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—— Abstract

In 1972, Branko Griinbaum conjectured that any nontrivial arrangement of n > 2 pairwise intersecting
pseudocircles in the plane can have at most 2n—2 digons (regions enclosed by exactly two pseudoarcs),
with the bound being tight. While this conjecture has been confirmed for cylindrical arrangements
of pseudocircles and more recently for geometric circles, we extend these results to any simple
arrangement of pairwise intersecting pseudocircles.
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1 Introduction

In this paper we focus on families of pairwise intersecting pseudocircles. A family of
pseudocircles is a set F of simple closed Jordan curves in the plane such that every two
of them are either disjoint, meet at exactly one point in which they touch or intersect at
exactly two points in which they properly cross each other. The arrangement A(F) is the
cell complex into which the plane is decomposed by the pseudocircles in F. It consists of
vertices, edges and faces. The arrangement is called trivial if there are two points that lie
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on every pseudocircle in F. If there is no point that lies on three pseudocircles, then both
the arrangement and F are called simple. Note that every simple arrangement of more than
two pseudocircles is nontrivial. The arrangement is called pairwise intersecting if any two
pseudocircles intersect in exactly two points.

A digon is a face in the arrangement that is bounded by exactly two edges. If the two
edges of a digon are contained in pseudocircles ¢; and ¢z, respectively, then we say that c;
and ¢y form that digon and that each of ¢; and ¢y supports it.

A trivial arrangement of n pseudocircles contains 2n digons for n > 1. In his 1972 mono-
graph “Arrangements and Spreads” [11] Branko Griinbaum conjectured that for nontrivial
arrangements of pairwise intersecting pseudocircles the maximum number of digons is 2n — 2.

» Conjecture 1 (Griinbaum's digon conjecture [11, Conjecture 3.6]). Every nontrivial arrange-
ment of n > 2 pairwise intersecting pseudocircles has at most 2n — 2 digons.

This conjecture was accompanied by a construction with exactly 2n — 2 digons, see
Figure 1 for an example with six pseudocircles. This example can be easily extended by
adding new pseudocircles to the four in the middle, which illustrates that the bound in
Conjecture 1 is tight. With some care, this construction can even be realized with geometric
circles. A different construction appears in [8].

Figure 1 A family of 6 pseudocircles forming 10 digons.

Conjecture 1 was shown to be true in several special cases (assuming simple arrangements).
Agarwal et al. [3] showed that Conjecture 1 is true for cylindrical arrangements, these are
arrangements for which there is a point that is surrounded by each of the pseudocircles. More
recently, Conjecture 1 was studied and advertised by Felsner, Roch and Scheucher [8] who
showed that it holds for arrangements in which there are three pseudocircles such that every
two of them form a digon. This new interest in Griinbaum’s conjecture has also motivated
us to study the problem. First, we were able to show in [1] that Griilnbaum’s conjecture is
true for simple arrangements of pairwise intersecting geometric circles. Here, using ideas
from [1] and [3] we prove:

» Theorem 2. FEvery simple arrangement of n > 2 pairwise intersecting pseudocircles has at
most 2n — 2 digons. This bound is tight.

Our proof is inspired by the proof technique introduced in [3] for bounding the number
of digons in cylindrical arrangements of n pairwise intersecting pseudocircles. In that paper,
a bipartite graph is associated to a cylindrical arrangement in a way that each pseudocircle
is represented by a single point which is its intersection with a common fixed transversal
line. The edges of this graph correspond to digons and are drawn according to a simple
yet clever rule such that every two independent edges cross an even number of times. The
Strong Hanani-Tutte Theorem (see below) then implies that the drawn (bipartite) graph is
planar and hence by Euler’s formula has at most 2n — 4 edges.
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For the general case of Grinbaum’s conjecture, we combine a modification of this graph
drawing technique and a graph doubling technique that was used for the case of geometric
circles in [1]. Namely, a bipartite graph is drawn such that every pseudocircle is represented
by two points which are its intersection with a common transversal pseudocircle. Furthermore,
every digon is represented by two edges that are drawn following a rule in the spirit of [3]
such that every two independent edges cross an even number of times. Therefore, the drawn
(bipartite) graph is planar and hence has at most 2(2n) — 4 = 4n — 4 edges, representing at
most 2n — 2 digons.

Note that our result can be applied for bounding the number of touching points in simple
arrangements where any two pseudocircles intersect or touch. In any such arrangement of
n > 2 pseudocircles, one can turn each touching point into exactly one digon between the two
pseudocircles that support the touching. Therefore, for simple arrangements, an upper bound
on the number of digons translates directly to a bound on the number of touching pairs or
equivalently (in this case) touching points. One can also turn each digon into exactly one
touching point in the case of simple arrangements if n > 3, but for n = 3, two pseudocircles
may touch the third one at separate points forming a single digon (the region bounded by the
entire third pseudocircle), see Figure 2. In this scenario, turning the digon into a touching
point would reduce the third pseudocircle to a single point, which is degenerate, and the
final arrangement would violate the assumptions on the number of crossings.

A digon

Figure 2 If we allow touchings and n = 3, then a digon might be surrounded by only one
pseudocircle.

The transformation from digons to touching points or vice versa keeps their sum constant
at every step (except for n = 2 or in the above-mentioned case), therefore they are equivalent
for n > 3. From Theorem 2, we have:

» Corollary 3. Fvery simple arrangement of pseudocircles where any two pseudocircles
intersect or touch has at most 2n — 2 touching pairs of pseudocircles. For n > 3, the sum of
digons and touching pairs is at most 2n — 2.

1.1 Outline

In Section 2 we collect useful observations and results that we need for the main proof. In
Section 3 we prove Theorem 2, and in Section 4 we discuss some open questions.

2 Some terminology and tools

We begin with some simple definitions and observations, some of which also appear in [1] in
the context of circles.
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Let F be a simple family of n > 2 pairwise intersecting pseudocircles in the plane. We
may assume (and we will assume from now on) that every pseudocircle in F supports at
least one digon. Otherwise, we can remove any pseudocircle from F that does not satisfy
this condition and argue for the remaining family of pseudocircles.

As touchings are forbidden in a pairwise intersecting family, each digon is supported by
exactly two pseudocircles. A digon is called a lens if it is surrounded by both supporting
pseudocircles, and it is called a lune otherwise. A lune must be surrounded by precisely one
of its supporting pseudocircles, while lying outside the region surrounded by the other (see
Figure 3). Here we ignore the case where the unbounded face is a digon. This indeed can be
avoided by means of a simple inversion of the plane.

A lens

A lune

Figure 3 A lens and a lune.

A pseudocircle « is internal if it supports a digon that is surrounded by « and it is called
external if it supports a digon (necessarily a lune) that is not surrounded by «. The following
simple observation is important for the proof.

» Proposition 4. A pseudocircle in F cannot be both internal and external.

Proof. Assume to the contrary that there is a pseudocircle ¢ € F which is both external
and internal. This means that there exist ¢;,co € F such that ¢ and ¢; form a digon not
surrounded by ¢ while ¢ and ¢y form a digon that is surrounded by ¢ (see Figure 4).

C2

c

Figure 4 A pseudocircle cannot be both internal and external.

In such a case ¢y and ¢, cannot intersect, contradicting our assumption that we have an
arrangement of pairwise intersecting pseudocircles. Indeed, ¢; and c¢o cannot cross in the
region surrounded by ¢ because that subarc of ¢s is an edge of a digon. Similarly, ¢; and ¢y
cannot intersect in the complementary region of the plane because that subarc of ¢; is an
edge of an other digon. <

Any simple closed Jordan curve in the plane divides the plane into two parts, one bounded
(the interior) and the other unbounded (the exterior). We will refer to these two parts as
the regions of the curve. For a pseudocircle a« € F, we will call the region that contains
the digons supported by « the digon-region of a. By Proposition 4 and because we assume
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that every pseudocircle supports at least one digon, every pseudocircle in F has exactly one
digon-region. One advantage of this definition is that we can treat lunes and lenses in a
uniform way: every digon is just the intersection of the digon-regions of the two corresponding
pseudocircles supporting it.! This will simplify the case-analysis in some of the proofs.

It is well-known that any family of pairwise intersecting pseudocircles can be extended to
a larger family of pairwise intersecting pseudocircles, and the following lemma shows that we
can also do it without destroying the existing digons.

» Lemma 5. Let F be a simple family of n > 2 pairwise intersecting pseudocircles. Then there
is a closed curve ¢ such that F U {c} is a simple family of pairwise intersecting pseudocircles,
and furthermore ¢ does not intersect any of the digons in A(F).

Proof. Let a be a pseudocircle in F. From Proposition 4 we know that one of the two
regions of a (the one that is not the digon-region of a) does not contain any digon supported

by a. Let ¢ be a curve that is running very close to « outside of the digon-region of a.

Then c intersects each pseudocircle in F \ {a} exactly twice and it intersects no digon of
A(F). However, ¢ does not intersect . In order to fix this, we notice that because F is a
simple arrangement of pseudocircles, there is a subarc s of a that is disjoint from any digon
supported by « and consequently it is disjoint from any digon in A(F). We can modify
c along s such that the resulting simple closed curve crosses « at two points yielding the
desired extension of F (see Figure 5). <

Figure 5 Extending F with a curve ¢ which avoids the digons in A(F) and intersects every
pseudocircle in F exactly twice.

For a pseudocircle o with a given orientation as a closed curve and points vy, v on «
we denote by [v1, va] (resp., (v1,v2)) the closed (resp., open) segment of « from vy to vy
following « in the given orientation.

» Proposition 6. Let {1, as,c} be a simple family of pairwise intersecting pseudocircles
such that aq and as form a digon. Suppose that c is oriented and let aijn (resp., a‘;-“t) be the
intersection point of ¢ and o in which c enters (resp., leaves) the digon-region of a;, for
Jj=1,2. Then ol " o}, a3 is the cyclic order along c of the four intersection points of

a1 and oy with c.

1 Another way to think about this is to imagine that we work on a sphere, and we have caps corresponding
to the digon-regions.
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Proof. If i € (ad®, a8, or ag" € (al, a$™t),., then we have a point from as N ¢ which
lies in the digon-region of ;. However, the intersection of ay with the digon-region of a;
consists only of the subarc of ay which bounds the digon formed by a7 and . This implies

that ¢ intersects this digon which is impossible. Therefore, a** must follow ol in the cyclic

order and, similarly, a§"* must follow . <

A topological graph is a graph drawn in the plane such that its vertices are drawn as
distinct points and its edges are drawn as Jordan arcs connecting the corresponding points.
Apart from its endpoints, an edge of a topological graph cannot contain any drawn vertex.
Furthermore, every two edges in a topological graph intersect at a finite number of points,
each of which is either a common endpoint or a crossing point. A graph is planar if it can be
drawn as a topological graph where no pair of edges crosses. By the Strong Hanani-Tutte
Theorem, it is enough to require an even number of crossings between independent edges.?

» Theorem 7 (Strong Hanani-Tutte Theorem [20]). A graph is planar if and only if it can be
drawn as a topological graph in which every two independent edges cross an even number of
times.

3 Proof of Theorem 2

As we noted in the beginning of Section 2, we can suppose that F is a simple family of
n > 2 pairwise intersecting pseudocircles in the plane such that every pseudocircle in F
supports at least one digon. By Lemma 5 there is a simple closed curve c¢ that intersects each
pseudocircle in F twice but does not intersect the digons of the arrangement A(F). We fix
the counterclockwise orientation on ¢. Whenever we traverse c or consider a cyclic order of
points on it, we do it according to this orientation. Recall that ¢ is an auxiliary pseudocircle
and it is not a member of F; in particular we do not care about digons supported by c.
Every pseudocircle a € F intersects ¢ at two points such that at one of them c enters the
digon-region of a and at the other ¢ leaves this digon-region. We denote these points by ai®

out

and a°"", respectively. See for example Figure 6. In this figure, the digon-regions of o and ~

are the interior regions of these curves, whereas the digon-region of § is its exterior region.

3.1 The digon graph and its double cover

In order to bound from above the number of digons in A(F) we consider the graph G4 whose
vertex set corresponds to the pseudocircles in F and whose edge set corresponds to pairs of
pseudocircles which form a digon in A(F) (since A(F) is nontrivial and intersecting a pair
of pseudocircles may not form more than one digon). We call G4 the digon graph of the
arrangement. Bounding the number of edges in Gy is equivalent to bounding the number of
digons in A(F).

For our proof, we consider the bipartite double cover of G4 - this graph, denote it by
G, has two vertices, o™ and a®" for every vertex a of Gy, and two edges, (a®®t, 5'*) and
(B°Ut, o) for every edge (a, B) of G4. Thus, the number of edges of G is twice the number
of digons in A(F). By construction G is bipartite. It remains to show that G is also planar
and therefore has at most 2|V (G)| — 4 = 4n — 4 edges. This will prove Theorem 2.

2 Two edges are independent if they do not share an endpoint.
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Figure 6 Three pseudocircles «, 8 and v and a drawing of the corresponding bipartite double
cover graph G. For example, o and v form a digon, hence we draw the edges (a°**,7™) and
(v°", &™) along c. Considering the (blue) edge (v°"*, o), starting at B™ (resp., 8°"*) and following
B towards the interior of c, we first encounter o (resp., ). Therefore, the drawn edge (y°"*, o'®)
“passes by” ™ (resp., 8°"*) within the exterior (resp., interior) of c. Each pseudocircle’s label is
placed within the digon-region associated with that pseudocircle.

3.2 Drawing G in the plane

We draw G as a topological graph in the plane. By abuse of notation, we will not distinguish
between G and its drawing. The vertices of G are represented by the points {a™ | a €
Fru{a® |« € F} as defined above. Thus, for every two pseudocircles «, 3 € F that form
a digon in A(F) there should be two drawn edges (a°", ") and (8°%, a'). These edges
will satisfy the following properties:
(i) An edge (a°Ut, ) connects a®** and B, while avoiding all other vertices of G;
(ii) every two edges intersect finitely many times; and
(iii) an edge (a°"t, ') follows very closely the subarc of ¢ starting at a®** and ending at
B, counterclockwise along c. It may cross the curve ¢ several times, but it does not
intersect the digon-regions of neither « nor g.

Properties (i), (ii), and (iii) can be easily satisfied. For the second part of (iii) note
that Proposition 6 implies that when following ¢ from a°"* to 8™ we remain outside the
digon-regions of a and f.

We need one more property that the drawing of (a°"*, 3*) should satisfy. This is the
most crucial property for the proof and it has to do with how (a°"t, ) is drawn with
respect to the intermediate vertices of G along the arc on ¢ from a®"t to 5. We use a
modification of the drawing rule that appears in [3].

Let v € V be an intermediate vertex of G on ¢ along the arc from a®"* to 5. We will
need to indicate whether the edge (a°"t, 3") passes near v in the interior region of ¢ or in
its exterior region. In the first case, we say that the edge passes v from the inside whereas in
the second case it passes v from the outside. Other than these inside/outside decisions and
properties (i)-(iii), (a°"*, B™) can be drawn arbitrarily.

We determine whether (a°%, 1) passes v from the inside or from the outside according
to the value d(v, (e, ') that we define in the following way. Let v be the pseudocircle in

F that intersects c at v. It follows from Proposition 6 that v must be different from « and .

2:7

SoCG 2025



2:8

The Maximum Number of Digons Formed by Pairwise Intersecting Pseudocircles

We follow the curve «y starting from v in the direction entering the interior region of c. If we
intersect o sooner than we intersect 3, then d(v, (a°U, %)) = 1, otherwise d(v, (", 1)) =
2.3 Since F is a simple family of pairwise intersecting curves, d(v, (a®®t, ")) is well-defined.
If d(v, (a°U, B'")) = 1, then we pass v from the inside. Otherwise d(v, (a°", 8'")) = 2 and
we pass v from the outside. See Figure 6 for examples.

Having described the drawing of the graph G in the plane, we will conclude the proof by
showing that every two independent edges of G cross an even number of times which implies
that G is planar by the Strong Hanani-Tutte Theorem (Theorem 7).

3.3 Independent edges cross evenly

Let (o', 8) and (v°U, ™) be two independent edges of G. The parity of the number
of crossings between two edges depends solely on how one edge passes by a vertex of the
other edge. For example, if the cyclic order of their endpoints is a®"t,~°ut, §in, 317 then
the two edges cross evenly if and only if (o', 3) passes by both of v°* and §™ from the
inside or both of them from the outside. Therefore, it is enough to consider all the possible
topologically different arrangements of the at most four involved pseudocircles (actually five
because of ¢) and verify that in each of them (a°%, 3) and (7°"%, ") cross an even number
of times. Using a computer we have verified this, still, for the remainder of the section (and
of the proof) we provide a non-computer-aided proof.

We begin by observing that it is enough to consider the case that the involved pseudocircles
a, B3, 7, and ¢ are distinct. Indeed, (a°%, B*) and (7°", §) are independent edges, therefore,
a # v and B # . Still, it is possible that « = § or § = . If @« = ¢ and 5 = v then by
Proposition 6 the edges do not cross. Otherwise, we add a new pseudocircle as a substitute
in the following way. Suppose without loss of generality that 8 = v (if @« = § we switch the
labels a and v and the labels 8 and §). Then we add a new pseudocircle 4" that goes very
close to 8 =~y outside of the digon-region of § = v except for near the vertices of the digon
formed by 8 = v and §. There, the pseudocircle +' goes into the digon-region of 5 = 7 thus
destroying the digon formed by 8 =+ and § and creating a new digon with § that is fully
contained in the digon that was destroyed. See Figure 7 for an example.

The edge (7°%,6™") starts at 4°"* and follows the edge (y°U%, "), while (a°Ut, 3)
passes by /i
edges (a°', 1) and (y"°Ut, §'") is equal to that of the original edges because (y
(y°ut, ") are drawn in precisely the same way as far as passing from the inside or from the

according the above rules. The number of crossings of the two independent
Iout, 5in)

and
outside of intermediate vertices of G. Note that the new vertex 7" becomes an intermediate
vertex for (o', 1), however, it is not an endpoint of (y/°U%, §), thus it does not matter
whether (a®%*, 3™) passes it from the inside or from the outside.

Henceforth we assume that the pseudocircles a, 3, v and ¢ are distinct. We proceed
by considering the six possible cyclic orders of the vertices a®"t, g™, ~°" and §'. If the
cyclic order is (°Ut, B ~°Ut §i0) then (%, ") and (y°", ™) do not intersect. The cyclic
orders (a®ut yout gin §in) and (ot §in, BN 4°ut) are symmetric (by switching the labels o
and v and the labels 3 and §), and the same goes for the cyclic orders (a°ut, g% §, v°ut) and
(aPut ~out §in_gin)  Therefore, it is enough to consider the cyclic orders (a®ut,yout gin, §in),
(aout7 ,yout’ 6in7 Bin) and (aout’ 5111’ ,yout7 Bin)-

3 Thus, the value 1 or 2 represents whether we encounter the first or the second pseudocircle among the
two pseudocircles of the ordered pair (a®"*, 8™).
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Figure 7 If (o, 8™) and (y°"%, ™) are edges and 8 = v, then we can replace vy with 4/ such
that (o, ™) and (7°"*, 6'™) maintain the same number of crossings as the original edges. Each
pseudocircle’s label is placed within the digon-region associated with that pseudocircle.

Recall that we only care about how each edge passes by the vertices of the other edge.
The following proposition summarizes the desired properties.

» Proposition 8. Assume that the following conditions are satisfied:

(A) If a°ut 4out Bin gnd §, appear in this cyclic order along c, then d(v°Ut, (a°ut, Bi)) #
(g, (47, 57);

(B) if a°ut 4°ut §i" and B™ appear in this cyclic order along c, then d(7°", (a®®t, B*)) =
(6™, (0, 5™)); and

(C) if oz'o“t,(sin,’yo?t and B™ appear in th.is cyclic Qrder along ¢, then d(a°t, (40Ut M) #
d(6™, (@, B7)) and d(3°, (a*™, ) £ d(B", (17, 67)).

Then (%, B1™) and (vy°U, 6™) cross an even number of times.

Proof. From properties (i), (i) and (iii) it follows that the parity of the number of crossings
between (a®%, 31") and (y°", §™) depends only on the inside/outside decisions at the vertices
a°tt, gin ~out and §in. This means that it is enough to check a single drawing for each set of
inside/outside decisions that are allowed by the claim. The proof follows by a case analysis
that is easy to verify by inspection, see Figure 8 for illustrations of the possible cases. <«

It remains to prove that the drawing of G satisfies the conditions stated in Proposition 8.
Conditions (A) and (C) are shown to hold in Proposition 9 while (B) is handled in Proposi-
tion 10. Note that in Condition (C) there is a symmetry between the two edges, namely, the
cyclic order can also be written as (y°"t, 80, a°ut ). Therefore it is enough to prove, say,
that d(y°Ut, (a°Ut, Bi)) # d(B™, (v°1, §™)) holds for the given cyclic order of the endpoints,
this is shown in the following Proposition 9.

» Proposition 9. If the cyclic of order of a®tt, 51", ~°Ut gnd §' along c is either
(aout’ 6in,,yout7ﬁin> or (aout’,yout7 Bin’ 6111); then d(,yout7 (aout’ﬁin)) 7& d(ﬁin, (,yout7 (5111)).

out

Proof. Orient 3 and v such that they enter the interior of ¢ at '™ and °", respectively
(recall that 3 # 7). We will show that if d(y°1, (a°", 1)) = 2, then d(B™, (y°U, §1)) = 1.
A symmetric argument (reflect the arrangement and switch the role of 8 and v and also of «
and &) shows that if d(5™, (v°t,6™)) = 1, then d(7°"¢, (e, B1*)) = 2. Together, these two
assertions imply the claim.

2:9
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aOut aouf out aout

(a) The cyclic order (a‘f“t,vout,ﬁ%",(Si“) implies (b) The cyclic order (a‘?“t,'yo“t,éif‘,ﬁin) implies
d(,\/out7 (O[out7 Bm)) 75 d(ﬂm, (,\/out7 61n))‘ d(’}/OUt, (aout’ ﬁm)) — d(ém7 (O[out7 /311’))).

5in 6111 6111

- - ~ -
out R =~ - out = = -
« o aout «

(c) The cyclic order '(a°“t,(5in?'y°‘”,ﬁin) implies d(a®"t, (y°",8™)) # d(6™, (a°", ™)) and
A0 (0, B) # d(8™, (°%, ).

Figure 8 (a°", 8™) and (y°"*, ™) cross evenly if the conditions of Proposition 8 hold.

Suppose that d(y°"t, (a°U, B%)) = 2. This means that as we follow + starting from ~v°u¢
it intersects 8 before it intersects «. Let & denote this first intersection point of v and 8 (see
Figure 9). We will show that [3™,z]s does not intersect 4, and hence d(8™, (y°1, ")) = 1.

Let ¢ be the closed curve which consists of [y, z].,, [, x|z and [y°", 8™].. We claim
that ¢ is a simple curve that is not crossed by any of «, 3, and ~.

Consider first 3 and observe that it does not cross itself nor can it cross [y°", z], by the
definition of x. From Proposition 6, it follows that U € (8, o), and therefore 3 does
not cross [y°", 8'%]., and hence it does not cross t.

Next, consider v and observe that it does not cross itself nor can it cross [y°", ], since
it follows from Proposition 6 that v € (6'*,°%)... Therefore, ¢ is a simple curve (recall that
B and (y°",x), cannot intersect by the definition of z). Let T be the “triangular” region
which is bounded by ¢ and is to the right of v (and to the left of 5 and c¢).

Returning to ~, it remains to show that it cannot intersect (ﬁin,w)g. Suppose for
contradiction that it does intersect (8", z)s at a point y. Then either v enters T at y or it
leaves T at y. In the first case, following v from y, it must leave T' since the part of v just
before 41 lies outside 7. However, this means that v must cross ¢ and hence (8™, z)z at
another point which is impossible since 8 and v already intersect at x and y, see Figure 9a.
Considering the second case, if v leaves T' at y, then it implies that v enters T" at x, which
in turn implies that (5 is also entering T" at = (otherwise 8 and v would touch at = which
is impossible), see Figure 9b. However, following /3 from z, we would have to cross ¢ since
the part of 8 just before 8" lies outside T. Since we have already observed that 8 does not
cross t we conclude that « does not cross t either.

We now show that v cannot intersect ¢. By the definition of z it cannot intersect [y°"*, z].
By Proposition 6 we have o™ € (8, a®""), and it follows that a cannot intersect [y°Ut, 31]...
Finally, if a crosses [3™,z]g, then it must cross it twice since a does not cross the other



E. Ackerman, G. Damasdi, B. Keszegh, R. Pinchasi, and R. Raffay

(a) If v enters T at y, then it must (b) If v leaves T at y, then (3 enters
intersect (ﬂi“7 x)3 once more. T at x and must cross ¢ at some other
point.

Figure 9 Illustrations for the proof of Proposition 9: when following ~ into the interior of ¢ we
meet (8 sooner than « at a point 2. Suppose for contradiction that + intersects [3™, z]s at another
point y. Each pseudocircle’s label is placed within the digon-region associated with that pseudocircle.

parts of t. The digon formed by « and S must lie outside of T" since T lies outside the
digon-region of 5. Consequently, apart from its subarc that bounds this digon « is contained
in T. However, this is impossible since then v and o do not intersect.

We are now ready to show that § cannot intersect [8™,z]s which would imply that
d(p™m, (y°ut,6™)) = 1. Assume to the contrary that & intersects [3™,x]z. Notice that
§im, gout yout and B appear in this cyclic order on c. This follows from Proposition 6 and
the assumptions of the claim. This implies that § does not intersect [y°"¢, 8].. It follows
that the two simple closed curves § and ¢ must either cross twice or four times, since crossing
six times or more would imply that ¢ intersects v or 8 more than twice. If § and ¢ cross four
times, then & crosses twice each of 3™, z]5 and [y°"*, z].,. Therefore, the only part of § that
is outside the digon-region of v and the digon-region of 8 must be in 7. The curves « and
0 cannot cross in the digon-region of v, because § and 7 form a digon. Similarly, o and §
cannot cross in the digon-region of 8 because o and 5 form a digon. Since « is disjoint from
T we conclude that o and § do not intersect which is a contradiction. We reach a similar
contradiction in the case where § crosses t precisely at two points that happen to be on
[3™, x5, once again a and § cannot intersect.

It remains to consider the case where § crosses [, x|z once and crosses [y°",

x] once.
The latter implies that either x or 4°% belong to the digon formed by § and v, which is

impossible since neither 8 nor ¢ intersects this digon. <

» Proposition 10. If o', ~°ut §in gnd B appear in this cyclic order along c, then we have
4™ (0, B) = (5™, (0", 57).

Proof. Orient v and § such that they enter the interior region of ¢ at v°** and 6, respectively.
Recall that ¢ is oriented counterclockwise and its interior region lies to its left. Thus, the digon-
region of ~ lies to its left whereas the digon-region of § lies to its right. Let {4}, AL} =dNa
and {Bjf, B3} = 6N B, such that the cyclic order of these four points along ¢ is A}, A%, B, B
(since a and S8 form a digon it follows from Proposition 6 that A} and A} must be consecutive
and so are B] and B}). Similarly, let {AY, AJ} =yNa and {BY, By} =N B, such that the
cyclic order of these four points along v is AY, AY, BY, BY.

Considering the cyclic order of A}, A5, A} and AJ along « (under some orientation of «),
it follows from Proposition 6 that the first two are consecutive and so are the last two (since
~ and § form a digon). Therefore, if we orient « such that A} follows A, then the cyclic

order of those four points is either A, A}, AY, A or A}, A}, Ay, AY.
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Al Al
1 "
" 2 A
Aj 1
Figure 10 Suppose that A}, A5, A7, AY appear in this cyclic order on « and B, B}, By and BY

are in the exterior of . Then the intersection of the digon-region of § (which is to its right) and the
digon-region of v (which is to its left) contains either [A}, A5] or [A], A5]a which is impossible.

We claim that the former is impossible. Indeed, suppose that A}, A}, A} and A appear
in this cyclic order on «. Note that it follows from the cyclic order on 6 (resp., ) that both
of B} and B} (resp., Bf and BY) must be in the same region (interior or exterior) of . If
Bji, B}, Bf and B are in the exterior of «, then either [AY, AY], or [A}, Ab]. is contained
in the intersection of the digon-regions of v and § (see Figure 10), which is impossible. By
a symmetric argument, it is impossible that Bj, B}, BY, and B} are in the interior of «.
Therefore, either B} and B} are in the digon-region of o or B and BY are there. However,
this implies that the subarc of 8 in the digon-region of « intersects either v or § which is
impossible since o and 3 form a digon.

Thus A}, A}, AY, A] appear in this cyclic order on «, and similarly, Bj, B, BY, BY
appear in this cyclic order on j if it is oriented such that B} immediately follows Bj.
Next, we redraw « close to the digon it forms with  such that these two pseudocir-
cles become disjoint (see Figure 11). In a similar way, we redraw J such that § and
v become disjoint. Note that no other intersection points but a N 5 and v N J are
destroyed and no new intersection points are introduced. Therefore, the vertex set of
A({a, B,7,6}) is precisely {A}, A, AY, AY, B, B}, BY, BY} and its edge set consists of the
edges [Alla A/2]a’ [A/2’ A/QI]OU [A/QI’ A/ll]ow [A/llvA/l]Ou [Bi’ Bé]ﬂv [Bé’ Bg]ﬁv [Bé,’Bi/]ﬁ’ [Bi/’ Bi]/ja
(A, Y], (43, BY),, (B B, [BY, AV, (A}, Abls, [Ab, Bils, B}, Byls and By, Al It is
not hard to see that this implies that the face set of A({a, 8,7,d}) consists of four digons
whose boundaries are {[Af, Ab]a, (A1, Ab]s}, {[AY, Af]a, [A7, AZ].}, {[B}, Byls, (B}, Bals}
and {[BY, B3, [BY, B5],}, and six faces of size four whose boundaries are (refer to Figure 11
for an illustration):

{[A1, As]s, [Ar, A5]a, [A3, AL, [AY, Atla}, {[A1, Adla, [A, Bils, [B1, Bsls, [Ba, Alls),
{[B1, Bos, [Bs, By, [By, Bly, [BY, Bils}, {[AY, Asla, [A5, Bily, [BY, Byls, [By, A1ls},
{[A1, ATla, [AT, B5ly, [By, Byls, [Bs, Alls} and {[A5, A5la, [A3, By, [BY, Bils, [B1, Agls}-

Note that d(v°", (a®, ) = 1 and d(6™, (@, M) = 2 iff v°U* € (BY, AY), and 6™ €
(A%, BY)s. Similarly, d(v°", (a°", ™)) = 2 and d(6™, (", g)) = 1 iff v € (A4, BY),
and 6™ € (B}, A})s. Suppose for contradiction that one of these cases holds. Then, on the
one hand, there is a curve, namely [y°"*, §"]., which connects y°"* and 6" while not crossing
any of a, B, v and ¢ (this follows from the given cyclic order and Proposition 6). However,
on the other hand, there is no face of A({«, 8,7,0}) whose boundary contains segments of
both (BY, AY). and (A5, Bj)s or segments of both (A%, BY), and (Bj, Ay)s, contradicting
the existence of a curve as above. <

This completes the proof of Theorem 2.
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"
AT

Figure 11 A({«a, 8,7,0}) after redrawing « and § such that they do not form digons with 3
and ~, respectively. If d(v°"%, (a°"t, B™)) = 2 and d(6™, (a°*", B™)) = 1, then 4°** € (A%, BY), and
5™ € (Bh, Ab)s.

4 Concluding remarks

What can we say about drawings on other surfaces? For example, we can draw K7 on the
torus, which implies the existence of 7 curves such that they pairwise form a digon, giving
us 21 digons in total. This suggests that we need a significantly different approach since an
argument based on the embeddability of the double cover would give roughly 2n as an upper
bound.

» Problem 11. What is the mazimum number of digons in a pairwise intersecting family of
pseudocircles on a closed orientable connected surface My of genus g?

We note that graphs with planar bipartite double covers were extensively studied in
topological graph theory, see for example the works of Negami [14, 15]. Negami also considered
general covers of graphs and formulated the following nice conjecture:

» Conjecture 12 (Negami 1988). A graph G has a finite planar cover if and only if G embeds
in the projective plane.

Indeed, with some extra work, one can show that digon graphs are embeddable in the
projective plane, but we omit the proof.

Another natural question is to consider the number of triangles in intersecting pseudocircle
arrangements. Felsner and Scheucher [9] showed that the maximal number of triangles is
2n?/3+0(n), and this is asymptotically tight. In their proof, they use the bound O(n) from [3]
for the maximum number of digons in pairwise intersecting arrangements of pseudocircles. By

applying Theorem 2 instead, we achieve the following improvement for simple arrangements.

» Corollary 13. Every simple arrangement of n > 4 pairwise intersecting pseudocircles has
at most %nQ triangles.

On the other hand, triangles are unavoidable, they showed that there are at least 2n/3
triangles and made the subsequent conjecture.

» Conjecture 14. FEvery pairwise intersecting arrangement of n > 3 pseudocircles has at
least n — 1 triangles.

On a final remark, we were able to extend our proof of Theorem 2 to nontrivial pairwise
intersecting arrangements of pseudocircles. However, it involves dealing with several delicate
subcases. Therefore, we have chosen to omit the full proof here.
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