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—— Abstract

The Burrows-Wheeler transform (BWT) is a reversible transform that converts a string w into
another string BWT(w). The size of the run-length encoded BWT (RLBWT) can be interpreted
as a measure of repetitiveness in the class of representations called dictionary compression which
are essentially representations based on copy and paste operations. In this paper, we shed new
light on the compressiveness of BWT and the bijective BWT (BBWT). We first extend previous
results on the relations of their run-length compressed sizes r and rg. We also show that the
so-called “clustering effect” of BWT and BBWT can be captured by measures other than empirical
entropy or run-length encoding. In particular, we show that BWT and BBWT do not increase the
repetitiveness of the string with respect to various measures based on dictionary compression by
more than a polylogarithmic factor. Furthermore, we show that there exists an infinite family of
strings that are maximally incompressible by any dictionary compression measure, but become very
compressible after applying BBWT. An interesting implication of this result is that it is possible
to transcend dictionary compression in some cases by simply applying BBWT before applying
dictionary compression.
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1 Introduction

The Burrows-Wheeler Transform (BWT) [5] is a reversible mapping from a string to another
string that enables compression and efficient pattern search, and is the theoretical cornerstone
for essential tools in the field of bioinformatics [17, 18]. The compressibility of BWT has
been studied in various contexts, but more recently, rather than statistical measures such as
empirical entropy which are not helpful in highly repetitive datasets, the size r of the run-
length encoded BWT (RLBWT) and its relation to the many other repetitiveness measures
related to dictionary compression has become an important topic of study (See [21] for a
comprehensive survey).

Dictionary compression is a family of compressed representations which are essentially
based on copy and paste operations. Kempa and Prezza [15] proposed the notion of string
attractors to view dictionary compression in a uniform way, and showed that the size v of the
smallest string attractor lower bounds all other measures of dictionary compression, since
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they implicitly give a string attractor of the same size as their representations: the size b of
the smallest bidirectional macro scheme (BMS) [23], the size z of the LZ7T7 parsing [25], the
size gy of the smallest grammar with run-length rules, the size g of the smallest grammar, 7,
and more. Another measure ¢ based on substring complexity is known to lowerbound ~ [16].

Concerning r in relation to the other measures, Navarro et al. [22] showed that given
an RLBWT of size r, we can construct a BMS of size 2r, thus showing b = O(r). Kempa
and Kociumaka [14] showed 7 = O(zlog?n), and further r = O(dlog®n)!. Also, z =
O(blogn) [22] has been shown, and therefore z = O(rlogn) or, r = Q(z/logn). Recently,
the size rp of the run-length encoded bijective BWT (RLBBWT) has been studied [2, 1],
and was shown, similarly to r, that rg = O(zlog®n) [1]. Also, the existence of an infinite
family of strings such that r = o(rg), namely, r = O(1) and rg = Q(logn) was shown [1].
The existence of the opposite case, i.e., if there are string families for which rg = o(r), was
left open.

The “clustering effect” of the BWT in terms of the run length encoding was studied by
Mantaci et al. [19], where they proved that BWT can increase the size of the run-length
encoding of the string by a factor of at most 2. The maximal clustering effect for run-length
encoding can be seen for example with the Fibonacci words: Fibonacci words of length
n have a run-length encoding of size ©(n), while r = 2. While this is remarkable when
viewed from run-length encoding since a maximally incompressible string (in terms of rle) is
transformed into a compressible one, in terms of the smallest bidirectional macro scheme,
Fibonacci words and their BWT have the same size 4, and one might argue that BWT is
merely transforming a compressible string into another compressible string.

In this paper, we extend previous results on the relation between r and rg. We also
investigate the clustering effect of BWT and BBWT in terms of other repetitiveness measures
and show that they can be much more powerful than previously perceived, giving an
example where BBWT transforms a maximally incompressible string (in terms of dictionary
compression) into a compressible one.

The contributions of this paper are as follows.

1. We show an infinite family of strings such that » = Q(logn) and rg = O(1), answering
affirmatively an open question about the existence of a family of strings where rg = o(r)
raised by Badkobeh et al. [1].

2. We show a polylogarithmic (O(log®n)) upper bound on the multiplicative difference
between r and rp.

3. We analyze the clustering effect of BWT and BBWT in terms of other repetitiveness
measures, and show that the application of BWT and BBWT can only increase various
repetitiveness measures of a string by a polylogarithmic factor.

4. We show that BBWT on the strings whose BBWT images are Fibonacci words exhibit a
maximal clustering effect in terms of the repetitiveness measures 4, «, b, v, or r, from
almost linear (O(n/logn)) to constant. The main combinatorial part of our proof is an
elegant characterization of the LF mapping function on Fibonacci strings that uses the
Zeckendorf representation of the positions.

As a byproduct, this result shows that it is possible in some cases to transcend dictionary
compression by simply applying BBWT before applying dictionary compression.

L More precisely, r = O(J log § max(1, log ﬁ))



H. Bannai, T. |, and Y. Nakashima

2 Preliminaries

Let ¥ denote a set of symbols called the alphabet. A string is an element of ¥*. If w = zyz
for any strings w, x, v, z, then, x, y, z are respectively a prefix, substring, and suffiz of w and
are a proper prefix, substring, or suffix if they are not equal to w. The length of string z is
denoted by |z|. The empty string, i.e., the string of length 0 is denoted by e. The symbol at

position ¢ will be denoted by z[i], and we will use a O-based index, i.e., x = z[0] - - - z[|x| — 1].

For integers i,5 € [0, |z|), let z[i..j] = x[é]---z[j] if i < j and z[i..j] = e if i > j. We will
also use w[i..j) = [i..j — 1]. For any string x, 2°
A string w is primitive if it cannot be represented as w = z* for some string = and integer
k > 2. For any symbol ¢ € ¥ let |z|. = [{i | z[i] = ¢}|, i.e., the number of ¢’s in x.

For any string x, let rot(z) = x[1..|x|)z[0], denote a left cyclic rotation of 2 by one symbol.

Notice that for any integer i, rot’(z) naturally corresponds to the cyclic rotation of z by
¢ symbols to the left if ¢ > 0, and to the right if i < 0. We will use rot*(z) to denote
the lexicographic smallest rotation of . A conjugacy class is an equivalence class of the
equivalence relation defined by x =y <= rot*(z) = rot*(y).

A string w is a Lyndon word if it is lexicographically smaller than any of its, proper
rotations, i.e., w < rot¥(w) for any k € [1, |w|). From the definition, it is clear that a Lyndon
word must be primitive. A rotation of a primitive string x is always primitive and rot*(x)
is Lyndon and unique, which we will sometimes refer to as the Lyndon rotation of z. It is
known that Lyndon words cannot have a non-empty proper border (a proper prefix that is
also a proper suffix). The Lyndon factorization [6] of a string w is a unique partitioning
of w into a sequence of non-increasing Lyndon words, i.e., w = LT* LZEU”’)) where each
L; (i € [1,4(w)]), which we will call Lyndon factors of w, is a Lyndon word and L; > L;11
for i € [1,4(w)). It is known that any occurrence of a Lyndon word in w must be a substring
of a Lyndon factor of w.

The w-order <, between primitive strings or same length strings z,y is defined as
r <,y < x> < y>.2 The w-order can be different from the standard lexicographic order,
but are identical when comparing strings of the same length or when comparing Lyndon
words.

For a string z[0..|z|), let rank.(i, ) = |2[0..7)]., i.e., the number of symbols ¢ in z[0..7).

Let p(z) denote the size of the run-length encoding of z, i.e., the maximal number of same
symbol runs in z. Let p.(x) denote the number of runs of symbol ¢ in the run-length encoding
of z.

2.1 Repetitiveness Measures

A set of positions I is a string attractor [15] of w if any substring of w has an occurrence in
w that covers a position in I'. The size of the smallest string attractor of w is denoted by
y(w). The measure § [16] is defined as maxye1 jw|) Sk/k, where Sy is the number of distinct
length-k substrings of w.

The Burrows-Wheeler transform (BWT) [5] BWT (w) of a string w is defined as the
sequence of last (or equivalently, previous, in the cyclic sense) symbols of all rotations of w,
in lexicographic order of the rotations. The size of the run-length encoding of BWT (w) will
be denoted by r(w), i.e., r(w) = p(BWT(w)). The bijective BWT (BBWT) [11] BBWT (w)

2 As we will not be comparing non-primitive strings of different lengths in this paper, the definition here
is a simplified version of the original.

= ¢, and for any integer i > 1, 2° = 2/~ 1a.
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of a string w is defined as the sequence of last (or again, previous, in the cyclic sense)
symbols of all the rotations of all the Lyndon factors of w, in w-order of the rotations.
Actually, BWT can be understood as a special case of BBWT: BWT (w) = BBWT (rot*(w))
because rot*(w) = L¢ for some Lyndon word L and integer e = |w|/|L|, and the w-order is
equivalent to lexicographic order in this case since all the compared strings are of the same
length. The size of the run-length encoding of BBWT(w) will be denoted by rp(w), i.e.,
rg(w) = p(BBWT (w)).

The inverse transform of BWT and BBWT on a string « can be defined by the LF mapping,
which is a function ¥, (i) = j over positions of  where ¢ = z[i] = s[j], rank.(i, x) = rank.(j, s),
and s is the string obtained by sorting the multiset of symbols of x in increasing order. ¥, is a
permutation and thus forms cycles on the set of positions of z. A cycle (i, U1(3), - -- , U¥=1(4))
where k is the smallest positive integer such that W¥(i) = 4, corresponds to a (cyclic) string
[UF1(3)] - 2[W(i)]z[i]. This string is always primitive, and by concatenating, in non-
increasing order, all the Lyndon rotations of the strings corresponding to all cycles, it can be
shown that BBWT_l(x) is obtained. ¥, can be interpreted as returning, given the w-order
rank of a given rotation of a cycle, the w-order rank of the previous rotation of the cycle.
Note that when = is a BWT image of a primitive string, ¥, consists of only a single cycle
and that although the Lyndon rotation will give the string w for which BBWT (w) = z, we
have BWT (w') = « for any rotation w’ of w.

A Bidirectional Macro Scheme (BMS) [23] of a string w is a partitioning of w into phrases,
where each phrase is either a single symbol, or is a substring that has an occurrence elsewhere
in w which we call the source, or the reference of the phrase. The references of the phrases
must be such that the induced reference for each position in the phrases are acyclic, i.e., the
referencing on the position forms a forest where the roots are the positions corresponding to
single symbol phrases. The size of the smallest bidirectional macro scheme for w is denoted
by b(w).

The LZT77 factorization [25] of a string w is a BMS of w where all references are left-
referencing, i.e., they must point to a smaller position, and the phrases are determined
greedily from left-to-right. It is known that LZ77 is the smallest among left-referencing BMS.
The size of LZ77 of w is denoted by z(w).

The lex-parse [22] of a string w is a BMS of w where all references point to a rotation
of smaller lexicographic (or equivalently w-order) rotation, and the phrases are determined
greedily from left-to-right. Similarly, it is known that lex-parse is the smallest among BMS
with such constraint. The size of lex-parse of w is denoted by v(w).

2.2 Fibonacci Words

Since we will later use Fibonacci words or their slight modifications to show some of our
results, we introduce them here.

The Fibonacci words are defined recursively as: Fy = b, F} = a, and for any integer ¢ > 2,
F; = F;_1F;_5. Fibonacci words can also be defined via a morphism ¢ defined as ¢(a) = ab,
and ¢(b) = a, and F; = ¢'(b) for all i > 0. The lengths of the Fibonacci words correspond
to the Fibonacci sequence, i.e., fo = f1 =1, and f; = fi_1 + fi—2. For technical reasons, we
define f; = 0 for ¢ < 0. The observation below follows from a simple induction.

» Observation 1. For any i > 1, |F;|la = fi—1, and |Filo = fi—a.
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3 New results for r vs rp

3.1 String family giving r(w)/rp(w) = Q(logn)

Here, we answer an open question raised by Badkobeh et al. [1], and show that there exists
an infinite family of strings such that rp is asymptotically strictly smaller than 7.

» Theorem 2. There exists an infinite family of strings such that r = Q(rplogn).

Proof. Consider string wy, = bFy;, where F3;, = rot*(Fyy). Then, for any k > 3, rp(wy) =3
(Lemma 3), and r(wg) = 2k (Corollary 6). <

» Lemma 3. Let wy = bFy,, where F3, = rot*(Fa). Then, rp(wy) =3 for any k > 3.

Proof. The Lyndon factorization of wy, results in the factors b and F3;, and it is known that
BBWT(Fy,) = BWT(F},,) = bf2s-2a/2e-1_ Since b is greater, in w-order, than any rotation
of Fy;, we have BBWT (wy) = b/2+—2af2v-1b and rp(wy) = 3. <

The rest of the proof will focus on showing r(wy) = 2k. We show two proofs, one that relies
heavily on previous results, and the other an alternate direct proof.

3.1.1 Proof for r(wy) = 2k

Actually, it turns out that wy is a rotation of the strings whose BWT are shown to have
2k runs in Proposition 3 of [12] and in Proposition 3 of [13]. The former defines it as
varb for vy = (Fap)®, where w? is the reverse of string w, i.e., (w?)[i] = w[|lw| — 1 — 1.
The latter defines it as inserting b at position far_1 — 2 of Fbi, and mentions that it is a
rotation of the former string. Our proof of r(wy) = 2k further connects these strings with
the lexicographically smallest rotation F3, of Foy.

The following is known:

» Theorem 4 (Theorem 1 in [7]). The rotation of F,, with rank p in the lexicographically
sorted list of all the rotations of F,, forn > 2, p € [0..f,) is the rotation rot'(F,) where

i = (p+ fa—2 —1) mod f, if n odd
- (=(p+1)- fn—o—1)mod f,, if n even.

Therefore, we have
» Corollary 5. For every integer k > 1, Fy, = rot/2r—171(Fyy).

Proof. From Theorem 4 with p = 0, F}, = rot’(Fa;) where i = —(fog—2 + 1) = for_1 — 1
(mod far). <

which means that inserting a b at position fap—1 —2 of Fyy is a rotation of bF%) , leading to:

» Corollary 6. Let wy, =b - Fy;, where Fy, = rot*(Fyy). Then, r(wy) = 2k for any k > 3.

CPM 2025



17:6

On the Compressiveness of the Burrows-Wheeler Transform

3.1.2 Alternate proof for r(w;) = 2k

We also give an alternate direct proof based on morphisms, which is perhaps slightly simpler
compared to the proof for r(vqb) = 2k presented in [12] which relies on additional results
on special factors of standard words [4]. Results on morphisms and their effects on r have
been studied by Fici et al. [9], but to the best of our knowledge, their results do not directly
apply to our case.

We use a string morphism 6 defined as: 6(a) = aab, §(b) = ab. The following claim can
be shown by a simple induction.

> Claim 7 (Claim 5 in [20]). For any string w € {a,b}*, 8(w) = rot?(¢*(w)).
To prove Theorem 2, we first show the following lemma.
» Lemma 8. For every integer k > 0, F3, = 0% (b).

Proof. It clearly holds for k = 0,1. For k > 2, we show that 6*(b) = rot/2*-1=1(Fy;,) by
induction on k. We can see that the statement holds for k = 2 since #?(b) = aabab = rot?(F}).
Suppose that 0¥ (b) = rot/2+-171(Fy;,) holds for some k' > 2. We have

0F +t1(b) = 6(8* (b)) = O(rot/2x' 11 (Fypr)) by induction hypothesis
= Q(rot_l(ng/,gng/,l))
= r0t2(¢2(r0t71(FQk/_QFQk-/_l)) by Claim 7

Since the last symbol of Foy is Fopr[forr—1 — 1] = a and |¢?(a)| = 3, we have

ok +1(b) = rotz(rotis(FQk/FQk/+1))
— rotfzk/Jrlfl(ng,_i_Q)

= rotfz(k’“)*l_l (FQ(k’+l)>

Hence, the statement also holds for & = k' 4+ 1, and 6 (b) = rot/2+—1=1(Fy;,) for every k > 2.
By combining it with Corollary 5, we obtain Fj, = 6% (b). <

We are ready to prove the following lemma.
» Lemma 9. Let wy, = bF,, where F3, = rot*(Fa). Then, r(wy) = 2k for any k > 2.

Proof. We first prove that r(yx) = 2k + 2 for y, = cFy;, for any k > 3, where ¢ is a symbol
that is greater than a,b. From Lemma 8, we have y, = cFy), = ch*(b). Below, we extend
the definition of # so that 6(c) = c, so yx = 6%(cb). We claim that

k
BWT (yi) = cb/—2* [ (a/>~*p) (1)
j=1

We show this statement by induction on k. If k = 3, y3 = caabaababaabab and BWT (y3) =
cbZaba?ba’b hold. Assume that the statement holds for some k&’ > 3. We show the statement
also holds for k = k¥’ + 1. Figure 1 depicts yg 41 = 0(yr). We consider the three disjoint sets
of the rotations of y11 as follows: the rotations (i) starting with a2, (ii) starting with ab,
(iii) starting with b or c.

(i) From the definition of #, the number of rotations starting with a2 of y11 is forr—1 (=
|Faks]a). These rotations are the first fos 1 rotations in the lexicographically increas-
ingly sorted list of all rotations of yi/ 1. By the definition of yy, the lexicographically
smallest rotation is rot(yx ), and the preceding symbol of this rotation is c. The other
rotations of this case are preceded by b. Hence, BWT (yx/41)[0.. forr—1 — 1] = cbfar—171,
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(ii) Let pos be the set of positions in yj/41 that are preceded by an occurrence of ab. From
the definitions of y; and 6, every occurrence of ab in yx41 is a suffix of an occurrence

of the substrings (aab or ab) produced from # and an occurrence of a or b in yg.

Therefore, we have |pos| = |yx/| — 1 = farr and if s(i) denotes the position in yys that
produces the corresponding symbol at position i in yi41 by the morphism 6, then
rot' (yp 1) = 0(rot*® (yp,)) for any i € pos. Thus, for any positions i1,y € pos,

rot™ 2 (yp41) < rot? 2 (yp 1) <= rot" (yp41) < rot’2(ypyq)
= O(rot* ) (1)) < O(rot* ) (1))
= 1ot (yp) < rot* 2 (yp). (2)

where the last relation follows from the fact that 6 is an order preserving morphism
(i.e., s <t 0(s) < 0(t) holds for any s,t). We can also see that for any i € pos, the
symbol yx/41[¢ — 3] preceding the occurrence of ab is a (resp. b) iff yp[s(i) — 1] is a
(resp. b). Thus, together with Equation (2), the sequence of entries in BWT (yx/41)
corresponding to rotations that start with ab are equivalent to the sequence of entries
in BWT (yg/) for rotations that start with a or b, i.e., BWT (yg/41)[for —1.- forr 41 — 1] =
BWT (yp:)[1.. fors] = bfawr 2=+ H?;l(af2-7—2b). See also Figure 1.

(iii) From the definition of 6, the number of rotations starting with b in yg/41 is for, and
the lexicographically largest rotation is yxs11 itself. These rotations are the last for +1
rotations in the lexicographically increasingly sorted list of all rotations of y/41. The
preceding symbol of the largest rotation, or equivalently, the last symbol of y is b. All

rotations starting with b are preceded by a. Hence, BWT (yx41)[for/+1.- forr12] = al2v'b.

All together, we have
(i) (if) (i)

—~N
k/
BWT(yk/+1) = be2k/,1*1 .bf2k'72*k' H(afzj—2b) . af%’b
j=1
E'+1
— cpfow —(F'+D) H (af2-2b)
j=1

and the statement holds for k = k&’ 4 1, proving Equation (1). Therefore, r(yx) = 2k + 2. We
note that Equation (1) holds for k¥ = 2, but since faop_2 —2 =0, r(y2) = 5.

The last symbol of F3; is b, so changing the ¢ in y; to b changes the unique occurrence of
bc in all rotations of y;. except for y; itself, to the unique occurrence of bb in all rotations of
wy, except for wy itself. Therefore, the lexicographic order of rotations of wy are equivalent
to those in yg, except for wy itself. We can see that BWT (wy,) will have the following changes
compared to BWT (yx): 1) the lexicographically smallest rotation rot(wy) is preceded by b
instead of ¢, and 2) wy, is the lexicographically smallest rotation that starts with b (rather
than c). 1) changes c to b and thus decreases the run-length by 1. 2) moves the last b right
after the second to last b in BWT(y) (the preceding symbol of the largest rotation starting
with a) and thus decreases the run-length by 1. Therefore, in total, r(wy) = 2k which can
be confirmed to hold for k = 2 as well. <

3.2 Bounds for r(w)/rp(w)

We show poly-logarithmic upper and lower bounds on the ratio r(w)/rp(w) for any string.
We first show a simple upper bound on the multiplicative rotation sensitivity of z.

17:7
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s() -1 s s() -1 ()

Y= ! c a a a b a
3}9(a):aab3 | i € pos | | | J € pos
77777777 — 1
y,,+1=’c aab| - |aia b aab]|- bla b! aab

Figure 1 Illustration of the proof of Lemma 9. Every position in the set pos is preceded by
an occurrence of ab. We can obtain the lexicographic rank of the rotation rot~2(y/ ) that
starts with ab by using the corresponding rotation rot>® (yx’). The preceded symbols (underlined
symbols) of yxr41[i — 3] and yy/[s(i) — 1] are the always same. The figure shows the case of
Yr+1[d — 3] = yrr[s(4) — 1] = a by the position ¢ and the case of yrr1[j — 3] = yw/[s(j) — 1] =Db by
the position j.

» Lemma 10. For any strings w,w’ of length n in the same conjugacy class, z(w') =
O(z(w) logn).

Proof. Tt is easy to see that b(w’) = ©(b(w)). This is because, given any BMS of w of size b,
we can reuse the parsing and referencing, except for the following changes, to construct a
BMS for w’ of size 2b+ 1: (1) if w’ starts in the middle of a BMS phrase of w, we split the
phrase, and (2) if a phrase references a substring of w but is split in w’, we split the phrase.
Since only one of the phrases of the split phrase in (1) is split by (2), the total number of
phrases is at most 2b + 1.

Since b(w) < z(w) = O(b(w)logn) and b(w') < z(w') = O(b(w')logn), we have
z(w")/z(w) = O(logn). <

» Lemma 11. For any strings w,w’ of length n in the same conjugacy class, rg(w’) =
O(rp(w)log* n).

Proof. Badkobeh et al. [1] showed (1) b(w) = O(rp(w)), which implies z(w) =
O(rp(w)logn), and (2) rp(w) = O(z(w)log®n). Therefore, rp(w’)/rp(w) =
O(z(w')/z(w)log®n) = O(log? n) from Lemma 10. <

» Corollary 12. For any string w of length n, rg(w) = O(r(w)log*n) and r(w) =
O(rp(w)log* n).

4 Clustering effects of BWT and BBWT

4.1 In terms of p

The clustering effect of BWT was measured by the length p of the run-length encoding.
Namely, the following statement was claimed by Mantaci et al. [19].

» Theorem 13 (Theorem 3.3 in [19]). For any string w, p(BWT(w)) < 2p(w).

While the statement is true, we believe there is a non-trivial case that was not covered in
their original proof. Here, we address this case and also show that the same statement holds
for BBWT. Note that the following Theorem 14 implies Theorem 13 because BWT(w) =
BBWT (rot*(w)) and p(rot*(w)) < p(w).

» Theorem 14. For any string w, p(BBWT(w)) < 2p(w).
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Proof. We first recall the arguments of [19] for BWT. Consider a range [i..j] of z = BWT(w)
that corresponds to rotations of w that start with a symbol ¢ € ¥. Then, x[i..j] will consist
of |w|. — pe(w) occurrences of ¢’s that correspond to those preceding a ¢ in the same run of
¢’s in w, and p.(w) occurrence of symbols not equal to ¢ that precede a maximal run of ¢’s
in w. Thus, p(z[i..j]) is maximized when the p.(w) non-c¢ symbols in z[i..j] are not adjacent
to each other. Mantaci et al. argued that this implies p(z[i..j]) < 2p.(w) summing up to
2p(w) for all c. However, they did not give a reason to why p(z[i..j]) could not be 2p.(w) +1
(summing up to p(w) 4+ o), which is possibly the case when z[i..j] starts and ends with the
symbol c. We show that in such a case, an LF mapping with a single cycle cannot be defined,
and ultimately, p(z[i..j]) < 2p.(w) holds.

Assume that z[i] = z[j] = ¢ and that all p.(w) non-c symbols in z[i..j] are separated by
one or more ¢’s. We claim that in such a case, there exists a position k € [i..j] s.t. U, (k) =k
resulting in a cycle of a single symbol. If there was no ¢ in z[0..i), then, since z[i] is the
first ¢ in @, ¥, (7) = ¢ must hold. Thus, consider the case that there exist ¢’s in z[0..7). For
i < k < j, since the difference in the number of ¢’s in z[0..k] and the length of the range [i..k]
(corresponding to the k — i + 1 lexicographically (or in w order) smallest rotations that start
with ¢) is monotonically non-increasing in k and changes by at most 1, there exists some
i < k' < j such that |z[0..k)|. = |z[0..k]|c = k" — ¢ + 1. Note that such &’ must necessarily
satisfy z[k'] # ¢, and therefore k¥’ < j. However, from the assumption of z[i..j], [k’ + 1] = ¢
holds and since |z[0..k" + 1]|. = k' — i + 2, this implies that U, (k' + 1) = k' + 1. Therefore
p(zfi..J]) < 2p.(w) holds.

For x = BBWT(w), similarly consider the range [i..j] of BBWT(w) such that the cor-
responding rotations of the Lyndon factors of w start with the symbol ¢ € X. Since it is
known that Lyndon factors of w (except for single symbol factors) must start and end at
run-boundaries of w [10], a maximal run of ¢’s in w is either a substring of a Lyndon factor
of w, or a maximal run of a single symbol Lyndon factors. If it is a substring of a Lyndon
factor but not a prefix, then there is one non-c symbol per such run that precedes the run
and occurs in z[i..j]. If it is a prefix of a Lyndon factor longer than 1, then the previous
symbol (or the last symbol of the Lyndon factor) is non-¢ due to the Lyndon factor not
having a proper border. Otherwise, the maximal run is a maximal run of single symbol
Lyndon factors ¢, in which case the previous symbol for these occurring in z[i..j] will also be
c. Thus, the arguments in the previous paragraph for BWT hold for BBWT as well, except
for the last part: it can be that x[i] = x[j] = ¢ and ¥ (k') = &’ for some k' € [i, j]. However,
this implies that this corresponds to a single symbol Lyndon factor which would not have
introduced a non-c symbol in x[i..j]. Therefore p(z[i..j]) < 2p.(w) still holds. <

4.2 In terms of other repetitiveness measures

We consider measuring the clustering effect of BWT and BBWT other than p. Here, we show
that BWT or BBWT can only increase the repetitiveness of the string by a polylogarithmic
factor.

» Theorem 15. For repetitiveness measure u € {6,7,b,v,z,gn} and any string w of length
n, it holds that p(BWT(w)) = O(u(w)log® n). Moreover, u(BBWT (w)) = O(u(w)log? n) for
p € {z,9n}, and p(BBWT (w)) = O(u(w)log®n) for i € {5,7,b,v}.

Proof. The proof for BWT follows from a simple observation that for any string w, u(w) =
O(p(w)) implying (BWT(w)) = O(p(BWT (w)). Since r(w) = p(BWT(w)) = O(6(w) log® n),
we have p(BWT(w)) = O(d(w) log® n) = O(u(w) log® n), where the last relation follows from
the fact that § lower bounds all the repetitiveness measures considered.
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For BBWT, u(BBWT(w)) = O(p(BBWT(w))) holds, but only rg(w) = p(BBWT(w)) =
O(z(w)log® n) has been proved, from which rz(w) = O(gy(w)log? n) and the statement fol-
lows for 11 € {z, gu1}. For the other measures, Corollary 12 gives us rz(w) = O(r(w)log* n) =
O(5(w)log® n) from which the statement follows. <

4.3 A family of significantly “clustered” strings by BBWT

Finally, we show an infinite family of strings for which BBWT exhibits an asymptotically
maximal clustering effect in terms of d,~,b,v,r, and slightly weaker in terms of z, gy, g.
Namely, we consider the family of strings whose BBWT image are Fibonacci words.

» Theorem 16. Let w be a string of length n where BBWT (w) = Fy, where k is prime. Then,
for p € {6,7,b,0,7}, p(BBWT(w)) = O(*E2 pu(w)) and for p € {2, g, g}, n(BBWT(w)) =
O(FE2 u(w)).

n

In order to understand w, we first introduce the tools we use to characterize the LF
mapping ¥, on Fibonacci words.

The Zeckendorf representation [24] of a non-negative integer is a unique (sub-)set of
distinct non-consecutive Fibonacci numbers {f; | £ > 1} that sum up to the integer. We
represent a non-negative integer ¢ as a bit string Z (i), where i = ||Z(2)[| = 32,5, Z()[j]- fj+1-
We use Zj, (i) to denote the length-k prefix Z(i)[0..k — 1] of Z(i). Note that for any ¢ € [0, f),
it suffices that a subset of {f1,..., fx—1} is used, and thus Z(i) requires only up to (k — 1)
bits, i.e., 1’s will only occur in Z(4)[0..k — 2], and the rest Z(¢)[k — 1..] will be 0.

We observe that length ¢ > 0 prefix of a Fibonacci word can be uniquely factorized into a
sequence of distinct non-consecutive Fibonacci words in order of decreasing length, where the
length of each Fibonacci word corresponds to an element in the Zeckendorf representation
of 1.

» Lemma 17. For any i > 0,

0
Z’L Z(i)[k—2 Z(1)[0
H j+(1 _ k()[ ]"Fl()”v (3)
j=k—2

where k is the smallest integer such that i < fj,.

Proof. Consider a greedy factorization of Fi.[0..7) that takes the longest prefix of the
remaining string that is a Fibonacci word. Let k be the smallest integer such that ¢ < fy,. If
i = fr then we simply take Fj as the last element. Otherwise, we take Fj_;. Notice that
in this case, the remaining string is Foo[fr—1.1) = Fg[frx—1--t) = Fr—2[0..5 — fr—_1) of length
i =14 — fr—1 < fr—2, and we repeat the process to find a greedy factorization of Fy_5[0..7").
The remaining string is a proper prefix of Fj;_o and thus Fy_o will not be chosen next,
implying that consecutive Fibonacci words are not chosen. Thus, the lengths of the sequence
of strings will be a set of non-consecutive set of distinct Fibonacci numbers that sum up to i.
The lemma follows from the uniqueness of the Zeckendorf representation of i. |

The following relation about the least significant bit in the Zeckendorf representation and
the ¢th symbol in the (infinite) Fibonacci word is known.

» Lemma 18 (Problem 6 in [8]). Fori=0,1,...,

{a if Z(i)[0]
b if Z(i)[0]

0
Fyli) = ’
i 1
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Now, we make observations on the LF-mapping for Fibonacci words.

» Lemma 19. The LF-mapping function for the Fibonacci word Fy, is, for any 0 < i < fg,

Wy () = rank, (4, F) if Fyli] =
P sy 4 ranko (i, F)  if Fili] = b

Proof. Straightforward from the definition of ¥z, and Observation 1. |

The next lemma shows that the LF mappings on Fj can be interpreted as rotation
operations on the Zeckendorf representation of the position to be mapped.

» Lemma 20. For any i € [0, fx),

rot(Zk(i)) Zf Fk[l] = a

Zk(‘l/Fk (Z)> = {rot2(Zk<i)> Zf Fk[l] =b

Proof. See Figure 2 for a concrete example. Let j = U, (i). Since 4,5 € [0, fx), the most
significant bits of Zj (i) and Zx(j), corresponding to f, are always zero, i.e., Zx(i)[k — 1] =
Zk(j)[k —1] =0.

From Lemma 18, Fy.[i] = a implies that Z;(¢)[0] = 0. Thus, rot(Z(¢)) = Zx(i)[1..k—1]-0
Therefore, we have

U g, (4) = ranka (4, Fy) by Lemma 19
= H ]+1 by Lemma 17
j=k—2 a
k—2 k—1
=>"Zll- £ =D ZDli - £
Jj=0 j=0

fk+ZZk 41 fiq

>
I
—

Zk(i)[(j +1) mod k] - fj41

O

Hrot(Zk( I

On the other hand, again from Lemma 18, F[i] = b implies that Z(7)[0] = 1 and since the
Zeckendorf representation does not use consecutive Fibonacci numbers, Zi(i)[1] = 0. Thus,
rot?(Zx(i)) = Zg(i)[2..k — 1] - 1 - 0. Therefore, we have

0
ranky (i, Fi) = H F]-Zﬁ)[]] by Lemma 17

j=k—2 b
k—2

= Z(1)[4] - jl—ZZk ]- fima
§=0

= Zp(0)[0] - f-1 + Zi(d f0+zzk )i +2]- fim
k—3

Zp () + 2] fiv

<.
I
o
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[o] z®n.k-1 | A R O I T — ,
. ’ l 1-bit rotation /, l 1-bit rotation :
[ zomr-u_ o] rot(Z,(18)) = 0010100 = Z(11)

i
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
F,= a b a a b ab aabaababaababa

[1 o] zORk-11 | Z,(17)=1010010 DU
; ’ l 2-bit rotation l 2-bit rotation
l Ze(D[2..k —1] |1 0] rot((Z;(17)) = 1001010 = Z,(19)

Figure 2 Example of Lemma 20 for F7. The a at position 18 is the 12th a in F7[0..18], and thus
the LF mapping should point to position 11, whose Zeckendorf representation Z7(11) is a 1-bit left
rotation of Z7(18). The b at position 17 is the 7th b in F*[0..17], and since there are 13 a’s in Fr,
the LF mapping should point to position 13 + 7 — 1 = 19, whose Zeckendorf representation Z7(19) is
a 2-bit left rotation of Z7(17).

Furthermore,

W, (1) = ranky (i, F) + fr—1 by Lemma 19

k3
> Zi(i)j+ 2] fiar + for

j=0
k=3

= Zk+ 2 fi1+ Ze(@)0] - frr + Ze(@)[1] - fi
j=0
-

=D Zk(@)[(J +2) mod k] - fj11
j=0

= [[rot*(Zr())II-

thus proving the lemma (see also Figure 2). |

We are now ready to prove Theorem 16:

» Theorem 16. Let w be a string of length n where BBWT (w) = Fy, where k is prime. Then,
for i € {8,7,b,v,7}, p(BBWT(w)) = O(* % u(w)) and for p € {2, 9n,9}, n(BBWT(w)) =
O(E pu(w)).

Proof. For any Fibonacci word Fy, 0(F)) < v(Fx) < b(Fy) < v(Fy) < r(Fy) = 2 and

2(Fy), gn(Fk), g(Fr) = O(logn) are known. In the rest of the proof, we show §(w) =
Q(n/logn) implying the same lower bound for all other measures which finishes the proof.

From Lemma 20, Up, can be interpreted as a rotation operation on a k-bit string
corresponding to the Zeckendorf representation of the given position. Therefore, the number
of cycles that Up, produces is equivalent to the number of conjugacy classes among bit
strings corresponding to the Zeckendorf representations of the set of positions [0, F}). Since
the Zeckendorf representations do not use adjacent Fibonacci numbers, this is equivalent to
the number C'(k) of binary necklaces of length k that do not contain “11”. This corresponds
to entry A000358 in the on-line encyclopedia of integer sequences, which is known [3] to be:

) = 1 ok /d) (fu-a + fa), (4)

dlk
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where d|k represents that d is a divisor of k, and ¢ is Euler’s totient function which returns,
for integer n, the number of positive integers less than n that are relatively prime to n (i.e.,
having ged of 1). For prime k, Equation (4) becomes:

C(k) (V) (fre—2 + fr) + p(k)(f-1 + f1)) = %(fk—Q +ftk—1)> fi/k

el

As seen in the proof of Lemma 20, an a in Fj, implies a 1-bit left rotation on Zj for ¥p,,
and b in Fj implies a 2-bit left rotation on Z; for ¥, . Each necklace will then correspond
to some cyclic string w’, where

w'la + 2/w'ls = K, ()

except for the string a corresponding to the bit string 0%, since all other necklaces must be
primitive (due to k being prime) and a total of k-bits must be rotated in order to come back
to the same bit string. Consider the lexicographically smallest rotations of all of them, which
are Lyndon words. All of them are distinct, and any two of them (except for the single a)
cannot be a substring of the other due to the constraint on their lengths (Equation (5)).
The string w = BBWT ' (F},) is a concatenation (in non-increasing order) of all these strings
with the single a appended at the end, corresponding to the Lyndon factorization of w. Since
Lyndon words can only occur as a substring of a Lyndon factor, it follows that there are
Q(C(k)) distinet uniquely occurring strings (Lyndon factors) that do not overlap. Therefore,
v(w) = QC(k)) = Q(n/logn) holds.

Furthermore, since the uniquely occurring Lyndon factors of w satisfy Equation (5)
and have length at most k — 1, any length 2k substring of w will contain at least one full
occurrence of a Lyndon factor of w. Since all such strings must also have unique occurrences
and therefore be distinct, §(w) > (fr — 2k)/2k = Q(n/logn) holds. <

For example, for BBWTil(F7)7 the binary necklaces of length 7 that do not contain
“11” are: 0000000, 0000001, 0000101, 0001001, 0010101, which respectively correspond to a,
aaaaab, aaabb, aabab, and abbb, and therefore, BBWTil(F7) = abbbaababaaabbaaaaaba.

We note that BBWT*(F},) is asymptotically maximally incompressible by dictionary
compression since it is known that for any string, § < v < z = O(n/log, n) holds, which is
O(n/logn) for binary strings. We also note that Theorem 16 holds for general k, which will
be shown in the full version of the paper.

5 Discussion
The log factors in our bounds, especially in Theorem 15 are most likely not tight; Our focus

here was on showing the existence of such bounds. A natural open question is how many log
factors can be shaved.
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