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—— Abstract
We study the TEMPORAL DOMINATING SET problem, in which one asks whether a temporal
graph G = (G1,...,Gr) given as a sequence of snapshot graphs, over the same vertex set V, has a

set S of temporal vertices of size at most k such that each vertex v of V' is dominated by some w € S
in the snapshot that contains w. Additionally, we consider TEMPORAL PARTIAL DOMINATING SET,
where one asks whether at least ¢ (and not necessarily all) vertices of V' can be dominated by S
and a further generalization in which the solution may only contain a bounded number of temporal
vertices from each snapshot.

We analyze how the complexity of TEMPORAL (PARTIAL) DOMINATING SET is influenced by the
maximum snapshot degree and the structure of the underlying graph, the graph with vertex set V'
and whose edge set is the union of all snapshot edge sets. For example, we obtain a complexity
dichotomy for the maximum snapshot degree and we show that TEMPORAL PARTIAL DOMINATING
SET is fixed-parameter tractable for tw +A, where tw and A denote the treewidth and the maximum
degree of the underlying graph of G, respectively. We also show which of our results transfer to the
well-studied TEMPORAL VERTEX COVER problem. For example, we show that TEMPORAL VERTEX
COVER is also fixed-parameter tractable for tw +A which substantially extends the previously known
polynomial-time algorithms for the case that the underlying graph is a path or cycle.
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1 Introduction

Many real-world situations such as friendships in a social network that may change over time
are naturally modeled by temporal graphs which have a dynamic set of edges and thus allow
to capture changing interactions and relations between the network entities [24, 29]. There
are many equivalent ways of formalizing temporal graphs; in this work, we view them as
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finite sequences G := (Gq,...,Gr) of (static) graphs, called snapshots, where all graphs in
the sequence have the same vertex set. The vertices in the snapshots are temporal vertices
and the graph G| obtained by taking the union over all edge sets is the underlying graph.

To better understand the algorithmic challenges posed by analyzing and using temporal
graphs, different variants of classical graph problems have been lifted to the temporal
setting. An example is the famous NP-hard VERTEX COVER problem, where one is given
an undirected graph G and the task is to find a small vertex cover, that is, a vertex set S
such that each edge has an endpoint in S. The complexity of VERTEX COVER has been
studied from many different viewpoints. In particular, it is the main object of research in
parameterized algorithmics [22, 6, 25, 32]. A canonical temporal version of VERTEX COVER
is the TEMPORAL VERTEX COVER problem, introduced by Akrida et al. [1]. A temporal
vertex is a vertex in a specific snapshot. In TEMPORAL VERTEX COVER we are looking for a
small temporal vertex cover, which is a set S of temporal vertices such that each edge e of the
underlying graph G is covered by some temporal vertex w in S, that is, w is an endpoint
of e and e is present in the snapshot of w (see Figure 1 for an example).

TEMPORAL VERTEX COVER (TVC)
Input: A temporal graph G and an integer k.
Question: Is there a temporal vertex cover S of G with |S| < k

As shown in a series of works that are discussed in more detail below, TVC turned out to
be quite hard when compared to VERTEX COVER, even for inputs with a heavily restricted
structure.

In this work, we want to broaden our algorithmic knowledge for temporal versions of
such classic graph problems. To this end, we study a temporal variant of the NP-hard
DOMINATING SET problem, which has a similarly central role in algorithmic research. In
DOMINATING SET the task is to find, for a given graph G, a small set of vertices S such
that every vertex is dominated by S which means that it is either in S or has at least one
neighbor in S. Interestingly, DOMINATING SET turns out to be more difficult than VERTEX
COVER in several aspects such as approximability or parameterized complexity [7, 36]. This
motivates the exploration of temporal DOMINATING SET variants, analogous to those for
VERTEX COVER, with the goal of analyzing and comparing their complexities.

There are several ways of extending domination to the temporal setting [5]. In analogy
to TVC, we consider the version where we say that a vertex u in the underlying graph G| is
dominated by a temporal vertex v if u is contained in the closed neighborhood of v in the
snapshot of v. A set of temporal vertices S is then a temporal dominating set if each vertex
of the underlying graph is dominated by at least one temporal vertex of S (see Figure 1
for an example). If we now aim to find a small temporal dominating set, we arrive at the
following problem.

TEMPORAL DOMINATING SET (TDS)
Input: A temporal graph G and an integer k.
Question: Is there a temporal dominating set S of G with |S| < k?

A natural and well-studied generalization of DOMINATING SET is PARTIAL DOMINATING
SET where we ask for a small set that dominates many but not necessarily all vertices of the
graph. In our temporal setting, this gives the following problem.
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Figure 1 The five blue temporal vertices are a temporal vertex cover of size 5 and the two red
temporal vertices are a temporal dominating set of size 2.

TEMPORAL PARTIAL DOMINATING SET (TPDS)

Input: A temporal graph G and integers k, t.

Question: Is there a temporal vertex set S with |S| < k which dominates at least ¢
vertices of the underlying graph G 7

Moreover, we consider TEMPORAL (PARTIAL) DOMINATING SET under budget constraints
for each snapshot. Here, the solution is allowed to contain at most b temporal vertices
from each snapshot, for some given number b. We refer to the two resulting problems as
BUDGET-TDS and BUDGET-TPDS, respectively.

As mentioned above, one aim of our study is to compare the complexity of TDS to TVC.
To obtain a full picture, we also consider the partial and budget versions of TVC. In the most
general problem, BUDGET-TEMPORAL PARTIAL VERTEX COVER (BUDGET-TPVC), the
question is whether we can cover at least ¢ edges of the underlying graph G|, by selecting at
most k temporal vertices, with at most b from each snapshot. The two intermediate problems,
TEMPORAL PARTIAL VERTEX COVER (TPVC) and BUDGET-TEMPORAL VERTEX COVER
(BUDGET-TVC) are defined analogously.

We analyze the complexity of all problems with respect to the structure of the underlying
graph G|, the maximum snapshot degree, and from the viewpoint of parameterized complexity.
Before stating our results, we give a brief overview of the literature on the considered and
related problems.

Known Results and Further Related Work. For temporal graphs with only one snapshot,
TVC and TDS coincide with VERTEX COVER and DOMINATING SET, respectively. This
also holds for the partial variants. Hence, all temporal problems considered in this work
inherit all hardness results that are known for their static counterparts. In particular, TVC
and TDS are NP-hard even when the underlying graph G| has maximum degree 3 [18]. In
addition, the following is known: TVC is already NP-hard when the underlying graph is
a star graph [1]. The reduction also shows that TVC is W[2]-hard with respect to k in
that case [1]. Hence, it is unlikely that the problem can be solved in f(k)-|G|®™) time. On
the positive side, TVC is solvable in polynomial time if the underlying graph is a path or
cycle [21].

Akrida et al. [1] also introduced SLIDING WINDOW TEMPORAL VERTEX COVER (SW-
TVC) where the input additionally contains an integer d, and the aim is to cover every edge
at least once in every window of § consecutive snapshots. In contrast to TVC, SW-TVC
is NP-hard if the underlying graph is a path [21]. Moreover, SW-TVC is FPT for k + 4,
that is, it can be solved in f(k +6) - |G|°() time [21]. Finally, Hamm et al. [21] considered a
partial variant of SW-TVC where “partial” refers to the fact that each edge needs to be
covered in only a given subset of the windows. This variant thus differs substantially from
TPVC as defined here.
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Table 1 Overview of our results on the classic and parameterized complexity for TEMPORAL
DOMINATING SET and its variants. Herein, tw and A denote the treewidth and the maximum degree
of the underlying graph G, respectively, Amax denotes the maximum degree in any snapshot of the
input graph, and h(G) denotes the temporal h-index of G.

TDS TPDS BUDGET-TDS BUDGET-TPDS

G, is a star NP-h. NP-h. NP-h. NP-h.
Corollary 3.2 Corollary 3.2 Corollary 3.2 Corollary 3.2

G, is a clique NP-h. NP-h. NP-h. NP-h.
Thm. 3.3 Thm. 3.3 Thm. 3.3 Thm. 3.3

G, is a path Poly Poly NP-h. NP-h.
Thm. 4.6 Thm. 4.6 Thm. 3.7 Thm. 3.7

Amax <2 NP-h. NP-h. NP-h. NP-h.
Thm. 3.3 Thm. 3.3 Thm. 3.3 Thm. 3.3

Amax <1 Poly Poly NP-h. NP-h.
Thm. 3.5 Thm. 3.5 Thm. 3.7 Thm. 3.7

tw+A FPT FPT paraNP-h. paraNP-h.
Thm. 4.6 Thm. 4.6 Thm. 3.7 Thm. 3.7

t - FPT - FPT
Thm. 4.2 Thm. 4.2

k+ h(G) FPT FPT FPT FPT
Thm. 4.5 Thm. 4.5 Thm. 4.5 Thm. 4.5

There are further temporal variants of VERTEX COVER and DOMINATING SET which
have been discussed and studied. These include a multistage variant of VERTEX COVER [15],
a version with activity intervals for the selected vertices [17, 9, 11, 10, 8, 12, 33, 34], a
reachability-based variant for DOMINATING SET [26] and different conditions on how and
when a vertex should be dominated [5, 35, 37].

Our Contribution. In a nutshell, we show that TDS is considerably harder than its static
counterpart. Moreover, we observe that introducing budgets makes it harder to exploit a
bounded degree of the underlying graph, and that TDS and TVC are similarly difficult,
with some border cases where TVC is easy and TDS is hard. More precisely, we obtain the
following results touching on three main aspects of the input structure; see Tables 1 and 2
for an overview for TDS and TVC, respectively.

The first aspect is the global structure of the underlying graph G|. We show that, like
TVC, TDS is already NP-hard if G| is restricted to be a star. Moreover, we show that
TVC and TDS are hard if G is restricted to be a clique. For G restricted to a path, we
show that all problem variants without budget constraints are easy but adding budgets to
the snapshots makes the problems NP-hard.

The second aspect on which we focus is the maximum snapshot degree A .x which is
defined as the maximum of the maximum degrees of all snapshot graphs. Here, we obtain a
complexity dichotomy for all problem variants. In particular, we show that TDS is NP-hard
for Apax = 2 and that for Apax = 1 the non-budgeted variants are polynomial-time solvable
and the variants with budget are NP-hard. For TVC the situation is different, here Ay .x = 3
leads to hardness for all variants, Ap.x = 1 leads to polynomial-time solvability for all
variants, and for Ap,x = 2 we observe that adding budgets makes the problem hard.

The third aspect is the parameterized complexity of the problems. We show that all
problem variants without budgets are tractable with respect to the combination of the
treewidth of G| and the maximum degree of G|. For the variants with budget, this problem
parameterization is already excluded by the NP-hardness for the case that G| is a path. For
the partial problem variants, we then show fixed-parameter tractability for ¢, the number of
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Table 2 Overview of our results on the classic and parameterized complexity for TEMPORAL
VERTEX COVER and its variants. Herein, tw and A denote the treewidth and the maximum degree
of the underlying graph G, respectively, Amax denotes the maximum degree in any snapshot of the
input graph, and h(G) denotes the temporal h-index of G.

TVC TPVC BUDGET-TVC BUDGET-TPVC

G| is a star NP-h. NP-h. NP-h. NP-h.
[1, Thm. 2] [1, Thm. 2] [1, Thm. 2] [1, Thm. 2]

G, is a clique NP-h NP-h NP-h NP-h
Thm. 3.4 Thm. 3.4 Thm. 3.4 Thm. 3.4

G, is a path Poly Poly NP-h NP-h
[21, Thm. 5] Thm. 3.6 Thm. 3.8 Thm. 3.8

Amax <3 NP-h NP-h NP-h NP-h
Thm. 3.4 Thm. 3.4 Thm. 3.4 Thm. 3.4

Apmax < 2 Poly Poly NP-h NP-h
Thm. 3.6 Thm. 3.6 Thm. 3.8 Thm. 3.8

Amax <1 Poly Poly Poly Poly
Thm. 3.9 Thm. 3.9 Thm. 3.9 Thm. 3.9

tw+A FPT FPT paraNP-h. paraNP-h.
Prop. 4.7 Prop. 4.7 Thm. 3.8 Thm. 3.8

t - FPT - FPT
Corollary 4.3 Corollary 4.3

k+ h(G) FPT FPT FPT FPT
Thm. 4.5 Thm. 4.5 Thm. 4.5 Thm. 4.5

elements to be covered. This implies also fixed-parameter tractability with respect to k4+Apax,
since instances with ¢t > k - (Apax + 1) are trivial no-instances. Finally, we show that for
the latter result, we can replace Apax by the temporal h-index of G which we define to

be the largest number h such that G contains h temporal vertices with degree at least h.

This parameter is upper-bounded by Ap.x and potentially much smaller, when we have a
skewed degree distribution for the temporal vertices. In our opinion, this parameter can be
of interest for other temporal graph problems as well.

Proofs of statements marked with (x) are deferred to the full version.

2 Preliminaries

Throughout the work, we denote the set of integers {¢,i +1,...,5 — 1,7} by [¢,7]. If i =1,
we write [j]. Given a set V and an integer k > 0, we write (‘2) for the collection of all subsets
of V of size exactly k. For the main definitions of classical and parameterized complexity
theory, including the definition of treewidth and tree decompositions, we refer to the standard
monographs [3, 7].

Graph notation. A (static) graph G = (V, E) consists of a verter set V and an edge
set B C (‘2/) Given a graph G, we refer to the set of vertices by V(G) and to the set
of edges by E(G). Throughout this work, if G is clear from the context, we let n := |V|
and m := |E|. For an edge {u, v} we may write uv. The neighborhood of a vertex v is denoted
by Ng(v). Further, we call Ng[v] := Ng(v) U {v} the closed neighborhood of v. The closed
neighborhood N¢[S] of a set S of vertices is defined as the union of the closed neighborhoods
over all vertices from the set. The open neighborhood N¢g(S) of a set S of vertices is defined
as Ng[S]\ S. If G is clear from the context, we may omit the subscript.

We let deg(v) := |Ng(v)| denote the degree of a vertex v. If degs(v) = 0, then we say
that v is isolated. The mazimum degree of a graph G is A(G) := max,cy () degg(v). We
write A instead of A(G) when G is clear from the context. The h-indez of a graph G is the
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largest integer h such that G contains at least h vertices of degree at least h [14]. We call the
graph H = (W, F) a subgraph of the graph G = (V, E) if W CV and F C E. The subgraph
is called induced if F = EN (V;/) The graph G[W] := (W, E N (VZV)) is the subgraph of G
induced by W.

A graph G = (V, E) is a clique if E(G) = (‘2/) A path of length p is a graph of the form
(V=Av1,...,vp11 }, E = viviz1). We call v1 and vp4q the endpoints of the path. A
cycle of length p > 3 is a path of length p — 1 with an additional edge between the endpoints
of the path.

Temporal graph notation. We use the following definition of temporal graphs.

» Definition 2.1. A temporal graph G is a finite sequence of graphs (G1,...,Gr) which all
have the same set of vertices V(G) .=V (Gy) =...=V(Gr).

The graphs of the sequence are called snapshots.We write F; instead of E(G;) and V
instead of V(G), if the temporal graph G is clear from context. An edge of a snapshot G;
is a temporal edge and the pair (v,i) € V x [T] is the temporal vertex of v in snapshot G;.
Sometimes we say the edge e appears in snapshot G; if e € F;. Given a temporal graph G =
(G1,...,Gr), we define the underlying graph of G by G (G) :== (V| :=V(G),E| := UZ.T:1 E)
and simply write G when G is clear from the context. We let A = A(G). With A;(G)
we denote the maximum degree of the ith snapshot, that is, A;(G) := A(G;). Further, we
define the maximum degree over all snapshots of a given temporal graph by Apn.x(G) :=
max/_; A;(G) and call A,y (G) the mazimum snapshot degree of G. We refer to Anyax(G) by
Apax when G is clear from the context. We define the h-index of a temporal graph as follows.

» Definition 2.2. The h-index h(G) of (the temporal graph) G is the mazimum number h(G)
such that G contains at least h(G) temporal vertices of degree at least h(G).!

An alternative definition for hA(G) is the following: Consider the graph H which is the disjoint
union of all snapshots of G. Then h(G) is the h-index of H. If a snapshot G; has an empty
edge set, that is, £; = (), then we say G; is an empty snapshot. For a temporal vertex (v, 1),
we define the neighborhood by Ng((v,4)) := Ng,(v) and analogously the closed neighborhood
by Ng[(v,i)] := Ng,[v]. The (closed) neighborhood of a set of temporal vertices is defined
analogously to the (closed) neighborhood of static vertices. For a set of vertices W C V(G),
we let G[W] := (G1[W],...,Gr[W]) denote the temporal subgraph of G induced by W.

We now give formal definitions for temporal vertex covers and dominating sets that we
search for in TDS and TVC and their extensions. Let G = (G1,...,Gr) be a temporal
graph and let S = V(G) x [T] be the set of temporal vertices of G. We say S covers the
edge uwv € E|, if there exists a timestamp i € [T] such that uv € E; and at least one of (u, 1)
or (v,7) is contained in S. If S covers all edges from E|, then we call S a temporal vertex
cover (see Figure 1 for an example). We say a vertex u € V| = V(G) is dominated by the
temporal vertex (v,4) if u € Ng,[v]. A set of temporal vertices S C V(G) x [T] is a temporal
dominating set if each vertex of V| is dominated by at least one temporal vertex of S (see
Figure 1 for an example).

1 Note that our definition of h-index of G differs from the one given by Oettershagen et al. [31]
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Parameterized Complexity Theory. Parameterized complexity is a two-dimensional frame-
work for describing the computational complexity of decision problems [7]. A parameterized
problem is a language L C ¥* x N, where ¥ is a fixed, finite alphabet. For an instance
(x,k) € ¥* x N, k is called the parameter and the size of the instance is |z| + k.

A parameterized problem L C ¥* x N is fized-parameter tractable (FPT) if there exists
an algorithm A (called fized-parameter algorithm), a computable function f : N — N, and
a constant ¢ such that, given (z,k) € ¥* x N, the algorithm A correctly decides whether
(z,k) € L in time bounded by f(k) - |(z,k)|°. The complexity class containing all fixed-
parameter tractable problems is called FPT.

To show that a problem is unlikely to have an FPT-algorithm, one makes use of param-
eterized reductions. Let A, B C ¥* x N be two parameterized problems. A parameterized
reduction from A to B is an algorithm that, given an instance (x, k) of A, outputs an instance
(z', k") of B such that (z,k) € A if and only if (z/, k") € B, k' < g(k) for some computable
function g, and the running time is f(k) - |z|®™) for some computable function f. In particu-
lar, if there exists a parameterized reduction from A to B and A is not in FPT, then the
parameterized reduction implies that B is also not in FPT. The W-hierarchy consists of the
complexity classes W[1] C W[2] C ...; we say that a parameterized problem A is W[i]-hard
if every problem from WT[i] can be reduced to A by some parameterized reduction. The
standard assumption of parameterized complexity theory is FPT C W[1]. This assumption
allows to show that a parameterized problem is not fixed-parameter tractable by providing a
parameterized reduction from some W/[i]-hard problem.

3 Classical Complexity of the Considered Problems

We now present our dichotomy for A,.x for all considered problems.

3.1 Hardness Results for Unbounded Budget

In this section we study restricted settings for which TDS and therefore all its generalizations
are NP-hard. Akrida et al. [1] proved by a reduction from SET COVER that TVC is NP-hard
even when the underlying graph G| is a star graph. Recall that this reduction [1, Thm. 2]
also implies that TVC is W[2]-hard when parameterized by k under these restrictions. With
a similar idea, we can also show that TDS is NP-hard if the underlying graph is a star graph.

» Theorem 3.1. TDS is NP-hard and W[2]-hard when parameterized by k even when the
underlying graph G| is a star graph.

Proof. We present a polynomial-time reduction from HITTING SET, which is NP-hard
and W|2]-hard when parameterized by the size k of the sought solution.

HiTTING SET

Input: A universe U, a family F' of subsets of U (called hyperedges), and an integer k.
Question: Is there a hitting set of size at most k for F', that is, is there a set S C U of
size at most k, such that each hyperedge of F' contains at least one element of S?

Let I := (U, F, k) be an instance of HITTING SET and assume without loss of generality
that each hyperedge of F' is non-empty, as otherwise, I is a trivial no-instance. Fix some
arbitrary order on U and consider the following temporal graph G. The vertex set consists
of one vertex v, for each hyperedge e € F, and one center vertex c. Further, we introduce
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for each element u; € U one snapshot G; in which the center is connected to exactly those
vertices v, for which the hyperedge e contains w;. By construction, G| is a star graph.
Clearly, this reduction can be done in polynomial time.

Correctness: We show that F' has a hitting set of size at most k if and only if G has a
temporal dominating set S of size at most k.

(=) Let S C U be a hitting set of size at most k for F. For each u; € S, we add the
temporal vertex (c,i) to S. For each hyperedge e € F there exists a u; € S such that u; € e
since S is a hitting set. By construction, the temporal vertex (c, i) dominates the vertex v,
because cv, € E;. It follows immediately that the chosen temporal vertices are a temporal
dominating set of G.

(<) Let S be a temporal dominating set of G of size at most k. Note that we can assume
that S only contains temporal vertices of the center vertex ¢, that is, S C {(c, ) : i € [1,|U|]}.
This is due to the fact that, for each temporal vertex (ve,7) with ve # ¢ there exists a
snapshot G, such that cv. € E; and consequently the temporal vertex (ve,¢) dominates a
subset of the vertices dominated by (¢, j). Consider the set S obtained by adding u; to S if
(¢,1) is in the temporal dominating set S. For each e € F, the vertex v, is dominated by
some vertex (¢, i) € S. By construction, u; € S and u; € e. Consequently, S is a hitting set
of size at most k for F'. |

If we reduce from the NP-hard special case [18] of HITTING SET where each hyperedge
has size 2 and each element occurs in at most three hyperedges, the resulting temporal graph
has at most three edges in each snapshot, and each edge appears in at most two snapshots,
which implies the following.

» Corollary 3.2. TDS is NP-hard even when the underlying graph G| is a star graph, there
are at most three edges in each snapshot, and each edge appears at most two times.

Due to the NP-hardness for underlying stars, parameterized algorithms for a large number
of parameters of the underlying graph are impossible. The next results show that even if the
underlying graph is a clique, the problem remains NP-hard even for very restricted number
of edges in each snapshot. Note that this also bounds the maximum snapshot degree A . .

» Theorem 3.3. TDS is NP-hard even when the underlying graph G is a clique and there
are at most two edges in each snapshot.

Proof. We provide a reduction from EXAcT COVER By 3-SETs (X3C) [18]. The input of the
problem consists of a finite set X = {z1,..., 234} together with a family 7 = {Fy,...,F,}
of size-3 subsets of X and the question is whether there is a subset C of F such that each x;
appears in exactly one set from C (this implies |C| = q).

Consider a temporal graph G with vertex set V(G) := {v; : z; € X} and p+ (32‘1) snapshots.
For i € [p] let j(i) := min{s € [3¢] : s € F;} and define the edge set E; := {v;;yvs : 5 #
j(i),zs € F;}. The purpose of the remaining (32q) snapshots is to ensure that the underlying
graph is a clique. This can be done by adding for each pair of elements z,.,zs € X one
snapshot which only contains the edge v,vs. By construction, the underlying graph is a
clique and there are at most two edges in each snapshot. Clearly, this reduction can be done
in polynomial time.

Correctness: We show that (X, F) is a yes-instance of X3C if and only if (G,q) is a
yes-instance of TDS.

(=) Suppose each element from X appears in exactly one set from C C F. Recall that
this implies that C has size q. Consider the following temporal vertex set S. For each F; € C
we add the temporal vertex (vj(;,4) to S. Clearly, (vj(;),i) dominates exactly the vertices
from V(G) which correspond to the elements from F;. Since every element of X is contained
in a set from C, it follows that every vertex from V(G) is dominated.
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(<) Suppose that S is a temporal dominating set of size ¢ for G. Since each snapshot
contains at most two edges and |V (G)| = 3¢, it is clear that each temporal vertex from S
dominates exactly three vertices which are not dominated by any other temporal vertex
from S. By construction, it follows that & C {(v;(),) : 4 € [p]}, since only these temporal
vertices can dominate more than two vertices in their respective snapshot. We obtain a
solution C to the X3C instance by adding F; to C if and only if S contains a temporal vertex
from the ith snapshot, that is, the temporal vertex (v;(;,4). Observe that by definition of
the first p snapshots, the set F; € C covers exactly the elements from X whose corresponding
vertices are dominated by (vj(;),7) € S. This implies that every element of X is contained in
exactly one set from C, since S dominates each vertex exactly once. |

We now show a similar hardness result for TEMPORAL VERTEX COVER with a slightly
larger snapshot degree on instances with a clique as underlying graph. Recall that for
instances with a star as underlying graph, TVC is known to be NP-hard [1, Thm. 2].

» Theorem 3.4 (x). TVC is NP-hard even when the underlying graph G is a clique, there
are at most three edges in each snapshot, and each edge appears at most twice.

3.2 Polynomial-Time Solvable Cases for Unbounded Budget

We now discuss special cases of TDS that can be solved in polynomial time. If we restrict
the underlying graph to paths or cycles, then TDS and TPDS are solvable in polynomial
time. This follows directly from Theorem 4.6, which states that TPDS is in FPT with
respect to tw +A, and hence we do not describe specific algorithms for this case.

Considering the maximum snapshot degree, note that Theorem 3.3 shows that TDS is
NP-hard when restricted to temporal graphs of maximum snapshot degree two. However,
if we restrict ourselves further to temporal graphs of maximum snapshot degree one, then
TDS and its partial variant can be solved efficiently by reducing the problem to a matching
problem.

» Theorem 3.5 (x). TPDS can be solved in polynomial time if the mazimum snapshot
degree is one.

For TPVC we provide a polynomial-time algorithm for a maximum snapshot degree of 2
instead of one as for TPDS.

» Theorem 3.6. TPVC can be solved in polynomial time if the maximum snapshot degree
is 2.

Proof. Let I = (G, k,t) be an instance of TPVC. Without loss of generality we assume

that |[E(G})| > t and that 2k > ¢ since otherwise the instance is a trivial no-instance.

Moreover, let S be a solution of I and let F' C E(G) be the set of covered edges by S. Since

the maximum snapshot degree is two, each vertex in S can cover at most two edges of G|.

Consequently, each vertex in S covers either a single edge of G| or a pair of adjacent edges
of G, that is, a Ps.

Now, we consider a mapping ¢ : F — & such that each edge in F' is mapped to one
of its endpoints in §. Let S; C S be the set of temporal vertices such that exactly two
edges of F' are mapped to each temporal vertex in S;. Next, we show that maximizing

the number of covered edges is equivalent to maximizing the number of edge-disjoint Pss.

More precisely, we prove that S is a solution if and only if |Sy| > ¢ — k: Each temporal
vertex in §* := &\ Sz can cover at most one edge of E(G) according to ¢. Moreover,
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let F*:={f € F:¢(f) ¢ S2}. Since each temporal vertex in S* covers at most one edge
of E(G,) according to ¢, we have |F*| < |S*|. Hence, we obtain |S| = k = |Sa| + |S*|
and t < |F| = 2|Sa| + |F*| < |Sa] + |8*| = k + |S2| implying |Sa| >t — k.

Consequently, we need to find a set T of at least ¢ — k temporal vertices such that each
temporal vertex of T' covers a P3 of Gy such that all these Pss are edge-disjoint. Afterwards,
we can greedily add (2k — t) temporal vertices to T' which cover exactly one so-far uncovered
edge of G| to obtain a solution for (G, k,t). This is always possible due to our assumptions
that |E(G))| > t and that 2k > t.

It remains to maximize the number of these edge-disjoint P3s. However, since some
pairs of adjacent edges, that is, some non-induced Pss, of G| might not appear together in
one snapshot, we cannot simply find a maximum packing of edge-disjoint Pss in G. Thus,
essentially we are given the underlying graph G| and a list of possible Pss, that is, pairs of
adjacent edges appearing in a common snapshot, and the task is to find a maximum packing
of such Pss. This problem is known as EDGE DISJOINT LIST P3-PACKING and can be solved
in polynomial time via a reduction to MAXIMUM MATCHING [19]. Since [19] does not provide
the construction, we describe it for sake of completeness. The auxillary graph H contains a
vertex v, for each edge e € E(G). Moreover, two vertices v., and v., of H are adjacent if
and only if e; Nes # () and there exists a snapshot G; where both edges e; and ey are active.
Now, maximizing the number z of edge-disjoint P3 covered by the solution is equivalent to
finding a maximum matching in H which can be done in polynomial time [28]. <

Theorem 3.6 implies that TPVC can be solved in polynomial time if G is a path. Hence,
our result generalizes a result of Hamm et al. [21, Thm. 5] who provided a polynomial-time
algorithm for TVC if G is a path.

3.3 The Influence of Budgets on the Complexity

We now study BUDGET-TDS and BUDGET-TVC. Recall that in those problems the input
has an additional integer b and we are allowed to select k£ temporal vertices overall but only
up to b temporal vertices per snapshot.

We proceed by showing that BUDGET-TDS and BUDGET-TVC are already NP-hard
even if the underlying graph is a path.

» Theorem 3.7. BUDGET-TDS with a budget constraint of b =1 is NP-hard, even if the
underlying graph is a path and the mazimum snapshot degree is one.

Proof. We reduce from the NP-hard RAINBOW MATCHING problem on properly edge-
colored paths [27]. In this problem, the instance (P, ¢, q) consists of a path P with vertex
set {v1,...,v,}, an edge coloring ¢: E(P) — [c] for some ¢ € N, and an integer ¢ and the
question is whether there exists a matching of size at least g such that all edges in the
matching are assigned a different color.

Consider the temporal graph G with vertex set V(G) := V(P) and the following snapshots:
For each color i € [¢]|, we introduce one snapshot G;, which contains exactly the edges colored
with the corresponding color i. Furthermore, we add n — 2¢q additional empty snapshots
and set k := n — ¢ to obtain the BUDGET-TDS instance (G, k,b = 1). By construction, the
underlying graph is a path and the maximum snapshot degree is one since ¢ is a proper edge
coloring, that is, no two incident edges of P have the same color.

Correctness: We show that P has a rainbow matching of size at least ¢ if and only if G
has a temporal dominating set S of size at most k = n — ¢ which does not exceed the budget
of one in any of the snapshots.
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(=) Suppose M is a rainbow matching of size ¢q. For each color i € [c] and each
edge vjv;11 € M with ¢(vjvj41) =1 we add (vj,7) to S. Note that these temporal vertices
already dominate 2q vertices since M is a matching. For the remaining n — 2¢ undominated
vertices from V(G) we add isolated temporal vertices from the empty snapshots to S such that
there is no conflict with the budget constraint. This can be done because G contains n — 2¢
empty snapshots. Finally, note that S dominates all vertices, has size g+n—2¢=n—q =%
and contains at most one temporal vertex from each snapshot since M is a rainbow matching.

(<) Suppose that S is a solution to (G,k,b=1). Since the maximum snapshot degree
is one, we know that every temporal vertex dominates at most two vertices. A solution of
size k = n — ¢ needs to dominate all n vertices, which implies that there exist ¢ temporal
vertices in § which dominate in total 2q vertices. Each of these ¢ temporal vertices is incident
to exactly one edge and therefore comes from a snapshot which corresponds to some color of
the edge coloring ¢. By adding all these edges to M, we obtain a rainbow matching of size
at least ¢. As the ¢ temporal vertices dominate in total 2¢ vertices, it follows that M is a
matching. The rainbow property is a consequence of the budget restriction which implies
that S contains no two vertices from the same snapshot and therefore no two edges of the
same color are added to M. <

We get almost the same hardness for BUDGET-TVC.

» Theorem 3.8 (x). BUDGET-TVC with a budget constraint of b =1 is NP-hard, even if
the underlying graph is a path.

Hence BUDGET-TDS and BUDGET-TVC are strictly harder than TDS and TVC with
respect to the structure of the underlying graph and with respect to the maximum snapshot
degree. Moreover, since G| is a path in Theorem 3.8, we directly obtain that BUDGET-TVC
remains NP-hard even if the maximum snapshot degree is two. This is in sharp contrast
to TVC which is solvable in polynomial time if the maximum snapshot degree is two, see
Theorem 3.6. We now show that the snapshot degree of 2 in Theorem 3.8 is necessary for
the NP-hardness on paths.

» Theorem 3.9. BUDGET-TPVC can be solved in polynomial time if the mazimum snapshot
degree is one.

Proof. Let (G, k,t,b) be a BUDGET-TPVC instance. Observe that since the maximum
snapshot degree is one, each temporal vertex can cover at most one edge. Consequently,
if k¥ < t, we have a no-instance. Moreover, since an optimal solution never contains both
endpoints of an edge, it is safe to assume that k = t.

To solve the instance (G, k,k,b), we use a max-flow problem, which can be solved in
polynomial time [20]. Let H be a flow-network with source s and target z. Moreover, H
has a vertex s; for each snapshot G; and a vertex e for each edge e € E(G)). The source
has an arc with capacity b to each vertex s; corresponding to a snapshot. The vertex s;
corresponding to snapshot G; has an arc with capacity one to edge e € E(G)) if e can be
covered in G;. Finally, each vertex e for each e € E(G) has an arc to the target z with
capacity 1.

We now show that (G, k, k,b) is a yes-instance of BUDGET-TPVC if and only if H has a
maximum flow of k.

(=) Assume that H has a maximum flow of value k. Since each vertex e € V(H)
corresponding to an edge in G| has only one outgoing arc which has capacity one, there
exists at most one vertex s; such that there is a flow of value 1 from s; to e. Now, since
the maximum snapshot degree is 1, we let (v,4) be a temporal vertex such that v is one of
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the endpoints of the edge in G| corresponding to e. We now argue that the set S of these
temporal vertices is a solution for (G, k, k,b). By the above, each vertex in S covers exactly
one unique edge and by the construction of our flow-network S contains at most b temporal
vertices from each snapshot. Furthermore, since the flow has value k, we obtain that |S| = k
and thus S is a solution for (G, k, k,b).

(<) Let S be a solution for (G, k, k, b) where no edge is covered twice. Consequently, each
vertex in S covers exactly one edge and this edge is covered by no other vertex in S. More
precisely, let S; C S be the temporal vertices contained in snapshot i. Note that |S;| < b.
For each snapshot ¢, we let a flow with value |S;| flow from the source s to vertex s;. Since
each vertex v in S covers a unique edge e € E(G), we let a flow of value 1 flow from S; to
each edge which is covered by a vertex in S;. Clearly, these are |S;| many. Finally, we let a
flow from each covered edge to the target z with a value 1 flow. Consequently, H has a flow
with value |S| = k. <

4 Parameterized Complexity

In this section, we study all problems from the viewpoint of parameterized complexity.
In particular, we first provide FPT-algorithms for the number ¢ of dominated vertices or
covered edges, respectively, in the partial variants. Then, we extend these results to obtain
FPT-algorithms for &k plus the h-index of the temporal vertex degrees h(G). Finally, we
provide FPT-algorithms for the purely structural parameter tw +A of the underlying graph.
We state the algorithms in their most general form, that is, if possible for the partial and
budget variant.

4.1 Parameters t and k + h(G)

Recall that in the partial variants TPDS and TPVC the input contains an additional
integer ¢ for the number of dominated vertices/covered edges. It is known that PARTIAL
DOMINATING SET and PARTIAL VERTEX COVER are in FPT with respect to ¢ (for example
a consequence of [4]). We show that these result extend to the temporal and budget versions.

The idea is to use color coding [2] which is a very popular technique to obtain fixed-
parameter algorithms [7]. Given some instance of a parameterized problem, the rough idea is
to randomly color some elements of this instance and then solve a colorful version of the given
instance. If the colorful version of the problem is fixed-parameter tractable, then we can
often derandomize the algorithm such that it solves our original instance by deterministically
considering a specific family of colorings. We consider the derandomized version of color
coding that makes use of perfect hash families. More formally, a family F of functions from
[n] to [k] is (n, k)-perfect if for each S C [n] of size k there exists a function f € F such that
the restriction of F to S is injective. The following theorem shows that a perfect hash family
can be constructed in FPT time.

» Proposition 4.1 ([30]). For any n,k > 1 one can construct an (n, k)-perfect hash family
of size eFkCU8k) 1ogn in time e*kC01°8F) nlogn.

Initially, we show our result for BUDGET-TPDS.
» Theorem 4.2. BUDGET-TPDS can be solved in 2° - |T|1°M) time.

Proof. Let (G, k,t,b) be a BUDGET-TPDS-instance. We can assume b = 1 by taking b copies
of each snapshot. Note that this increases the lifetime of the temporal graph by the factor b.
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Consider the following randomized algorithm. Let ¢: V(G) — [¢] be a uniformly at
random coloring of the vertices V(G). We say that a temporal vertex (v,i) dominates the
color q if there exists a neighbor of v in G; with color ¢. With C,; we denote the set of
colors, which are dominated by the temporal vertex (v, ). For each set of colors X C [t] and
each i € [0,T] let

DP[X,i] = Minimum size of any temporal vertex set S C V(G) x [1,14] such that
at most one temporal vertex of each snapshot is used and

the temporal vertices of S dominate the colors from X.

We initialize the table by setting DP[(),0] = 0 and DP[X, 0] = oo for all § # X C [t]. The
remaining entries are computed recursively by

DP[X,i] = min ({DP[X \ C,,i — 1] +1:v € V,C,; N X # 0}, {DP[X,i — 1]}).

We prove the correctness by showing two inequalities.

(>) Suppose that S is a set of temporal vertices for which the minimum in the definition
of DP[X, 1] is attained. Due to the minimizing, it is clear that each temporal vertex from
S dominates at least one color from X. If & contains a temporal vertex (v,7) from Gj,
then S\ {(v,)} is considered in the definition of the entry DP[X \ C, ;, ¢ — 1]. Otherwise S
is considered in the definition of DP[X, i — 1]. Therefore the inequality holds.

(<) Note that each set S which is considered in the definition of DP[X,i — 1] is also
considered in the definition of DP[X,i]. Hence, we have DP[X,i] < DP[X,i — 1]. Now
suppose the minimum on the right hand side of the computation is attained for the entry
DP[X \ Cy,,i — 1] and the set S. Then clearly S U {(v,)} is considered in the definition of
DP[X,i] and we have DP[X,{] < DP[X \ C,,7 — 1] + 1. This proves the inequality.

Finally, the algorithm returns yes if and only if DP[{1,...,¢},T] < k. This means, it
returns yes if and only if there is a temporal vertex set of size at most k& which dominates ¢
pairwise differently colored vertices.

If we run this algorithm once, then it is not guaranteed that the random coloring ¢
colors t vertices, which are dominated by some solution of the BUDGET-TPDS-instance, with
t different colors. For derandomization we can iterate over a specific set of colorings, instead
of randomly coloring the vertices. The set of colorings needs to contain at least one coloring
which colors the “correct” ¢ vertices with ¢ distinct colors. Such a set can be constructed by
using the definition of perfect hash families (see Proposition 4.1).

For a fixed coloring ¢, the size of the table is O(2! - T') and it takes O(n?T) time to
compute one entry, which implies an overall running time of O(2!-n2T?) if the budget equals
one. If we take b copies of each snapshot, such that we can assume b = 1, then the lifetime
increases by the factor b and consequently the running time is O(2! - n2T2b?) for a fixed
coloring ¢.

Using the construction mentioned in Proposition 4.1 and running the algorithm from
above for each coloring of this construction, we obtain an overall running time of (2¢)*t©(°g?).
n?(logn)b*T?2. <

The algorithm of Theorem 4.2 also works analogously for BUDGET-TPVC: We only need
to color the edges instead of the vertices. Hence, we obtain the following.
» Corollary 4.3. BunGET-TPVC can be solved in 2°® - || time.

Recall that Apax(G) < A(G)) is the maximum snapshot degree. Observe that if ¢ >
k- (Amax(G) + 1) for the TDS variants and if ¢t > k - Ayax(G) for the TVC variants, then
we have a no-instance. Thus, we obtain the following.
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» Proposition 4.4. BUDGET-TPDS and BUDGET-TPVC can be solved in 20k Amax(9)) .
1110 time.

Furthermore, recall that TDS is W[2]-hard with respect to the solution size k and that it
is NP-hard even if A(G) = 3 [38]. Consequently, both parameters k and A(G) are necessary
to obtain an FPT-algorithm.

Of course, we would like to replace Apax(G) < A(G)) by potentially smaller parameters.
However, since TVC and TDS are W[2]-hard with respect to k if G is a star, we cannot make
use of degree-based parameterizations of G| such as the h-index of G| or the c-closure [16]
of G|. To circumvent this problem we consider the h-index of the temporal graph G, which
we defined as the maximum number h(G) such that G contains at least h(G) temporal vertices
of degree at least h(G).

The idea for the algorithm is to first branch on the temporal vertices that have a high
degree and then use the fact that after removing these vertices, the remaining instance has
bounded maximum snapshot degree which allows us to use an FPT-algorithm for ¢ < k- Apax.

» Theorem 4.5. BUDGET-TPDS and BUDGET-TPVC can be solved in 2°0Kkh(@) .
1110 time.

Proof. We only state the proof for BUDGET-TPDS, the proof for BUDGET-TPVC follows
analogously. Let I = (G, k,t,b) be an instance of BUDGET-TPDS.

Let Z be the set of temporal vertices of degree at least h(G)+ 1. By definition, |Z| < h(G).
The idea is to first branch on the high-degree temporal vertices Z whether they are part of a
fixed solution S or not and then to use an adaption of the color coding algorithm described
in Theorem 4.2 for an auxiliary BUDGET-TPDS instance I'.

Now, let S be a fixed solution of I. Initially, we branch for each temporal vertex (v,i) € Z
whether (v,17) is part of S or not. Note that these are 2141 < 27(9) possibilities. Next, consider
a fixed possibility and let Zi, :== Z NS and Zoy := Z\' S. Now, let t' :=t — |V(N[Zwn])|.
Since each temporal vertex which is not in Z can dominate at most h(G) + 1 temporal
vertices, if ' > k- (h(G) + 1) then this choice of Z cannot lead to a solution. If for no choice
of Z we obtain t' < k- (h(G) + 1) then I is a no-instance. Thus, in the following we assume
that we consider a choice of Z such that ¢’ < k- (h(G) + 1). Moreover, by a; we denote the
number of temporal vertices of Zj, of snapshot i. If a; > b for any i € [T, then we abort this
choice of Z;, and Z,, since we can pick at most b temporal vertices of each snapshot. Thus,
in the following we can safely assume that a; < b for each i € [T]. Now, let b; := b — a;. By
our assumption on a;, we have b; > 0 for each i € [T.

Next, we solve an auxiliary BUDGET-TPDS instance I’ = (H, k', t',1’). Here, the temporal
graph H has b; copies of snapshot G; for each i € [T]. These are T/ = Zie[T] b; snapshots
in total. Note that h(H) might be much higher than h(G). Moreover, we set b’ := 1
and k' ==k — |Zi,|.

Next, we use color coding with ¢’ + 1 colors on V(H) = V(G) to determine the set S’ :=
S\ Ziy as follows: The color ¢ +1 is only used for the vertices in V(N[Z,]) and consequently,
in each uniformly at random coloring with the first ¢’ colors we only color the vertices V(H)\
V(N[Zi]). Again, we say that a temporal vertex (v,i) dominates the color q € [t'] if there
exists a neighbor of v in snapshot H; with color q. Now, the table DP[X, ] for a set of
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colors X C [t'] and each i € [0, T is defined similar to Theorem 4.2, that is:

DP[X,i] = Minimum size of any temporal vertex set &’ such that
S C (V(H) x [1,1]) \ Zout and such that
at most one temporal vertex of each snapshot is used and

the temporal vertices of S’ dominate the colors from X.

We initialize the table analogously to the proof of Theorem 4.2, by setting DP[},0] = 0
and DP[X, 0] = oo for all § # X C [t].

We again denote by C,, ; the set of colors, which are dominated by the temporal vertex (v, ).
The remaining entries are then computed recursively by

DP[X,i] = min ({DP[X\C,;,i—1]+1:v € V,C,;NX #0, (v,i) ¢ Zow}, {DP[X,i—1]}).

Hence, the only change to the update in Theorem 4.2 is that we no do not consider
temporal vertices of Z,,;. The correctness of the dynamic program follows since we assign
all vertices in V(N[Zi,]) color ¢’ 4+ 1 to indicate that they are already dominated. Since in
the DP we only consider color subsets X C [t'], we cannot pick any vertex of Z;, again in
the dynamic program. Moreover, during the updates of the dynamic program we do not
pick any vertex of Z,,;. Consequently, S := SU Z, is a solution for I, where S = {(v,1) :
(v,i") € 8', snapshot ¢’ of H is a copy of snapshot i in G}.

For the running time, observe that there are 2"(9) possibilities for Zi, and Zou. More-
over, the running time of the dynamic program is (2¢)t #'©0°5%) . 3(log n)b2T2. Since we
only use the dynamic program if ¢ < k- (h(G) + 1), we obtain an overall running time
of 219 (2e)k- D+ . (h(G) + 1)O(log(k'(h(9)+1))) -n3(log n)b2T2. <

4.2 Parameter tw +A

We finish this section by showing that TPDS and TPVC are in FPT for the purely
structural parameter tw +A of the underlying graph. Also note that we cannot obtain
FPT-algorithms for tw +A for BUDGET-TDS and BUDGET-TVC since they are already
NP-hard on underlying graphs which are paths (see Theorems 3.7 and 3.8). Together with
the hardness results from Section 3.1, this gives a comprehensive picture of the parameterized
complexity for many structural parameters of the underlying graph.

» Theorem 4.6 (x). TPDS can be solved in f(tw +A) - [I|°0) time.

Again, we would like to obtain an FPT-algorithm for the combination of treewidth with
a smaller parameter than A. However, this is unlikely due to the NP-hardness of stars where
the treewidth, h-index [14], and c-closure [16] are constant.

Finally, we want to remark that a very similar approach also works to obtain fixed-
parameter tractability for TVC and TPVC with respect to tw +A. This then generalizes a
result from Hamm et al. [21] who showed that TVC can be solved in polynomial time for
underlying paths and cycles.

» Proposition 4.7 (x). TPVC can be solved in f(tw +A) - [I|°0) time.

5 Future Work

Let us conclude with a list of open questions: First, it is open whether TEMPORAL VERTEX
CoVER and TEMPORAL DOMINATING SET admit an FPT-algorithm for any structural
parameterization for the underlying graph that is not already bounded in a function of
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tw+A. Second, our FPT-algorithms for ¢ (Theorem 4.2) imply that all considered problems
admit an FPT-algorithm for n, the number of vertices of the underlying graph. For TEMPORAL
DOMINATING SET the running time is 20 - |I|() since t < n. For TEMPORAL VERTEX
COVER, however, we only obtain a running time of 20") . |I|°() since ¢ < n2. Thus, it is
open whether TEMPORAL VERTEX COVER can also be solved in 20 . |1|9() time. Finally,
another direction for future work is the investigation of further temporal graph parameters:
for example do our considered problems admit FPT-algorithms with respect to the temporal
neighborhood diversity [13]?
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