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Abstract
Given a graph G that undergoes a sequence of edge insertions and deletions, we study the Maximum
k-Edge Coloring problem (MkEC): Having access to k different colors, color as many edges of G

as possible such that no two adjacent edges share the same color. While this problem is different
from simply maintaining a b-matching with b = k, the two problems are related. However, maximum
b-matching can be solved efficiently in the static setting, whereas MkEC is NP-hard and even
APX-hard for k ≥ 2.

We present new results on both problems: For b-matching, we show a new integrality gap result
and we adapt Wajc’s matching sparsification scheme [50] for the case where b is a constant.

Using these as basis, we give three new algorithms for the dynamic MkEC problem: Our MatchO
algorithm builds on the dynamic (2 + ϵ)-approximation algorithm of Bhattacharya, Gupta, and
Mohan [9] for b-matching and achieves a (2+ϵ) k+1

k
-approximation in O(poly(log n, ϵ−1)) update time

against an oblivious adversary. Our MatchA algorithm builds on the dynamic (7 + ϵ)-approximation
algorithm by Bhattacharya, Henzinger, and Italiano [10] for fractional b-matching and achieves
a (7 + ϵ) 3k+3

3k−1 -approximation in O(poly(log n, ϵ−1)) update time against an adaptive adversary.
Moreover, our reductions use the dynamic b-matching algorithm as a black box, so any future
improvement in the approximation ratio for dynamic b-matching will automatically translate into a
better approximation ratio for our algorithms. Finally, we present a greedy algorithm with O(∆ + k)
update time, which guarantees a 2.16 approximation factor.
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1 Introduction

In large data centers, new technologies such as optical switches allow for quick adaptations of
the network topology that are optimally tailored to current traffic demands. Indeed, network
performance has been identified to be a major bottleneck for the scalability of computations
in the cloud [35, 42]. Each optical switch can establish a set of direct connections between
pairs of data center racks, such that each rack has a high-bandwidth connection to at most
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4:2 On b-Matching and Fully-Dynamic Maximum k-Edge Coloring

one other rack via the switch. The regular network infrastructure remains in place and
can be used for all other traffic. With their fast reconfiguration time and the possibility
to use multiple appliances in parallel, optical switches have become a promising means to
mitigate the performance bottleneck. A major algorithmic challenge is how to configure
them optimally.

Consider an undirected graph G where each node represents a data center rack and the
edges indicate pairs of racks with high communication demand. We refer to G as demand
graph. Each set of connections realized by a single optical switch is a matching in G, i.e.,
a set of pairwise node-disjoint edges, and it is desirable that this matching is large, such
that a substantial amount of the traffic is routed via the high-bandwidth direct connections.
For k ∈ N optical switches, the problem hence amounts to finding a collection of k pairwise
edge-disjoint matchings Mi, 1 ≤ i ≤ k, with maximum total cardinality

∑k
i=1 |Mi|. We call

this the maximum k-disjoint matching problem. Identifying each matching with a unique
color, it can equivalently be rephrased as a maximum k-edge coloring problem (MkEC),
where the goal is to maximize the number of colored edges. As communication demands
naturally change frequently over time, we study the problem in the dynamic setting. In
some situations, e.g. when remote resources such as GPUs are accessed via the network, the
demand graph may be bipartite, which is why we also consider bipartite graphs.

There exists a related, but different problem, the maximum b-matching problem: for a
graph G = (V, E) and b ∈ NV , find a maximum-cardinality subset of edges H ⊆ E such
that each vertex v ∈ V is incident to at most bv edges in H. Note that one can set bv to a
constant k for all v ∈ V , but this does not yield the MkEC problem: there is no requirement
that H can be edge-colored completely with k colors. Consider, e.g., a graph G = (V, E) that
is a length-3 cycle. A solution H to the b-matching problem with bv = 2 ∀v ∈ V contains
all three edges of G, while a solution to the maximum 2-edge coloring problem can only
color two edges of G. The third edge has to remain uncolored. This example shows that an
optimal solution to the MkEC problem can be 1.5 times smaller than one to the b-matching
problem with bv = k for all v ∈ V . Furthermore, a solution to the latter does not always
give a solution to the former. In general, deciding whether a graph with maximum degree ∆
can be edge-colored with ∆ colors or whether ∆ + 1 are required is a well-known NP-hard
problem [32] (Vizing [49] showed that every simple graph needs either ∆ or ∆(G) + 1 colors
to color all edges). On bipartite graphs, however, ∆ colors always suffice.

Let G = (V, E) be a graph with n = |V | and m = |E|. For the fully dynamic b-matching
problem, Bhattacharya, Henzinger, and Italiano [11] gave a constant approximation algorithm
with O(log3 n) update time which works against an adaptive adversary. If the adversary is
oblivious, there also is a (2 + ϵ)-approximation with O(1/ϵ4) update time by Bhattacharya,
Gupta, and Mohan [9].

The only prior work for the fully dynamic MkEC problem is an experimental analysis
of various dynamic algorithms by Hanauer, Henzinger, Ost and Schmid [30], who, among
others, also describe a near-linear-time, fully-dynamic 3-approximation algorithm for the
weighted case. Dropping the weights, we show how to significantly improve the update time
to O(poly(log n, ϵ−1)) while achieving an approximation ratio to almost (2 + 2/k) against an
oblivious adversary and (7 + ϵ)(1 + 4/(3k − 1)) (for any ϵ > 0) against an adaptive adversary.
The problem is known to be NP-hard and even APX-hard for k ≥ 2 [23].

Our contributions. We show that the integrality gap for the b-matching problem is 3β
3β−1

where β = minv∈V bv. In the case where b is the constant vector with bv = k ∀v ∈ V ,
we adapt the elegant rounding technique given by Wajc [50], who showed how to round a
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Table 1 Previous and New Algorithms for Dynamic Maximum k-Edge-Coloring. The “Det.?”
column states whether or not the algorithm is deterministic.

Algorithm Update Time Approximation Ratio Det.? Adversary Theorem Sect.

algorithms in [30] O(n) or more 3 yes –
O(1) unknown no –

Greedy O(k + ∆) 1 + 2
√

3
3 ≈ 2.155 yes – 14 7.1

MatchO O(poly(log n, ϵ−1)) (2 + ϵ)(1 + 1/k) no oblivious 16 7.2.1
bipartite O(poly(log n, ϵ−1)) (2 + ϵ) no oblivious 17 7.2.1

MatchA O(poly(log n, ϵ−1)) (7 + ϵ) 3k+3
3k−1 no adaptive 18 7.2.2

bipartite O(poly(log n, ϵ−1)) (7 + ϵ) no adaptive 19 7.2.2

fractional matching to an integral matching in a dynamic graph, to round a given fractional
k-matching1 to an integral k-matching whose size is linear (up to polylogarithmic factors) in
the size of the optimal solution.

For the dynamic MkEC problem, we describe and analyze three dynamic approximation
algorithms, with different trade-offs between their update time and approximation ratio.
We also give two versions specific to bipartite graphs, where the approximation ratio is
improved. See Table 1 for a summary. Our algorithms MatchO and MatchA represent a
general black-box reduction from dynamic maximum k-edge coloring to dynamic b-matching.
Thus, any improvement in the approximation ratio of maximum b-matching immediately
leads to an improvement of the approximation ratio of our algorithms.

Most proofs are only available in the appendix due to space restrictions.

2 Related Work

We only give a short overview here, see Appendix B for an extended version.

Edge Coloring. Given a graph G of maximum degree ∆, its chromatic index χ′(G) is
the smallest value q such that all edges of G can be colored with q colors. Generally,
∆ ≤ χ′(G) ≤ ∆ + 1 [49], whereas χ′(G) = ∆ [36] for bipartite graphs. Deciding whether
χ′(G) = ∆ or χ′(G) = ∆ + 1 is NP-hard already for ∆ = 3 [32], even if G is regular [38].

For an n-vertex m-edge graph G, Gabow [27] gave an O(m∆ log n)-time coloring al-
gorithm that uses at most ∆ + 1 colors. Misra and Gries [41] gave an algorithm that
needs O(mn) running time, and which was improved to O(m

√
n) running time by Sinna-

mon [46]. A recent series of works further reduced the running time to Õ(n2) (Assadi [2]),
Õ(mn1/3)(Bhattacharya et al. [6]), and Õ(mn1/4) (Bhattacharya et al. [8]). Duan et al. [20]
further reduced the time to O(m · poly(log n, ϵ−1)) as long as ∆ = Ω(log2 n · ϵ−2), but use
up to (1 + ϵ)∆ colors. For bipartite graphs, Cole et al. [19] gave an optimal algorithm with
O(m log ∆) running time. Cohen et al. [18] recently studied the problem in the online setting
and proved various competitive ratio results.

For dynamic graphs, Bhattacharya et al. [7] show how to maintain a (2∆−1)-edge coloring
in O(log n) worst-case update time, and that a (2 + ϵ)∆-edge coloring can be maintained
with O(1/ϵ) expected update time. If ∆ = Ω(log2 n · ϵ−2), Duan et al. [20] maintain an
edge-coloring using (1 + ϵ)∆ colors in amortized O(log8 n · ϵ−4) update time.

1 Whenever b is the all-k vector for some constant k, we will refer to the problem as k-matching instead
of b-matching.
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Maximum k-Edge Coloring. The problem was first studied by Favrholdt and Nielsen [22] in
the online setting, who show that every algorithm that never chooses to not color (“reject”) a
colorable edge has a competitive ratio between 1/0.4641 and 2, and that any online algorithm
is at most 4

7 -competitive. Feige et al. [23] showed that for every k ≥ 2, there exists an ϵk > 0
such that it is NP-hard to approximate the problem within a ratio better than (1 + ϵk).
They also describe a static (1 − (1 − 1/k)k)−1-approximation algorithm for general k. The
currently best approximation ratios are 1/0.842 for k = 2 and 15

13 for k = 3 [17, 34].
The maximum k-edge coloring problem was first studied in the edge-weighted setting by

Hanauer et al. [31]. Here, instead of finding a maximum-cardinality subset of the edges, the
total weight of the colored edges is to be maximized. In a follow-up work, Hanauer et al. [30]
design a collection of different dynamic and batch-dynamic algorithms for weighted k-edge
coloring. Their focus is again more on the practical side. Ferdous et al. [24] recently studied
the problem in the streaming setting.

Matching. The matching problem has been subject to extensive research both in the
unweighted and weighted case [40, 28, 33, 26, 21]. Various dynamic algorithms with different
trade-offs between update time and approximation ratio also exist for general [44, 3, 47,
43, 10, 12, 29] and bipartite graphs [14, 16]. Wajc [50] gives a metatheorem for rounding
a dynamic fractional matching against an adaptive adversary and a (2 + ϵ)-approximate
algorithm with O(1) update time or O(poly(log n, ϵ−1)) worst-case update time.

b-Matching. Gabow [25] gives a O(
√

∥b∥1m)-time algorithm to compute a b-matching in
the unweighted, static setting, and an O(∥b∥1 · min(m log n, n2))-time algorithm for weighted
graphs. Ahn and Guha’s algorithm [1] computes a (1 + ϵ)-approximation for b-matching and
runs in O(m poly(log n, ϵ−1)) time. Bienkowski et al. [13] give an online O(log b)-approximate
solution, which is asympotically optimal in the online setting.

For dynamic graphs, Bhattacharya et al. [11] give a deterministic algorithm that maintains
an O(1)-approximate fractional k-matching with O(log3 n) amortized update time. This is
improved by Bhattacharya et al. [9], who show how to maintain an integral (2+ϵ)-approximate
b-matching in expected amortized O(1/ϵ4) update time against an oblivious adversary.

3 Technical Overview

Our starting point is the following observation: The two problems b-matching and k-edge
coloring seem very similar if b is the vector having bv = k for every vertex v ∈ V . Indeed, the
colored edges in a k-edge coloring form a k-matching. Vice versa, a maximum k-matching
always contains a k+1

k -approximate k-edge coloring, as one can always color the edges with
k + 1 colors and discard the least-used color. This close connection is one major ingredient
for the two main algorithms we present, the dynamic MatchO and MatchA algorithms: Find
a good k-matching in the graph first, then color it using as few colors as possible, and finally
discard all edges of the least-used colors. The goal is to perform updates in O(poly(log n, ϵ−1))
time.

Our MatchO algorithm, which works against oblivious adversaries, is a combination of
known algorithms: We use the aforementioned (2 + ϵ)-approximation by Bhattarcharya et
al. [9] to find a k-matching. Duan et al.’s algorithm [20] colors the edges with (1 + ϵ)∆ colors.
Discarding the least-used colors yields a (2 + ϵ) k+1

k -approximation for MkEC.
For our MatchA algorithm, which is designed to work against an adaptive adversary,

we could have used the so-far best algorithm for b-matching by Bhattacharya et al. [11],
which however only guarantees an O(1)-approximation. The algorithm is based on a (7 + ϵ)-
approximate fractional b-matching algorithm, whose solution is rounded. We present an



A. El-Hayek, K. Hanauer, and M. Henzinger 4:5

alternative rounding approach and thus obtain an improved integral k-matching algorithm
that guarantees a (7+ ϵ) 3k

3k−1 -approximation, which is at most (8.4+ ϵ) (for k = 2). Following
the same scheme as for MatchO, we thus obtain a (7 + ϵ) 3k+3

3k−1 -approximation for MkEC.
Our new rounding technique works as follows: Given a fractional k-matching, we partition

the edges of our graph by powers of (1 + ϵ) according to their fractional value and maintain a
3∆-coloring of each subgraph (which is not related to the coloring we will output). We then
construct a sparsified graph by choosing a subset of colors uniformly at random and keeping
only edges of these colors. Intuitively, the sparsified graph consists of those edges with high
fractional values. We show that if an optimal k-edge coloring of the input graph colors s

edges, then the sparsified graph contains at most O(s · poly(log n, ϵ−1)) edges. Running
Ahn and Guha’s algorithm [1] on the sparsified graph takes O(s · poly(log n, ϵ−1)) time and
computes an integral k-matching. We can thus afford to rerun Ahn and Guha’s algorithm
every Ω(ϵs) updates and still have polylogarithmic update time. Recomputing the rounding
this often also ensures the approximation ratio is still good enough. We further prove that
the integrality gap of the k-matching problem is 3k

3k−1 and hence small. This ensures that
the sparsified graph, which we show contains a large fractional k-matching, also contains a
large integral k-matching, and thus that the graph output by Ahn and Guha’s algorithm is a
good rounding of the original fractional matching.

We also show that the integrality gap of b-matching is small. The argument starts by
noting that the integrality gap of b-matching on bipartite graphs is 1, which is a known result.
We then prove that every b-matching polytope is half-integral. To do so, we build a bipartite
graph that encodes the original graph. Every extremal point of the polytope of the original
graph can be encoded as half the sum of two extremal points of the bipartite polytope, and
thus is half-integral. Once we have a half-integral solution, we proceed to show that we can
round it to an integer solution without losing much of the fractional solution. Essentially, we
look at the dual variables of the b-matching, that is, for each vertex, we look at its weighted
degree. We then show that while rounding, out of every carefully chosen three vertices, only
one can see its degree drop, under the crucial condition that its weighted degree was already
equal to bv. This allows us to prove that the integrality gap is 3β

3β−1 , with β = minv∈V bv.
On bipartite graphs, many aspects of the problem become easier: the integrality gap

of the b-matching algorithm, as well as the existence of efficient edge-coloring algorithms,
like the one by Cole, Ost, and Schirra [19], which colors all of the edges with ∆ colors in
O(m polylog n) time. This improves the approximation ratio of MatchO and MatchA to (2+ ϵ)
and 7(1 + ϵ) respectively.

4 Preliminaries

Unless denoted otherwise, we consider an undirected, unweighted graph G = (V, E) with
n := |V | and m := |E|. G is dynamic, that is it undergoes an a priori unknown series of
updates in the form of edge insertions and edge deletions. The update time of an algorithm is
the time it needs to process an update before accepting the next one. These updates are
controlled by an adversary, that can be either adaptive, that is, can see the internal state
of our data structure and choose the next update accordingly, or oblivious, that is, has to
decide all of the updates before we start running our algorithm. G, n, and m always refer
to the current graph and its number of vertices and edges, respectively, i.e., including all
updates that occurred beforehand. Edges are treated as subsets of vertices of size 2. We use
∆(G) to denote the maximum vertex degree in G. If it is clear from the context, we may
omit G and just write ∆.

SAND 2025



4:6 On b-Matching and Fully-Dynamic Maximum k-Edge Coloring

▶ Definition 1 (Edge Coloring). Let G = (V, E) be a graph, k ∈ N+, and f : E 7→ [k] ∪ {⊥}
an edge coloring of the edges of G. We say that:
1. f is a proper coloring of E if for any adjacent edges e, e′, we have that either f(e) ̸= f(e′),

or f(e) = f(e′) = ⊥.
2. f is a total coloring of E if f−1(⊥) = ∅. We say it is partial to emphasize it is not

necessarily total, that is, f−1(⊥) may or may not be equal to ∅.
3. A color c ∈ [k] is free on node v (according to f) if no edge incident to v has color c, that

is, for every e ∋ v, f(e) ̸= c.
4. An edge e is colored if f(e) ∈ [k] and uncolored otherwise.

Given G = (V, E) and k ∈ N, the maximum k-edge coloring problem consists in finding
a proper coloring f : E 7→ [k] ∪ {⊥} of E such that the set of colored edges |f−1([k])| is
maximized. In the rest of this paper, unless specified otherwise, every (k-)coloring is proper
and we use f to denote an arbitrary (proper) (k-)coloring, and f∗ to denote an optimal
(k-)coloring.

A matching M ⊆ E is a subset of edges such that for every distinct pair e, e′ ∈ M ,
e ∩ e′ = ∅. Note that given a k-edge coloring f , f−1(c) is a matching for each c ∈ [k]. A
set of edges M ⊆ E is a k-matching if for all v ∈ V , |{e ∈ M : e ∋ v}| ≤ k. Given an
n-dimensional vector bV , we say that a set of edges M ⊆ E is a b-matching if for every
v ∈ V , |{e ∈ M : e ∋ v}| ≤ bv. Thus, a k-matching is a b-matching where b = kV , and a
matching is a 1-matching (k = 1).

▶ Theorem 2 (Coloring an Approximate k-Matching, extension of [23]). Let G be a graph and
H a subgraph such that H is a solution of an α-approximation algorithm for k-matching on
G, for some α ≥ 1. Let f be a total coloring of H using k + ℓ colors, with ℓ ∈ N. Then,
discarding the ℓ least used colors from f yields an (α · k+ℓ

k )-approximate k-edge coloring of
G. In particular, if k = ∆(H) and ℓ = ϵ∆(H), the approximation ratio is α · (1 + ϵ).

▶ Corollary 3. Given a graph G, let s∗ be the size of an optimum k-matching in G and let
p∗ be the size of an optimum k-edge coloring. Then p∗ ≤ s∗ ≤ k+1

k p∗.

5 The b-Matching Polytope

In this section, we will show the following theorem.

▶ Theorem 4 (Integrality Gap Theorem). The integrality gap of the b-matching polytope is
3β

3β−1 , where β = minv∈V bv. The integrality gap of the bipartite b-matching polytope is 1.

While the result on bipartite graphs was known [45], the general result does not exist in
the literature to the best of our knowledge. We first show that the (fractional) b-matching
polytope is half-integral2, then round an optimal solution for the fractional b-matching
problem to get an integral solution with a good approximation ratio.

In this section, a trail is a walk with no repeated edges (but possibly repeated nodes), a
circuit is a closed trail, and an Eulerian circuit is a circuit that visits all edges.

The b-matching polytope is defined as follows:

▶ Definition 5 (fractional b-matching polytope). Let G = (V, E) be an undirected graph. The
fractional b-matching polytope P(G) is:

P(G) = {x ∈ [0, 1]E : ∀v ∈ V
∑
e∋v

xe ≤ bv}

2 Even though the b-matching polytope is well-researched, we could not find this result in the literature.



A. El-Hayek, K. Hanauer, and M. Henzinger 4:7

It is well-known that if G is bipartite, then P(G) is integral, i.e., every vertex of the
polytope has integer entries:

▶ Lemma 6 ([45]). Let G = (V, E) be a bipartite graph. Then P(G) is integral.

We will now show that the fractional b-matching polytope over general graphs is half-
integral, that is, the entries of all its vertices are in {0, 1

2 , 1}. To do so, given a graph G,
we build a graph G′ that is bipartite and show a relationship between vertices of P(G) and
P(G′).

▶ Lemma 7. Let G = (V, E) be a graph. Then P(G) is half-integral.

Next, we introduce a technique for rounding an optimal solution in P(G) to an integer
solution that has similar total cost. This requires the following helper lemma:

▶ Lemma 8. Let G be a graph that contains no even circuit. Then G has no even cycles,
and no two odd cycles in G share a node.

We also recall the Euler partition of a graph:

▶ Definition 9 (Euler Partition). Let G = (V, E) be a graph. A Euler Partition of G is a
partition of its edges into trails and circuits such that every node of odd degree is the endpoint
of exactly one trail, and every node of even degree is the endpoint of no trail.

It is easy to see that such a partition exists for every graph, as one can compute one by
removing maximal trails from G until no edge remains. We now have all the tools necessary
to find the integrality gap of the b-matching polytope, to which we give the proof sketch
here, and the full proof in the appendix.

▶ Theorem 4 (Integrality Gap Theorem). The integrality gap of the b-matching polytope is
3β

3β−1 , where β = minv∈V bv. The integrality gap of the bipartite b-matching polytope is 1.

Proof Sketch. Since the fractional polytope is half-integral, we find an optimal fractional
solution x where all entries are in {0, 1

2 , 1}. We then consider a Euler partition of the union
of edges whose value is 1

2 . First, consider all trails that start and end at different vertices,
and alternatively round up and down the values of the edges. This does not affect the
optimality of the solution: for each inner vertex of the trail, the same number of incident
edges is rounded up and down. For each end vertex x,

∑
e∋v xe ≤ bv − 1

2 , so rounding up
does not violate the condition at x.

Note that all trails must have even length, otherwise x would not be optimal. We again
remove all integral edges from the subgraph, and end up with a Eulerian graph. We then
apply the same strategy to every even circuit in the subgraph, until there are no more even
circuits. By Lemma 8, the remaining graph is composed of disjoint odd cycles. We can
thus again apply the strategy of alternatively rounding up and down the values of the edges,
except that this time, there might be two consecutive edges we might need to round down,
which may decrease the solution value. The worst-case scenario occurs for length-3 cycles, as
the rounded solution is only 2/3 as good as the fractional solution. But this only happens
when no node on the cycle can “afford” both incident edges to be rounded up, that is, all
dual inequalities are tight to a 1/2 additive factor. This gives the result. ◀

6 The Sparsification Scheme

Given a dynamic fractional k-matching algorithm Am, this section provides a sparsification
scheme for fractional k-matching that enables us to give an algorithm A that maintains an
approximate integral k-matching:

SAND 2025



4:8 On b-Matching and Fully-Dynamic Maximum k-Edge Coloring

▶ Theorem 10 (Sparsify and Round). Let G be a dynamic graph, ϵ > 0, α = O(1), and Am

a dynamic algorithm that maintains an α-approximate fractional k-matching of G in O(Tm)
update time. Then there exists an algorithm A that maintains an α(1 + ϵ) 3k

3k−1 -approximate
integral k-matching in O(Tm + poly(log n, ϵ−1)) amortized update time against an adaptive
adversary. If G is bipartite, the approximation ratio reduces to α(1 + ϵ).

This result will be particularly useful for the MatchA algorithm in Section 7.2.2. To prove
the theorem, we consider a dynamic graph G and assume we have access to a dynamic
algorithm Am that has update time O(Tm) and maintains a fractional k-matching x with
approximation factor α. The goal is to maintain a sparse subgraph H of G that contains
an integral k-matching whose size is within an α(1 + ϵ) 3k

3k−1 factor of the size of an optimal
k-matching in G.

To this end, we separate our strategy into two schemes: the update scheme is repeated at
every update, while the request scheme is only repeated when we need the sparse graph H.
Our technique is an adaptation and generalization of an efficient sparsification by Wajc [50]
for rounding fractional (1-)matchings to integral ones.

Update Scheme

Let x be the fractional k-matching maintained by Am of value c(x) =
∑

e∈E xe. Let
ℓ := 2 log(1+ϵ)(nϵ−1). We maintain ℓ subgraphs G1, . . . , Gℓ of G, where Gi = (V, Ei) and

Ei =
{

e ∈ E : xe ∈
(
(1 + ϵ)−i, (1 + ϵ)−i+1]}

Let E+ =
⋃

i∈[ℓ] Ei. Note that E+ is a subset of E and does not contain edges e such
that xe ≤ (1 + ϵ)−ℓ = ϵ2

n2 . Hence,
∑

e∈E\E+ xe ≤ m ϵ2

n2 ≤ ϵ2 and we obtain∑
e∈E+

xe ≥ c(x) − ϵ2 ≥ c(x)(1 − ϵ). (1)

In each Gi, we maintain a proper, total (3
⌈
k(1 + ϵ)i

⌉
)-edge coloring. Since in Gi, every

edge satisfies xe > (1 + ϵ)−i, and x is a k-matching, we know that the maximum degree of Gi

can be no higher than k(1 + ϵ)i. Hence, every edge modified in Gi can be colored in expected
constant time3. As each update of G can modify only O(Tm) edges, there are at most O(Tm)
modifications in total to all subgraphs Gi. The recoloring caused by each modification can
be handled in expected constant time, which implies O(Tm) expected time per update to G.

Request Scheme

We fix a parameter d := max{ 1
kϵ , 4 log(2/ϵ)

kϵ2 }. Whenever we need access to the sparse graph
H, we obtain a set of edges Hi from each Gi by choosing uniformly at random without
replacement up to ⌈kd(1 + ϵ)⌉ colors, and setting Hi to be the set of edges colored with those
colors. Then, H := (V,

⋃ℓ
i=1 Hi). Obtaining H takes O(|H|) time.

We analyze the size of H with respect to
∣∣f∗−1([k])

∣∣, the size of an optimal k-edge
coloring in G. Let p∗ :=

∣∣f∗−1([k])
∣∣ and s∗ be the size of a maximum k-matching on G. Each

collection of k colors in Hi creates a k-edge coloring in G, and has thus size at most p∗. We

3 By maintaining a hash table at each vertex of the free colors, since we have more than 3∆(Gi) colors
available. By picking a color at random, we have a probability higher than 1

3 for this color to be free at
both end nodes, and thus we only need three random picks in expectation to find a free color.
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have O(d(1 + ϵ)) such collections in Hi, and hence |Hi| = O(d(1 + ϵ)p∗) = O(d(1 + ϵ)s∗).
Therefore,

|H| ≤
ℓ∑

i=1
|Hi| ≤ O (ℓd(1 + ϵ)s∗) = O

(
s∗ · log n poly(ϵ−1)

)
.

Together with Equation (1), Lemmas 12 and 13 below show that in expectation, H

contains a fractional k-matching of total value at least c(x)(1 − ϵ)(1 − 6ϵ) ≥ c(x)(1 − 7ϵ).
By our Integrality Gap Theorem (Theorem 4), H then contains an integral k-matching of
cardinality greater than c(x)(1 − 7ϵ) 3k−1

3k . Since the fractional dynamic algorithm outputs an
α-approximation c(x) of the optimal fractional solution, we have that s∗ ≤ αc(x). Therefore
H contains a k-matching of cardinality greater than 3k−1

3k (1 − 7ϵ)s∗/α. We thus get the
following theorem:

▶ Theorem 11 (Sparsification). Let G be a dynamic graph, ϵ > 0, and Am a dynamic
algorithm that maintains an α-approximate fractional k-matching of G in O(Tm) update time.
Let s∗ be the size of an optimal k-matching in G. Then the sparsification scheme maintains
a sparsification H of G that runs in O(Tm) update time and O(s∗ · poly(log n, ϵ−1)) request
time. In expectation, H contains an integral k-matching of size at least s∗/

(
α 3k

3k−1 (1 + ϵ)
)

and satisfies |H| = O(s∗ log n poly(ϵ−1)). If G is bipartite, the approximation ratio reduces
to α(1 + ϵ).

We now prove the Sparsify and Round Theorem:

Proof of Theorem 10. We build the algorithm A that maintains an approximate integral
k-matching as follows: We use Am to maintain an α-approximation of a fractional k-matching
in G. At a given update, we compute a sparsification H of G using Theorem 11 of size
O(s∗ poly(log n, ϵ−1)) that contains an integral k-matching of size at least 1

α 3k
3k−1 (1+ϵ) · s∗.

We then run the Ahn-Guha algorithm [1] on H in O(s∗ poly(log n, ϵ−1)) time to get a
α 3k

3k−1 (1 + O(ϵ))-approximate k-matching s of G. Since every update only changes the size of
an optimal solution by at most 1, the computed k-matching remains a good approximation
of the optimal solution over the next ϵs updates, which yields an amortized update time of
O(poly(log n, ϵ−1)). ◀

Next, we state Lemmas 12 and 13, whose proofs are given in the appendix.

▶ Lemma 12. Let i ∈ N, and Gi = (V, Ei) be a graph. Let x be a fractional k-matching on
Gi that satisfies xe ∈

(
(1 + ϵ)−i, (1 + ϵ)−i+1]

, and d ≥ 1
kϵ . If d ≥ (1 + ϵ)i−1, set Hi := Ei.

Otherwise, let fi be a total (3
⌈
k(1 + ϵ)i

⌉
)-edge coloring of Gi. Sample 3 ⌈kd⌉ colors uniformly

at random (without replacement), and set Hi to be the set of all edges colored by one of the
sampled colors. Then each edge e is sampled with probability P[e ∈ Hi] such that

min{1, xe · d} · (1 + ϵ)−2 ≤ P[e ∈ Hi] ≤ min{1, xe · d} · (1 + ϵ). (2)

Then, if xe > 1
d , P[e ∈ Hi] = 1. Moreover, any two adjacent edges are negatively

associated, that is, for any edges e and e′ that share a node, we have P[Xe|X ′
e] ≤ P[Xe].

Furthermore, the random variables {[Xe|Xe′ ] | e ∋ v} are negatively associated for any
v ∈ V, e′ ∋ v.

SAND 2025



4:10 On b-Matching and Fully-Dynamic Maximum k-Edge Coloring

▶ Lemma 13 (Sparsification). Let x be a fractional k-matching on a graph G, ϵ ∈ (0, 1
2 ), and

d ≥ max
{

1
kϵ , 4 log(2/ϵ)

kϵ2

}
. Let H be a subgraph of G, where each edge of G is sampled with

probability P[e ∈ H], where P[e ∈ H] = 1 if xe > 1
d and

min{1, xe · d} · (1 + ϵ)−2 ≤ P[e ∈ H] ≤ min{1, xe · d} · (1 + ϵ). (3)

Let Xe := 1[e ∈ H]. The edges need not be sampled independently, however two edges that
are adjacent need to be negatively associated, that is, for any edges e and e′ that share a
node, we have P[Xe|X ′

e] ≤ P[Xe]. We also require that for any v ∈ G, e′ ∋ v, the random
variables {[Xe|Xe′ ]|e ∋ v} are negatively associated. Then, H has a fractional k-matching y
of expected value at least

E

[∑
e

ye

]
≥

∑
e

xe(1 − 6ϵ).

7 Dynamic Algorithms for Maximum k-Edge Coloring

7.1 The Greedy Algorithm
Our first algorithm follows a simple greedy scheme: If an edge is added to the graph, we
only check whether there is a common free color available at both its end nodes, and if it is
the case, we color this edge with that color, otherwise we do nothing. If an edge colored c is
removed from the graph, we try to color one edge adjacent to each of its end nodes with
color c. This keeps the coloring maximal, and is thus a (1 + 2

√
3

3 )-approximation, as shown
by Favrholdt and Nielsen [22]. If we maintain a table of free colors at every vertex, each
insertion takes O(min{k, ∆}) time, as we have to go through all used colors at the endpoints
to find a free one. Every edge deletion takes O(∆) time, as we have to check whether the
color c is free at the end of 2∆ edges in the worst case.

▶ Theorem 14 (Greedy Algorithm). The Greedy algorithm is deterministic and maintains a
(1 + 2

√
3

3 ≈ 2.155)-approximation of a maximum k-edge coloring in O(∆) update time.

Note that in the case of bounded arboricity, one can maintain an orientation of the graph
such that the out-degree of each node is at most a multiple of the arboricity, as shown by
Chekuri et al. [15], in polylogarithmic time. In this case, each vertex is “responsible” for
letting neighboring out-vertices know about its available colors. In that case, the update
time drops to O(c), where c is the arboricity of the graph, as the limiting factor now is not
finding a suitable color for an edge, but rather updating the available colors on each vertex.

7.2 The Amortized Algorithms
Our next two algorithms rely on k-matchings. The idea is to maintain an approximate
k-matching, and have it totally colored. However, as coloring can be expensive, we will not
use the coloring algorithm at every update, but rather only once over multiple rounds, so we
can amortize its cost. The following lemma formalizes the amortization technique:

▶ Lemma 15 (Amortization). Let ϵ > 0, and assume we compute a coloring f that colors
p :=

∣∣f−1([k])
∣∣ edges of a graph G. Then assume we have up to ⌊ϵp⌋ edge insertions and

deletions to G. Define a coloring g on G as follows: g(e) := f(e) if e was already in G before
the modifications, and g(e) := ⊥ otherwise. Then if f is an α-approximation of maximum
k-edge coloring before the updates, g is a α(1 + 3ϵ)-approximation after the updates if ϵ ≤ 1

3 .
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7.2.1 The MatchO Algorithm
If the updates to the graph are controlled by an oblivious adversary, we can use Bhattacharya,
Gupta, and Mohan’s algorithm [9] for dynamic b-matching. They maintain an integral
(2 + ϵ)-approximation of b-matching against an oblivious adversary in O(ϵ−4) update time.

Our MatchO algorithm works as follows: We use Bhattacharya et al.’s algorithm to
maintain a (2 + ϵ)-approximation for k-matching, which is represented by a graph H. Then,
we compute a (k + 1)-edge coloring using Gabow’s coloring algorithm [27] on H, and discard
the least used color to obtain a (2 + ϵ) k+1

k -approximation f of a k-edge coloring, guaranteed
by Theorem 2. We refrain from recomputing the coloring for the next

⌊
ϵ

∣∣f−1([k])
∣∣⌋ updates,

while continuing to update the k-matching after each update operation. By the Amortization
Lemma (Lemma 15), this yields a (1 + 3ϵ)(2 + ϵ) k+1

k -approximation, which is a (2 + 5ϵ) k+1
k -

approximation if ϵ ≤ 1
3 . This is particularily efficient if ∆(H) = O(log2 n · ϵ−2).

If on the other hand ∆(H) = Ω(log2 n · ϵ−2), using the edge-coloring by Duan, He, and
Zhang [20], we color all the edges of H with (1 + ϵ)∆(H) colors. Discarding the ϵ∆(H)
colors that color the fewest edges among them, this yields a (2 + O(ϵ)) approximation of the
maximum k-edge coloring by Theorem 2.

Running time analysis. Let s be the size of H at the time of recoloring. Computing the
recoloring (whether it is a (k + 1) or (1 + ϵ)∆(H)-edge coloring) and removing the least
used color(s) gives a k-edge coloring f of size at least k

k+1 s. Thus, s ≤ k+1
k

∣∣f−1([k])
∣∣ =

O(
∣∣f−1([k])

∣∣).
Let us now analyze the amortized update time. For each update, we spend O(ϵ−4)

time to maintain the k-matching. If ∆(H) = O(log2 n · ϵ−2), coloring the k-matching with
Gabow’s algorithm takes O(s ·∆(H) log n) = O(s ·poly(log n, ϵ−1)) time. If on the other hand
∆(H) = Ω(log2 n · ϵ−2), coloring the k-matching with Duan, He, and Zhang’s algorithm takes
O(s poly(log n, ϵ−1)) time. Either way, this can be amortized over the next

⌊
ϵ

∣∣f−1([k])
∣∣⌋

updates, yielding an amortized update time of O(poly(log n, ϵ−1)) for the complete algorithm.
We hence have the following result:

▶ Theorem 16 (MatchO Algorithm). Against an oblivious adversary, the MatchO algorithm
runs in O(poly(log n, ϵ−1)) amortized update time and maintains a k-edge coloring that is in
expectation a (2 + ϵ) k+1

k -approximation.

In the case of a bipartite graph, we can color the k-matching with k colors in O(m log k)
time using the algorithm by Cole, Ost, and Schirra [19] instead of either Gabow’s or Duan,
He, and Zhang’s algorithm. This yields a better approximation ratio:

▶ Theorem 17 (Bipartite MatchO Algorithm). Against an oblivious adversary, the bipartite
MatchO algorithm runs in O(poly(log n, ϵ−1)) amortized update time and maintains a k-edge
coloring that is in expectation a (2 + ϵ)-approximation.

7.2.2 The MatchA Algorithm
If the updates to the graph are controlled by an adaptive adversary, we can use Bhattacharya,
Henzinger and Italiano’s [11] algorithm for fractional b-matching. They maintain an (7 + ϵ)-
approximate fractional b-matching of the dynamic graph in O(log(m + n)ϵ−2) time against
an adaptive adversary.

Our MatchA algorithm works as follows: We use Bhattacharya et al.’s algorithm as de-
scribed in Section 6 to maintain a sparsification H of G. By the Sparsify and Round Theorem
(Theorem 10), this takes O(log(m + n)ϵ−2) update time and O(|H|) time to output H when
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requested. Let f∗ be an optimal k-edge coloring of G of size p∗ :=
∣∣f∗−1([k])

∣∣. By Theo-
rem 10, H in expectation contains an integral k-matching of size at least p∗/

(
7 3k

3k−1 (1 + ϵ)
)

and |H| = O(p∗ log n · poly(ϵ−1)).
Similarly to the case with an oblivious adversary, we will only compute a coloring in

few, carefully selected rounds, and thus will not need to access H in every round. More
specifically, we use the amortization technique from Lemma 15 to determine in which rounds
to recolor H for the current graph. To recolor we run Ahn and Guha’s static algorithm for
b-matching [1] on H to compute a (1 + ϵ)-approximate (integral) k-matching H ′ of H. This
ensures that the sparse graph has degree at most k. Finally, we either compute a (k + 1)-edge
coloring using Gabow’s algorithm for edge-coloring [27] of H ′, if ∆(H ′) = O(log2 n · ϵ−2), or a
(1 + ϵ)∆(H)-edge coloring using Duan, He, and Zhang’s Algorithm otherwise, and discard the
least used colors to obtain a 7(1 + ϵ) 3k

3k−1
k+1

k -approximation f of the maximum cardinality
k-edge coloring of G.

We refrain from recomputing the coloring for the next
⌊
ϵ

∣∣f−1([k])
∣∣⌋ updates, while

continuing to maintain the k-matching. By Lemma 15, this yields an 7(1 + 3ϵ)(1 + ϵ) 3k+3
3k−1 -

approximation f ′ of the current f∗, which is an 7(1 + 5ϵ) 3k+3
3k−1 -approximation if ϵ ≤ 1

3 .
Running time analysis. Let us analyze the amortized update time. For each update,

we must first spend O(log n · poly(ϵ−1)) time to maintain the fractional k-matching and its
sparsification. Requesting the sparse graph H takes O(|H|) time. Finding a k-matching in it
takes O(|H| · poly(log n, ϵ−1)) time [1]. Let s be the size of that k-matching after the current
update. Coloring the k-matching with either Gabow’s or Duan, He, and Zhang’s algorithm
takes O(s poly(log n, ϵ−1)) time. Thus the total time for all updates in an interval starting at a
recoloring and containing all updates up to the next recoloring is O((s+|H|)·poly(log n, ϵ−1)).

Let s∗ be the size of the optimum k-matching after the current update. Recall that
s∗ ≤ k+1

k p∗ by Corollary 3. Thus, we have that s ≤ s∗ ≤ k+1
k p∗ = O(p∗). We also have |H| =

O(p∗ log n · poly(ϵ−1)). Hence, the total update time in an interval is O(p∗ · poly(log n, ϵ−1))
Note also that

∣∣∣f ′−1([k])
∣∣∣ = O(

∣∣f−1([k])
∣∣) as we recolor every

⌊
ϵ

∣∣f−1([k])
∣∣⌋ updates and

each update changes the size of the k-edge coloring by at most one. Thus it follows that

p∗ ≤ 7(1 + 5ϵ)3k + 3
3k − 1

∣∣f ′−1([k])
∣∣ = O(

∣∣f ′−1([k])
∣∣) = O(

∣∣f−1([k])
∣∣).

Hence we can amortize the total update time of an interval over the length of an interval,
which consists of

⌊
ϵ

∣∣f−1([k])
∣∣⌋ updates, to achieve an amortized update time of O(k ·

poly(log n, ϵ−1)), resulting in the following theorem.

▶ Theorem 18 (MatchA Algorithm). Against an adaptive adversary, the MatchA algorithm
runs in expected O(poly(log n, ϵ−1)) amortized update time and maintains a k-edge coloring
that is in expectation a 7(1 + ϵ) 3k+3

3k−1 -approximation.

Similarly to the previous section, in the case of a bipartite graph, we can color the
k-matching with k colors in O(m log k) time using Cole, Ost, and Schirra’s algorithm [19]
instead of either Gabow’s or that of Duan, He, and Zhang. This also drops the k+1

k factor
in the approximation computation above. Moreover, the integrality gap for the k-matching
becomes 1, removing the 3k

3k−1 factor. This yields a better approximation ratio:

▶ Theorem 19 (Bipartite MatchA Algorithm). Against an adaptive adversary, the bipartite
MatchA algorithm runs in expected O(poly(log n, ϵ−1)) amortized update time and maintains
a k-edge coloring that is in expectation an 7(1 + ϵ)-approximation.
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8 Conclusion

In this work, we have initiated the study of fully dynamic approximation algorithms for the
NP-hard k-edge coloring problem by presenting and analyzing three dynamic algorithms.
Moreover, we have demonstrated the close relationship between b-matching and k-edge
coloring, making any advances in b-matching to automatically translate into better results
for k-edge coloring. In the future, it would be thus interesting to investigate more into
b-matching algorithms. In particular there is space for improvement in finding dynamic
(fractional or not) b-matching algorithms against an adaptive adversary with approximation
ratio better than 7 which still run in polylogarithmic time.
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A Omitted Proofs

Proof of Theorem 2. Let s∗ be the size of an optimum k-matching in G and let p∗ be the
size of an optimum k-edge coloring. Since any k-edge coloring is a k-matching, we have
that p∗ ≤ s∗. Let s = |H|. The ℓ colors that color the smallest number of edges color at
most ℓ

k+ℓ s edges, otherwise the average of colored edges by color exceeds s
ℓ+k . Let p be the

number of edges colored by the remaining colors. Then p ≥ k
k+ℓ s ≥ k

k+ℓ
1
α s∗ ≥ k

k+ℓ
1
α p∗. ◀

Proof of Theorem 4. Since the b-matching polytope is half-integral, we can find an optimal
fractional b-matching x of G = (V, E) such that x is half-integral. Let H = (V, Ep) be the
subgraph of G with Ep = {e ∈ E : xe /∈ {0, 1}}. If Ep = ∅, x is integral.

Otherwise, consider an Euler partition of H. If it contains a trail T which starts and
ends at different nodes, write T = {e1, . . . , e|T |} where each ei is adjacent to ei+1. Let x+

be defined by

x+
e :=

{
xe if e /∈ T,

xe + 1
2 (−1)i+1 if e = ei,

i.e., we alternatingly round up and down by 1
2 along the trail. We clearly have that x+ ∈ P(G),

since x ∈ [0, 1]m and for each node v ∈ V except the endpoints of T , an equal number of
edges incident to v is rounded up and down. An end point v of the trail might have at most
one more edge that sees its value increase than decrease by 1

2 . Since the node v is of odd
degree in Ep, we have that

∑
e∋v xe ≤ bv − 1

2 , which implies
∑

e∋v x+
e ≤ bv, i.e. the condition

is still satisfied. We moreover have that
∑

e xe ≤
∑

e x+
e .

We can, hence, reduce the number of nodes of odd degree in Ep by creating solutions that
are as good as x that have fewer and fewer odd degree nodes. We end up with H having only
even degree nodes. By Euler’s Theorem, there exists an Euler Circuit on every connected
component of H.

For every node u, let x(u) :=
∑

e∋u xe, and let C be a connected component of H. If
there exists a node u ∈ C such that x(u) < bu, then x(u) ≤ bu − 1, and we can write the
connected component C = {e1, . . . , e|C|} as an Eulerian circuit where each ei is adjacent to
e(i+1) mod |C|, and where e1 is adjacent to u. Then define:

x+
e :=

{
xe if e /∈ C

xe + 1
2 (−1)i+1 if e = ei

We clearly have that x+ ∈ P(G), since x ∈ [0, 1]m, and for each node v ∈ V except for u,
we have that the number of edges adjacent to v losing 1

2 is equal to the number of edges
adjacent to v winning 1

2 canceling out. Node u has at most two more edge that sees its value
increase than decrease by 1

2 . Since x(u) ≤ bu − 1, we have
∑

e∋u x+
e ≤ bu, the condition is

still satisfied. We moreover have that
∑

e xe ≤
∑

e x+
e .

We can also show that even if no u ∈ C satisfies x(u) < bu, but C has an even number of
nodes, the number of edges in the component is even, and thus the Eulerian circuit of C is
of even length, and thus computing x+ as above will yield an integer solution on C. Note as
well that if C is of size 1, then C contains no edges and x is already integral on C.

We end up with connected components C1, . . . , Cℓ of odd size at least 3, where every
node u ∈

⋃
i∈[ℓ] Ci satisfies x(u) = bu. Each Ci can be seen as an Eulerian circuit. We will

now build an integer solution x− that approximates x. For every i ∈ [ℓ], pick an arbitrary
node ui ∈ Ci, and write Ci = {ei

1, . . . , ei
|Ci|} where each ei

j is adjacent to ei
j+1 mod |C|, and

SAND 2025



4:18 On b-Matching and Fully-Dynamic Maximum k-Edge Coloring

where ei
1 is adjacent to ui. Define then:

x−
e :=

{
xe if e /∈

⋃
i∈[ℓ] Ci

xe + 1
2 (−1)j if e = ei

j

We clearly have that x− ∈ P(G), since x ∈ [0, 1]m and for each node v ∈ V , we have that
the number of edges adjacent to v losing 1

2 is larger than the number of edges adjacent to v

winning 1
2 , and thus

∑
e∋v x−

e ≤
∑

e∋v xe ≤ bv. We moreover have that∑
e

x−
e = 1

2
∑
v∈V

x−(v) = 1
2

∑
v∈V \

⋃
i∈[ℓ]

Ci

x(v) + 1
2

∑
i∈[ℓ]

(
x(ui) − 1 +

∑
v∈Ci,v ̸=ui

x(v)
)

≥ 1
2

∑
v∈V \

⋃
i∈[ℓ]

Ci

x(v) + 1
2

∑
i∈[ℓ]

(
bui

− 1 +
∑

v∈Ci,v ̸=ui

bv

)

= 1
2

∑
v∈V \

⋃
i∈[ℓ]

Ci

x(v) + 1
2

∑
i∈[ℓ]

(
− 1 +

∑
v∈Ci

bv

)
.

However, we have that
∑

v∈Ci
bv ≥ |Ci| β and that for each i ∈ [ℓ], |Ci| ≥ 3 and thus

ℓ ≤ 1
3

∣∣∣⋃i∈[ℓ] Ci

∣∣∣. Therefore:

1
2

∑
i∈[ℓ]

(
−1+

∑
v∈Ci

bv

)
≥ −l+ 1

2
∑
i∈[l]

∑
v∈Ci

bv ≥
(
1− 1

3β

)1
2

∑
i∈[l]

∑
v∈Ci

bv =
(
1− 1

3β

)1
2

∑
i∈[l]

∑
v∈Ci

x(v)

Hence,∑
e

x−
e ≥ 1

2
∑

v∈V \
⋃

i∈[ℓ]
Ci

x(v) +
(
1 − 1

3β

)1
2

∑
i∈[l]

∑
v∈Ci

x(v) ≥
(
1 − 1

3β

)1
2

∑
v∈V

x(v).

Since x− is integral, the theorem follows. ◀

Proof of Lemma 7. Let us write V = {v1, . . . , vn} and E = {e1, . . . , em}. Define G′ =
(V ′, E′), where V ′ = {v′

1, . . . v′
n, v′′

1 , . . . , v′′
n}, and E′ = {e′

1, . . . , e′
m, e′′

1 , . . . , e′′
m}, where for

each i ∈ [m], if ei = (vj , vℓ) for some j, ℓ ∈ [n], then e′
i and e′′

i are defined as e′
i = (v′

j , v′′
ℓ )

and e′′
i = (v′′

j , v′
ℓ). Define b′ such that b′

v′
i

= b′
v′′

i
= bvi

for all i.
Let x be a vertex of P(G). Then y, defined as ye′

i
= ye′′

i
= xei for every i ∈ [m], satisfies

y ∈ P(G′). Indeed, for every i ∈ [n] we have that
∑

v′
i
∋e ye =

∑
v′′

i
∋e ye =

∑
vi∋e xe ≤ bvi

.
Since y ∈ P(G′), and G′ is bipartite, by Lemma 6, y is a convex combination of some

y(1), . . . , y(ℓ) such that for each 1 ≤ j ≤ ℓ it holds that y(j) ∈ P(G′) and all entries of
y(j) are in {0, 1}. Let λ1, . . . , λℓ ∈ [0, 1] such that y =

∑
j∈[ℓ] λjy(j), and define for every

j ∈ [ℓ], x(j) such that x
(j)
ei = 1

2 (y(j)
e′

i
+ y

(j)
e′′

i
) for every i ∈ [m], which is half-integer. Note

that for every i ∈ [m], xei = 1
2 (ye′

i
+ ye′′

i
) = 1

2
∑

j∈[ℓ] λj(y(j)
e′

i
+ y

(j)
e′′

i
) =

∑
j∈[ℓ] λjx

(j)
ei and,

hence, x =
∑

j∈[ℓ] λjx(j). Thus, x is a convex combination of x(1), . . . , x(ℓ). We are left
with showing that x(j) belongs to P(G) for every 1 ≤ j ≤ ℓ. To do so note that for every
i ∈ [n], j ∈ [ℓ],

∑
vi∋e

x(j)
e = 1

2
∑
vi∋e

y
(j)
e′ + y

(j)
e′′ = 1

2

 ∑
v′

i
∋e′

y
(j)
e′ +

∑
v′′

i
∋e′′

y
(j)
e′′

 ≤ bvi
,
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which implies that x(j) ∈ P(G). Since x is a vertex of P(G) and a convex combination of
x(1), . . . , x(ℓ), it must be equal to one of them, say x = x(j) for some j ∈ [ℓ], and thus is
half-integral. ◀

Proof of Lemma 8. Since every even cycle is an even circuit, it is straightforward to see
that G has no even cycle. Let us now assume that there exist two odd cycles C1 and C2 that
share a node u in G. Suppose that C1 and C2 share no edge. Then, the circuit that starts at
u and visits the first cycle, then the second, is an even circuit, a contradiction. Thus, C1 and
C2 share at least one edge. Let {v, w} be a shared edge such that the other neighbor of w in
C1 is different from its neighbor in C2 (this edge must exists otherwise C1 = C2). Consider
the path in C2 from w to v that does not go through {v, w}. This path ends in C1. Let v′

denote the first node on that path that is different from w and is in C1. We now have three
edge-disjoint paths from w to v′: two in C1 and one in C2. Two of them must have the same
parity and thus together form an even circuit. ◀

Proof of Lemma 12. Wajc [50] has proven that choosing edges using that method (that
is, choosing colors uniformly at random then picking all edges of those colors in a proper
coloring) ensures that any two adjacent edges are negatively associated, and that for any
v ∈ V, e′ ∋ v, the random variables {[Xe|Xe′ ] | e ∋ v} are negatively associated. Let e be an
edge of Ei. We have three cases:

Case 1: If d ≥ (1 + ϵ)i−1, then all colors are sampled and Hi = Ei. Moreover,
xed ≥ (1 + ϵ)−i(1 + ϵ)i−1 = 1

1+ϵ , and (2) holds trivially.
Case 2: If xe > 1

d , then (1 + ϵ)−i+1 ≥ xe > 1
d and in particular d ≥ (1 + ϵ)i−1, we thus

refer to the previous case.
Case 3: If xe ≤ 1

d and d ≤ (1 + ϵ)i−1, then e is sampled with probability P[e ∈ Hi] =
3⌈kd⌉

3⌈k(1+ϵ)i⌉ . Since kd ≥ 1
ϵ , we have that kd + 1 ≤ kd(1 + ϵ), and thus:

P[e ∈ Hi] = 3 ⌈kd⌉
3 ⌈k(1 + ϵ)i⌉

≤ kd + 1
k(1 + ϵ)i

≤ kd(1 + ϵ)
k(1 + ϵ)i

≤ xe ·d · (1+ ϵ) = min{1, xe ·d} · (1+ ϵ)

On the other hand, since (1+ϵ)i ≥ (1+ϵ)i−1 ≥ d ≥ 1
kϵ , we have that k(1+ϵ)i+1 ≤ k(1+ϵ)i+1.

Therefore,

P[e ∈ Hi] = 3 ⌈kd⌉
3 ⌈k(1 + ϵ)i⌉

≥ kd

k(1 + ϵ)i + 1 ≥ kd

k(1 + ϵ)i+1 ≥ xe · d

(1 + ϵ)2 = min{1, xe · d}
(1 + ϵ)2 . ◀

For the proof of Lemma 13, we need the following inequality:

▶ Theorem 20 (Bernstein’s Inequality for Negatively Associated Variables). Let Y be the sum
of negatively associated random variables Y1, . . . , Yℓ, with Yi ∈ [0, U ] for each i ∈ [ℓ]. Then,
for σ2 =

∑ℓ
i=1 Var(Yi) and all a > 0,

P[Y > E[Y ] + a] ≤ exp
(

−a2

2(σ2 + aU/3)

)
Proof of Lemma 13. Let z ∈ RE with ze := xe(1−3ϵ)

min{1,xe·d} · Xe. By equation (3),

E[ze] = E[ze|Xe] · P[Xe] ≥ xe(1 − 3ϵ) · (1 + ϵ)−2 ≥ xe(1 − 5ϵ) (4)

Therefore, z is a good approximation for x in the sense that E [
∑

e ze] ≥
∑

e xe(1 − 5ϵ).
However, as we are scaling up xe to get ze for some edges e, z might not be a feasible
fractional k-matching. We obtain a feasible fractional k-matching y from z as follows:

ye :=
{

0 if xe < 1/d and maxv∈e

{∑
e′∋v ze′

}
> k

ze otherwise
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▷ Claim 21. y is a feasible fractional k-matching.

Proof. Consider a node v. If
∑

e∋v ze ≤ k, then
∑

e∋v ye ≤
∑

e∋v ze ≤ k. Otherwise, if∑
e∋v ze > k, then

∑
e∋v ye =

∑
e∋v,xe≥1/d ze =

∑
e∋v,xe≥1/d xe(1 − 3ϵ) ≤ k. ◁

To complete the proof, we will now show that for every edge e, we have E[ye] ≥ (1−ϵ)E[ze].
If xe ≥ 1

d , this trivially follows since ye = ze and thus E[ye] = E[ze]. We thus concentrate on
the case xe < 1

d and bound by (1 − ϵ) the probability of the event ye ̸= ze, that is the event
maxv∈e(

∑
e′∋v ze′) > k. In particular, we will consider the case Xe = 1.

Let v be an endpoint of e. We have that xe < 1/d ≤ kϵ (because we choose d such that
d ≥ 1/kϵ). Let e′ ̸= e such that v ∈ e′. Since Xe and Xe′ are negatively correlated, we have
that P[Xe′ |Xe] ≤ P[Xe′ ] ≤ min{1, xe′ · d} · (1 + ϵ), by equation (3). Therefore:

E[ze′ |Xe] = xe′(1 − 3ϵ)
min{1, xe′d}

·P[Xe′ |Xe] ≤ xe′(1 − 3ϵ)
min{1, xe′d}

·P[Xe′ ] ≤ xe′(1−3ϵ)(1+ϵ) ≤ xe′(1−2ϵ)

Hence:

E

[∑
e′∋v

ze′

∣∣∣Xe

]
= E[ze|Xe] +

∑
e′∋v,e ̸=e′

E[ze′ |Xe] ≤ kϵ +
∑

e′∋v,e̸=e′

xe′(1 − 2ϵ) ≤ k(1 − ϵ)

We therefore expect z to not violate the constraint on v. To bound the probability that z
does violate the constraint, we first compute the variance of

[∑
e′∋v ze′ |Xe

]
, and in particular,

for every e′ ∋ v, the variance of [ze′ |Xe].
If e′ is such that xe′ ≥ 1

d , then P[Xe′ ] = 1, and in particular P[Xe′ |Xe] = 1. The
variance of ze = xe(1−3ϵ)

min{1,xed} · Xe is therefore 0. On the other hand, if xe′ < 1/d, then
[ze′ |Xe] is a Bernoulli random variable scaled by 1−3ϵ

d , with success probability at most
P[Xe′

∣∣Xe] ≤ min{1, xe′d} · (1 + ϵ) = xe′d(1 + ϵ). Therefore, the variance of this random
variable is at most

Var([ze′ |Xe]) ≤
(

1 − 3ϵ

d

)2
· xe′d(1 + ϵ) ≤ xe′

d
.

Summing over all edges, we get:∑
e′∋v

Var ([ze′ |Xe]) ≤
∑
e′∋v

xe′

d
≤ k

d

Since the variables {[Xe′ |Xe] | e′ ∋ v} are negatively associated, so are the variables
{[ze′ | Xe]|e′ ∋ v}, by closure of negative association under scaling by positive constants.
Therefore, we can use Bernstein’s inequality (cf. Theorem 20).

For
[∑

e′∋v ze′
∣∣Xe

]
to go over k, it needs to exceed its expectation by at least kϵ. Since

for all e′ such that xe′ > 1/d, [ze′ |Xe] is deterministic, this is equivalent to the sum only
over edges e′ such that xe′ ≤ 1/d exceeding its expectation by at least kϵ. In that case,
ze′ ≤ (1−3ϵ)

d ≤ 1
d . We thus have

P

[∑
e′∋v

ze′ > k

∣∣∣∣Xe

]
≤ P

 ∑
e′∋v,xe′ ≤ 1

d

ze′ > E
[ ∑

e′∋v,xe′ ≤ 1
d

ze′
∣∣xe

]
+ ϵk

∣∣∣∣∣Xe


≤ exp

(
− ϵ2k2

2 · (k/d + ϵk/3d)

)
≤ exp

(
− ϵ2k

2 · (1/d + ϵ/3d)

)
≤ exp

(
−ϵ2k

4d

)
,
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which is at most ϵ/2 since d ≥ 4 log(2/ϵ)
kϵ2 .

For ye, we thus have that, conditioned on e ∈ H, the probability of the constraints
on each of the nodes of e being violated is at most ϵ. By union bound, we thus have
P[ye = ze|Xe] ≥ (1 − ϵ). Combined with Equation (4), we have:

E[ye] = xe(1 − 3ϵ)
min{1, xed}

· P[ye = ze|Xe] · P[Xe] ≥ (1 − ϵ) · E[ze] ≥ xe(1 − 6ϵ)

We thus conclude that H contains a fractional k-matching of expected value at least
1 − 6ϵ times the value of the fractional k-matching x in G. ◀

Proof of Lemma 15. Let f∗ be an optimal coloring before the updates, and g∗ be an optimal
coloring after the updates. Let q :=

∣∣g−1([k])
∣∣, p∗ :=

∣∣f∗−1([k])
∣∣, and q∗ :=

∣∣g∗−1([k])
∣∣. Since

every deleted edge decreases the number of colored edges by at most 1, we have:

q ≥ p − ⌊ϵp⌋ ≥ p(1 − ϵ)

Similarly, since every added edge increases the size of the optimal coloring by at most 1, we
have:

q∗ ≤ p∗ + ⌊ϵp⌋ ≤ p∗(1 + ϵ)

If f is an α-approximation, then p∗ ≤ α · p. Therefore, as long as ϵ ≤ 1
3 :

q∗ ≤ p∗(1 + ϵ) ≤ α · p(1 + ϵ) ≤ α · 1 + ϵ

1 − ϵ
· q ≤ α · q(1 + 3ϵ)

Hence, whenever we compute a partial coloring of a dynamic graph of size p, we can charge
the cost of that computation to the next ⌊ϵp⌋ updates without recomputing anything, and
while losing a (1 + 3ϵ) approximation factor at most. ◀

B Related Work

In this section, we give a more extensive overview over related work. As the maximum k-edge
coloring problem is also closely related to various matching problems, we include relevant
results for these problems.

Edge Coloring. Given a graph G, its chromatic index χ′(G) is the smallest value q such that
all edges of G can be colored with q colors. It is straightforward that ∆(G) ≤ χ′(G), where
∆(G) denotes the maximum vertex degree in G. Vizing [49] showed that χ′(G) ≤ ∆(G) + 1.
For bipartite graphs, χ′(G) = ∆(G) [36]. In general, it is NP-hard to decide whether a
given graph G has χ′(G) = ∆(G) or χ′(G) = ∆(G) + 1 already for ∆(G) = 3 [32], and
even if G is regular [38]. Note that if ∆(G) = 1, then G’s edges form a matching, whereas
if ∆(G) = 2, then G is a collection of cycles and paths and χ′(G) = 2 iff all cycles have
even length. Another lower bound on the chromatic index is given by the odd density
ρ(G) := maxS⊆V,|S|=2i+1

⌈
E(S)

i

⌉
, where E(S) denotes the set of edges in the subgraph

induced by S: As all edges of the same color form a matching, at most
⌊

|S|
2

⌋
= i edges

of E(S) can share the same color, so at least
⌈

E(S)
i

⌉
colors are necessary to color E(S).

Edmonds [39] showed that the fractional chromatic index is equal to max{∆(G), ρ(G)}.
Misra and Gries [41] designed an algorithm that uses at most ∆(G)+1 colors. It processes

the edges in arbitrary order and colors each in O(n) time, thus resulting in an O(mn) running
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time overall. If new edges are added to the graph, they can be colored in O(n) time. Their
algorithm improved on an earlier approach by Gabow [27], which has a running time of
O(m∆(G) log n). Simmanon [46] reduces the time for finding a (∆(G) + 1)-edge coloring
to O(m

√
n). By allowing more colors – up to (1 + ϵ)∆ colors – Duan, He and Zhang [20]

further reduce the running time to O(m · poly(log n, ϵ−1)) as long as ∆(G) = Ω(log2 n · ϵ−2).
For bipartite graphs, Cole, Ost, and Schirra [19] gave an optimal algorithm (it uses ∆ colors)
with O(m log ∆(G)) running time.

Cohen, Peng, and Wajc [18] recently studied the edge coloring problem in the online
setting and proved various competitive ratio results.

For the dynamic setting, Bhattacharya, Chakrabarty, Henzinger, and Naongkai [7] show
how to maintain a (2∆(G) − 1)-edge coloring in O(log n) worst-case update time. They also
show that a (2 + ϵ)∆(G)-edge coloring can easily be maintained with O(1/ϵ) expected update
time. If ∆(G) = Ω(log2 n · ϵ−2), Duan, He and Zhang [20] maintain an edge-coloring using
(1 + ϵ)∆ colors in amortized O(log8 n · ϵ−4) update time.

Maximum k-Edge Coloring. For the maximum k-edge coloring problem, the number of
available colors is limited to some k ∈ N and the task is to find a maximum-cardinality subset
of the edges H such that for the subgraph restricted to H, G

∣∣
H

, χ′(G
∣∣
H

) ≤ k.
This problem was first studied by Favrholdt and Nielsen [22] in the online setting. They

propose and analyze the competitive ratio of various online algorithms and show that every
algorithm that never chooses to not color (“reject”) a colorable edge has a competitive ratio
between 0.4641 and 1

2 , and that any online algorithm is at most 4
7 -competitive.

Feige, Ofek, and Wieder [23] considered the k-edge coloring problem in the static setting
and for multigraphs, motivated by a call-scheduling problem in satellite-based telecommu-
nication networks. The authors show that for every k ≥ 2, there exists an ϵk > 0 such
that it is NP-hard to approximate the problem within a ratio better than (1 + ϵk). They
also describe a static (1 − (1 − 1/k)k)−1-approximation algorithm for general k as well as a
13
10 -approximation for k = 2. The former algorithm applies a greedy strategy and works by
repeatedly computing a maximum-cardinality matching M , then removing M from graph.
As all edges in a matching can be colored with the same color, k repetitions yield a k-edge
coloring. They also note that for a multigraph of multiplicity d, a k+d

k -approximate solution
can be obtained by first computing a k-matching, then coloring the subgraph using k + d

colors (which is always possible, in analogy to Vizing’s theorem), and then discarding the d

colors that color the fewest edges. For simple graphs (i.e., d = 1), this yields an approximation
ratio of k+1

k . The authors also give an algorithm with an approximation ratio tending to
1
α as k → ∞, where α denotes the best approximation ratio for the chromatic index in
multigraphs.

Several improved approximation results for the cases where k = 2 and k = 3 exist. The
currently best ratios are 6

5 for k = 2 and 5
4 for k = 3 [37].

The maximum k-edge coloring problem was first studied in the edge-weighted setting
by Hanauer, Henzinger, Schmid, und Trummer [31]. Here, instead of finding a maximum-
cardinality subset of the edges, the total weight of the colored edges is to be maximized. The
authors describe several approximation and heuristic approaches to tackle the problem in
practice and provide an extensive experimental performance evaluation on real-world graphs.
They also show that a double-greedy approach, where successively k weighted matchings are
computed by a greedy algorithm, yields a O(1)-approximation. In a follow-up work, Hanauer,
Henzinger, Ost, and Schmid [30] design a collection of different dynamic and batch-dynamic
algorithms for the weighted k-edge coloring. Their focus is again more on the practical side.
Ferdous et al. [24] recently studied the problem in the streaming setting.
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Matching. The matching problem in the static setting has been subject to extensive
research both in the unweighted and weighted case. The currently fastest deterministic
algorithms for unweighted matching in general and bipartite graphs have a running time of
O(m

√
n) [40, 28, 33]. For weighted matching on general graphs, the currently best running

time is O(n(m + n log n)) [26]. An excellent overview, which also encloses approximation
ratios, is given by Duan and Pettie [21].

For the dynamic setting, Onak and Rubinfeld [44] present a randomized O(1)-
approximation algorithm with O(log2 n) update time. The algorithm by Baswana, Gupta,
and Sen [3] improves the running time to O(log n) and the approximation ratio to 2. Later,
Solomon [47] reduced the amortized expected update time to O(1). Wajc [50] gives a
metatheorem for rounding a dynamic fractional matching against an adaptive adversary and
a (2 + ϵ)-approximate algorithm with constant update time or O(poly(log n, ϵ−1)) worst-case
update time.

Neiman and Solomon [43] show that a 3
2 -approximate matching can be maintained deter-

ministically in O(
√

m) worst-case update time. Bhattacharya, Henzinger, and Italiano [10]
give a deterministic (3 + ϵ)-approximation with O(m1/3ϵ−2) amortized update time, as well
as an (4 + ϵ)-approximation with O(m1/3ϵ−2) worst-case update time. An improved algo-
rithm is given by Bhattacharya, Henzinger, and Nanongkai [12], which has O(poly(log n, 1

ϵ ))
amortized update time and an approximation ratio of (2 + ϵ). A (1 + ϵ)-approximation
algorithm with O(

√
mϵ−2) worst-case update time is given by Gupta and Peng [29] for ϵ < 1

2 .
The authors also give an algorithm for the weighted case with the same approximation ratio
and a worst-case update time of O(

√
mϵ−2−O(1/ϵ) log W ), where W is the largest weight of

an edge in the graph.
For bipartite graphs, Bosek, Leniowski, Sankowski, and Zych [14] give a partially dynamic

algorithm for either the insertions-only or deletions-only setting, which runs in O(m
√

n) total
time, thus matching the time of the Hopcroft-Karp static algorithm [33]. Due to the direct
reduction of matching to maximum flow, the static case can now be solved in O(m1+o(1))
time thanks to a breakthrough result of Chen, Kyng, Liu and Peng [16].

Stubbs and Williams [48] show how to transform a dynamic α-approximation algorithm
for the unweighted matching problem to a (2 + ϵ)α-approximation algorithm for the weighted
setting. The running time increases by a factor of ϵ−2 log2 W , where W denotes the maximum
weight of an edge. Bernstein, Dudeja, and Langley [5] improve on this result w.r.t. running
time and show that a (1 + ϵ)α-approximation algorithm can be obtained in the case of
bipartite graphs.

Various results [4] also exist for the “value” version of the problem, where one is only
interested in the maximum size or weight, but not in the set of edges.

b-Matching. Gabow [25] gives a O(
√

∥b∥1m)-time algorithm to compute a b-matching
in the unweighted, static setting. If the b-matching is weighted, the running time is
O(∥b∥1 · min(m log n, n2)). Ahn and Guha [1] give an algorithm that computes an (1 + ϵ)-
approximation for b-matching and runs in O(m poly(log n, ϵ−1)) time.

For dynamic graphs, Bhattacharya, Henzinger, and Italiano [11] give a deterministic algo-
rithm that maintains an O(1)-approximate fractional k-matching with O(log3 n) amortized
update time. This result is improved by Bhattacharya, Gupta, and Mohan [9], who show
how to maintain an integral (2 + ϵ)-approximate b-matching in expected amortized O(1/ϵ4)
update time, against an oblivious adversary.
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