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—— Abstract

Connectivity in temporal graphs relies on the notion of temporal paths, in which edges follow a

chronological order (either strict or non-strict). In this work, we investigate the question of how to
make a temporal graph connected. More precisely, we tackle the problem of finding, among a set of
proposed temporal edges, the smallest subset such that its addition makes the graph temporally
connected (TCA). We study the complexity of this problem and variants, under restricted lifespan
of the graph, i.e. the maximum time step in the graph. Our main result on TCA is that for any
fixed lifespan at least 2, it is NP-complete in both the strict and non-strict setting. We additionally
provide a set of restrictions in the non-strict setting which makes the problem solvable in polynomial
time and design an algorithm achieving this complexity. Interestingly, we prove that the source
variant (making a given vertex a source in the augmented graph) is as difficult as TCA. On the
opposite, we prove that the version where a list of connectivity demands has to be satisfied is solvable
in polynomial time, when the size of the list is fixed. Finally, we highlight a variant of the previous
case for which even with two pairs the problem is already NP-hard.
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1 Introduction

Temporal graphs are a generalization of graphs, where edges between two nodes can only
be used at given time steps. Adding a notion of temporality on the edges makes temporal
graphs a powerful tool to study dynamic systems. For example, temporality makes them
much more suitable to model public transport networks, where trains between two cities only
run at given times, or to study the spread of information or an epidemic [12].

Generalizing notions of graph theory to temporal graphs is an important and active topic
but also a challenging one. Indeed, we lose very fundamental properties of accessibility in
graph such as symmetry and transitivity: if there is an edge between v and v at time 1
and one between v and w at time 2, it is possible to go from u to w but not from w to u
even though one can go from w to v and from v to u. As such, notions such as connected
components or spanning trees do not translate well to temporal graphs.

The main topic of this paper is the question of how to (re)connect a temporal graph.
Spanners are a well-studied topic in temporal graph theory [16, 3, 1, 8, 9, 2] and can be seen
as a generalization of spanning trees. The problem of minimal spanner is, given a connected
graph, to remove as many edges as possible without losing the connectivity of the graph.
Here, we take a converse approach and start from a graph which is not connected and look
for the smallest set of temporal edges to add to make the graph connected. For example,
if we want to strengthen a transportation network, which line would be most beneficial for
the connectivity of the network. An important variant is to pick the edges we add within a
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given set of possible edges. For example, if a network is damaged, a solution to this problem
would highlight which edges should be repaired first to make the network connected again as
quickly as possible.

Using the model of temporal graphs introduced by Kempe et al. [16] where time is
discretized into time steps and the edge set can evolve from a time step to the next one, we
formalize our problem as follows: given a temporal graph G and a set F' of temporal edges
(not in G), we want to determine a set F’ C F of minimal size such that adding F’ to G
restore some connectivity requirements (see Section 2 for formal definitions).

Our contribution. Our work focuses on the computational complexity of the problems. We
look at three different connectivity requirements: in the first one, we want to make the graph
temporally connected by addition of temporal edges. We denote the problem by TCA, for
temporal connectivity augmentation. In the second one, we fix a specific vertex v and we
want it to be a source of the temporal graph (we call this problem TSA, for temporal source
augmentation). In the last one, we are given a set of pairs (u;,v;) of vertices, and we want
that a path exists from w; to v; for all i (TPCA, temporal pair connectivity augmentation).

We mainly show that TCA and TSA are NP-hard even when there are only 2 time
steps, while TPCA is polynomially solvable when the number of pairs is fixed. We refine the
hardness results by showing that TCA and TSA remain hard under other restrictions. We
also provide some additional complementary results, mainly a specific case where TCA is
polynomially solvable, and a natural variation of TPCA which turns out to be NP-hard even
with a fixed number of pairs.

Note that most of these results hold both in the strict and in the non-strict settings,
corresponding to the case where temporal paths are required to be strict (involving temporal
edges with strictly increasing time) or not.

The article is organized as follows. Formal definitions and preliminaries are given in
Section 2. Section 3 present results on TCA and TSA, while Section 4 deals with TPCA.

Further related work. On the topic of temporal connectivity, introduced by Kempe et al.
[16], the work of Bhadra and Ferreira [4] focuses on extending the definition of connected
components to temporal graphs. Furthering the study of connected components, Jarry and
Lotker [15] focus on temporal graphs with geometric properties. Connectivity was also
investigated in the time windows setting, for example by Kuhn et al. [17]. In this work,
the graph has to be connected for every time interval of length §. A connectivity problem
studied by Michael et al. [18] resembles what our work focuses on. They have a swarm of
robots and ask that over time, they maintain connectivity by distributed protocols. On the
other side, our approach is centralized, does not start with a connected graph necessarily
and only aims at connectivity on the full lifespan of the graph. A framework of analysis has
been proposed by Casteigs et al. [7], establishing relevant restrictions to the graph when
studying connectivity and a hierarchy between them for complexity results.

As mentioned earlier, another area of interest in temporal graphs is the study of spanners,
i.e. subgraphs that preserve connectivity. It is first introduced by Kempe et al. [16], as an
open question about finding a sparse subset of edges in an already connected graph. A negative
answer was given by Axiotis and Fotakis [3], showing that there are minimal connected
temporal graphs with ©(n?) edges. Additionally, they investigate weaker connectivity
requirements, as the total connectivity is sometimes not relevant in practical applications.
Our work also considers such generalizations.
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In [1], Akrida et al. restricted the problem to temporal cliques, i.e. temporal graphs with
a complete underlying graph, with unique time labels, but did not improve the asymptotic
density of spanners. Furthering the work, in 2021, Casteigts et al. [8] proved that temporal
cliques admit sparse spanners with O(nlogn) edges, and designed an algorithm to find such
a spanner. The question of whether a linear spanner exists in all temporal cliques remains
open. A study of the problem on random temporal graphs is done by Casteigts et al. in [9] to
establish sharp thresholds on connectivity properties and the implications for the existence
of different kinds of sparse spanners. In [2] Angrick et al. make a considerable step forward
by proving the existence of linear spanners in some families of temporal cliques, leaving
very constrained cases where the question is still open. Other research on spanners include
robustness [5], or inefficient networks [11].

2 Preliminaries and notation

This section introduces important definitions and makes some basic observations that con-
textualize our problem.

» Definition 1 (temporal graph). A temporal graph is a pair (G, \) where G = (V,E) is a
(static) graph and \ : E — 2N. X(e) represents the set of time steps where edge e is present.
The lifespan of the graph is T = max.cpmaxA(e). (G,\) is simple if |A(e)| = 1 for all
ec k.

A temporal graph is also classically defined using temporal edges. A temporal edge is a pair
(e,t) with e € (‘2/) and t € N\ {0}. Then the temporal edges of (G, \) are the temporal edges
(e,t) where e € E and t € A(e).

The snapshot of (G, \) at time ¢ is the (static) graph Gy = (V, E;) where F; is the set of
edges e € E with t € A(e) (i.e., temporal edges at time ¢). We will call snapshot components
at time ¢ the set of connected components of the snapshot at time ¢.

» Definition 2 (journey). A journey (or temporal path) of a temporal graph G is a sequence
(uo,ut,to), (u1,uz,t1), ..., (Ug—1,uk, tg—1) where:

({ui,uir1},t:) is a temporal edge of G;

t; <tiy1 (resp. t; < ti11) if the journey is non-strict (resp. strict).

» Definition 3 (temporal connectivity). A vertexz v is reachable from u if there is a journey
from u to v (denoted u — v). If every vertex v is reachable from every other vertex u in G,
then G is temporally connected. If all journeys are strict, then the graph is strictly connected.

» Definition 4 (augmentation). Let G be a temporal graph, and F be a set of temporal edges.
The augmentation of G by F is the temporal graph denoted G 1 F' obtained from G by adding
the temporal edges in F. We say that F is a (strictly) connecting set for G if G T F is
(strictly) connected.

Now we can formally define the main problems under consideration.

TEMPORAL CONNECTIVITY AUGMENTATION (TCA)

Input: A temporal graph G, a set F' of temporal edges and an integer K.
Question: Is there set I C F of size at most K such that G t F’ is temporally
connected?

As mentioned in introduction, we also consider other connectivity requirements. More
precisely, we consider:

TEMPORAL SOURCE AUGMENTATION (TSA) where, given a specific vertex v, we want to

make v a source (by augmentation).

SAND 2025
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TEMPORAL PAIRS CONNECTIVITY AUGMENTATION (TPCA), which takes as additional
input a list of pairs of vertices that need to be connected in the augmented graph.
Formally:

TEMPORAL PAIRS CONNECTIVITY AUGMENTATION (TPCA)
Input: A temporal graph G, a set F of temporal edges, a set X =

{(u1,v1),. .., (up,vp)} of p connectivity demands and an integer K.
Question: Is there a set F/ C F of size at most K such that in G 1+ F’ there exists
a journey from wu; to v; (for i =1,...,p)?

TCA, TSA and TPCA are defined using non strict journeys. We consider also the strict
versions, with strict connectivity requirements, namely Strict TCA, Strict TSA and Strict
TPCA. To avoid some possible confusion, we will sometimes explicitely precise that TCA,
TSA, TPCA refer to the non strict version (and then write Non Strict TCA,...).

We will study the complexity of these problems under several possible restrictions. We
will consider the simple case when G 1 F' is simple, the case where the lifespan of G 1 F' is
bounded by & (denoted k-TCA, k-TSA, ...), and the unrestricted case where any temporal
edge can be added (on the existing set of vertices and within the lifespan of the graph), i.e.,
F={({u,v},t) ru,v e V,1 <t <T}

To conclude this section we formally state the connection between spanners and TCA
mentioned in introduction. The temporal spanner problem asks, given a connected temporal
graph and an integer K, if we can maintain connectivity by keeping only K temporal edges
of the temporal graph.

» Proposition 5. There is a polynomial-time reduction from the temporal spanner problem
to the temporal connectivity augmentation problem.

Proof. Let I = (G, K) be an instance of the temporal spanner problem. We consider a
temporal graph G’ on the same vertex set as G, with no temporal edge. We consider as set F
(for the augmentation in TCA) all the temporal edges of G. Then, making G’ connected by
adding at most K edges of F' is equivalent to having a spanner of size at most K in G. <«

3 Temporal connectivity augmentation

3.1 Strict TCA

The main result of this section is the following theorem, which states that TCA in the strict
setting is NP-complete even for temporal graphs of lifespan 2. This remains true even if the
temporal graph is simple, and in the unrestricted case. We also show the same results for
the source version Strict TSA.

» Theorem 6. Strict 2-TCA is NP-complete, even on simple graphs and even in the
unrestricted case.

Proof. The problem is in NP, considering that checking connectivity can be done by O(n?)
path computations each in polynomial time [20]. We make a reduction from DOMINATING
SET. In that problem, given a (static) graph G = (V, E) and a positive integer K, we want
to determine if there is a dominating set of size at most K in G, i.e., a subset V/ C V with
|[V'| < K such that for all u € V\V’ there is a v € V' for which {u,v} € E.

Let I = (G, K) be an instance of DOMINATING SET. We construct G = (G',\) a
temporal graph (see figure 1) as follows:

V' =V U{x,y}
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E’ contains edge {z,y} and all edges between any two vertices in V U {y}

ean={) 4l s

Figure 1 Example of a transformation of a DOMINATING SET instance into Strict TCA (unre-
stricted case). Dashed edges are present at time 1, solid edges are present at time 2 and the edges of
the original graph are in bold.

As we are in the unrestricted case, any temporal edge can be added. The maximal number
of temporal edges that we can add is K.

We now show that there exists a dominating set for G of size at most K if and only we
can make G temporally connected by adding at most K temporal edges.

Let us first make some remarks. The underlying subgraph of G’ excluding x is complete,
meaning that this subgraph is already temporally connected (without adding any edge).
Moreover, every vertex u of V' can reach y at time 1, hence the journey u EN Y 2 exists, so
we have u — « for every u € V. Then, to make G temporally connected, we have to ensure
that x —» u for all u € V.

= Suppose that U is a dominating set for G of size at most K. For each u € U, we add
the edge {z,u} at time 1. Then each vertex u € U is reachable from = at time 1. As
U is a dominating set, each vertex v € V' \ U is adjacent to some vertex u € U. Edge
{u,v} is by construction present at time 2, so v is reachable from z. The addition of
these |U| < K temporal edges make the graph connected.

< Conversely, suppose that adding a set of at most K temporal edges makes G temporally
connected. Suppose that we add a temporal edge between two vertices u and v different
from x. If it is at time 1 this edge is useless to make = a source. If it is at time 2, this
edge is only useful is there is an edge say {z,u} or {x,v}, say {z,u}, at time 1. Then
we can replace the addition of ({u,v},2) by the addition of ({z,v},1). This means that
adding (only) temporal edges incident to z at time 1 is dominant. Then clearly ({z,y}, 1)
is useless. So, let U be the set of vertices in V' for which a temporal edge ({z,u}, 1) has
been added. Note that |[U| < K. Take a vertex v € V' \ U. By construction of G and

definition of U, the unique possible path from x to v is through a vertex u € U at time 1.

Then v must be adjacent to w in V. U is a dominating set of size at most K.
This shows that the unrestricted case is NP-complete. From the above, restricting the
augmented set to be in F' = {({z,v)},1) : v € V} shows NP-hardness for the simple case. <

In the previous reduction, making the graph temporally connected is exactly the same as
making = a source of this temporal graph. Thus we derive the following result:

» Corollary 7. Strict 2-TSA is NP-complete, even on simple temporal graphs and in the
unrestricted case.

3:5
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3.2 (Non-strict) TCA

We focus in this section on the non-strict setting. We prove that TCA and TSA are NP-
complete on simple graphs of lifespan 2. We first introduce a characterization of connected
graphs in the non-strict setting which allows for a reformulation of TCA. We then prove
the NP-completeness of this reformulation on simple graphs of lifespan 2. Finally we give a
separate proof for the NP-completeness of Simple 2-TSA.

We give the following property P, which is verified when there is a “temporal path” from
every snapshot connected components at time 1 to every snapshot connected components at
the lifespan of the graph:

» Property P. Let C1,..., Cél, N O C’,{T be the snapshot components of a temporal
graph G. G satisfies property P zf for every 11 < k1 and ip < kp, there is a sequence of
19, ..., ir_1 such thatVj < T : |ng N C'-J'H\ > 1.

41
» Theorem 8. A temporal graph G is temporally connected in the non-strict setting if and
only if it verifies property P.

Proof. We prove that P is a characterization of temporally connected graphs:

= Suppose G is temporally connected. Take 7; < k1 and i < k7, and consider u € C’Z-ll and
v E CZ-TT. We know that there exists a journey from u to v. Note that by waiting (in u
or in v) we can assume without loss of generality that the journey starts (in u) at time
1 and ends (in v) at time T. At each time step ¢, the journey visits some vertices of a
connected component Cft (with C’il1 containing u and Cg; containing v). The last vertex
visited in Cit;ll is by definition both in Cf;ll and C’ft, so the intersection is not empty.

< Suppose G verifies P, i.e. for every snapshot component at time 1 and at time 7" we have
a sequence of snapshot components starting at 1 and ending at 7', with a non-empty
intersection between consecutive components. For any vertex u, we build the journey
going to any v with such a sequence. Taking the snapshot component of u at time 1 and
the snapshot component of v at time 7', and then applying the property P, gives us a
sequence between those two components. Since any consecutive snapshot component in
that sequence has a non-empty intersection, that means that at every step we can travel
to any vertex that is part of that intersection in the snapshot component to get to the
next one. Repeating this until v is reached gives us a journey from u to v. |

On graphs with a lifespan of 2, we get the following corollary:

» Corollary 9. A graph with a lifespan of 2 is temporally connected in the non-strict setting
if and only if for every i1 < ki and every is < ko: \Cill n CEZ\ > 1.

In other words, every snapshot component at time 1 has to intersect every snapshot component
at time 2.

We can now reformulate the unrestricted version of 2-TCA as a problem on a binary
matrix. Let us consider a temporal graph G of lifespan 2, with k; connected components
at time 1 and ko at time 2. We build a matrix B, that we call the component-intersection
matrix of G, with k; lines and ky columns, such that Bl[i,j] = 1 if C} and C]2 intersect,
and 0 otherwise. Adding a temporal edge ({u,v},1) in G corresponds to merging the
connected components of u and of v at time 1. On matrix B, this corresponds to merging
the corresponding rows by an OR-combination. Similarly, adding a temporal edge at time 2
corresponds to merging by an OR-combination the columns corresponding to the components
of u and of v at time 2.

In other words, by the construction above the problem can be reformulated as the
following one (where combinations can be on rows on or columns).
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| {13} {2} {45}

) 1,2} | 1 1 0
3,4y | 1 0 1
{5} 0 0 1
4
2 O | {13} {245}
12y | 1 1
2 2 (3,4} | 1 1
1 {5} 0 1
3 4

Figure 2 A graph of life span 2 and its component-intersection matrix, with an example of the
augmentation by {2,5} at time 2 corresponding to the merge of columns {2} and {4, 5}.

OR-COMBINATION T0O ONE-FILLED (OCTO)

Instance: A binary matrix B and a positive integer K.

Question: Can B be transformed into a one-filled matrix with at most K OR-
combinations?

Interestingly, the following lemma shows that the other direction works as well.

» Lemma 10. Let B be a binary matriz. There exists a simple temporal graph G of lifespan
2 such that B is its component-intersection matrix.

Proof. We put one vertex v; ; for each ¢, j such that B[i, j] = 1. At time 1, we put all edges
{vi j,vijy} for j # j', so that row ¢ corresponds to a connected component at time 1. At
time 2, we put all edges {v; j, vy ;} for i # ¢, so that column j corresponds to a connected
component at time 2. <

Now we prove that OCTO is NP-complete.
» Lemma 11. OCTO is NP-complete

Proof. The problem is trivially in NP. We reduce from the decision version of DISJOINT
SET COVERS [6]. In this problem, we are given a finite set T = {ej,...,e,}, a collection
C ={Ty,...,Tn} of subsets of T and a positive integer K. We want to determine if C' can
be partitioned into at least K disjoint parts, such that every part is a cover of T'.
Let I = (T, C, K) be an instance of DSC. We construct B, a binary matrix with n(m + 1)
1 e € Tj
ei ¢ T
i > n, the matrix repeats itself, B[i, j] = B[i — n, j].
We claim that I is a YES-instance if and only if I’ = (B,m — K) is a YES-instance of
OCTO.
< Suppose I’ is a YES-instance of OCTO. Then there is a set of p < m— K OR-combinations
of rows or columns that results in a one-filled matrix. Note that the combinations are
all on columns, since a meaningful combination on rows has to be done in the m + 1
copies of the matrix (thus with m > m — K combinations). After the OR combinations

rows and m columns as follows: Bli, j] = Vied{l, ... ,n}, V5 e {1,...,m}. For

3:7
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of columns, each of the m — p > K remaining columns corresponds to OR-combinations
of a set of initial rows: let O = {{cf,...,c; },.... {cI" " ... scro © }} be the set of
combinations done to obtain the columns of the resulting matrix. Since they result from
OR combinations, if there is a 1 in some row for some resulting column, that implies that
one of the columns used to get that resulting column had a 1 in that row. The matrix is
one-filled, so this holds for every resulting column and every row. If we let C be the same
set as O but in which we replace each column by the corresponding set in C, we get a
disjoint partition of C, and each element of the partition is a cover for the rows, thus a
cover for T. The size is given by m — p > K, hence [ is a YES-instance of DSC.

= Suppose [ is a YES-instance of DSC. Let P be a partition of C into k > K part, each

part being a disjoint covers of T'. In the matrix B, for every cover, there is a 1 in each
row:

Vie{l,... .k}, Vie{l,...,n(m+1)}, AeP: Bli,]|=1

Thus combining the columns in each disjoint cover yields a one-filled matrix. This requires
m — k < m — K combinations, hence I’ is a YES-instance of OCTO. |
Together with Lemma 10, from Lemma 11 we derive the following result.

» Theorem 12. Non-strict 2-TCA is NP-complete, even on simple graphs and even in the
unrestricted case.

We now look at the source variant in the non-strict setting. The previous result cannot
be extended easily like in the previous section; instead we give a separate reduction that
proves the following:

» Theorem 13. Non-strict 2-TSA is NP-complete, even on simple graphs and even in the
unrestricted case.

Proof. The problem is in NP for the same reason as TCA. We make a reduction from
HiTrTiNG SET.

HITTING SET

Input: A set S ={ej,...,e,}, a collection of subsets C = {S1,...,5,},59; CS, Vi e
{1,...,m} and a positive integer K € N with K < |S|.

Question: Is there a subset S’ C S with |S’| < K such that S; NS # 0 Vi €
{1,...,m}?

Let I = (S,C, K) be an instance of HITTING SET. We build a temporal graph G = (G, \) as
follows (an illustration of this graph is shown in Figure 3). Its vertex set V is composed of:
A vertex x
For every set S; € C that contains the element e;, a vertex e;S; (this set being referred
as Vo)
For every set of C, a vertex S; (this set being referred as Vi)

At time 1, the only present edges are between vertices of Vg such that they correspond
to the same element e;. At time 2, there is an edge between every e;5; € Vsc and S; € V.

The reduction is clearly polynomial time. We now prove that there exists a hitting set of
S for C with size at most K if and only if there is a set F’ of at most K temporal edges
such that x is a source in G 1 F”.



T. Bellitto, J. B. Popper, and B. Escoffier 3:9

< Suppose that F’ with |F’| < K is such that z is a source in G 1 F'. We claim that
we can build F” containing only edges between z and Vgo at time 1, such that x is a
source in G 1 F"”. Suppose there is a temporal edge ({u,v},1) € F’ with u,v different
from x. If x cannot reach neither u nor v at time 1, the edge is useless and can also be
removed from F’. Otherwise z can reach u or v, say u, at time 1 without using ({u, v}, 1).
Then ({u,v},1) may be useful to reach v at time 1, but we can replace ({u,v},1) by
({x,v},1) with the same effect. The same reasoning holds for an edge ({u,v},2) € F'.
If = cannot reach neither u nor v at 2 or before, the edge is useless. If x can reach u at
some time without using ({u, v}, 2), we can replace the edge by ({z,v},1). After these
replacements, we have added only temporal edges of the form ({z,v},1). To conclude,
suppose that we have added an edge ({z, S;},1), with S; € V. The only temporal edges
incident to S; are at time 2 (apart from except ({,S;},1)), meaning that we do not
gain more reachability from x by arriving at time 1 at S; than at time 2. Then we can
safely replace ({z, S;},1) by some ({z,e;S5;},1) (with e; € S;). We build F” by applying
the described replacements to F’, and S’ by taking the corresponding elements of S
appearing as endpoints in F”. Note that |S’| < K. To reach a vertex S;,  must use a
journey x L ;S 2, S; eventually taking multiple edges in the snapshot component at
time 1 containing e;S;. This implies that e; € S;, hence S; NS’ # (). Since every S; is
reachable from xz, S’ is a hitting set.

= Conversely, suppose that there exists S’ C S, a hitting set with size at most K for
C. Then consider F' as the set of edges ({z,e;S;},1) for each e; € S’, with S; chosen
arbitrarily. Note that |F'| < K. After augmentation, = can reach every S; that contains
at least one element of S’. Since S’ is a hitting set, it follows that = can reach all vertices
S;. Then at time 2 it can reach all remaining e;S; from the vertices of V. Hence z is a
source.

This shows NP-hardness for the unrestricted case. From the above, restricting the augmented

set to be included in F' = {({z,v},1),v € Vgc} shows NP-hardness for the simple case. <

Figure 3 Example of a transformation of an HS instance into 2-T'SA. Dashed red edges correspond
to the augmentation set for the simple case.

3.3 (1+1)-TCA

We consider in this section the following situation: suppose that we are given a static (non
connected) graph, and that are given an extra time slot, T' = 2, where we can add temporal
edges to make the graph connected. The question is to find the minimal number of edges
that must be added for this. This is a particular case of TCA (where F is the set of temporal
edges at time 2). We show in this section that it is polynomially solvable.

SAND 2025
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We begin by the following property on connected graphs of lifespan 2.

» Lemma 14. Let G be a temporally connected graph of lifespan 2. Let also C1, ..., C’,il and
C2,..., C’,fz be the snapshot components at time 1 and 2. We have k1 < ming,e(1,... ko) |C’Z-22\
and ko < ming (1, k) |C’i11|.
Proof. The proof is done by contradiction. Without loss of generality (by symmetry),
suppose there are more components at time 1 than the size of the smallest component at time
2. Since the graph is connected, by Lemma 10 each component at time 1 has a non-empty
intersection with each component at time 2, including the smallest one. Since there are more
snapshot components at time 1 than there are vertices in this smallest component, there are
necessarily a vertex in at least two intersections. However, that would imply that it is in
both snapshot components at time 1. A vertex in a static graph cannot belong to more than
one connected components, hence giving a contradiction. |

This gives the core idea for a polynomial time algorithm. We construct at time 2 stars
centered at each vertex of the smallest component of the first time step. Every star has at
least a branch to all the other components of the fixed time step. The remaining vertices are
arbitrarily linked to the first star, see Algorithm 1 for a pseudocode.

Algorithm 1 (1 + 1)-TCA algorithm.

Input
A temporal graph G of lifespan 1

Output:
A set F’ of temporal edges at time 2 such that G 1 F’ is temporally connected.

F' 0
(< argmingc gy 5y [CF|
forie {1,...,k1}\{¢} do
for j € {1,...,|C}|} do
s+ (j mod?¢)+1
' ' cl o c
F'+ F'uU ({uj*,use}ﬂ)

end

[, T V- R I

(<]

8 end
return p

©

We give a formal proof of optimality:
» Theorem 15. (1 + 1)-TCA is solvable in time O(n?).

Proof. The algorithm creates |C}| stars that correspond to connected components at time 2.
By construction, each star intersects all connected components at time 1, hence by Corollary 9
the graph is temporally connected. At time 2, each connected component (71-22 has |Ci22| -1

1
llfill(|0222| —1) =n—|C}|. Suppose we add p links
at time 2, we have ka > n —p. To be connected we know ko > |C}|, where C} is the smallest

component at time 1, hence p > n — |C}|. <

edges (since it is a star), which sums to >
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4 Temporal pair connectivity augmentation

A natural extension to consider is the problem where instead of all the pairs, we are given a
set of pairs to connect by augmentation. As a generalization of TCA and TSA, TPCA is
NP-hard both in strict and non-strict settings. We tackle here the problem when the number
of pairs is fixed.

4.1 Strict TPCA for a fixed number of pairs

This problem echoes the DIRECTED GENERALIZED STEINER network problem [10], in static
graphs:

DG-STEINER

Input: A directed graph G = (V, A), a weight function w : A — R, a set X =
{(u1,v1),..., (up,vp)} of p node pairs and two positive integers B < p and K < w(G).
Question: Is there a subgraph H of G of cost w(H) < B that satisfies at least K
node pairs from the set X, when a pair (u;, v;) is said to be satisfied when there is a
path from u; to v;?

We will show they are in fact closely related. We employ a similar definition, adapted to
temporal graphs:

TG-STEINER

Input:A temporal graph, G, a weight function w on the temporal edges of G, a set
X = {(w,v1),..., (up,vp)} of p node pairs and two positive integers K < p and
B < w(G).

Question: Is there a subgraph H of G of cost w(H) < K that satisfies at least B
node pairs from the set X7

This definition generalizes TPCA: When B = p and the weight assigned to the edges are 0 for
edges initially present in the temporal graph and 1 for the edges proposed for augmentation,
the problem becomes equivalent.

We now show that the TG-STEINER problem for temporal graphs reduces to DG-STEINER:

» Lemma 16. Any instance I of the TG-STEINER problem can be transformed into an
instance I' of the DG-STEINER problem in polynomial time.

Proof. Let I = (G, w, X, K, B) be an instance of TG-STEINER. Temporal expansion is a
classical technique to transform a temporal graph into a static one [19]. We build here
a specific expansion that fits our augmentation problem. Let Gy = (Vr, Ex) be (static
directed) the graph such that:
For each vertex v of G we have T+ 1 copies v*, t =1,...,T + 1 in V. We also have T
arcs (vt,v!Th), t=1,...,T, of weight 0.
For each temporal edge ({u,v},t) of weight w of G we add two vertices ({u,v},t) and
({u,v},t), with an arc of weight w from the former to the latter. We also add 4 arcs of
weight 0: from u? and from v* to ({u,v},t), and from ({u,v},t)’ to u'*! and to v'*1.

The construction is illustrated in Figure 4. For the set of pairs, if (u;,v;) € X then

(u},vl) € X' i.e. we replace the source by its earliest copy and the sink by its latest copy.

We claim that finding a subgraph Hr of Gt of cost wr(Hr) < B for which at least K node
pairs from the set X’ are satisfied is equivalent to solving TG-STEINER on I.

3:11
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= Suppose there exists such a subgraph Hr. Note that the only arcs that have a positive
weight are those from ({u,v},t) to ({u,v},t)’. We take in G all temporal edges ({u,v},t)
such that (({u,v},t), ({u,v},¢)") is in Hy. In this subgraph of G, which has weight at
most K, the connected pairs are the same as those connected in Hr, by construction of
our temporal expansion - a path from u} to v] in Hy corresponds to a journey from u;
to v; in G’. Hence, we are guaranteed to satisfy the same pairs in Hy and G'.

< Suppose [ is a YES-instance, and let H be a solution. To construct the solution to the
DG-STEINER corresponding instance, the previous process is reversed. We take in Hp
all the arcs of weight 0, and arcs (({u,v},t), ({u,v},t)’) for which the temporal edges
({u, v},t) is selected in H. For the same reasons as before, Hr has the same weight as H
and satisfies the same pairs. <

The previous lemma allows us to use the result of [14]:

» Theorem (Feldman, Ruhl 2006). p-DG-STEINER is polynomial time solvable when p is a
constant. There exists an algorithm solving p-DG-STEINER in O(mn*?~2 4+ n*?~Llogn).

By noticing the temporal expansion of a temporal graph has O(nT + M) vertices and
O(nT + M) arcs, where M denotes the number of temporal edges of the graph, we get
through the reduction an algorithm running in time O((nT + M)*~1log(nT + M)). Hence:

» Theorem 17. Strict TPCA is solvable in polynomial time when parameterized by p, the
number of pairs to connect.

4.2 Non-strict TPCA for a fixed number of pairs

Similarly to the strict case, the temporal expansion allows for the use of the result of [14].
The key observation is their result works for any directed graph (not only on DAGs). It is
then possible to design a temporal expansion adapted for the non-strict case, taking into
account the augmentation part. We achieve this by the following simple addition of arcs: for
each pairs of adjacent temporal edges ({u,v},t) and ({u,w},t) (at the same time step), we
add the arcs (({u,v},t), ({u,w},t)) and (({u,w},t)’, ({u,v},t)) in the expansion, see the
gray arcs in figure 4. On one hand, this allows paths to travel through multiple edges sharing
an endpoint at the same time step. On the other hand, it is impossible to go back in time.
As a result, the property that a path in the expansion corresponds to a path in the original
graph is preserved. Therefore, we have:

» Theorem 18. Non-strict TPCA is solvable in polynomial time when parameterized by p,
the number of pairs to connect.

4.3 Edge-by-edge TPCA

Finally, we study a variation of the problem that we call edge-by-edge augmentation. Here,
we are given a non-connected temporal graph and a set of possible temporal edges that we
may add, but the difference is that if several of these edges have the same endpoints (like
({u,v},t) and ({u,v}, ")), we can add all of them at once with a cost of only one.

For example this is what happens if we want to strengthen a transportation network
and decide to build a new subway line. By building one line (edge), we add many trains
(temporal edges) between its two endpoints.

Since it was the only polynomial case, we first study the TPCA problem under this new
setting. We prove that it becomes NP-complete, thus underlying an interesting difference
between the two different cost evaluations of an augmentation.
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Figure 4 A TG-Steiner instance and its equivalent DG-Steiner expansion. The backward arcs in
gray correspond to the non-strict version and the unlabelled arcs have weight 0.

» Theorem 19. Non-strict edge-by-edge TPCA is NP-complete even for p =2 and for T = 2.

Proof. The problem is in NP for the same reason as TCA. We make a reduction from 3-SAT.
Let z1,...,z, be the variables and C1,...,C,, the clauses of the statement ¢. We construct
our transformation graph in two parts.

In the variable part of the graph, we concatenate gadgets that encode the truth value of the
variable, and all the edges are at time 1. A gadget has a starting vertex, connected to two
other vertices, that we call the true and false buffer vertices. In each branch, we alternate
between value vertices and buffer vertices. There is a value vertex in each branch for each
clause where the variable appears. The value vertex is connected to the last buffer vertex
by an optional link, present at times {1,2}. The two value vertices are connected to the
two following buffer vertices when they exist. The last two value vertices of each branch are
connected to the ending vertex of the gadget. The concatenation is done by connecting the
ending vertex to the starting vertex of the next variable.

The clause part of the graph has all of its edges at time 2. Like the variable part, the clauses
are encoded by a concatenation of gadgets, composed of a starting vertex and an ending
vertex. There is an edge for each literal in the clause, from the starting vertex to the buffer
preceding the value vertex corresponding to the clause and in the branch corresponding to
the literal. There is also an edge from the corresponding value vertex and the ending vertex
in the clause part. An example of variable and clause gadgets is shown in figure 5.

We want to connect z7 to zZ and Cf to CE. Remark that a path from z7 to zZ only takes
edges at time 1 and is always of cost 3m. This is because the only edges with cost 1 are
those added for each literal in each clause and there are 3 literals per clause. Moreover, for
a valid solution of SAT and in a variable gadget, only the edges of one branch are added,

implying that exactly 3m edges have been added. They connect z§ to zZ and C¥ to CE.

Conversely, if there are no solutions with cost 3m then the formula cannot be satisfied. <«

The construction can be adapted for the strict case, however we lose the bound on 7. Roughly
speaking, the path in the variable part is changed from being at time 1 to being a strictly
increasing one ending at «. Then in the clause part, the path at time 2 is changed to a
strictly increasing path starting at o + 1. This way we preserve the two distinct paths and
the proof still holds:

» Theorem 20. Strict edge-by-edge TPCA is NP-complete even for p = 2.
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Figure 5 Variable and clause gadgets.

For 2-TCA in the strict setting, we made the observation that only the edges in the
augmentation set are interesting to add to the graph. Considering that adding an edge at
time 2 is dominated by adding the same edge at time 1, we get that even if we were allowed
to add edge-by-edge, the same observation holds. Thus, we get:

» Observation 21. Strict EBE 2-TCA is NP-complete.

As for the non-strict setting, we already establish that the proof is in the unrestricted case
by construction. Edge-by-edge would then correspond to allowing doing a column and line
merge as one operation, but the optimal solution only does column merges so we would not
gain any advantage. It follows then that:

» Observation 22. Non-strict EBE 2-TCA is NP-complete.

5 Conclusion

In this paper, we have introduced and analyzed the Temporal Connectivity Augmentation
(TCA) problem and several variants. Our results demonstrate that TCA, in both the strict
and non-strict settings, is NP-complete under various constraints, including bounded lifespan
and simple graphs.

In addition to these hardness results, we presented polynomial-time algorithms for special
cases, such as (1+1)-TCA and TPCA parameterized by the number of pairs. By adapting
temporal expansion, we have extended existing techniques to the augmentation setting, and
possibly for some weighted temporal problems.

Several promising research directions emerge from our work. A natural extension would
involve studying the impact of further structural graph parameters such as those in the work
of Enright et al. [13]. Additionally, exploring the problem with restrictions on the underlying
graph is also an interesting perspective.
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