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Abstract
A spanner of a temporal graph is a subset of edges that preserves connectivity over time between
vertices. A minimal spanner is one in which no additional edges can be removed without breaking this
connectivity. Our focus is on enumerating minimal spanners for a given temporal graph. We explore
several variations of this problem based on the type of connectivity that must be maintained, ranging
from one-to-all connectivity to one-to-all-to-one, many-to-all, and finally all-to-all connectivity.
We establish that these problems become progressively harder: (i) We present a polynomial-delay
enumeration algorithm for one-to-all connectivity; (ii) We prove Dual-hardness for both one-to-
all-to-one and many-to-all connectivity, even in the restricted case of two-to-all; (iii) Finally, for
all-to-all connectivity, we show that enumeration cannot be performed in output-polynomial time
unless P = NP.

2012 ACM Subject Classification Mathematics of computing → Graph enumeration; Theory of
computation → Sparsification and spanners; Mathematics of computing → Graph algorithms; Theory
of computation → Problems, reductions and completeness; Networks → Network dynamics

Keywords and phrases temporal graphs, temporal spanners, one-to-all connectivity, all-to-all con-
nectivity enumeration, NP-completeness, Dual-hardness, binary partition tree, flashlight search,
polynomial delay

Digital Object Identifier 10.4230/LIPIcs.SAND.2025.9

Funding Kazuhiro Kurita: JSPS Kakenhi Grant Numbers JP21K17812, JP23K24806, and
JP25K21273, and JST ACT-X Grant Number JPMJAX2105.
Andrea Marino: Italian PNRR CN4 Centro Nazionale per la Mobilità Sostenibile, NextGeneration EU
– CUP, B13C22001000001. MUR of Italy, under PRIN Project n. 2022ME9Z78 – NextGRAAL: Next-
generation algorithms for constrained GRAph visuALization, PRIN PNRR Project n. P2022NZPJA
– DLT-FRUIT: A user centered framework for facilitating DLTs FRUITion.
Jason Schoeters: PRIN PNRR Project n. P2022NZPJA – DLT-FRUIT: A user centered framework
for facilitating DLTs FRUITion.

Acknowledgements We would like to thank Lapo Cioni for the joining in the verification of con-
structions and proofs during coffee breaks.

1 Introduction

Spanning trees provide an efficient way to maintain connectivity within a network. They are
minimal in the sense that removing any edge would break connectivity, and they are also
minimum in terms of edge count. Efficient computation of a spanning tree is possible using
greedy algorithms such as Prim’s, Kruskal’s, and Dijkstra’s algorithms (see [33, 30, 20]).
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9:2 Spanner Enumeration for Temporal Graphs

A more general structure is a spanner, a subgraph that preserves connectivity while
enforcing specific bounds on distance distortion, such as multiplicative or additive stretch
factors. Unlike spanning trees, spanners are not necessarily trees. For a recent survey on
graph spanners, see [1].

Temporal Spanners. In a seminal paper, Kempe, Kleinberg, and Kumar [24] introduced
the study of spanning substructures in temporal graphs, networks that evolve over time. In
such graphs, connectivity is established through temporal paths, which are paths where edge
labels are strictly increasing. Unlike traditional spanning trees, these substructures do not
necessarily form a tree and have been termed temporal spanners by the research community.
A minimal spanner is one in which no further edges can be removed without breaking
connectivity. For simplicity, all spanners discussed in this paper are assumed to be minimal
unless stated otherwise. Building on prior research in graph spanners, as well as insights
from broadcasting and gossip theory (see survey [23]), numerous studies have since explored
temporal spanners. This includes results on (in)approximability [2], counterexamples or
existence of sparse spanners [3, 16, 18], adding stretch, blackout-resilience, or underlying
structure [6, 5, 14], to sharp thresholds in temporal Erdös–Rényi random graphs [17].
In this paper, we formalise a temporal graph G as a graph G with an edge time function
λ, associating to each edge of G a non-empty set of discrete times (see Section 2 for full
definitions). We consider the following types of connectivity for spanners:

▶ Definition 1. Given a temporal graph G = (G, λ), E′ ⊆ E(G) is an X spanner of G if it
is a minimal set1 such that in G[E′]2:
if X = one2all: given s ∈ V (G), s reaches v for all v ∈ V ;
if X = one2all2one: given s ∈ V (G), s reaches v and v reaches s for all v ∈ V ;
if X = many2all: Given s1, . . . , sk, si reaches v for all v ∈ V , and all i ∈ [k];
if X = all2all: u reaches v and v reaches u for all u, v ∈ V .

Most related work on temporal spanners focuses on all2all spanners. However, studies
also exist on temporal structures with different types of connectivity, though they are not
explicitly termed “spanners”. For example, the paths resulting from the algorithms in [35]
and the temporal branchings in [11] both correspond to specific cases of one2all spanners.
There are also temporal spanners which are defined as subsets of time edges or labels (and
so minimality is defined on time edges as well) instead of on edges. Some other works, such
as [16, 17], consider the special case of so-called “simple” temporal graphs, where each edge
only has one assigned time, and thus the distinction disappears. We do not consider such
spanners in this paper.

Problem Definition. In this paper we study the problem of enumerating, i.e. listing
exactly once, all the temporal spanners in Definition 1 for a given temporal graph in
input. In the field of enumeration algorithms, significant research has focused on efficiently
enumerating structures maintaining connectivity in static graphs, as discussed later. However,
no prior work has tackled the following enumeration problem, where X refers to one2all,
one2all2one, many2all, and all2all.

▶ Problem 1 (Enumeration). Given temporal graph G and connectivity X, enumerate all
X spanners of G.

1 No proper subset satisfies the same property
2 In Section 2, we define temporal graph G[E′] to be temporal graph G restricted to the edge set E′ ⊆ E(G).
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With the aim of obtaining our results on the enumeration problems, we also study the
following corresponding extension problems.

▶ Problem 2 (Extension Problem). Given temporal graph G, connectivity X, and edge
set E′′ ⊆ E(G), decide whether there is E′ ⊇ E′′ that is a X spanner of G.3

▶ Problem 3 (Connected Extension Problem). Given temporal graph G, connectivity
X, and edge set E′′ ⊆ E(G) s.t. G[E′′] is connected, decide whether there is E′ ⊇ E′′ that is
a X spanner of G.3

Indeed, being able to solve efficiently the (Connected) Extension Problem implies
being able to solve efficiently the corresponding enumeration problem [32].

Some background on Enumeration Algorithms. In order to classify the complexity of
enumeration problems, the classes we will use in this paper are the standard ones: output-
polynomial time, where all output can be enumerated in time polynomial in the input and the
output size; incremental polynomial time, where, for all i, the ith output can be produced in
polynomial time in the input size and in the number i; and polynomial delay, where the delay
between two consecutive outputs is polynomial in the input size. Additionally, a famous
unresolved problem in the enumeration field is whether Hypergraph Dualization, or
Dual for short, which asks for finding all minimal hitting sets for a given hypergraph [4], can
be solved in output-polynomial time for general hypergraphs. This problem has received
considerable attention in the literature, since it is known to be polynomially or quasi-
polynomially equivalent with many problems in various areas [22]. When we reduce a
problem from Dual, we say the problem is Dual-hard, meaning that if our problem could
be solved in output-polynomial time, then Dual would also admit an algorithm running in
output-polynomial time. See [34, 21] for a survey on these topics.

Enumeration problems related to connectivity for graphs are widely studied and considered
important. One example of enumerating minimal subgraphs that satisfy a connectivity
constraint is the minimal Steiner tree enumeration. For a restricted input, a polynomial-
delay enumeration algorithm has been developed, using a polynomial-time algorithm for
a corresponding extension problem as a subroutine [27]. Furthermore, similar algorithms
are known to work for several variants, such as minimal directed Steiner trees, minimal
terminal Steiner tree, and minimal Steiner forests [27, 29]. Besides edge connectivity,
enumeration problems concerning vertex connectivity have also been studied. The problem
of enumerating minimal spanning k-vertex-connected spanning subgraphs is known to be
solvable in incremental polynomial time for fixed k [8]. Additionally, it is known that vertex
connectivity can make an enumeration problem significantly harder. For instance, while the
minimal vertex cover enumeration is known to be solvable with polynomial delay, the problem
of enumerating minimal connected vertex covers, which imposes a connectivity constraint, is
known to be Dual-hard [28]. Complexity of enumeration problems related to connectivity
also extends to intractable problems. For example, it is known that enumerating minimal
edge sets that ensure reachability between two specified vertices in a directed graph cannot
be solved in output-polynomial time unless P = NP [25]. Moreover, instead of enumerating
minimal sets that satisfy connectivity, enumerating minimal sets that destroy connectivity
has also been addressed. In particular, it has been shown that enumerating minimal vertex
sets that disconnect a graph and minimal edge sets that break the strong connectivity of a
directed graph cannot be solved in output-polynomial time unless P = NP [7, 10].

3 For X = one2all, one2all2one, many2all, we assume that s or all si are contained in G[E′′].
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9:4 Spanner Enumeration for Temporal Graphs

Our Contribution. In this paper, we establish the results summarized in Table 1. Notably,
we observe that the Extension Problem for all definitions of temporal spanners is NP-
complete.4 As a consequence, we cannot directly apply the standard flashlight method [32],
which is commonly used to design output-polynomial enumeration algorithms. The flashlight
method systematically explores the entire solution space by partitioning it into subsets that
include or exclude a given edge, proceeding recursively only after verifying whether a partial
solution can be extended into a full solution. However, since the Extension Problem is
intractable, this verification cannot be performed in polynomial time unless P = NP.

On the other hand, if we enforce connectivity in the partial solution, the problem reduces to
the Connected Extension Problem. We prove that in the case of one2all spanners, this
problem can be solved in polynomial time, allowing us to design a polynomial-delay flashlight
method for enumeration. This parallels the case of Steiner subgraphs in static graphs [19],
where the Extension Problem is NP-complete, but the Connected Extension Problem
is sometimes tractable, enabling an output-polynomial enumeration algorithm in these cases.

For all other definitions of temporal spanners, however, the Connected Extension
Problem remains NP-complete.5 This is not coincidental: we show that the enumeration
of one2all and one2all2one spanners is Dual-hard. Consequently, achieving an output-
polynomial time algorithm for these enumeration problems would imply an output-polynomial
time for Dual, which is still an open problem since several years [4, 22]. It is important to
note that hardness results for both Connected Extension Problem and Enumeration
for many2all are tight with respect to the number of sources, as they hold for two sources.

Finally, for all2all spanners, we prove that no output-polynomial enumeration algo-
rithm is possible unless P = NP. In this case, the latter result also implies the hardness
of Connected Extension Problem and Extension Problem, as solving them in
polynomial time would allow us to design an output-polynomial enumeration algorithm for
Enumeration.

Structure of the paper. The organization is as follows: first, in Section 2, we present our
models and notation used throughout the rest of the paper; then, in Section 3, we start by
studying one2all spanners and obtain our tractability results; in Section 4 and Section 5,
the connectivity considered is slightly modified (to one2all2one and many2all resp.) and
we observe a sudden shift as the corresponding extension problems are proven to become
hard and we prove the enumeration problems to be Dual-hard; next, we consider all2all
spanners in Section 6 for which we obtain that the corresponding enumeration problem
cannot be solved in output-polynomial time unless P = NP. We conclude in Section 7 and
discuss interesting directions for future work.

Due to the soft page limit, results marked with a (⋆) have the corresponding proofs in the
Appendix. For some of these, a proof sketch is present in the main part of the paper as well.

2 Preliminaries

We denote a temporal graph G as a pair (G, λ) with G the underlying graph of G, and λ

the time function of G. Graph G is undirected and simple, and composed of a vertex set
V (G) and an edge set E(G) ⊆

(
V (G)

2
)
, and associated to each edge e ∈ E(G) is a set of times

4 Both Extension Problem and Connected Extension Problem are in NP, as we can verify in
polynomial time whether a set of edges contains E′′ and is a temporal spanner, by checking reachability,
and then checking minimality by removing one edge at a time and again checking reachability.

5 Note that the hardness of Extension Problem is a consequence of the hardness of Connected
Extension Problem as it is a restriction.
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Table 1 We use m for the number of edges, and τ for the lifetime (i.e. the maximum assigned time
to the edges) of the input temporal graph. All results hold even when lifetime τ is constant. Note
that, for many2all Enumeration, if k = n, then the problem becomes all2all Enumeration.
We use the ⇐ sign to mean that the corresponding result is implied by the result on the right-hand
side in the table.

X Extension Connected Extension Enumeration

one2all NP-c
(Theorem 3)

Poly
(Lemma 4)

O(m2τ) delay
(Theorem 5)

one2all2one (NP-c ⇐) NP-c
(Theorem 6)

Dual-hard
(Theorem 7)

many2all (NP-c ⇐) NP-c even if k = 2
(Theorem 8)

Dual-hard even if k = 2
(Theorem 9)

all2all (NP-c ⇐) (NP-c ⇐) No output poly algorithm
unless P = NP (Theorem 12)

(or labels) λ(e). As a slight abuse of notation, we simply use V and E as the vertex and
edge set when the corresponding temporal graph is clear from the context. Also, we usually
drop the set notation for the times on an edge, especially in figures and when the edge
only has one label. The size of a temporal graph is polynomial in n = |V |, m = |E|, and
τ = max∪e∈Eλ(e), the latter being denoted as the lifetime of the temporal graph. We use
G[E′] to denote the temporal graph G restricted to the edge set E′ ⊆ E, and Gt for some
integer t ≤ τ denotes the subgraph of G such that ∀e ∈ Gt : t ∈ λ(e), i.e. it represents the
temporal graph at the specific time t.

In temporal graphs, paths and connectivity occur over time. This means that a path
in the underlying graph G is a valid temporal path in temporal graph G if and only if the
corresponding times on the edges are strictly increasing6. Formally, for a temporal path
P = ((e1, t1), (e2, t2), ...(ek, tk)) of length k, we have that P = (e1, e2, ...ek) is a path in G,
and ∀1 ≤ i ≤ k−1 : ti < ti+1. When a temporal path exists from a vertex s to a vertex v, we
say s can reach v, and v is reachable from s. Note that even though we work in undirected
graphs, the temporal aspect of paths implies that if s can reach v, then v does not necessarily
reach s. We define an edge e in a temporal graph G to be necessary when without it, G is
not connected anymore (for one of our notions of connectivity), i.e. if G is X connected for
X ∈ {one2all, one2all2one, many2all, all2all}, edge e is necessary if G \ e is not X

connected. When useful, we can specify which reachability the edge e is necessary for. For
example, if it is necessary for some vertex u to reach some vertex v, then it implies that all
temporal paths in G from u to v contain e, and that in G \ e no temporal path exists from
u to v. Note that, in a spanner, all edges are necessary because otherwise they could be
removed and the spanner wouldn’t be minimal. We will use this notion of necessity of edges
in our proofs to force edges to be part of all spanners of constructed temporal graphs.

An algorithm we will use and adapt for our tractability results in this paper is the following
search algorithm in temporal graphs. Instead of prioritizing closest or furthest vertices (as
in Breadth First Search or BFS, and Depth First Search or DFS resp.), this algorithm
prioritizes earliest times to extend the search. One of the first papers to introduce, analyze,
and use it is [35], and since then it is used throughout works on connectivity in temporal
graphs, as it allows for computing (earliest) arrival times, as well as the corresponding

6 Depending on the context, non-decreasing times can be of interest as well, and these two cases, commonly
referred to as strict and non-strict, are both studied in temporal graph theory.

SAND 2025



9:6 Spanner Enumeration for Temporal Graphs

underlying paths, from a vertex s to all other vertices. We refer to it in this paper as Time
First Search or TFS and propose the pseudo code in Algorithm 1 in the appendix. TFS
runs in O(mτ) time. For one of our results, we alter the initialization of TFS, starting with
different arrival times a(v), and with a non-empty selected edge set S.

The reductions we present in this paper are from the Satisfiability Problem (or SAT)
and from Hypergraph Dualization (or Dual). The former is a decision problem that has
as input a CNF logic formula of n variables xi and m clauses Cj and asks if the formula
evaluates to true for some configuration of the variables. The latter is an enumeration
problem with the input being a hypergraph G = (U, H) on n vertices and m hyperedges, and
the task being to enumerate all minimal transversals (or hitting sets) of the hypergraph, i.e.
all minimal subsets U ′ ⊆ U such that for all h ∈ H, the intersection U ′ ∩ h is non-empty.

The goal of an enumeration problem is to output the set of solutions S. In the binary
partition approach, we divide this problem into two subproblems. The goal of one subproblem
is to output S0, while the goal of the other subproblem is to output S1, where S0 and S1 are
disjoint and S = S0 ∪ S0

7. The partition procedure can be regarded as a rooted tree, and
thus we call this tree structure the binary partition tree (or partition tree).

To design an efficient binary partition algorithm, a key problem is to design a dividing
procedure such that both S0 and S1 are non-empty. This is where designing and solving a
corresponding extension problem is helpful, as it allows to predict whether some solution
exists in S0 or S1, abandoning fruitless partition tree branches early which can improve the
running time significantly. This is often referred to as the flashlight approach.

3 one2all spanners

one2all spanners have the following specific structure which we use in this section and
whose proof is provided in the appendix for space constraints.

▶ Proposition 2. (⋆) A one2all-spanner is a tree.

This section presents a binary partition approach to enumerate one2all spanners by
systematically including or excluding each edge. In order to obtain a polynomial bound
on the delay, we explore the corresponding extension problems. We first establish that the
general Extension Problem, which could be used by the binary partition algorithm to
discover whether the edges included in the partial solution can be completed in a solution, is
intractable (Theorem 3). Since the general extension problem is NP-complete, we explore
another extension problem where the edges of the binary partition are not included in an
arbitrary order, but in an order such that they induce a connected graph including s. In this
case, we obtain tractability for the extension problem (Lemma 4). The latter result serves as
the foundation for our enumeration algorithm

▶ Theorem 3. (⋆) one2all Extension Problem is NP-complete, even if the lifetime
τ = 2.

Proof (Sketch). To prove NP-completeness, we reduce from SAT. Let us first describe the
transformation of a SAT instance into a spanner extension instance. We prove that a positive
SAT instance corresponds to a positive instance in the spanner extension instance ( =⇒ ),
and vice versa (⇐= ) in the complete proof in the appendix.

7 In some cases, the problem may be divided into two or more subproblems.
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vx1 vx̄1

vx2 vx̄2

vx3 vx̄3

vx4 vx̄4

2 2 2 2

1

2

vC1
vC3

vC2

s

Figure 1 Example transformation of SAT instance (x̄1 ∨ x̄2 ∨ x3) ∧ (x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x̄3 ∨ x̄4)
to a one2all spanner extension instance. The fat edges between vertices vxi and vx̄i are the edges
E′′ that have to be in a solution spanner. The dashed gray lines represent that all the edges incident
to s have time 1, and all edges adjacent to some vCj have time 2.

For the following transformation, refer to Figure 1 as well. Let the SAT instance have n

variables xi and m clauses Cj . Start by constructing an (initially) empty temporal graph
G and add vertices for each possible literal, so vxi

and vx̄i
for all xi. Now, for each clause

Cj , create vertex vCj
and connect this vertex with an edge to each vertex corresponding

to a literal of Cj . Add label 2 to these edges as well. Then, add vertex s and add edges
{s, vℓ} for each possible literal vℓ. Assign label 1 to these edges. Finally, for each vxi

, add
edge {vxi , vx̄i} with label 2, and let these edges be the set of edges E′′ that have to be in a
spanner solution. The transformation is now complete.

We note that, by construction, at least one of edges {s, vxi
} and {s, vx̄i

} has to be in
a solution for vertices xi and x̄i to be reachable from s. In fact, exactly one of the two
must be in a solution because if both are then a cycle in the underlying graph would be
created along with forced edge {vxi , vx̄i} ∈ E′′, which would contradict Proposition 2. The
intuition behind our reduction is that the choice between edges {s, vxi

} and {s, vx̄i
} encodes

the choice of setting variable xi to true or false respectively. Note also that it is necessary
for the reachability of each vCj

to select at least one pair of edges {s, vℓ} and {vℓ, vCj
}. The

correctness is provided in the full proof in the appendix. ◀

▶ Lemma 4. one2all Connected Extension Problem is solvable in time O(mτ).

Proof. We start by running TFS on G′ = G[E′′] to obtain the earliest arrival times aG′(v)
from s to each vertex v ∈ G′. Afterwards, we run TFS on temporal graph G, but change
the initialization part of the algorithm (see Algorithm 1 in the Appendix). Initialize the
earliest arrival times a(v) as aG′(v) for every vertex v of G′, and initialize the selected edge
set S as E′′. This makes it so that these arrival times are never updated throughout TFS, as
only arrival times that are +∞ get updated. Also, S, the resulting one2all spanner (if one
exists) uses E′′. TFS takes time O(mτ), and thus so does the described algorithm. ◀

As discussed before, we obtain our enumeration algorithm based on binary partition.
This algorithm has polynomial delay thanks to the flashlight method using Lemma 4. For
the sake of space, the proof of the following result is provided in the appendix.

▶ Theorem 5. (⋆) one2all Enumeration can be solved with O(m2τ) delay.

SAND 2025



9:8 Spanner Enumeration for Temporal Graphs

4 one2all2one spanners

In this section, we explore the enumeration of spanners that not only allow a vertex s to
reach all other vertices, as in the previous section, but also ensure that all vertices can reach
s. These are called one2all2one spanners. Importantly, we do not require the temporal
path from any vertex v to s to occur after the temporal path from s to v arrives.

We lose the underlying tree structure of one2all spanners in Proposition 2, as it can
easily be observed in the following temporal graph: take the cycle graph on four vertices s,
u, v, and w and time the edges {s, u}, {u, v}, {v, w}, {w, s}, with 1, 2, 3, and 4 resp. The
only one2all2one spanner is the temporal graph itself, which is not a tree.

Another difference is that even if the edge set E′′ for the extension problem is connected,
then the problem remains intractable as opposed to becoming tractable as was the case for
one2all spanners.

▶ Theorem 6. one2all2one Connected Extension Problem is NP-complete, even if
the lifetime is constant.

Proof (Sketch). For proving NP-hardness, consider the same transformation as in Theorem 3,
from SAT (see again Figure 1). Then, for each vertex vz where z is some literal or clause, add
vertices v1

z and v2
z and edges {vz, v1

z}, {v1
z , v2

z}, and {v2
z , s}, with times 3, 4, 5 resp. Add to

edge set E′′ (which already contains edges {vxi
, vx̄i
} for all variables xi) these newly created

edges. Note that E′′ is connected. The transformation is now complete.
Since all edges {vz, v1

z}, {v1
z , v2

z}, and {v2
z , s} are in E′′, and they allow vertices vz to

reach s, and they do not allow s to reach vertices vz (nor aid in the reachability between
these vertices that could indirectly help s to reach them), essentially what remains to decide
in this reduction is how to connect s to the other vertices. This is exactly the problem in
Theorem 3, and we use the exact same structure for this (ignoring the new edges we added
as we just argued they are not useful for the reachability of s). Hence we conclude that the
result from the reduction in Theorem 3, being NP-hardness, transfers for one2all2one
Connected Extension Problem. ◀

▶ Theorem 7. (⋆) one2all2one Enumeration is Dual-hard, even if the lifetime is constant.

Proof (Sketch). We reduce Hypergraph Dualization, or Dual, to our problem. Let us
first describe the transformation of a Dual instance into a one2all2one spanner enumeration
instance. Then, it is possible to prove that each minimal transversal in the Dual instance
corresponds to a one2all2one spanner in the one2all2one spanner enumeration instance,
and vice versa. This is proven in the appendix for space constraints.

For the following transformation, refer to Figure 2 as well. Let the Dual instance G

be composed of n vertices ui and m hyperedges hj . Start by constructing an initially
empty temporal graph G and add vertex vui

for each vertex ui ∈ G, and vertex vhj
for

each hyperedge hj ∈ G. For all i, j, if ui ∈ hj , then create a vertex vui,hj in G and edges
{vui

, vui,hj
} and {vui,hj

, vhj
} with times {3, 4} and {1, 4} resp. Add vertex s to G. For each

vui , add vertices v0
ui

, v1
ui

, and v2
ui

, and edges {s, v0
ui
}, {v0

ui
, vui} with times 1 and 2 resp. as

well as edges {s, v1
ui
}, {v1

ui
, v2

ui
}, and {v2

ui
, vui
} with times {1, 3}, 2, and {1, 3} resp. Finally,

add vertex t and edges {vhj
, t} with time 2 for all hj , and edge {t, s} with time 3. The

transformation is now complete.
By construction, we obtain that all edges except for edges {v0

ui
, vui
} are necessary, i.e.

that they are part of any one2all2one spanner of G w.r.t. source vertex s. Indeed, we have
that: (i) Each edge {s, v0

ui
} is necessary for s to reach vertex v0

ui
; (ii) Each edge {s, v1

ui
} is
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vu1
vun

s

...

...

...

vun,hmvun,h1
vu1,h1

vh1
vhm

t

v2u1

v1u1

v0u1

1,3

1,3

2
1

2

3,4

1,4

2

3

1,3

1,3

2
1

2

3,4

1,4

2

1,4

3,4

v2un

v1un

v0un

hypergraph
vertices

hypergraph
hyperedges

Figure 2 Illustration of the transformation of a Dual instance to a one2all2one spanner
enumeration instance. All solid edges are necessary in all spanners, while specific subsets of dashed
edges determine specific spanners. Note that in this specific illustration, hyperedge h1 contains (at
least) vertices u1 and un, and hyperedge hm contains (at least) vertex un.

necessary for vertex vui
to reach s; (iii) And likewise for each edge {v1

ui
, v2

ui
} and each edge

{v2
ui

, vui}; (iv) Each edge {vui , vui,hj} is necessary for s to reach vertex vui,hj ; (v) Each edge
{vui,hj

, vhj
} is necessary for vertex vui,hj

to reach s; (vi) Each edge {vhj
, t} is necessary for

vertex vhj
to reach s; (vii) And finally, edge {t, s} is necessary for t to reach s.

Let G′ denote the temporal graph composed of these edges, i.e. G′ = G \ {v0
ui

, vui
}, for

all ui (in Figure 2, this corresponds to the illustrated temporal graph without the dashed
edges). We have that in G′, all vertices can be reached by s as well as reach s, except for
vertices vhj , as these can only reach s but not be reached by s. Note that adding some edge
{v0

ui
, vui
} to G′ will allow s to reach exactly vertices vhj

such that ui ∈ hj . We thus observe
that any spanner of G is composed of G′ with some minimal selection of edges {v0

ui
, vui}.

Correctness is provided in the complete proof in the appendix. ◀

5 many2all spanners

This section explores another natural variant of a spanner, where instead of having only a
single source vertex s that has to visit all vertices, we consider multiple such source vertices
s1, ..., sk in many2all spanners, each needing to visit all vertices.

For the sake of space, the proofs of the following results are provided in the appendix as
they are similar to the ones in Section 4. The challenge here is to obtain tight reductions in
terms of sources, as for only one source we know that Connected Extension Problem is
polynomial and Enumeration admits a polynomial delay algorithm.

▶ Theorem 8. (⋆) many2all Connected Extension Problem is NP-complete, even if
the lifetime is constant and the number of source vertices is 2.

▶ Theorem 9. (⋆) many2all Enumeration is Dual-hard, even if the lifetime is constant,
and the number of source vertices is 2.
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6 all2all spanners

This section is concerned with all2all spanners, which is where all vertices play the role
of source, i.e. all vertices need to reach each other. We present a reduction inspired by the
one used in [25] to prove that their problem of enumerating disjunctions and conjunctions of
paths cannot be done in output-polynomial time unless P = NP.

We introduce the following auxiliary problem, used only in this section. Let Another
all2all Spanner be the decision problem defined as: given a temporal graph G and a
set of k all2all spanners S, does there exist another all2all spanner of G which is
not in S? We first prove this problem to be NP-complete, through a technical reduction.
Afterwards, we use this result to show that if an output-polynomial time algorithm exists
for all2all Enumeration, it would imply that a polynomial time algorithm exists for
Another all2all Spanner.

Construction of the temporal graph. To prove NP-completeness for Another all2all
Spanner, we reduce from SAT. Let us first present how to construct temporal graph G for
the Another all2all Spanner instance from a given SAT instance ϕ, and analyze the
specific structure it admits in Lemma 10.

For the following transformation, refer to Figure 3 as well. Let the SAT instance be
CNF formula ϕ on n variables xi and m clauses Cj . Start by creating the (initially empty)
temporal graph G and add vertices for each possible variable, so vxi for all xi. Now, for each
clause Cj , create vertices vCj

and vC′
j
. Add vertex vy and vertex vy′ as well. Now add edges

from vy to all vertices vCj with times {1, 4}, and add edges from vy′ to all vertices vC′
j

with
times {1, 6}. Create vertex vz and connect it to all vertices vCj

with times {3, 4}, to all
vertices vxi

with times {1, 6}, and to all vertices vC′
j

with times {1, 2}. (The transformation
now corresponds to the black edges in Figure 3a and Figure 3b. We will now add the other
vertices, and the orange and red edges.) For all ordered pairs (vCi

, vC′
j
) such that i ̸= j,

create vertex vCi,j and connect it to vertex vCi with time 2, and to vC′
j

with time 4. For all
pairs of vertices (vCi,j

, vCh,k
), if j = k, connect them with an edge with times {1, 4}; and if

i = k and j = h (i.e. vCh,k
= vCj,i) connect them with an edge with times {2, 4}. We will

use G′ to refer to the temporal subgraph of G containing only the edges created until now.
(The construction at this point now corresponds to Figure 3b.) We finish the construction of
G by adding the following final edges. For all i, j, if literal xi ∈ Cj , connect vxi

to vCj
with

an edge, and if x̄i ∈ Cj , connect vxi
to vC′

j
. Assign time 4 to these edges. Connect vertex vy

with an edge of time 3 to each vertex vxi . Similarly, connect vertex vy′ with an edge of time
5 to each vertex vxi

. This concludes the construction of the temporal graph G. Let G′′ be
the temporal graph G without G′, i.e. the temporal graph containing only the final edges
added (or the temporal graph corresponding to Figure 3c).

▶ Lemma 10. (⋆) Temporal graph G has the following structural properties:
Reachability: In G, all vertices can reach each other, while in G′, all vertices can reach
each other except for vertices vCi which do not reach corresponding vertices vC′

i
, for all i;

Necessity: In G and in G′, all edges of G′ are necessary for some vertex pair reachability;
Spanner: Any spanner of G must be composed of G′ and some minimal edge set of G′′,
and adding to G′ edges {vy, vxi

} and {vxi
, vy′}, for any i, results in a spanner.

For the following result, note that Another all2all Spanner is in NP because one
can verify a solution spanner in polynomial time, by checking if it is contained in S, checking
reachability, and then checking minimality by removing one edge at a time and again checking
reachability.
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(a) Temporal graph G, composed of G′, presented in more detail in (b), and G′′, presented in detail in (c).
The main aim of this subfigure is to show how G′ and G′′ connect to form G.
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(b) Temporal subgraph G′ of G. The black edges allow for most reachability such as between all Ci and
all xj , and from all C′

k to all Ci. The orange edges allow the very specific reachability of all Ci to all C′
j

such that i ̸= j, and the red edges ensure reachability for vertices Ci,j .
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53

(c) Temporal subgraph G′′ of G. The green edges with time 4 depend on the structure of the clauses of
the SAT instance, while the blue edges encode the assignment of the SAT variables in a solution spanner.

Figure 3 Example construction of temporal graph G for SAT formula (x1 ∨ x̄2 ∨ x4) ∧ (x̄1 ∨ x2 ∨
x̄3) ∧ (x1 ∨ x3 ∨ x̄4). For clarity, “v” notation for the vertices is dropped (e.g. vertex vz is depicted
simply as z), and dashed lines indicate that the corresponding times are assigned to all touched
edges of the same color. The edges are color coded to group edges with a similar purpose together,
as well as for clarity.
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▶ Lemma 11. Another all2all Spanner is NP-complete, even if k = O(|G|).

Proof. As mentioned before, to prove NP-hardness, we reduce SAT to our problem. Let the
polynomial transformation of a SAT instance into a Another all2all Spanner instance
be as described beforehand to obtain temporal graph G, and let S contain all the spanners
described in the spanner property of Lemma 10, so for each 1 ≤ i ≤ n, add to S spanner si

composed of G′ with added edges {vy, vxi
} and {vxi

, vy′}. Note that now |S| = k = n. The
transformation is now complete. We finish by proving that a positive SAT instance implies a
positive Another all2all Spanner instance ( =⇒ ), and vice versa (⇐= ).

SAT =⇒ Another all2all Spanner:
Suppose a solution assignment a for the SAT instance. We construct a spanner s such that
s ̸∈ S as follows. By the spanner property in Lemma 10, s must contain all edges of G′.
For each clause Cj , some literal must be true in a. Consider one of these literals. If it is a
positive variable, so xi, then add to s edges {vCj

, vxi
} and {vxi

, vy′} (unless already in s).
These edges are now necessary for vCj to reach vC′

j
. After doing this for all clauses, we claim

s is indeed a spanner: all edges in s are necessary, so s is minimal, and all vertices can reach
each other (all vertices could already reach each other before going over the clauses, except
for vCj

to vC′
j
, which can reach through the added edges afterwards). We note that s ̸∈ S

since by construction no spanner in S uses any edge {vCj
, vxi
} or {vxi

, vC′
j
}, for any i, j.

SAT ⇐= Another all2all Spanner:
Suppose a solution all2all spanner s for the Another all2all Spanner instance. Again
by the spanner property of Lemma 10, we know it must contain all edges from G′. Also,
it cannot contain both edges {vy, vxi

} and {vxi
, vy′} for some i, because that would mean

si ∈ S is a subgraph of s, and thus s is not minimal (if a proper subgraph) or already in S (if
equal to si). Thus, s must have at most one of the edges {vy, vxi

} and {vxi
, vy′} for all i. We

construct a solution for SAT in the following manner: for all i, if {vy, vxi} ∈ s, assign xi to be
false, and if {vxi

, vy′} ∈ s, then assign xi to be true. If neither edge is in s, then assign xi

an arbitrary value, say true. We now claim this assignment evaluates ϕ to true. It should
be clear that no xi is assigned both true and false. For each clause Cj , there must be some
path from vCj

to vC′
j
, which must pass either through some edge {vy, vxi

} or through some
edge {vxi , vy′}. In the first case, the other edge of the temporal path is {vxi , vC′

j
} which by

construction implies x̄i ∈ Cj , and since {vy, vxi
} ∈ s, xi is assigned false, and so clause

Cj evaluates to true. Similarly, in the second case, the other edge of the temporal path
is {vCj

, vxi
} which by construction implies xi ∈ Cj , and since {vxi

, vy′} ∈ s, xi is assigned
true, and so clause Cj evaluates to true. ◀

Now, to obtain the main result of this section, we use the following folklore reasoning
from the area of enumeration algorithms [31, 12, 26, 10, 9]. Suppose by contradiction that
all2all Spanner Enumeration can be done in output-polynomial time, say through
algorithm A running in time at most (|G|N)c, for an input temporal graph G, with N the
number of solutions, and some constant c. Now, consider an instance of Another all2all
Spanner, composed of temporal graph G and a set of spanners S such that |S| = k = O(G).
Run algorithm A on G for (|G|k)c steps. Since k = O(|G|), we run A for polynomial time.
Now, if the algorithm terminates and enumerated only the spanners from S, then that implies
the Another all2all Spanner instance is negative. Otherwise, if the algorithm does not
terminate in this time or has enumerated a spanner not in S, it implies that the instance is
positive. Thus, Another all2all Spanner could be solved in polynomial time, which,
unless P = NP, is our contradiction because Lemma 11 proves it is NP-complete.
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▶ Theorem 12. all2all Enumeration cannot be done in output-polynomial time unless
P = NP.

7 Conclusion

In this paper, we have studied enumeration of minimal spanners in temporal graphs. We
considered multiple variants, as well as on different kinds of connectivity: single source to all
vertices; single source to all vertices and vice versa; multiple sources to all vertices; and all
to all connectivity. We obtained multiple results for corresponding extension problems and
enumeration problems, which were presented in Table 1.

In future works, it may be interesting to consider other variants of connectivity. In [15]
(and more recently updated in [13]), multiple forms of connectivity for temporal graphs are
presented in a hierarchy, some of which correspond to the ones studied in this paper, such
as T C corresponding to all2all connectivity. Another interesting direction could be to
consider time-edge spanners which, as discussed in the introduction, are not subsets of edges
but subsets of time-edges, i.e. one is allowed to remove redundant times from edges. We
believe our results do not directly adapt for this setting, e.g. some of our reductions crucially
abuse the fact that when an edge is necessary concerning some time on it, we can then use
the other times to create temporal paths which are useful for the reduction.
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Algorithm 1 Time First Search (from [35], among others)

Input: temporal graph G and source vertex s ∈ V

Output: Earliest arrival times a(v) from s for all vertices v, and edge set S with
corresponding temporal paths

// initialization
1 a(s)← −∞
2 for v in V do
3 a(v)← +∞
4 S ← newSet()

// computation
5 for t← 1 to τ do
6 for e = {u, v} in E do
7 if λ(e).contains(t) and a(u) < t and a(v) == +∞ then
8 a(v)← t

9 S.add(e)
10 return a, S

A Omitted Proofs

A.1 Proof of Proposition 2
▶ Proposition 2. (⋆) A one2all-spanner is a tree.
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Proof. Suppose by contradiction that a one2all-spanner S exists which is not a tree. We
show that S is not minimal by computing a one2all-spanner S′ in G[S] which is a tree.
Apply TFS in G[S], and consider the output edge set to be S′. We claim that S′ is a one2all
spanner, i.e. it allows for s to reach all vertices, and it is minimal. Indeed, since s can reach
all vertices in S, it can also do so through S′, as TFS added the earliest possible edges from s

to the other vertices to S′. Moreover, in the condition of an edge being added to S′ implies
that at all times S′ is a tree, so S′ is indeed minimal because removing any edge would break
connectivity. ◀

A.2 Proof of Theorem 3
▶ Theorem 3. (⋆) one2all Extension Problem is NP-complete, even if the lifetime
τ = 2.

Proof. To prove NP-completeness, we reduce from SAT. Let us first describe the transfor-
mation of a SAT instance into a spanner extension instance. We prove that a positive SAT
instance corresponds to a positive instance in the spanner extension instance ( =⇒ ), and
vice versa (⇐= ) in the complete proof in the appendix.

For the following transformation, refer to Figure 1 as well. Let the SAT instance have n

variables xi and m clauses Cj . Start by constructing an (initially) empty temporal graph
G and add vertices for each possible literal, so vxi

and vx̄i
for all xi. Now, for each clause

Cj , create vertex vCj
and connect this vertex with an edge to each vertex corresponding

to a literal of Cj . Add label 2 to these edges as well. Then, add vertex s and add edges
{s, vℓ} for each possible literal vℓ. Assign label 1 to these edges. Finally, for each vxi

, add
edge {vxi , vx̄i} with label 2, and let these edges be the set of edges E′′ that have to be in a
spanner solution. The transformation is now complete.

We note that, by construction, at least one of edges {s, vxi
} and {s, vx̄i

} has to be in
a solution for vertices xi and x̄i to be reachable from s. In fact, exactly one of the two
must be in a solution because if both are then a cycle in the underlying graph would be
created along with forced edge {vxi

, vx̄i
} ∈ E′′, which would contradict Proposition 2. The

intuition behind our reduction is that the choice between edges {s, vxi} and {s, vx̄i} encodes
the choice of setting variable xi to true or false respectively. Note also that it is necessary
for the reachability of each vCj to select at least one pair of edges {s, vℓ} and {vℓ, vCj}.

SAT =⇒ one2all Spanner Extension:
Suppose a solution S for the SAT instance. We construct solution S′ for the spanner extension
instance by selecting edge {s, vxi

} if xi is set to true in S, and {s, vx̄i
} otherwise, and this

for all xi. Furthermore, since S is a solution for the SAT instance, each clause Cj must have
some literal that is assigned a true value. Find such a literal for each clause Cj , denote it
ℓj , and select edge {vℓj , vCj} to be included in S′. Note that {s, vℓj} must be selected as
well. We now claim that S′ is a spanner. Indeed, all vertices vℓ for any literal ℓ are reachable
from s since either edge {s, vℓ} is selected (through which it is directly reachable) or edge
{s, vℓ̄} is selected (in which case it is reachable through vertex vℓ̄). The clause vertices vCj

are all reachable as well since some edge {vℓ, vCj
} is selected, and since corresponding edge

{s, vℓ} is selected too, it implies s can reach vCj through vℓ. S′ is minimal by the minimality
observations in the previous paragraph.

SAT ⇐= one2all Spanner Extension:
Suppose a solution one2all spanner S′ for the spanner extension problem. We construct
solution S for the SAT instance as follows. By the minimality observations, either {s, vxi} or
{s, vx̄i

} is selected in S′ for each variable xi. If {s, vxi
} ∈ S′, then set xi to true, otherwise
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set it to false in S. We now claim that S is a valid solution for the SAT instance. By
construction, all variables are assigned to be either true or false. Moreover, since S′

is a spanner, for each clause vertex vCj
there must be some pair of edges {s, vℓj

} and
{vℓj , vCj} ∈ S′, meaning literal ℓj ∈ Cj is assigned true and so all clauses evaluate to
true. ◀

A.3 Proof of Theorem 5
▶ Theorem 5. (⋆) one2all Enumeration can be solved with O(m2τ) delay.

Proof. Our binary partition constructs each spanner incrementally by including (or excluding)
an edge, one at a time. Start by considering the partial spanner P containing only vertex s.
Let this state be the root node of our binary partition tree. Then, while an edge e exists
that can be added to P such that the resulting spanner would remain connected, add two
nodes to the binary partition tree connected to the current state node, one representing
the inclusion of e to P , and the other representing the exclusion by removal from G. For
the former we apply the algorithm from Lemma 4 for the one2all connected spanner
extension instance with E′′ = E(P ) ∪ e. If the instance is positive, include e in to P , and
repeat the for loop on this state node of the binary partition tree. If the instance is negative,
then backtrack in the partition tree. For the latter, check if all vertices are still reachable
from s in G \ e (using TFS for example). If all vertices are still reachable, remove e from G
and repeat the for loop at this state node in the partition tree. If not, then backtrack up the
tree. After adding n edges, P is a spanner, and we return it and backtrack.

This enumerates all one2all spanners, since any such a spanner can be formed by adding
edges while staying connected, and removing edges from the graph. Since each spanner
corresponds to some leaf node of the tree, which has a depth of O(m), and progressing from
one node to another node one layer down takes time O(mτ) (independently from including
or excluding the edge), we obtain that the delay is bounded by O(m2τ). ◀

A.4 Proof of Theorem 7
▶ Theorem 7. (⋆) one2all2one Enumeration is Dual-hard, even if the lifetime is constant.

Proof. We reduce Hypergraph Dualization, or Dual, to our problem. Let us first
describe the transformation of a Dual instance into a one2all2one spanner enumeration
instance. Then, we prove that each minimal transversal in the Dual instance corresponds to
a one2all2one spanner in the one2all2one spanner enumeration instance ( =⇒ ), and
vice versa (⇐= ).

For the following transformation, refer to Figure 2 as well. Let the Dual instance G

be composed of n vertices ui and m hyperedges hj . Start by constructing an initially
empty temporal graph G and add vertex vui

for each vertex ui ∈ G, and vertex vhj
for

each hyperedge hj ∈ G. For all i, j, if ui ∈ hj , then create a vertex vui,hj in G and edges
{vui

, vui,hj
} and {vui,hj

, vhj
} with times {3, 4} and {1, 4} resp. Add vertex s to G. For each

vui , add vertices v0
ui

, v1
ui

, and v2
ui

, and edges {s, v0
ui
}, {v0

ui
, vui} with times 1 and 2 resp. as

well as edges {s, v1
ui
}, {v1

ui
, v2

ui
}, and {v2

ui
, vui
} with times {1, 3}, 2, and {1, 3} resp. Finally,

add vertex t and edges {vhj
, t} with time 2 for all hj , and edge {t, s} with time 3. The

transformation is now complete.
By construction, we obtain that all edges except for edges {v0

ui
, vui
} are necessary, i.e.

that they are part of any one2all2one spanner of G w.r.t. source vertex s. Indeed, we have
that:

SAND 2025



9:18 Spanner Enumeration for Temporal Graphs

Each edge {s, v0
ui
} is necessary for s to reach vertex v0

ui
;

Each edge {s, v1
ui
} is necessary for vertex vui

to reach s;
And likewise for each edge {v1

ui
, v2

ui
} and each edge {v2

ui
, vui
};

Each edge {vui , vui,hj} is necessary for s to reach vertex vui,hj ;
Each edge {vui,hj , vhj} is necessary for vertex vui,hj to reach s;
Each edge {vhj

, t} is necessary for vertex vhj
to reach s;

And finally, edge {t, s} is necessary for t to reach s.

Let G′ denote the temporal graph composed of these edges, i.e. G′ = G \ {v0
ui

, vui
}, for

all ui (in Figure 2, this corresponds to the illustrated temporal graph without the dashed
edges). We have that in G′, all vertices can be reached by s as well as reach s, except for
vertices vhj , as these can only reach s but not be reached by s. Note that adding some edge
{v0

ui
, vui
} to G′ will allow s to reach exactly vertices vhj

such that ui ∈ hj . We thus observe
that any spanner of G is composed of G′ with some minimal selection of edges {v0

ui
, vui
}.

minimal transversal =⇒ one2all2one spanner:
Given a minimal transversal T of the Dual instance, we can construct the following
one2all2one spanner S. Consider S to be initialized as G′ by the above observation,
and then add, for each ui ∈ T , edge {v0

ui
, vui
} to S. Since T is a minimal transversal for the

Dual instance, we have that for every hyperedge hj , there exists some ui ∈ T that hits it.
In the same manner, we have that by adding the corresponding edges {v0

ui
, vui
} to S, we

obtain a one2all2one spanner such that for every vertex vhj , there exists some added edge
{v0

ui
, vui
} that allows s to reach vhj

. S is minimal because no edge from G′ can be removed,
and no edge {v0

ui
, vui} can be removed either since otherwise T wouldn’t be minimal.

minimal transversal ⇐= one2all2one spanner:
Consider a one2all2one spanner S in the transformed instance. It must be composed of
G′ with some edges {v0

ui
, vui
}. We construct a minimal transversal for the Dual instance T

by selecting each vertex ui ∈ G such that {v0
ui

, vui
} ∈ S. Indeed, this must correspond to a

transversal since by construction, edges {v0
ui

, vui
} allow for s to reach exactly vertices vhj

such that ui ∈ hj . T is a minimal transversal since, by contradiction, if some selected ui

could be removed and the result is still a transversal, then the corresponding edge {v0
ui

, vui}
in S could be removed as well, which is a contradiction because S is minimal. ◀

A.5 Proof of Theorem 8
▶ Theorem 8. (⋆) many2all Connected Extension Problem is NP-complete, even if
the lifetime is constant and the number of source vertices is 2.

Proof. To prove NP-hardness, consider the same transformation as in Theorem 3, from SAT
(see again Figure 1). Let s be the first source vertex, renamed to s1. Let a second source
vertex s2 be added to the temporal graph, and connect it to s1 with an edge of time 3.
Further connect s2 to all other vertices vz for all literals and clauses z, with an edge which is
then subdivided into edges {s2, vs2,z} and {vs2,z, vz} with times 2 and 3 resp. Add to edge
set E′′ (which already contains edges {vxi

, vx̄i
} for all variables xi) all these newly created

edges. Note that E′′ is connected. The transformation is now complete.
Since edge {s1, s2} is in E′′ which allows the two source vertices to reach each other, and

since all edges {s2, vs2,z}, {vs2,z, vz} are in E′′, and they allow source vertex s2 to reach all
vertices vz, and these edges do not allow s1 to reach vertices vz (nor aid in the reachability
between vertices vz that could indirectly help s1 to reach them), essentially what remains to
decide in this reduction is how to connect from s1 to the other vertices. This is exactly the
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Figure 4 Illustration of the transformation of a Dual instance to a many2all spanner enumeration
instance. All solid edges are necessary in all spanners, while specific subsets of dashed edges determine
specific spanners. Note that in this specific illustration, hyperedge h1 contains (at least) vertices u1

and un, and hyperedge hm contains (at least) vertex un.

problem in Theorem 3, and we use the exact same structure for this (ignoring the new edges
we added which we just argued are not useful for this). Hence we conclude that the result,
being the NP-completeness, from Theorem 3 transfers for our problem here. ◀

A.6 Proof of Theorem 9
▶ Theorem 9. (⋆) many2all Enumeration is Dual-hard, even if the lifetime is constant,
and the number of source vertices is 2.

Proof. We reduce Hypergraph Dualization, or Dual, to our problem. Let us first describe
the transformation of a Dual instance into a many2all spanner enumeration instance. Then,
we prove that each minimal transversal in the Dual instance corresponds to a many2all
spanner in the many2all spanner enumeration instance ( =⇒ ), and vice versa (⇐= ).

For the following transformation, refer to Figure 4 as well. Let the Dual instance G

be composed of n vertices ui and m hyperedges hj . Start by constructing an initially
empty temporal graph G and add vertex vui

for each vertex ui ∈ G, and vertex vhj
for

each hyperedge hj ∈ G. For all i, j, if ui ∈ hj , then create a vertex vui,hj
in G and edges

{vui
, vui,hj

} and {vui,hj
, vhj
} with times {2, 4} and 4 resp. Add vertex s1 to G. For each

vui , add vertices v1
ui

, and v2
ui

, and edges {s1, v1
ui
}, {v1

ui
, v2

ui
}, and {v2

ui
, vui} with times 1,

{2, 3}, and {3, 4} resp. Finally, add vertex s2, edge {s2, s1} with time 4, edges {s2, vhj
} and

{s2, v1
ui
} with time 2 for all hj and ui. The transformation is now complete.

By construction, we obtain that all edges except for edges {s1, vui
} are necessary, i.e.

that they are part of any many2all spanner of G w.r.t. source vertices s1 and s2. Indeed,
we have that:

Each edge {s1, v1
ui
} is necessary for s1 to reach vertex v1

ui
;

Each edge {v1
ui

, v2
ui
} is necessary for s2 to reach vertex v2

ui
;

Each edge {v2
ui

, vui
} is necessary for s2 to reach vertex vui

;
Each edge {vui , vui,hj} is necessary for s1 to reach vertex vui,hj ;
Each edge {vui,hj , vhj} is necessary for s2 to reach vertex vui,hj ;
Each edge {s2, v1

ui
} is necessary for s2 to reach vertex v1

ui
;

Each edge {s2, vhj
} is necessary for s2 to reach vertex vhj

;
And finally, edge {s2, s1} is necessary for s2 to reach s1.
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Let G′ denote the temporal graph composed of these edges, i.e. G′ = G \ {s1, vui}, for all
ui (in Figure 4, this corresponds to the illustrated temporal graph without the dashed edges).
We have that in G′, all vertices can be reached by s1 as well as by s2, except for vertices vhj

,
as these can only be reached by s2 but not by s1. Note that adding some edge {s1, vui} to
G′ will allow s1 to reach exactly vertices vhj

such that ui ∈ hj . We thus observe that any
spanner of G is composed of G′ with some minimal selection of edges {s1, vui}.

minimal transversal =⇒ many2all spanner:
Given a minimal transversal T of the Dual instance, we can construct the following many2all
spanner S. Consider S to be initialized as G′ by the above observation, and then add, for
each ui ∈ T , edge {s1, vui

} to S. Since T is a minimal transversal for the Dual instance, we
have that for every hyperedge hj , there exists some ui ∈ T that hits it. In the same manner,
we have that by adding the corresponding edges {s1, vui

} to S, we obtain a many2all
spanner such that for every vertex vhj , there exists some added edge {s1, vui} that allows s1
to reach vhj

. S is minimal because no edge from G′ can be removed, and no edge {s1, vui
}

can be removed either since otherwise T wouldn’t be minimal.
minimal transversal ⇐= many2all spanner:

Consider a many2all spanner S in the transformed instance. It must be composed of G′

with some edges {s1, vui}. We construct a minimal transversal for the Dual instance T by
selecting each vertex ui ∈ G such that {s1, vui

} ∈ S. Indeed, this must correspond to a
transversal since by construction, edges {s1, vui

} allow for s1 to reach exactly vertices vhj

such that ui ∈ hj . T is a minimal transversal since, by contradiction, if some selected ui

could be removed and the result is still a transversal, then the corresponding edge {s1, vui
}

in S could be removed as well, which is a contradiction because S is minimal. ◀

A.7 Proof of Lemma 10
▶ Lemma 10. (⋆) Temporal graph G has the following structural properties:

Reachability: In G, all vertices can reach each other, while in G′, all vertices can reach
each other except for vertices vCi

which do not reach corresponding vertices vC′
i
, for all i;

Necessity: In G and in G′, all edges of G′ are necessary for some vertex pair reachability;
Spanner: Any spanner of G must be composed of G′ and some minimal edge set of G′′,
and adding to G′ edges {vy, vxi} and {vxi , vy′}, for any i, results in a spanner.

Proof. Reachability: Let us first study reachability of vertices in G′. All vertices can
trivially reach all their neighbors, so we consider the non-adjacent vertices only and give the
corresponding temporal paths (which always use the earliest times possible):

Vertex vz: ∀i, j, i ̸= j :
vz ; vCi

; vy,
vz ; vC′

i
; vy′ ,

vz ; vC′
j
; vCi,j

;
Any vertex vxi

: ∀h, j :
vxi ; vz ; vxj ,
vxi

; vz ; vCj
,

vxi
; vz ; vC′

j
,

vxi ; vz ; vCj ; vy,
vxi

; vz ; vC′
j
; vy′ ,

vxi ; vz ; vC′
j
; vCh,j

;
Any vertex vCi : ∀h, j ̸= i :
vCi

; vz ; vxj
,
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vCi
; vCi,j

; vCh,j
,

vCi
; vCi,j

; vCj,i
,

vCi
; vCi,j

; vC′
j
,

vCi ; vCi,j ; vC′
j
; vy′ ;

Vertex vy: ∀h, i, j ̸= i :
vy ; vCi ; vz ; vxj ,
vy ; vCi

; vCi,j
; vCh,j

,
vy ; vCi ; vCi,j ; vCj,i ,
vy ; vCi

; vCi,j
; vC′

j
; vy′ ;

Any vertex vC′
i
: ∀h, j :

vC′
i
; vz ; vxj ,

vC′
i
; vz ; vCj

; vy,
vC′

i
; vC′

j
; vCh,j

;
Vertex vy′ : ∀h, i, j :
vy′ ; vC′

i
; vz ; vxj ,

vy′ ; vC′
i
; vz ; vCj

; vy,
vy′ ; vC′

j
; vCi,j

;
Any vertex vCi,j

: ∀h, k :
vCi,j

; vCh,j
; vCj,h

; vCk,h
,

vCi,j ; vCh,j
; vCj,h

; vC′
h
,

vCi,j
; vC′

j
; vy′ ,

vCi,j ; vCi ; vz ; vCh
,

vCi,j
; vCi

; vy,
vCi,j ; vCi ; vz ; vxh

.

This shows that all vertices can reach all others in G′ with the exception of vertex vCi
not

being able to reach the corresponding vertex vC′
i
, for all i. Note that adding edges from G′′

can only improve reachability, and adding all edges from G′′ results in all vertices reaching
all vertices in G, because now temporal path vCi ; vy ; vxj ; vy′ ; vC′

i
, for any j, exists.

Necessity: Next, let us show that all edges of G′ are necessary in G′, and in G, for
the reachability of some pair of vertices. Let us list all these edges and the pairs they are
necessary for (in both temporal graphs):

Any edge {vz, vCi
}: necessary for vC′

i
to reach vCi

;
Any edge {vz, vC′

i
}: necessary for vC′

i
to reach vCi

;
Any edge {vz, vxi

}: necessary for vxi
to reach vz;

Any edge {vCi , vy}: necessary for vCi to reach vy;
Any edge {vC′

i
, vy′}: necessary for vy′ to reach vC′

i
;

Any edge {vCi , vCi,j}: necessary for vCi to reach vCi,j ;
Any edge {vC′

j
, vCi,j

}: necessary for vC′
j

to reach vCi,j
;

Any edge {vCi,j , vCj,i}: necessary for vCi,j to reach vCj,i ;

Spanner: By the necessity property, all edges of G′ must be part of any spanner of G.
By the reachability property, these ensure reachability between almost all vertices. They
are however insufficient for any vCi

to reach the corresponding vC′
i
. Some edges from G′′

are thus required for this in a spanner. Moreover, just adding the two edges {vy, vxi} and
{vxi

, v′
y} for some i is sufficient, as now temporal path vCj

; vy ; vxi
; vy′ ; vC′

j
exists

for all j, and this is a minimal spanner because none of these two edges can be removed
without breaking these temporal paths. ◀
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