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—— Abstract

A hypergraph H consists of a set V' of vertices and a set F of hyperedges that are subsets of V. A
t-tuple of H is a subset of t vertices of V. A t-tuple k-coloring of H is a mapping of its t-tuples
into k colors. A coloring is called (t, k, f)-polychromatic if each hyperedge of E that has at least

f vertices contains tuples of all the k colors. Let fu (¢, k) be the minimum f such that H has a
(t, k, f)-polychromatic coloring. For a family of hypergraphs # let fy (¢, k) be the maximum fx (¢, k)
over all hypergraphs H in H. Determining f3 (¢, k) has been an active research direction in recent
years. This is challenging even for ¢ = 1. We present several new results in this direction for ¢ > 2.
Let H be the family of hypergraphs H that is obtained by taking any set P of points in R?,
setting V := P and E := {d N P: d is a disk in R?}. We prove that f3(2,k) < 3.7%, that is, the
pairs of points (2-tuples) can be k-colored such that any disk containing at least 3.7% points has
pairs of all colors. We generalize this result to points and balls in higher dimensions.
For the family H of hypergraphs that are defined by grid vertices and axis-parallel rectangles
in the plane, we show that fx(2,k) < VcklInk for some constant c. We then generalize this to
higher dimensions, to other shapes, and to tuples of larger size.
For the family H of shrinkable hypergraphs of VC-dimension at most d we prove that fy (d+1,k) <
c* for some constant ¢ = ¢(d). Towards this bound, we obtain a result of independent interest:
Every hypergraph with n vertices and with VC-dimension at most d has a (d+1)-tuple T of
depth at least %, i.e., any hyperedge that contains T also contains % other vertices.
For the relationship between t-tuple coloring and vertex coloring in any hypergraph H we
establish the inequality % tht < fu(t,k) < fu(l, tk%) For the special case of k = 2, referred to
as the bichromatic coloring, we prove that t + 1 < fr(¢,2) < max{fm(1,2),t+ 1}; this improves
upon the previous best known upper bound.
We study the relationship between tuple coloring and epsilon nets. In particular we show that if
fu(1,k) = O(k) for a hypergraph H with n vertices, then for any 0 < € < 1 the t-tuples of H
can be partitioned into ((%)t) e-t-nets. This bound is tight when ¢ is a constant.
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1 Introduction

Polychromatic coloring and cover-decomposition of hypergraphs have rich backgrounds.
They have been studied for both abstract and geometric hypergraphs as early as 1980 (see,
e.g., [39, 40, 42, 43]) and are still active research areas (see, e.g., [1, 2, 14, 16, 18, 46]). Perhaps
the study of these topics gained more attention after a question of Pach [39] in 1980:!

Does there exist a constant f such that every finite set of points in the plane can
be colored with two colors in such a way that any unit disk that contains f points
contains points of both colors?

This question initiated the study of polychromatic coloring in geometric hypergraphs. Sur-
prisingly enough, the answer to the question turned out to be negative, as it was proved in
2016 by Pach and Palvolgyi [44]. In particular, they showed that for any natural number f,
there is a finite set P of points in the plane such that for any 2-coloring of P, one can find a
unit disk containing at least f points of one color and no point of the other color. The same
question can be asked for other convex bodies and for more than two colors: Given a convex
body C and any natural number k& > 2, is there a function f: N +— N such that any finite
point set in the plane can be k-colored such that any translate of C' that contains at least
f(k) points, contains points of all the k colors? For instance, Palvolgyi and Té6th [45] proved
that f(k) exists when C is a convex polygon — it was shown later [8, 26] that f(k) = O(k).
The negative answer of [44] to the original question of Pach implies that f(2) does not exist
if C is a disk. More results and details in this direction can be found in the survey article by
Pach, Palvolgyi and Téth [41] and the webpage maintained by Keszegh and Pélvolgyi [30].

The containment of points in disks (and other convex bodies) can be represented by
geometric hypergraphs, also known as range spaces. A hypergraph H = (V, E) consists of a
set V of vertices and a set F of hyperedges that are subsets of V. A (possibly infinite) set of
hypergraphs is called a family of hypergraphs. Let f1 (k) be the smallest natural number
such that the vertices of any hypergraph H in H can be k-colored such that any hyperedge
of H that has at least f# (k) vertices contains points of all colors. If no such number exists,
then fy(k) := oco. If f3(2) exists, then H is called cover-decomposable — a term that Pach
introduced for k = 2.

L This is a dual form of the original question that is stated in terms of f-folds and coverings; see [44].
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Determining fy (k) is an active research direction in both abstract and geometric hyper-
graphs; see e.g. [2, 14, 16, 17, 18, 20] and the references therein. Geometric hypergraphs,
in particular, have received special attention. These hypergraphs are typically defined by
points and convex bodies in some fixed constant dimension. For instance, let C' be a convex
body in R? and let H be the family of all hypergraphs H that is obtained by taking any set
P of points in R?, setting V := P and E := {C' N P: (" is a translate of C’}. As mentioned
above, if C' is a disk then f3/(2) does not exist and hence H is not cover-decomposable [44],
and if C' is a convex polygon then f(2) exists and H is cover-decomposable [45]. Finding
f# (k) could be more challenging if we could scale or rotate the convex body. For example
if C' is the family of axis-parallel squares then fz(2) < 215 [2], and if C is the family of
axis-parallel rectangles then f3(2) does not exist [21].

A natural question thus arises: For hypergraphs that are not cover-decomposable with
respect to the coloring of vertices, such as those defined by disks and axis-parallel rectangles,
can we prove a positive result when we color subsets rather then the vertices? This leads
to a natural generalization of the problem: color pairs, triples, or tuples of points. This
generalization is referred to as tuple coloring. Let H = (V, E) be a hypergraph. For a natural
number ¢, a t-tuple of H is a subset of ¢ vertices of V. The number of t-tuples of H is
(”t/‘). A t-tuple k-coloring of H is mapping of its ¢-tuples into k colors. For t = 1, this is
equivalent to vertex coloring. A coloring is called (¢, k, f)-polychromatic if each hyperedge of
E that has at least f vertices contains tuples of all the k colors. Let fg (¢, k) denote the least
integer f such that H has a (t, k, f)-polychromatic coloring. For a hypergraph family H let
fu(t, k) denote the maximum fp (¢, k) over all hypergraphs H in H. In other words, fy (¢, k)
is the minimum number for which every hypergraph in H has a (¢, k, f3(t, k))-polychromatic
coloring. For the standard vertex coloring, where ¢t = 1, the value fy(1,%) is equal to fy (k)
as defined above. With this definition, H is cover-decomposable if f(1,2) exists. The family
H is called t-cover-decomposable, for t > 2, if fy,(t,2) exists.

1.1 Other related results

There is a rich literature for vertex-coloring (i.e. when ¢t = 1) of geometric hypergraphs. In
these hypergraphs, the vertices are usually defined by points and the hyperedges are defined by
geometric shapes such as disks, rectangles, squares, bottomless rectangles, strips, quadrants,
triangles, octants, and halfplanes; see, for example [2, 7, 8, 10, 16, 20, 21, 26, 31, 44, 45] and
a recent article by Planken and Ueckerdt [46] that gives a summary of the results.

For t > 2, coloring t-tuples in hypergraphs is closely related to Ramsey-type problems (see
[35] for Ramsey problems in hypergraphs). In particular, it follows from Ramsey’s theorem
that for any two natural numbers ¢ and d, where ¢t < d, the family of complete d-uniform
hypergraphs is not ¢-cover-decomposable, i.e., fy(t,2) is unbounded.

A recent work of Ackerman, Keszegh, and P&lvolgyi [1] is devoted to determining f (¢, k)
for t > 2 in geometric hypergraphs that are defined by halfspaces, pseudo-disks, and boxes.
In particular, for the family H of hypergraphs that are defined by points and axis-parallel
boxes in dimension d > 2 they show that fy (¢, k) < K2 4+ —1 when t > 2 (to better
appreciate this bound we shall recall that fx (¢, %) is unbounded when ¢ = 1, as shown in
[21]). From this result it follows that for the family H of hypergraphs that are defined by
points and homothets? of a fixed convex polytope with h facets in some dimension it holds
that fu(t, k) < k2" +t—111].

2 A homothet of an object is obtained by translating and scaling the object.
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1.2 Preliminaries

When the family or hypergraphs or a particular hypergraph is clear from the context we
may drop the subscript and simply write f(¢, k) for f (¢, k) and fy(t,k). First we define
the notion of shrinkability which is a common property of many geometric hypergraphs.

» Definition 1.1 (Shrinkability). A hypergraph H is shrinkable if for every hyperedge e € H
and for every integer 1 < i < |e| there exists a hyperedge €' in H such that e’ C e and |e/| =i.

The VC-dimension of a hypergraph is a measure of its complexity, and it plays a central
role in statistical learning, computational geometry, and other areas of computer science and
combinatorics (see, e.g., [4, 13, 33, 36]).

» Definition 1.2 (VC-dimension). The VC-dimension of a hypergraph H = (V, E) is the size
of the largest subset S C V' such that for every subset B C S there is a hyperedge e € E
where e NS = B. Such a subset S is said to be “shattered” by H.

The following inequality, usually referred to as the Sauer-Shelah-Perles lemma [15, 48, 50],
relates the number of vertices and hyperedges of a hypergraph of VC-dimension d:

IB| < zjg ('g').

For a hypergraph H = (V,E) and a subset X C V the projection of H to X is the
hypergraph H[X] = (X,{eN X: e € E}). The VC-dimension of H[X] is, at most, the
VC-dimension of H because any subset that is shattered by H|[X] is also shattered by H.

Let P be a set of points in the plane. The depth of a pair {z, y} of points in P, denoted by
dp(x,y), is defined as the maximum integer ¢ such that any disk containing = and y contains
at least 7 other points of P. Notice that 0 < dp(z,y) < |P| — 2. The existence of pairs
of large depth (also known as deep pairs) is studied in [11, 24, 28, 29, 38, 47]. The notion
of depth can be generalized to tuples of points and to higher dimensions as the maximum
number ¢ such that any ball containing a deep tuple also contains i other points. We extend
the notion of depth further into hypergraphs.

» Definition 1.3 (Depth). Let H = (V, E) be a hypergraph and S be a subset of V. The
depth dg (S) of S is defined as the mazimum integer such that for every hyperedge e € E that
contains S, we have |e\S| > dg(S). If no hyperedge contains S then dg(S) := |[V\S].

Note that if S has depth ¢, then in particular every hyperedge that contains S contains at
least ¢ other vertices. The notion of depth is monotone with respect to projections, in the
sense that for any X C V, we have dgx)(S) < du(95).

Let H be a hypergraph and 0 < € < 1 be a real number. A subset S of vertices is called
an e-net for H if any hyperedge e of size at least €|V contains a vertex from S. This notion
was introduced by Haussler and Welzl [27]. It was then generalized by Mustafa and Ray [37]
to tuples and appears under e-t-nets; see also [5, 23].

» Definition 1.4 (e-t-Net). Let H = (V, E) be a hypergraph, € € (0,1) be a real number, and
t be a natural number. A subset N of t-tuples of V is called an e-t-net if any hyperedge e in
E of size at least €|V| contains at least one of the t-tuples in N.
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1.3 Our contributions

We present upper bounds on f(t, k) for several families of geometric hypergraphs and
hypergraphs of bounded VC-dimension. Some of our bounds are new, and some improve over
previously known bounds. These bounds are interesting because, for abstract hypergraphs,
f(t, k) is unbounded even if the hypergraph is uniform and k& = 2 (due to Ramsey’s theorem;
see [35]). We also study the relationship between vertex-coloring, tuple-coloring, cover-
decomposability, and epsilon ¢-nets.

Recall that f(¢,2), with ¢t = 1, is unbounded for hypergraphs that are defined by points
and disks in the plane [44] . We prove, however, that it is bounded for ¢ = 2. A point set P
in dimension d is said to be in general position if no (d + 2) points of P lie on a sphere.

» Theorem 1.5. Let H be the family that contains any hypergraph H that can be obtained
by taking a finite set P of points in R? in general position setting V(H) := P and E(H) :=
{dN P :dis a disk in R?}. Then for any natural number k it holds that f+(2,k) < 3.7%.

In other words, for any finite set P of points in the plane, the (Ié’ |) pairs of points can
be k-colored such that any disk containing at least 3.7% points must also contain a pair (of
points) from each of the k color classes. To obtain this bound, we show some properties of
containment of points in disks and also employ a result about the depth of pairs of points —
a well-studied topic in discrete and computational geometry [24, 47]. We then generalize
this result to tuples and balls in higher dimensions. The parameter e below denotes Euler’s
number.

» Theorem 1.6. Let d > 3 be an integer and set t := L%J Let H be the family of all
hypergraphs H that can be obtained by taking a finite set P of points in R® in general position
setting V(H) := P and E(H) := {bN P : b is a ball in RY}. Then for any natural number k

it holds that f#(t, k) < (%)k'

For points and axis-parallel rectangles in the plane, we know from [21] that f(¢,2) is
unbounded when ¢ = 1. However for ¢t = 2 a result of [1] implies that f(2,k) < k% + 1. We
study the same problem but for grid points.

» Theorem 1.7. Let H be the family of all hypergraphs H that can be obtained by taking the
vertez set P of a regular grid in R? setting V(H):=P and E(H):={rNP : r is an azis-parallel
rectangle in R?}. Then for any natural number k > 2 it holds that fx(2,k) < VckInk, for
some constant ¢ > 126.

To better appreciate this bound, observe that f(2, k) = Q(vk) for any hypergraph (see also
Section 5). Theorem 1.8 (proven in the full version of the paper [12]) generalizes this result.

» Theorem 1.8. Let H be the family of all hypergraphs that can be obtained by grid points
and bozes (or balls) in any fived dimension d > 2. Then for any natural numbers t > 1 and

k > 2 it holds that fy(t, k) = O ((kln k)l/t>.
We also study hypergraphs of bounded VC-dimension.

» Theorem 1.9. For every shrinkable hypergraph H with VC-dimension at least 2 and at
most d and with n > 2d + 2 vertices it holds that fr(d+ 1,k) < k=1 for any k > 1 and any
c>4(d+ 1)+,

This result applies to many families of geometric hypergraphs. For example, hypergraphs
defined by points and halfspaces, boxes, or balls in R? are shrinkable and have bounded VC
dimensions. Along with a proof of this result, we show the existence of a tuple of large depth
in hypergraphs of bounded VC-dimension, which is of independent interest.

19:5
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» Theorem 1.10. For every hypergraph H with VC-dimension at least 2 and at most d and
with n > 2d + 2 wvertices there exists a (d + 1)-tuple T of vertices such that dg(T) > 2, for
c=4(d+ 1)4+1,

For hypergraphs where f(1,z) is linear in z, we prove the following asymptotic tight
bounds for their tuple-coloring and for decomposition of their tuples into epsilon t-nets.

» Theorem 1.11. Let H be a hypergraph for which fr(1,z) = O(x), for any x > 1. Then
for any natural numbers t and k with tk*/* > 1 we have fy(t,k) = O(tkt).

» Theorem 1.12. Let H be a hypergraph with n vertices such that fr(1,2) = O(z), for any
x>1. Then for any 0 < € <1 and any t > 1 the t-tuples of vertices of H can be decomposed
into ((%)t) pairwise disjoint e-t-nets for H. This bound is asymptotically tight when t is
a constant.

For an implication of Theorem 1.11 consider the family H of hypergraphs that are defined
by points and halfplanes in R?. From a result of Smorodinsky and Yuditsky [52] we know
that fy(1,2) < 2z—1, i.e., any set of points in the plane can be colored by « colors such
that any halfplane containing at least 2x—1 points contains points of all colors. Therefore,
Theorem 1.11 implies that fy (¢, k) = @(tk%).

Finally, we study the relationship between f(1,k) and f(¢,k) for k = 2, which is usually
referred to as bichromatic coloring. It is implied from a result of Ackerman, Keszegh, and
Palvolgyi [1, Proposition 4] that fg = (¢,2) < max{fn(1,2),2¢t — 1} for any family H and
any t > 2. We present the following improved upper bound.

» Theorem 1.13. For any hypergraph H and any integer t > 2 it holds that
t+1< fu(t2) <max{fm(1,2),t+ 1}.

The matching term ¢ + 1 in the lower and upper bounds of Theorem 1.13 determines the
exact value of f(t,2) for some classes of hypergraphs. For instance, when H is defined by
points and halfplanes in R?, the result of Smorodinsky and Yuditsky [52] gives fz(1,2) = 3,
and thus Theorem 1.13 implies the following corollary.

» Corollary 1.14. Let t > 2 be an integer. For the family H of hypergraphs that are defined
by points and halfplanes in R?, it holds that fy(t,2) =t + 1.

2 Coloring Tuples of Points with respect to Disks and Balls

In this section, we prove Theorem 1.5 and Theorem 1.6. Our proofs relies on some simple
structural properties of the containment of points in disks and balls. They also employ some
results about the existence of deep tuples in point sets. Without loss of generality, all point
sets that are considered in this section are assumed to be in general position.

2.1 Points and disks in R?

Let ‘H be the family of hypergraphs defined by points and disks in the plane. That is, H
contains any hypergraph H that can be obtained by taking a finite set P of points in R?
setting V(H) := P and E(H) := {dN P : d is a disk in R?}. In this section we prove that
fu(2,k) < 3.7%. We say that a disk d contains a point p if p is in the interior or on the
boundary of d. Alternatively, we say that p is in d.

One part of our proof employs the following result of Ramos and Viana [47]; this is a
stronger version of a result that previously appeared in [24].
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» Lemma 2.1 (Ramos and Viafa [47]). In any set of n points in the plane, there is a pair
of points such that any circle through them has, both inside and outside, at least ;"= points
(excluding the two points themselves).

This result is obtained by using the duality (of circles in R? and planes in R?) and some
known results on facets of points in R®. The pair that is obtained by Lemma 2.1 has the
property that any circle through them has at least ;= and at most n— 4% —2 points inside.
Combining this with the notion of depth, we get the following corollary.

» Corollary 2.2. In any set of n points in the plane there is a pair {x,y} such that

n 3.Tn
— <d —_—.
17 Sy < o

The following lemmas, though very simple, play important roles in our proof. We denote

the boundary circle of a disk D by dD.

D
q
)

(a

Figure 1 (a) Shrinking D to lose ¢. (b) Enlarging D along the ray from q to c.

» Lemma 2.3. Let P be a finite set of points in the plane and let D be a disk with |DNP| = j
for some j > 1. There exists a disk D' such that (D' P)C D and |[D'NP|=j—1.

Proof. Fix D at its center ¢ and shrink it until a point ¢ € P appears on dD for the first

time. If ¢ is the only point of P on 0D, we shrink D slightly to lose ¢, as in Figure 1(a).

Assume that there are other points of P on dD. Fix D at ¢ and enlarge it slightly along the
ray from ¢ to ¢ such that all other points on 9D fall inside D and no new point appears in
D, as in Figure 1(b). Now, ¢ is the only point on dD. Again, we fix D at the center of the
new disk and shrink it slightly to lose g. |

By repeatedly applying Lemma 2.3, one can shrink/enlarge a disk D to lose 1, 2, 3, or
more points of P. Therefore, we get the following more general lemma.

» Lemma 2.4. Let P be a finite set of points and D be a disk with |D N P| = j. For any
integer 0 <14 < j there exists a disk D" such that (D'NP) C D and |D' N P| =i.

» Lemma 2.5. Let D be a disk and x,y be two points in the interior of D. There exists a
disk that is contained in the interior of D such that its boundary passes through x and y.

Proof. Fix D at its center ¢ and shrink it until a point, say z, appears on 9D for the first
time. Then fix D at x and shrink it along the segment cx until y appears on dD. This disk
satisfies the constraints of the lemma. <

19:7
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» Lemma 2.6. Let P be a finite set of points in the plane, and let S be a subset of P. Then
for any pair {x,y} in S it holds that ds(x,y) < dp(x,y).

Proof. This is true because for any disk D in the plane, the number of points of P in D is
at least the number of points of S in D. <

We are ready for the proof of Theorem 1.5.

Proof of Theorem 1.5. Consider any hypergraph H in H with vertex set P. We color each
pair {z,y} of points in P with one of the k colors {0,1,...,k — 1} as follows:

0 if dp(z,y) =0
color of {z,y} =¢i+1 if 3.7 < dp(x,y) < 3.7 for some i € {0,1,...,k — 3}
k—1 if dp(x,y) > 3.782.

We prove that any disk D containing at least 3.7% points has pairs of all the k colors.
By an application of Lemma 2.4 there is a disk Dg such that (DgNP) C D and |[DyNP| = 2.
The two points in Dy have depth 0 and thus are colored 0.

Figure 2 Illustration of the proof of Theorem 1.5.

For each ¢ € {0,...,k — 2}, we show that there is a pair of points with color i+1 in D.
Let D; be a disk such that (D; N P) C D and |D; N P| = 4.7 3.7° (such a disk exists by
Lemma 2.4 and the fact that 4.7 - 3.7% < 3.7 < |D N P|). Let P’ be the set of points in
D;. See Figure 2. By Corollary 2.2 the set P’ contains a pair {z,y} such that any disk
through them has at least % = 3.7" and at most 3'1'_5/‘ — 2 = 3.7%t! — 2 points of P’
inside. Thus 3.7° < dp/(x,y) < 3.7°F1. We argue that these bounds also hold with respect
to P, that is 3.7 < dp(z,y) < 3.7°F1. The lower bound is implied from Lemma 2.6 because
dp/(z,y) < dp(x,y). To verify the upper bound, we take an arbitrary disk D, through x
and y in the interior of D; (such a disk exists by Lemma 2.5). The disk D,, contains at
most 3.7°T! points of P’. Since D,y does not contain any point outside D, it has at most
3.77%1 points of P. This verifies the upper bound on dp(x,y). Therefore, the pair {x,y} has
color i+1. <

» Remark. To assist the readability of the proof of Theorem 1.5 we avoided rounding when
applying Lemma 2.4; this has a negligible impact on the proof. The disk D; would be chosen
to have [4.7 - 3.7%] points, which is smaller than 3.7%. The depth of the pair {z,y} in P’
would be at least % > 3.7" and at most |p/|,%,2 < wa < 3.7
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» Remark. Ramos and Viafia [47] conjectured that the correct bound in Lemma 2.1 should
be [ %] — 1. This bound, if true, would be the best achievable [29]. Moreover, it would

immediately improve the bound of Theorem 1.5 to 3*.

2.2 Points and balls in R?

Our previous result for pairs and disks can be generalized for tuples and balls in higher
dimensions. We only need results analogous to Lemma 2.1 (or Corollary 2.2) and Lemma 2.4
in higher dimensions. The following lemma is analogous to Lemma 2.1.

» Lemma 2.7 (Smorodinsky, Sulovsky, and Wagner [51]). In any set of n points in R? there

is a subset S of size Ld—;?’J such that any ball containing S contains at least 5‘23 points.

The coefficient 5;% in the lemma is an improvement over the previous (smaller) constant
due to Bérdny et al. [11]. It is surprising that the bound Ld%ﬂ in the lemma is strongly
sharp as proved in [11], in the sense that, there is a set P of points in R? (obtained on the
moment curve) such that for any subset S of P with |S| < |4£2] there is a ball that contains
S but no other point of P. An analogue to Lemma 2.4 can be obtained in a similar fashion
by repeatedly shrinking the ball to lose one point in each iteration.

» Lemma 2.8. Let P be a finite set of points in R? and B be a ball with |B N P| = j for
some j > 1. There exists a ball B' such that (B'NP)C B and |B'NP|=j—1.

Proof. Fix B at its center ¢ and shrink it until, for the first time, a point ¢ € P appears
on OB. If 0B contains other points of P, fix B at ¢ and enlarge slightly along cq so that ¢
becomes the only point on dB. Then fix B at ¢ and shrink slightly to lose q. |

We sketch a proof of Theorem 1.6, which is somewhat analogous to that of Theorem 1.5.

Proof Sketch for Theorem 1.6. Our proof uses a coloring approach similar to that in the
proof of Theorem 1.5. We color every tugle T of size t as follows. If the depth of 7" is 0 then
2

color it 0 if the depth is at least (ﬁ) ~“ then color it k — 1, and if the depth is at least

( 564d3 )l but smaller than ( 5€4d3 )hLl then color it ¢+1. Then by applications of Lemma 2.8 and

Lemma 2.7 one can show that any ball containing at least (ﬁ)k points contains t-tuples of
all the k colors. <

» Remark. The proof of Theorem 1.6 is not completely analogous to that of Theorem 1.5.

The proof of Theorem 1.5 relies on the existence of a pair whose depth is large but also not
too large (Corollary 2.2). The latter part, however, is not given by Lemma 2.7, and thus
the proof of Theorem 1.6 relies on the existence of a pair of large depth; later we will see a
similar argument in the proof of Theorem 1.9. Such a proof would also work for Theorem 1.5,
giving a bound of 4.7% instead of 3.7%.

» Remark. The bound of Theorem 1.6 also applies to hypergraphs defined by points and
halfspaces in dimension d because a halfspace can be seen as a very large ball.

3 Coloring Tuples of Grid Points

Here we prove Theorem 1.7. Our main tool is the Lovasz local lemma [25]. Recall that H is
the family of all hypergraphs H that is obtained by taking the vertex set P of a regular grid
in R? setting V(H):=P and E(H):={r N P : r is an axis-parallel rectangle in R?}. We prove
for any natural number k& > 2 that f#(2,k) < vcklInk, for some constant ¢ > 126.
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Proof of Theorem 1.7. Set m := VckInk. Consider any hypergraph in H. It suffices to
prove the statement for hyperedges (i.e. rectangles) that contain at least m and at most 2m
points, because any rectangle with more than 2m points can be shrunk to have between
m and 2m points. Any polychromatic coloring with respect to shrunk rectangles is also
polychromatic coloring with respect to original rectangles.

We prove the existence of a k-coloring of pairs of P using the probabilistic method and
the Lovész local lemma [25]; the coloring itself can be computed by the constructive proof
of the local lemma that is given by Moser and Tardos [34]. We color the pairs in P by one
of the colors from {0, ...,k — 1} uniformly at random. Let R be any rectangle containing
at least m and at most 2m points. The number of pairs in R is at least (gl) > ick Ink.
Consider any color i € {0,...,k—1}. The probability that a pair {z,y} is not colored i is

1

1 -
Pr({z,y} is not colored i) =1 — % <eF.

Since the pairs are colored independently, the probability that no pair in R is colored i is

_1 %ck Ink 1
Pr(no color 7 in R) < (eT> =
Summing over all the &k colors, the union bound implies that the probability of a “bad” event
Eg that the rectangle R is not polychromatic (not having at least one of the k colors) is

1
p=Pr(ER) < ——
ki

-1

Notice that for two rectangles R and R’ that do not overlap on any grid point the events
Er and Er/ are independent.

Fix a rectangle R. The length and width of R is at most 2m. Thus, R lies in a square S
of side length 2m. The rectangle R can overlap only with rectangles that are at most 2m
points away from R in each direction. Thus, the overlapping rectangles must lie in a (bigger)
square ST of side length 6m. The number of points in S* is (6m)2. Thus, the number of
overlapping rectangles is at most (6m)* because each such rectangle can be defined by two
points (say bottom left and top right points). Therefore, any bad event Eg is independent
of all but at most

d=6*m* = 6*c?k*In* k < 6*c*k*
other events. We claim that 4pd < 1. Indeed, notice that

1 6421t 4-6%* _ 4-6%?
C =

<
4pd_4k%_1 55 — 9557

where the last inequality is valid because k > 2. The last expression is a decreasing function
in ¢ over the interval [126,+00), and its value is less than 1 at ¢ = 126. Since 4pd < 1, the
local lemma implies that with a positive probability none of the bad events occur, which in
turn implies the existence of a k-coloring of pairs in P such that every rectangle containing
at least m points is polychromatic. This completes the proof. |

» Remark 3.1. Due to our desire to have a short proof, we did not optimize the constant ¢ in
Theorem 1.7. Tt can be improved in several ways, for instance, (i) one can shrink rectangles
to have between m and m + /m points instead of m and 2m points, (ii) one can consider
the neighborhood of R itself instead of the neighborhood of the enclosing square St which is
larger, (iii) to count rectangles intersecting R one can exclude those that contain less than m
points, and (iv) by using the stronger threshold of epd < 1 for the local lemma [49].
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4 Coloring Tuples in Hypergraphs of Bounded VC-Dimension

In this section we first prove Theorem 1.10 — the existence of a (d + 1)-tuple of depth at least
2, with ¢ = 4(d + 1)+ in any hypergraph H of VC-dimension at least 2 and at most d
and with n > 2d + 2 vertices. This result, of independent interest, is analogous to Lemma 2.1
and Lemma 2.7. Our proof uses the probabilistic method, which is a common technique in
combinatorics and discrete geometry [6, 22]. We then use this result to prove Theorem 1.9.

Proof of Theorem 1.10. Let V be the vertex set of H and £ be the hyperedge set of H.

Let k be the maximum depth of a (d 4+ 1)-tuple in V with respect to H.
If H has a (d 4+ 1)-tuple T that is not in any hyperedge of £ then, by definition,

dg = n—(d+1) > % and the lemma holds. Therefore, we assume that each (d + 1)-

tuple T belongs to some hyperedge of £. Let e € £ be a hyperedge that identifies the depth
of T,ie, T Cer and dy(T) = ler| — (d+1).

Let X C V be a random sample of the vertices from V where each vertex is chosen from
X independently with a fixed probability 1/n < p <1 (to be determined). Let £ be the
set of all hyperedges in H[X] with cardinality equal to d + 1. Notice that |X| and |£’| are
random variables. Also, notice that the VC-dimension d’ of the projection H[X] is at most
d. Thus by the Sauer-Shelah-Perles lemma [48, 50, 15] we have |[&'| < Z?/:o (l)f‘). This
inequality also holds for the expectations, and we have

E(€']) <E z (')j )

(7))

E(|X| X = 1)+ (1] —d+1>)

\ /\

_ Z n(n — 1)(Z _ (Cg!— i+ 1)pi(1 i

nln—1)--(n—d+1) dz ”—d)(l —(Z)'_Z+1)pl A1 — p)(n=d)=(i=d)

=nn—1)---(n—d+1)p? )
< (np)?.

For each (d + 1)-tuple T in V the probability that T' € £’ is at least the probability that
er N X = T which is exactly p®**(1 — p)? (7). Each such probability is at least p¢+*(1 — p)*
because dy (T) < k for all T. By interpreting |€’| as the sum of binary indicator variables
(one for each (d + 1)-tuple) and then applying the linearity of expectation, we get

-t () < Boe.

Combining this with the upper bound (np)? and setting p := + we get

Iz
< n )< knd
d+1) = (1— 1)k
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Since (1 —1/k)* > 1, we have

n d
< .
(d—l— 1) < dkn

So k> (at1) > 2 for ¢ = 4(d + 1)%*1, This completes the proof. <

4nd

Now we use Theorem 1.10 to prove Theorem 1.9 which states that for every shrinkable
hypergraph H with VC-dimension at least 2 and at most d and with n > 2d 4+ 2 we have
fu(d+1,k) < #~L for any k > 1 and any ¢ > 4(d + 1)4+1.

Proof of Theorem 1.9. Our proof is somewhat similar to that of Theorem 1.5. We color
each (d + 1)-tuple of vertices of H with one of the k colors {0,1,...,k — 1} as follows:

0 it dp(T) = 0
colorof T=1q¢i+1 if ¢ <dy(T) < ! for some i € {0,1,...,k — 3}
k-1 ifdg(T)> 2.

We prove that any hyperedge e of H that contains at least ¢*~! vertices, has (d+1)-tuples
of all the k colors. Since H is shrinkable there is a hyperedge ey such that eq C e and
leo| = d + 1. The hyperedge e itself is a (d + 1)-tuple of depth 0, and hence is colored 0.

For each i € {0,...,k — 2} we show that there is a (d + 1)-tuple with color i+1 in e. Let
e; be a hyperedge such that e; C e and |e;| = ¢'™! (e; exists by shrinkability of H and the
fact that ¢'t! < cf=1 < |e|). Let V be the set of vertices in e;. The VC-dimension of H[V]
is at most the VC-dimension of H, which is at most d. The number of vertices of H[V] is
V| = ¢t > ¢ > 4(d + 1)™! > 2d + 2. Hence by Theorem 1.10 the hypergraph H[V] has
a (d+ 1)-tuple T of depth at least ‘%l = ¢!. On the other hand, the depth of T in H[V]
is at most '™t — (d + 1) because this is the most number of vertices (other than T') that
an edge of H[V] can have. Thus ¢ < dgy)(T) < ¢'t'. We argue that these bounds also
hold with respect to H, that is ¢! < dy(T) < ¢**1. The lower bound is implied from the
monotonicity of depth with respect to projections. The upper bound is verified by the edge
e; itself, which is an edge of H, it contains 7', and it has at most ¢! — (d + 1) other vertices
of H. Therefore, T has color i + 1. <

5 Relationships Between f(1, k), f(t,k), and e-t-Nets
To have a (t, k, f(t, k))-polychromatic coloring, every edge with at least f(¢, k) vertices must
have t-tuples of all the k& colors. This implies that (f (f‘t’k)) > k. By the standard upper bound

t
for the binomial coefficient, we have (f (tt’k )) < (M) . Combining the two inequalities
yields the lower bound

flt k) > = -tk (1)

[

The following folklore result, though very simple, gives an upper bound on f(¢, k) in
terms of f(1, tk%). We have not seen a proof of this result elsewhere; we give a short proof.

» Lemma 5.1. For any hypergraph H and natural numbers t and k with tkt > 1 it holds
that fri(t.k) < frr(1,tk?).
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Proof. Set z := tk# and color the vertices with z colors such that any edge with fg(1,z)
vertices is polychromatic. Let C; be the set of these x colors. Now consider all combinations of
t different colors in C';. We have (f) many such combinations. Consider each combination as
a new color class, and let Cy be the set of the new colors (there is a one-to-one correspondence
between the colors in C; and the combinations of ¢ colors in C7). The standard lower bound
for binomial coefficient yields

()-(2)= () -

Thus C} has at least k colors. We use the colors in C; to color each t-tuple T of vertices of H.

If the vertices of T" are colored by ¢ different colors in C7, we color T' by the corresponding
color in Cy. If the vertices of T are colored by less than t colors in C; (i.e., some vertices
have the same color), we color T' by an arbitrary color in Cy.

To prove that our coloring is polychromatic, consider any hyperedge e with at least
fu(1,x) vertices. Since e is polychromatic with respect to the vertex coloring by Ci, it
contains x vertices of distinct colors. Of these vertices, each combination of size ¢ would
be a t-tuple that is colored by a unique color in C;. Based on this and the one-to-one
correspondence introduced earlier, we conclude that all colors of C; appear in ¢t-tuples of e,
and hence e is polychromatic with respect to t-tuple coloring by Cj. |

Proof of Theorem 1.11. A combination of (1) and Lemma 5.1 gives an asymptotically tight
bound for fg (¢, k) when fg(1,x) is linear in z. The statement of the theorem then follows
by setting = := tk!/t. <

5.1 Relationship to e-t-nets

The existence of small-size e-nets was first shown by Haussler and Welzl [27] who proved that
any finite hypergraph with VC-dimension d has an e-net of size O((d/€) log(d/e)), a bound
that was later improved to O((d/e)log(1/€)) in [32]. The e-nets are studied extensively in
computer science and have found applications in areas such as computational geometry,
algorithms, machine learning, and social choice theory; see, e.g., [3, 9, 13, 19]. Alon et al. [5]
showed the existence of small-size e-t-nets in various geometric hypergraphs and hypergraphs
with bounded VC-dimension.

Here, we prove Theorem 1.12 that gives a decomposition of ¢-tuples into e-t-nets. It shows
the existence of () ((%)t) pairwise disjoint e-t-nets in a hypergraph H with n vertices for
which fr(1,z) = O(x).

Proof of Theorem 1.12. From Theorem 5.1 and linearity of fy(1,z) we have fy(t,k) =
fr(1,tkt) = O(tkt), for any k where tkt > 1. Let k', with tk’t > 1, be the largest integer
such that fy(t, k') < en (notice that fy(t,k'+1) > en). Then, every hyperedge of size at
least en contains tuples of all color classes. This means that each of the k' color classes is
an e-t-net. To estimate k’ we have en < fg(t, k’+1) = O(t(k'+1)*). This would imply that
k' =Q((£)"). When ¢ is a constant this gives Q(e'n?).

To verify the tightness of this bound for constant t, consider a hyperedge e with exactly
en vertices. The number of distinct ¢-tuples in e is (") < (%)t = O(e'n?). This means that
we cannot decompose t-tuples into more than O(efnt) families of e-t-nets because otherwise
e would violate the e-t-net property of some color class. <
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5.2 Cover-decomposability

The case k = 2 is usually referred to as bichromatic coloring. The notion of cover-
decomposability is also derived from this case. Recall that a hypergraph is cover-decomposable
if f(1,2) is bounded, and it is t-cover-decomposable if f(t,2) is bounded.

Below we prove that t + 1 < fi(¢,2) < max{fm(1,2),t+ 1} for any hypergraph H. This
improves upon the previous upper bound of max{ fx(1,2),2t — 1}, given in [1, Proposition 4].

Proof of Theorem 1.13. The lower bound is obvious because in order for an edge to be
polychromatic, it must contain at least two distinct ¢-tuples, and hence at least ¢t + 1 vertices
(t — 1 vertices could be shared between the two t-tuples).

Now we prove the upper bound. The upper bound holds if fg(1,2) is unbounded. Assume
that fr(1,2) is bounded. Let V be the set of vertices of H, and let ¢: V' — {red, blue} be a
two-coloring of the vertices in V' that achieves fg(1,2). We use ¢ to obtain a two-coloring
¢ of the t-tuples of V such that &: (¥) — {odd,even}, where (%) denotes the set of all
t-element subsets of V. We color each t-tuple T by the parity of the number of its blue
vertices. If the number of blue vertices in T is odd, then we color it odd, and if the number
of blue vertices in T is even, then we color it even. We show that this is a valid two-coloring
of t-tuples, in the sense that any hyperedge e € H of cardinality at least max{fg(1,2),t+ 1}
contains two t-tuples such that one is colored odd and the other is colored even.

Since |e| > fr(1,2), e is polychromatic under ¢. Thus, there are two vertices in e, say r
and b, colored red and blue, respectively. Since |e| >t + 1, e\{r, b} has at least ¢ — 1 vertices.
Pick an arbitrary subset ¢’ of e\{r, b} of size exactly t — 1. Then ¢’ U{r} and t' U {b} are two
t-tuples in e and the cardinality of their blue vertices differs by 1. Therefore, one of them is
colored odd, and the other is colored even. |

6 Conclusions

We presented several new results on polychromatic coloring of tuples in hypergraphs. In
particular we gave an exponential bound (in terms of the number of colors) for polychromatic
coloring of pairs of points in the plane with respect to disks (Theorem 1.5) — such a bound does
not exist for coloring each point individually. One natural question is whether a polynomial
upper bound is achievable for coloring pairs. Another natural question is to close the gap
between Q(v'k) and O(vkIn k) for polychromatic coloring of pairs of grid points with respect
to axis-aligned rectangles. It would also be interesting to explore similar bounds for other
point sets and other objects, for example, one may relate the bounds to the fatness of objects.
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