCE(C, p).

Applying Lemma 11 for this δ implies that for the loss predictor defined by LPℓ,p(φ(p, x)) =
Π[0,1](SEPℓ,p(p(x)) + MCE(C, p)δ(φ(p, x))) satisfies

adv(LPℓ,p(φ(p, x))) ≥ MCE(C, p)2.

The proof of the inequality follows by observing that LPℓ,p ∈ F ′, because

LPℓ,p(φ(p, x)) = Π[0,1](SEPℓ,p(p(x)) + MCE(C, p)δ(φ(p, x)))
= Π[0,1](Hℓ(p(x)) + MCE(C, p) sign(Ef )︸ ︷︷ ︸

:=β

(f(φ(p, x)) − Hℓ(p(x))))

= Π[0,1]((1 − β)Hℓ(p(x)) + βf(φ(p, x)))

Where β = sign(Ef ) MCE(C, p) ∈ [−1, 1], because MCE(C, p) ∈ [0, 1].
Thus, LPℓ,p ∈ F ′, and so we conclude that

max
LPℓ,p∈F ′

adv(LPℓ,p(φ(p, x))) ≥ MCE(C, p)2.

We get the right-hand inequality from the statement after taking square root of both
sides. ◀
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B.2 Proof of Claim 8

Proof of Claim 8. Let us write δ(x) = h2(x) − h1(x). Then we have

E
D′

[(h1(x) − z)2] − E
D′

[(h2(x) − z)2] = E
D′

[(h1(x) − z)2 − (h1(x) − z + δ(x))2]

= −2 E
D′

[(h1(x) − z)δ(x)] − E
D′

[δ(x)2]

≤ 2 E
D′

[(z − h1(x))δ(x)]. ◁

B.3 Proof of Claim 9

Proof of Claim 9. Without projection, we can write the gap in squared error as

E
D′

[(h1(x) − z)2] − E
D′

[(h1(x) + βδ(x) − z)2] = 2β E
D′

[(z − h1(x))δ(x)] − β2 E
D′

[δ(x)2]

≥ 2β2 − β2 = β2.

While h1(x) + βδ(x) may not be bounded in [0, 1], projection onto the interval can only
further reduce the squared error. ◁

B.4 Proof of Lemma 10

Proof of Lemma 10. Consider the loss regression problem, where we draw (x, y) ∈ X ×
{0, 1} ∼ D and then return the pair (x, z = ℓ(y, p(x)). We will use Claim 8, where we take
h1 = SEPℓ,p to be the self-entropy predictor and h2 = LPℓ,p. We can estimate the residual
error of the self-entropy predictor as

ℓ(y, p(x)) − SEPℓ,p(p(x)) = Hℓ(p(x)) + (y − p(x))H ′
ℓ(p(x)) − Hℓ(p(x))

= (y − p(x))H ′
ℓ(p(x)). (2)

By Claim 8, we have

α = E[(ℓ(y, p(x)) − SEPℓ,p(p(x)))2] − E[(ℓ(y, p(x)) − LPℓ,p(φ(p, x))2]
≤ 2E[(LPℓ,p(φ(p, x)) − SEPℓ,p(p(x)))(ℓ(y, p(x)) − SEPℓ,p(p(x)))
= 2E[δ(φ(p, x))H ′

ℓ(p(x))(y − p(x))] ◀

B.5 Proof of Lemma 11

Proof of Lemma 11. We again consider the loss regression problem, We now apply Lemma
9 with z = ℓ(y, p(x)), h1 = SEPℓ,p. The correlation condition we require is

E[δ(φ(p, x))(ℓ(y, p(x) − SEPℓ,p(p(x)))] ≥ β.

By Equation (2), we have

E[δ(φ(p, x))(ℓ(y, p(x)) − SEPℓ,p(p(x)))] = E[δ(φ(p, x))H ′
ℓ(p(x))(y − p(x))]

which is at least β by our assumption. Hence Claim 9 implies that h2 = LPℓ,p has advantage
β2 over SEPℓ,p. ◀

FORC 2025



22:22 When Does a Predictor Know Its Own Loss?

C Proofs from Section 5

C.1 Proof of Lemma 12
Proof of Lemma 12. For a fixed loss ℓ ∈ L, let

Cℓ = {(f(φ(p, x)) − Hℓ(p(x)))H ′
ℓ(p(x)) : f ∈ F}.

By Theorem 7, we can guarantee that

max
LPℓ,p∈F

adv(LPℓ,p) ≤ 2 MCE(Cℓ, p).

Taking the max over L for both sides, we get

max
ℓ∈L

max
LPℓ,p∈F

adv(LPℓ,p) ≤ max
ℓ∈L

2 MCE(Cℓ, p) ≤ 2 MCE(CL, p).

Where the right-most inequality follows from the fact that CL =
⋃

ℓ∈L Cℓ. This proves
the desired inequality. ◀
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