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—— Abstract

In the temporal graph exploration problem, an agent wishes to visit all the vertices of a temporal
graph, moving at most one edge in every time step. In restless exploration, the agent is required to
move in every step, and cannot wait at a vertex. We study the problem of restless exploration in
vertex-permuted graphs, which are a class of temporal graphs in which the topology of the graph
stays the same in every time step. In other words, in a vertex permuted temporal graph, in every
step i, the graph G; is isomorphic to the same base graph GG. We give a precise characterization
of graphs G such that restless exploration is possible in every vertex-permuted graph with base
graph G. Our technique is based on an a characterization of networks in which there is an online
distributed algorithm for restless token dissemination. Finally we describe some families of graphs
in which restless exploration is always possible, and some in which it is not.
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1 Introduction

Many networks are now understood to be dynamic rather than static, with nodes and edges
changing over time. This dynamic nature of networks applies to many real-world scenarios,
such as communication networks, transportation networks, social networks, chemical reaction
networks, and more. For instance, in wireless networks formed by mobile nodes, such as
IoT devices, buses, satellites, or autonomous mobile robots, links are created or broken
because of the mobility of nodes. In wireless sensor networks, where sensor nodes are
resource-constrained, nodes turn off their batteries to conserve energy, once again causing
edges (and nodes) to appear and disappear. In road networks, traffic changes impact the
travel time of roads which in turn changes the weights of the links. The dynamic nature of
such networks greatly increases the challenge of solving problems that are well-understood in
the static setting.

Many models of dynamic networks [25] have been studied in the last two decades, which
have been variously referred to as time-varying graphs [7, 16], fixed schedule dynamic
networks [27], evolving graphs [15], and temporal graphs [20]. For our purposes, a temporal
graph is defined as a sequence of graphs G, G, ..., G, where each G; = (V, E;) is a static
undirected graph, and all graphs in the sequence have the same vertex set V', but possibly
different edge sets. The number L is called the lifetime of the temporal graph. A temporal
walk is a time-respecting walk in a temporal graph, that is a sequence of time-vertex pairs
(v1,t1), -+, (ks tr), (Vkt1, tig1) such that for each i € [k], the edge {v;,v;+1} is in the graph
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Gi, and 1 < t; < tjy1 < L+1 [11]. An exploration schedule is a temporal walk that visits all
vertices of the graph [11, 22]. A temporal graph is called ezplorable if it admits an exploration
schedule starting at any vertex; it is unexplorable otherwise.

The process of exploration can be described as an agent, starting at a source vertex, and
traveling at most one edge in the temporal graph in each time step, and visiting every vertex
in the graph. The term “agent” is used to refer to a mobile agent or a process or a packet
that travels through the graph.

The notion of restless exploration was introduced in [5]: in k-restless exploration, the
agent must leave a vertex within at most k steps after arriving, that is, t; < t;11 <t;+ k. In
1-restless exploration, the agent cannot wait at a vertex, and must leave in the step after it
arrives. Such a restriction has also been studied in the context of communication networks
and is motivated by constraints on buffer space. In particular, in hot-potato routing or
deflection routing [4, 6, 14, 23], an intermediate node has to forward a packet to a neighboring
node as soon as it receives it, and cannot store it in order to wait for the best link to become
available.

The notion of restless exploration was introduced in [5]: in k-restless exploration, the
agent must leave a vertex within at most k steps after arriving, that is, ¢; < ;41 <t;+ k. In
1-restless exploration, the agent cannot wait at a vertex, and must leave in the step after it
arrives. Such a restriction has also been studied in the context of communication networks
and is motivated by constraints on buffer space. In particular, in hot-potato routing or
deflection routing [4, 6, 14, 23], an intermediate node has to forward a packet to a neighboring
node as soon as it receives it, and cannot store it in order to wait for the best link to become
available.

In [22], it was shown that any temporal graph that is connected in every step, and has a
lifetime of at least |V'|? is explorable. However, not all such graphs are 1-restless explorable.
For example, consider a 2-periodic temporal graph with 3 vertices {1,2,3}; in odd steps, the
edge set is {{1,2},{2,3}} , and in even steps, the edge set is {{1,2},{1,3}}. Starting at
vertex 1, in odd steps, due to the restless constraint, the agent must move from vertex 1 to
vertex 2, and in even steps, it must move from vertex 2 to vertex 1, and vertex 3 is never
visited. Bellito et al [5] showed that 1-restless explorability is NP-hard to determine in a
3-periodic temporal graph, while it can be determined in polynomial time in a 2-periodic
graph.

In this paper, we study 1-restless exploration in a specific type of temporal graph, referred
to as a Vertex Permuted Graph (VPG), introduced in [2]. A VPG is a temporal graph in
which the structure of the graph remains fixed at each time step throughout the graph’s
lifetime, though the vertices may assume different positions in the graph. For example, birds
flying in formation are known to swap positions to share ’lift” while maintaining the same
structure of the formation. Similarly, elite cyclists who ride in pelotons, swap their positions
after specific intervals to share the fatigue of being in front of the formation. In the context
of sensor networks, different nodes may periodically assume the role of clusterhead, with
the cluster having a star topology, in order to balance energy consumption across cluster
members. All the above are examples of vertex-permuted graphs. While only ring topologies
are studied in [2], we study VPGs with arbitrary connected topologies.

1.1 OQur Contributions

We give a precise characterization of graphs G such that every vertex-permuted graph with
base graph G is 1-restlessly explorable. If the base graph has more than one connected
component, then clearly the vertex-permuted graph where the permutation remains the same
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in every step is not explorable. So it is necessary that the base graph is connected. We show
that every vertex-permuted graph with base graph G = (V, E) is 1-restlessly explorable if
and only if G does not have a so-called blocking set of size less than [V|/2. Our result relies
on a distributed restless algorithm for token dissemination that we prove is successful on any
temporal graph based on a graph G that does not have a blocking set. On the other hand, if
the graph G does have a blocking set, then there exists a vertex-permuted graph based on G
in which 1-restless token dissemination is impossible.

We then consider 1-restless explorability of specific families of graphs. We show that
all VPGs with base graphs that are regular graphs and grids of even length are 1-restlessly
explorable, while graphs containing a vertex of degree 1, and some bipartite graphs, including
grids of odd length, are not 1-restlessly explorable.

1.2 Related Work

The exploration of temporal graphs, introduced by Michail and Spirakis [22], addresses
the problem of designing temporal walks that visit all vertices of a dynamic graph. They
established that any temporal graph with n vertices that is connected in every step, can be
explored in O(n?) time steps, a bound later confirmed to be tight by Erlebach et al. [11].
Improved bounds have been given for specific graph classes, such as planar graphs, cycles,
grids, and graphs with bounded treewidth [11]. Several studies have explored different facets of
temporal graph exploration, including periodically varying graphs [16], parameterized and non-
strict exploration problems [12, 13], delay-robust routing under unreliable connections [17],
and exploration of temporal graphs with a certain structural property [9, 19].

Bellitto et al. [5] introduced the problem of k-restless exploration, where an agent cannot
remain at any vertex for more than k time steps. They characterized the complexity of
determining if 1-restless exploration is possible in p-periodic graphs; proving that it is solvable
in polynomial time for p = 2 but NP-hard for p > 3. The restless property has also been
studied in the context of temporal reachability and path-finding problems [8, 26, 28], where
the objective is to find time-respecting paths under bounded waiting times.

In the problem of k-token dissemination, or k-gossip, there are k tokens initially present
at some of the nodes of the network, and the problem is to disseminate the tokens to all
nodes in the network. Token dissemination in dynamic networks was first proposed in [21],
where a simple flooding algorithm was shown to work in O(kn) steps, under the constraint
that the network is always connected. Subsequent work has focused on upper and lower
bounds on the number of rounds required for token dissemination for both deterministic
and randomized algorithms, under different connectivity constraints, different adversarial
models, and the ability /inability to combine tokens [3, 1, 18, 24, 10]. As far as we are aware,
there is no prior work on token dissemination under restless constraints. We study token
dissemination under restless constraints on vertex-permuted temporal graphs.

In the problem of k-token dissemination, or k-gossip, there are k tokens initially present
at some of the nodes of the network, and the problem is to disseminate the tokens to all
nodes in the network. Token dissemination in dynamic networks was first proposed in [21],
where a simple flooding algorithm was shown to work in O(kn) steps, under the constraint
that the network is always connected. Subsequent work has focused on upper and lower
bounds on the number of rounds required for token dissemination for both deterministic
and randomized algorithms, under different connectivity constraints, different adversarial
models, and the ability/inability to combine tokens [3, 1, 18, 24, 10]. As far as we are aware,
there is no prior work on token dissemination under restless constraints. In this paper, we
show the connection between restless token dissemination and restless graph exploration in
vertex-permuted temporal graphs.
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In [2], the notion of vertex permutation dynamism was introduced, and the authors gave
an algorithm for dispersion of mobile agents in vertex-permuted rings. Vertex-permuted
graphs of other topologies were not studied. We study restless exploration in vertex-permuted
graphs of arbitrary topologies.

1.3 Organization of the paper

In Section 2, we describe the notation we use and give some preliminary definitions. Section 3
contains our main result: a characterization of vertex permuted graphs that are restlessly
explorable. In Section 4, we use the characterization to determine the explorability of
vertex-permuted graphs based on many well-known classes of graphs. We discuss future
directions in Section 5.

2 Preliminaries and Definitions

For our purposes, a temporal graph is a sequence of graphs G; = (V, Ey),Gy = (V, E2),
...,Gr, = (V,Er), where each G; = (V, E;) is a static undirected graph, and all G; have
the same vertex set V', but possibly different edge sets. The number L is called the lifetime
of the temporal graph. Each graph G; corresponds to the state of the temporal graph at
time step ¢, with an edge e € FE; representing a connection between two vertices that is
available at time ¢. The sequence of graphs models the evolution of a network over time [11].
A temporal graph G with lifetime L is called periodic with a fixed period p if G; = G, for
every 1 << L —p.

Given a temporal graph G1,Gs, ..., G, with G; = (V, E;), a temporal walk in the graph
is an alternating sequence of time-vertex pairs (vy,t1), ..., (g, tg), (Vk+1, tks1) such that for
each i € [k], the edge {v;,vi41} is in the graph Gy, and 1 < ¢; < t;41 < L+ 1 [11]. In this
paper, we only consider strict temporal walks, in which at most one edge can be traversed
in a time step. A temporal walk is k-restless if for every 4, we have t;41 < t; + k. In this
paper, we focus exclusively on 1-restless walks, that is, t;;+1 = ¢; + 1, and in the sequel, we
use restless to mean 1-restless.

Given a source vertex v, an ezploration schedule is a temporal walk that starts with v
and visits every vertex in the graph. Note that a vertex may be visited more than once. A
restless exploration schedule is a restless temporal walk that visits every vertex in the graph.
We say a graph is restlessly explorable if there exists a restless exploration schedule starting
from every vertex in the graph.

Vertex-Permuted Graphs (VPGs) are a class of temporal graphs where the vertices are
permuted at each time step, but the underlying structure of the graph remains unchanged.
Formally:

» Definition 1 (Vertex Permuted Graph). Given a graph G = (V,E) and a permutation
sequence Il = 7y, 7o, ..., T, where each w; is a permutation of V, the verter permuted
graph G is a temporal graph G = (G1,Ga,...Gr) in which G; = (V, E;), where E; =
{(m;(w), m;(v)) | (u,v) € E}, that is, for all i € [L], the graph G; is isomorphic to graph G
where the isomorphism is defined by the permutation m;. The graph G is called the base graph
of G we also say that GY is based on G.

A Vertex Permuted Cycle (VPC) with n vertices is a vertex permuted graph whose
base graph is C),. Figure 1 illustrates six consecutive time steps of a VPC. Observe that
in contrast to the model of a temporal cycle in which a different edge may be unavailable
in each step, but all other connections between nodes remain the same [11], in a VPC, the
connections between nodes can vary arbitrarily, while still maintaining a cycle topology.
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In this paper, we study the restless explorability of vertex-permuted graphs. As already
mentioned, we restrict ourselves to base graphs that are connected. We first describe an
online and distributed token dissemination procedure, and then introduce the concepts of
tokenizable and untokenizable graphs.

Restless Token Dissemination Procedure

Given a VPG G with n vertices, and a starting node s € V, the token dissemination
procedure proceeds as follows:
At time step 1, the starting vertex s is assigned a token (henceforth, a vertex with a
token is referred to as a token holder).
For every ¢t > 1, any vertex that has the token sends it to all its neighbors (it does not
keep the token). In other words, a vertex becomes a token holder at time ¢ + 1 if it is
adjacent to at least one token holder at time step t.

Observe that the above token dissemination procedure is simply a flooding algorithm
under the restless constraint, unlike the 1-token dissemination algorithms in [21], in which a
vertex repeatedly broadcasts the token, once it receives it. It is online in the sense that a
vertex has no knowledge of future graphs in the sequence in order to determine the action at
time step t. Note also that a vertex can both send and receive tokens in the same time step,
in which case it remains a token-holder in the following time step. To illustrate, consider our
token dissemination procedure applied to the VPC in Figure 1. The propagation of tokens
in every time step is shown in Figure 1. Starting from vertex 1, tokens propagate based
on the adjacency of token holders at each time step. As the vertices permute at each step,
tokens continue to spread across the graph. At time step t = 2, vertices 2 and 8 become
token holders, as they were the neighbors of vertex 1 in time step 1, which was the only
token holder at that time. At time step ¢t = 3, vertices 3, 6, 4, and 7 become token holders,
as they were neighbors of the holders in time step ¢ = 2. By continuing this process, all
vertices become token holders by time step t = 5.

For the token dissemination procedure initiated at time step 1 from the starting vertex s
in the graph G, we use the following notations throughout this paper:

TH(G", s,t) refers to the set of token holders at time step t.

NoT(GY, s,t) denotes the number of token-holders at time step ¢, that is,

NoT(GY,s,t) = |TH(G"Y, s,t)|.

HS(GM, s,t) is the set of all vertices in G that have held a token at at some time step i

with 1 < i <t, that is, HS(G™, s,t) = U._, TH(G™, s,1).

For example, for the token dissemination procedure shown in Figure 1, we have TH (G,
1,3) = {3,4,6,7}, NoT(G",1,3) = 4, and |[HS(G™,1,3)] = 7. Also for every vertex
permuted graph G, and any start vertex s, we have TH(G,s,1) = HS(G!,s,1) = {s}
and NoT(GY,s,1) = 1.

We now present the definition of a tokenizable graph.

» Definition 2 (Tokenizable graph). A graph G = (V, E) with n vertices is called tokenizable if,
for every starting vertex s € V and every permutation sequence II, we have HS(G™,s,n) = V.
Furthermore, if G is tokenizable and there exists a starting vertex s € V and a permutation
sequence 11 such that TH(G"Y,s,n) # V, then G is partially tokenizable; otherwise, it is
fully tokenizable.

A graph G is called untokenizable, if it is not tokenizable. Formally:

» Definition 3 (Untokenizable graph). A graph G(V, E) is called untokenizable if there exists
a series of permutations I1 and a start verter s € V such that HS(GY,s,n) # V.

12:5
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t=4 t=5 t=6

Figure 1 Token dissemination procedure initiated from vertex 1; by time step 5, all vertices have
become token holders.

We will show later that it is enough to restrict to the first n graphs in Gp: if there
exists a vertex that does not receive the token before time n, then it can never receive the
token in G'. Figure 1 showed a VPC with 8 vertices in which all vertices become token
holders at time step 5 and will remain token holders afterwards. However, as shown in Figure
2, there exist VPCs with 8 vertices such that there is no time step in which all vertices
simultaneously hold a token, even though every vertex has received a token at or before time
step 4. Furthermore, the permutation sequence for this VPC is 2-periodic. This shows that
a cycle of 8 vertices is not fully tokenizable. We will show in the upcoming section that all
cycles are either fully or partially tokenizable.

Figure 3 gives an example of a VPG and the token dissemination procedure starting
at vertex 1. We will show in Theorem 12 that the base graph shown in Figure 3 is fully
tokenizable; that is, under all permutation sequences and all possible start vertices, there
will always be 5 token holders after at most 5 steps.

Note that if a graph is disconnected, then it is untokenizable, as under the identity
permutation sequence, tokens cannot be sent between two different connected components
in the VPG G'. In Figure 4, we present an example of a vertex-permuted graph based on
an untokenizable graph G. When starting the token dissemination procedure from vertex 5,
vertex 1 will never become a token holder under the given permutation sequence. Notably,
the sequence shown is 2-periodic, and satisfies II5; = II3 = II; and II4 = II5, and even if this
pattern continues indefinitely, node 1 will remain without a token.

For any subset V' C V, let N(V') denote the set of neighbors of vertices in V.

» Definition 4 (Blocking Set (BS) and Minimum Blocking Set (MBS)). Given a graph
G = (V, E), ablocking set (BS) of G is an independent set S of vertices such that |S| = |[N(S)|.
Furthermore, if S is the smallest such set, then it is called a minimum blocking set (MBS)

of G.
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t=4 t=5 t=6

Figure 2 A 2-periodic vertex-permuted cycle in which all vertices receive the token by time 4,
but there is no time step in which all vertices simultaneously hold the token.

0 () ()
* * A
be=d
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Figure 3 Token dissemination procedure in a vertex permuted graph based on a fully tokenizable

0. (1) (1) (1)
NN N S N
P DAL
e PEee g

t=1 t=3

Figure 4 First four steps of the token dissemination procedure in a 2-periodic VPG, where vertex
1 will never hold a token.
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Note that for a graph with n vertices, any blocking set can be of size at most |n/2].
In Figure 5, the graph in part (b) contains 4 blocking sets: {1,5}, {1,3}, {3,5}, and {1}.
Among these, the minimum blocking set is {1}. In contrast, in part (a) the graph has three
blocking sets {1,5}, {1,3}, {3,5}, all of which are MBS .

@ @ 0O
Aoy dh oy dh
=
o Do e e
@ @ @ <«
OO O
e"o o"o <L

Figure 5 Possible minimum blocking sets for two different graphs.

3 Restless explorability in vertex permuted graphs

This section addresses the restless explorability problem in vertex-permuted graphs. We
investigate the connection between tokenizability and the existence of a blocking set and
provide a characterization of the structure of graphs that can be explored under restless
constraints and vertex permutations.

3.1 A characterization of tokenizable graphs

In this subsection, we give a structural characterization of tokenizable graphs by showing the
relationship of tokenizability to the existence of a blocking set. First, we establish several
lemmas that will support the proofs of the main results. Recall that N (V') is the set of
neighbors of vertices in V' for any V' C V.

» Lemma 5. If a connected graph G = (V, E) contains a subset I C V that is an independent
set such that |I| > |N(I)|, then there exists a blocking set S C I with |S| < |N(I)|.

Proof. If |I| = |[N(I)|, then the lemma follows trivially, since I is the blocking set. If
|I] > |N(I)|, we prove the claim by giving a simple iterative procedure to find such a subset.

While |I]| > |N(I)], remove an arbitrary vertex from I and update N(I). At each step,
the size of I decreases by 1, while the size of N(I) does not increase. Since G is connected,
N(I) is never empty, ensuring that the process terminates with |I| = |N(I)| > 0, where I is
the required blocking set. This concludes the proof. <
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Figure 6 An illustration of the iterative process for finding a blocking set.

Figure 6 illustrates an example of this procedure: I is an independent set with 5 vertices,
and N(I) is set of neighbors of vertices in I. Since |I| > |N(I)|, we start by removing vertex
1 from I, which causes the removal of vertices a and b from N(I). The updated sets are
I=1{2,3,4,5} and N = {¢,d}. In the next step, we remove vertex 2 from I but N(I) remains
unchanged since ¢ and d have other neighbors in I. Similarly, removing vertex 3 does not

alter N(I). At this point, the process terminates with |I| = |N(I)], forming a blocking set.

Note that selecting different vertices during the steps may lead to different blocking sets.

» Lemma 6. Suppose for a connected graph G = (V, E) there exists a sequence of permutations
II, a start verter s, and some time step t < n such that NoT (G, s,t+1) < NoT(GY,s,t) <
|[V|. Then at time t, there exists a non-empty independent set of token holders Hj such that
|Hi| = |N(H)| = 1.

Proof. Let k = NoT(GUY,s,t 4+ 1) < NoT(G",s,t + 1) < |V|. Denote TH(G", s,t) as H;
and let Ny = N(H;). So the set of vertices that are holders as well as neighbors of holders is
H; N N;. Denote H] = H; — N; and N/ to be the set of neighbors of vertices in Hj, that is
N[ = N(H}). See Figure 7 for an illustration.

Observe that Hj is an independent set. We claim that Hj is not empty. If instead, every
vertex in H; is also a neighbor of a vertex in Hy, all these vertices will also be token holders
in time step ¢ + 1. Since the graph is connected, and since NoT'(t) < |V|, at least one
more vertex will also be token holder at time ¢ + 1, implying that NoT'(t + 1) > NoT(t), a
contradiction. This proves the claim.

Next, consider N/, the set of neighbors of H;. Observe that N is not empty, if so, H;
would be disconnected from the rest of the graph. Also clearly N/ N H; = (). We claim that

|H;| > |N{|. Suppose instead that |H;| < |N;|. Consider the token holders at time ¢ + 1.

Every node (if any) in H; N N will be a token holder at time ¢ 4+ 1. Also all nodes in N} will
be token holders at time ¢ + 1. Therefore

|Hia| > [Hy O Ny| + |N{| > |H, 0 N,| + |Hy| = |Hy

a contradiction to NoT(G™, s,t + 1) < NoT(GU, s,t).
Therefore |H{| > |N{| > 1 as claimed. <

12:9
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Figure 7 Token holders and their neighbors at time step t. Here, N; and N; denote respectively
the set of all neighbors of the vertices in H; and Hj.

In the token dissemination procedure for any VPG based on G = (V, E), unless there is a
blocking set in G , the number of vertices that have received a token increase in every time
step until the number of token holders is |V|. Lemma 7 formalizes this observation.

» Lemma 7. Suppose for a connected graph G = (V, E) there exists a sequence of permutations
11, a start verter s, and some time step t < n such that NoT(GY, s,t+1) < NoT(GY,s,t) <
|V|. Then G has a blocking set S. Moreover |S| < NoT(GU,s,t+ 1).

Proof. Follows from Lemmas 5 and 6. |
» Lemma 8. If a connected graph G = (V, E) doesn’t have a BS, then it is fully tokenizable.

Proof. From Lemma 7, we can deduce that if the graph G(V, E) does not have a blocking
set, then the number of token holders keeps increasing in every time step until it equals |V].
So G is fully tokenizable. <

An important observation in the token dissemination procedure for a graph G = (V, E)
with a MBS S is as follows: the number of token holders continues to increase in every step
until it reaches |S|; after this time step, the number of token holders will remain at least |S|
in all subsequent time steps. This behavior is formalized and proven in the following lemma.

» Lemma 9. Suppose a connected graph G = (V, E) has a MBS S of size k, then for every
sequence of permutations I1, and start vertexr s and time step t, if NoT(G'Y, s,t) < k then
NoT(GY,s,t +1) > NoT(G™,s,t). Moreover, if for some time step t NoT(G"Y, s,t) > k,
then NoT(G"Y, s,t 4+ 1) > k.

Proof. For the first part, suppose as a contradictory assumption that there exists some
II, s, and t such that, NoT(G™Y, s,t + 1) < NoT(G™,s,t) < k, then from Lemma 7, there
must exist a blocking set S such that |S’| < NoT(G",s,t +1) < NoT(GY,s,t) < k, which
contradicts the assumption that the size of the minimum blocking set is k. Therefore, for
every 7, s, t, if NoT(G'Y, s,t) < k, it follows that NoT(GU, s,t +1) > NoT(G™, s,t).

For the second part, suppose NoT(G', s,t) > k and NoT(G",s,t+1) < k. Once again, by
Lemma, 7, this would imply the existence of an MBS S’ such that |S’| < NoT(GUY, s,t+1) < k,
which contradicts the assumption that the size of the MBS is k. <
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Building on the lemmas and observations established so far, we now present a characteri-
zation of untokenizable, partially tokenizable, and fully tokenizable graphs. The following
theorems precisely describe the conditions under which a graph is untokenizable or partially
tokenizable based on the properties of its MBS.

» Theorem 10. A connected graph G with n vertices is untokenizable if and only if it
contains a blocking set S such that |S| < %.

Proof. First we prove that if there is a MBS S such that |S| < &, then G(V, E) is untok-
enizable. Let N = N(S), and let U =V — S — N. We describe a sequence of permutations
IT and a start vertex such that vertices in U C V will never hold a token in G'. Since S
is a MBS of G and |S| = k, we have [N| = k and |U| = n — 2k. Wlog let S = [0,k — 1],
N = [k,2k — 1], and U = [2k,n — 1]. Our temporal graph will be a 2-periodic graph such
that in the odd time steps, we have the original graph G and in the even steps we use the
following permutation:

(i) = i+ k mod 2k ifi< 2k
7 if 1 > 2k

With this permutation II, observe that the subgraph induced by U is not connected to .S
in odd steps, and is not connected to vertices in N in even steps. To prevent U from ever
obtaining a token, it is sufficient to start the token procedure at some vertex s in S. Then
in time step 2, a subset of the vertices in NV will hold the token, and none of the vertices
in U have the token. Since the subgraph induced by U is not connected to any vertex in
N in time step 2, there is no way for the vertices in U to become token holders in the
following step. Inductively, it is straightforward to see that TH (G, s,t) C S for odd ¢ and
TH(GY,s,t) C N for even t. This ensures that none of the vertices in U will ever hold a
token, making the graph G untokenizable.

Next we prove the other direction. Suppose that G(V, E') with n vertices is untokenizable.
This means there exists an initial vertex s and a sequence of permutations Il such that
HS(G™,s,n) # V. This implies that the maximum number of token holders at any step must
be some k < n, and hence, there must exist some time step ¢ < n in which NoT(G", s,t) = k
and NoT(GY,s,t +1) < NoT(G"Y,s,t). By Lemma 6, at time t, there there exists a
non-empty independent set of token holders H, such that |H;| > |N(H;)| > 1.

Furthermore, |H}| + |N(H{)| < n since G is untokenizable, and therefore |[N(H})| < n/2.
By Lemma 5, G has a blocking set of size < |[N(H})| < n/2 as desired. <

» Theorem 11. A connected graph G with n vertices is partially tokenizable if and only if it
contains a MBS S such that |S| = 3.

Proof. First, we will prove that if there exists a MBS S with |S| = %, then the graph is
partially tokenizable. Since |S| = %, the graph is tokenizable by Theorem 10.

Now, let S be the MBS , wlog let S = [0,n/2—1]. Our temporal graph will be a 2-periodic
graph; in odd steps, we have the original graph G, and in even steps, we use the permutation
m(i) = (i +n/2) mod n. Let NoT(i) be the number of tokens in step i. By Lemma 9,
NoT(G", s,t) keeps increasing until for some time step ¢ we have NoT (G, s,t)=|S|. After
this step, all vertices in the set [0,n/2 — 1] are holders in odd steps, and all remaining vertices
are holders in even steps and NoT(G', s, n) = 5. This proves that G is partially tokenizable.

Conversely, suppose for graph G, there does not exist an MBS S with |S| = §. Then
either G does not have a blocking set at all, or it has an MBS of size < § (since any blocking
set has to be of size < %). In the first case, by Theorem 8, G is fully tokenizable, and in the
second case, by Theorem 10, it is untokenizable. <
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» Theorem 12. A connected graph G with n vertices is fully tokenizable if and only if does
not contain any BS.

Proof. If G does not contain any BS, then by Lemma 8, G is fully tokenizable. For the
converse, assume for the purpose of contradiction that G is fully tokenizable, and that G
contains a BS. Let S be a MBS of G. Then either [S| = § or |S| < 3.

If |S| = %, then by Theorem 11, G is partially tokenizable.

If |S| < %, then by Theorem 10, G is untokenizable.
In both cases, G is not fully tokenizable, a contradiction to the assumption. Therefore, G

does not contain a BS. |

3.2 Restless token dissemination

In this section, we present a straightforward consequence of our characterization of tokenizable
graphs.

» Theorem 13. There is a distributed algorithm for restless token dissemination in every
vertex permuted graph GY based on a connected graph G = (V, E) in |V| steps, if and only if
G has no MBS of size < |V|/2.

Proof. Suppose G has no MBS of size < |V|/2. Then Theorems 12 and 11 imply that
under any permutation sequence II, and from any start vertex, the token dissemination
procedure will ensure that all vertices in G become token holders in |V| steps, ensuring
restless token dissemination in G™. Conversely, suppose there is a distributed algorithm for
token dissemination in every vertex-permuted graph G based on G. Fix a vertex-permuted
graph G based on G, and suppose there exists a schedule for restless token dissemination
in G, It must be a subset of the schedule implied by our token dissemination procedure,
in which every vertex sends the token to all its neighbors in the step immediately after it
receives it. Therefore our token dissemination procedure will also ensure that tokens are
restlessly disseminated to all vertices in G'I. Since this is true for every G based on G, it
follows that G is tokenizable, and by Theorem 10, G has no MBS of size < |V|/2. <

We note that if G has an MBS of size exactly |V'|/2, there are VPGs based on G, in which
the token will never be held simultaneously by all nodes in the restless setting, whereas if G
has no blocking set, then for every VPG G based on G, the token dissemination procedure
described in Section 3.1 results in every node simultaneously holding the token.

3.3 Restless exploration

Next, we outline the relationship between tokenizability of a graph G and explorability of
vertex-permuted graphs based on G.

» Theorem 14. A connected graph G = (V, E) is tokenizable if and only if every temporal
graph G with base graph G and lifetime L > n(n — 1) is restless explorable, where n = |V|.

Proof. Suppose G is tokenizable. Let G'! be an arbitrary VPG based on the graph G, and of
lifetime L > n(n — 1). By the definition of tokenizability, for every s € V., HS(G™,s,n) = V.
That is, for any vertex u, we have v € HS(G™,s,n). This implies that there exists a
restless temporal walk from s to u in at most n time steps. Using the standard technique
of concatenating temporal walks between pairs of vertices into an exploration schedule, it
follows that there is a restless exploration schedule of length at most n(n — 1) in G starting
at any vertex s.
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Conversely, suppose G is untokenizable. Then by Theorem 10, G has an MBS S of size
|S| < n/2. Similarly to the proof of Theorem 10, we define a 2-periodic VPG (of infinite
lifetime) based on G, in which G; = G for odd 4, and in even time steps, the vertices in S
change places with the vertices in N(S). Let v be an arbitrary vertex in S and let u be an
arbitrary vertex in V — {S U N(S)}. Since |S| = |N(S)| < n/2, there exists at least one
such u. It is clear that there is no temporal walk (of any length) from v to w in this graph.
Therefore G is unexplorable. |

We note that the exploration schedule mentioned above can be constructed in an offline
and centralized manner, and is not necessarily an optimal schedule; we only claim that a
schedule of length at most n(n — 1) exists.

4 Restless explorability of some graph families

In this section, we study the explorability of some specific families of graphs. Observe that
cliques are clearly restlessly explorable: a vertex-permuted clique is actually a static graph,
since in every step, the graph is the same: every vertex is connected to every other vertex.

» Theorem 15. FEvery VPG whose base graph is a connected regular graph is restlessly
explorable.

Proof. Assume for the purpose of contradiction that there exists an unexplorable VPG GU
with base graph a d-regular graph G. By Theorem 14 and 10, we conclude that G contains a
MBS S such that |S| < 1. Note that [S| = |N(S)| and since |S U N(S)| = |S| + |N(S)| <
2‘%' = |V|, there is at least one vertex, say u, in V — (S U N(S)).

Let E’ be the set of edges incident on S. Since G is d-regular, we have |E’'| = §|S| =
§|N(S)]. Since the edges in E’ are also incident on N(.S), we conclude that the only neighbors
of N(S) are vertices in S. However, this means the subgraph induced by S U N(S) is not
connected to u, a contradiction to G being connected. Thus, G must be explorable. <

The following corollary is immediate.

» Corollary 16. Fvery VPG whose base graph is a cycle, d-dimensional torus, or a connected
reqular bipartite graph, is restlessly explorable.

We note that cycles and tori with odd numbers of vertices are fully tokenizable, while
those with an even number of vertices are partially tokenizable.
Next, we consider some base graphs that are not regular.

» Theorem 17. Let G be a vertex-permuted grid with n vertices where n is even. Then
G" is restlessly explorable.

Proof. Assume without loss of generality that the base grid G has m columns where m is
even. We show that G has no blocking set with < n/2 vertices by showing that |N(S)| > |S]
for any independent set S with |S| < n/2. In particular, we show that there is a matching
M of size |S| between S and N(S) and show that there is at least one element of N(S) that
is unmatched.

Consider an independent set S with |S| < n/2, and denote the subset of elements of S in
the i*" row by S;. Clearly, since S; is an independent set and the row has an even number of
vertices, there is always a matching between S; and the elements of N(S) in row 4. Since
|S| < n/2, there must be a row ¢ such that |S;| < m/2. First, suppose there exists a row
that has no elements from S at all; in this case, we take a row S; such that |S;| = 0, and it
is adjacent to a row S; with |S;| # 0. Such a row S; must exist, and clearly, there is at least
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one neighbor of a vertex in S; in the row ¢ that is not matched, and we are done. Therefore

in what remains, we assume that every row has at least one element of S, and we consider a

row \S; such that 0 < [S;] < m/2.

Let s; denote the 0-1 string representing the vertices in row i, where the j-th symbol is 1
if the j-th vertex is in .S and 0 otherwise. Note that the number of 0’s in s; must be at least
two more than the number of 1’s, since |.S;| < m/2 — 1. We first consider the following three
cases:

s; has a prefix in (01)700 : in this case, for each pair (01) in the prefix, we match the
corresponding vertices to each other, and find an arbitrary matching in the corresponding
suffix (which must have at least as many Os as 1s). Let u be the vertex corresponding to
the second-last symbol of the prefix. Then v € N(S) and is unmatched.

s; has a suffix in 00(10)T: We match each pair as in the previous case, and let u be the
vertex corresponding to the second symbol in the suffix; we note that u € N(S) is
unmatched.

s; has a substring in 00(10)70: The argument is identical to the previous case; the vertex
u corresponding to the second symbol in the substring is in N(S) and is unmatched.

Thus in all the above cases, we have the required matching and unmatched element of
N(S) as needed. It remains to consider the situation when for every row S; with |S;| < m/2,
none of the three conditions listed above is satisfied. Let S; be such a row and s; the
corresponding string. Since s; does not have a prefix in (01)700, it either starts with 00 or
starts with 1. If it starts with 1, it must be either of the form (10)*(00)* (Type A) or of the
form (10)*(00)"(01)* (Type B), since it does not satisfy the second and third conditions.
If instead it starts with 00, it must be of the form (00)*(01)* (Type C). For any of these
types, we match the vertices corresponding to each (01) pair. We now identify an unmatched
vertex u for each type. Let S; be a row adjacent to S;.

Type A. s; € (10)7(00)*(01)": If |S;| = m/2 or if |Sj| is of types A, B, or C, then s;
must end with or start with a 1, which implies that two elements of S are adjacent, a
contradiction.

Type B. s; € (10)7(00)": Then as in the previous case, it cannot be that S; is of Type A
or B. So S; must be of type C, or |S;| = m/2 and s; € (01)*. Let u be the last vertex in
row ¢; it is adjacent to the last vertex in row j which is in S; note that u is unmatched.

Type C. s; € (00)*(01)*: Symmetric to the previous case, S; must be of type B, or
|Sj| =m/2 and s; € (10)*. Then let u be the first vertex in row 4; it is adjacent to the
first vertex in row j, which is in S; note that u is unmatched.

The above analysis is exhaustive: we showed that if |S| < m/2, there exists a matching of
size |S| between S and N(S) and a vertex v € N(S) that is unmatched. That is, [N (S)| > |5],
which implies that S is not a blocking set. Therefore, by Theorems 10 and 14, G is restlessly
explorable. <

Finally, we present some examples of untokenizable graphs. Recall that for an untokeniz-
able graph G, there may be some VPGs with base graph GG that are explorable, and others
that are not explorable; see for example Figure 8 part (b).

» Theorem 18. Any connected graph G = (V, E) with |V| > 3 that contains a vertex of
degree 1 is untokenizable. Therefore, there exist VPGs based on G that are not restlessly
explorable.

Proof. Let v € V be the vertex with degree 1, and let u be its only neighbor. Since v has no
other connections, it forms an independent set of size 1, with N(v) = {u}. This implies that
v constitutes a MBS of size 1, satisfying |v| < % By Theorem 10, G is untokenizable, and
by Theorem 14, there exist VPGs based on G that are not restlessly explorable. |
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Figure 8 Tllustration of 2 vertex-permuted graphs with the same base graph G with a vertex of
degree 1. In the VPG shown in part (a), the token alternates between vertex 1 and its only neighbor
2, leaving the other vertices unexplored. In contrast, part (b) demonstrates a VPG where all vertices
are visited by the token within 3 time steps.

The following corollary is an immediate consequence of Theorem 18 and 14.

» Corollary 19. There exist VPGs with base graph a path or a star-graph that are not
restlessly explorable.

Figure 8 illustrates two VPGs with the same base graph G. Note that by Theorem 18,
the base graph G is untokenizable. In part (a), the first three time steps of a 2-periodic

VPG based on G are shown; in odd and even time steps the vertices 1 and 2 swap places.

Consequently, TH(G™Y,1,i) = {1} for odd i, and TH(G",1,4) = {2} for even i. For all t > 2,
HS(GM 1,t) = {1,2} # V, and it is clear that restless token dissemination or exploration
are not possible in this VPG. In contrast, in part (b), a different 2-periodic VPG based on
the same base graph G is shown, in which the token reaches all vertices in 3 time steps.

» Theorem 20. For every bipartite graph G = (M, N, E) such that |M| # |N|, there exist
VPGs based on G that are not restlessly explorable.

Proof. Without loss of generality, assume |[M| > |N|. By Lemma 5, there exists a blocking
set S C M such that |S| < |[N|. Since |M| > |NJ, it follows that |S| < % By Theorem 10,
G is untokenizable, and by Theorem 14, there exist VPGs based on G that are not restlessly
explorable. <

As a direct consequence of Theorem 20, we have the following:

12:15

SAND 2025



12:16

Restless Exploration and Token Dissemination in Vertex-Permuted Temporal Graphs

» Corollary 21. For every grid G with an odd number of vertices, there exists VPGs based
on G that are not restlessly explorable.

5 Open Problems

In this paper, we studied restless exploration in vertex-permuted graphs, and showed that
unless a graph G = (V, E) has a blocking set of size < |V|/2, all vertex-permuted graphs
with base graph G are explorable. The complexity of determining whether such a blocking
set exists in a given graph G remains an open computational problem. While a graph may
be untokenizable, it is possible that a specific VPG G™ is still 1-restlessly explorable. The
complexity of determining if a specific VPG is 1-restlessly explorable is an interesting open
question. Extending our results to the k-restless setting is another direction of research.
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