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—— Abstract

Given a point set P in a metric space and a real number ¢ > 1, an oriented t-spanner is an oriented
graph G = (P, E'), where for every pair of distinct points p and ¢ in P, the shortest oriented closed
walk in 8 that contains p and ¢ is at most a factor ¢ longer than the perimeter of the smallest
triangle in P containing p and q. The oriented dilation of a graph G is the minimum ¢ for which

is an oriented t-spanner.

For arbitrary point sets of size n in R?, where d > 2 is a constant, the only known oriented
spanner construction is an oriented 2-spanner with (;) edges. Moreover, there exists a set P of four
points in the plane, for which the oriented dilation is larger than 1.46, for any oriented graph on P.

We present the first algorithm that computes, in Euclidean space, a sparse oriented spanner
whose oriented dilation is bounded by a constant. More specifically, for any set of n points in R,
where d is a constant, we construct an oriented (2 + ¢)-spanner with O(n) edges in O(nlogn) time
and O(n) space. Our construction uses the well-separated pair decomposition and an algorithm that
computes a (1 + ¢)-approximation of the minimum-perimeter triangle in P containing two given
query points in O(logn) time.

While our algorithm is based on first computing a suitable undirected graph and then orienting
it, we show that, in general, computing the orientation of an undirected graph that minimises its
oriented dilation is NP-hard, even for point sets in the Euclidean plane.

We further prove that even if the oriented graph is already given, computing its oriented dilation
is APSP-hard for points in a general metric space. We complement this result with an algorithm
that approximates the oriented dilation of a given graph in subcubic time for point sets in R?, where
d is a constant.
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1 Introduction

While geometric spanners have been researched for decades (see [4, 19] for a survey), directed
versions have only been considered more recently. This is surprising since, in many appli-
cations, edges may be directed or even oriented if two-way connections are not permitted.
Oriented spanners were first proposed in ESA’23 [5] and have since been studied in [6] and [7].
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Formally, let P be a point set in a metric space and let 8 be an oriented graph with
vertex set P. For a real number ¢ > 1, we say that G is an oriented t-spanner, if for every
pair p, g of distinct points in P, the shortest oriented closed walk in G that contains p and
q is at most a factor t longer than the shortest simple cycle that contains p and ¢ in the
complete undirected graph on P. Since we consider point sets in a metric space, we observe
that the latter is the minimum-perimeter triangle in P containing p and q.

Recall that a t-spanner is an undirected graph G with vertex set P, in which for any two
points p and ¢ in P, there exists a path between p and ¢ in G whose length is at most t times
the distance |pq|. Several algorithms are known that compute (1 + ¢)-spanners with O(n)
edges for any set of n points in R?. Examples are the greedy spanner [19], ©-graphs [16]
and spanners based on the well-separated pair decomposition (WSPD) [22]. Moreover, it is
NP-hard to compute an undirected t-spanner with at most m edges [12].

In the oriented case, while it is NP-hard to compute an oriented t-spanner with at most
m edges [5], the problem of constructing sparse oriented spanners has remained open until
now. For arbitrary point sets of size n in R?, where d > 2 is a constant, the only known
oriented spanner construction is a simple greedy algorithm that computes, in O(n?) time,
an oriented 2-spanner with () edges [5]. If P consists of three vertices of an equilateral
triangle in R? and a fourth point in its centre, then the smallest oriented dilation for P is
2v/3 — 2 ~ 1.46 [5]. Thus, prior to our work, no algorithms were known that compute an
oriented t-spanner with a subquadratic number of edges for any constant ¢.

In this paper, we introduce the first algorithm to construct sparse oriented spanners for
general point sets. For any set P of n points in R?, where d is a constant, the algorithm
computes an oriented (2 + ¢)-spanner with O(n) edges in O(nlogn) time and O(n) space.

While our approach uses the WSPD [8, 22], this does not immediately yield an oriented
spanner. An undirected spanner can be obtained from a WSPD by adding one edge per
well-separated pair. This does not work for constructing an oriented spanner because a path
in both directions needs to be considered for every well-separated pair. To construct such
paths, we present a data structure that, given a pair of points, returns a point with an
approximate minimum summed distance to the pair of the points, i.e. the smallest triangle in
the complete undirected graph on P. Our algorithm first constructs an adequate undirected
sparse graph and subsequently orients it using a greedy approach.

We also show in this paper that, in general, it is NP-hard to decide whether the edges of
an arbitrary graph can be oriented in such a way that the oriented dilation of the resulting
graph is below a given threshold. This holds even for Euclidean graphs.

For the problem of computing the oriented dilation of a given graph, there is a straight-
forward cubic time algorithm. We show a subcubic approximation algorithm.

The hardness of computing the dilation of a given graph, especially in the undirected
case, is a long-standing open question, and only cubic time algorithms are known [15]. Tt is
conjectured that computing the dilation is as hard as the all-pairs shortest paths problem
(APSP). In this paper, we demonstrate that computing the oriented dilation is APSP-hard.

2 Preliminaries

Let (P,]-]) be a finite metric space, where the distance between any two points p and ¢ in
P is denoted by |pg|. When the choice between Euclidean and general metric distances is
relevant for our results, we use the adjective Fuclidean or respectively metric graph.

If p and ¢ are distinct points in P, then A*(p,q) denotes the shortest simple cycle
containing p and ¢ in the complete undirected graph on P; this is the triangle A,q., where

@ = argmin{(|pz| + [qz]) | € P\ {p,q}}-
We use |A*(p, q)| to denote the perimeter of this triangle.



K. Buchin, A. Kalb, A. Maheshwari, S. Odak, C. Rehs, M. Smid, and S. Wong

An oriented graph 8 = (P, E) is a directed graph such that for any two distinct points p
and ¢ in P, at most one of the two directed edges (p, ¢) and (g, p) is in E In other words, if
(p,q) is in ﬁ, then (¢, p) is not in F.

For two distinct points p and ¢ in P, we denote by Cy (p, q) the shortest closed walk

containing p and ¢ in the oriented graph 8 The length of this walk is denoted by |08 (p,q)l;
if such a walk does not exist, then |C’8 (p,q)| = .

» Definition 1 (oriented dilation). Let (P,|-|) be a finite metric space and let G be an
oriented graph with vertex set P. For two points p,q € P, their oriented dilation is defined as

Cz(p
odilz (p, q) = M~

The oriented dilation ofa is defined as odil(a) = max{odﬂa (p,q) | p,q € P}.

An oriented graph with oriented dilation at most ¢ is called an oriented t-spanner. Note
thatthere is no oriented 1-spanner for sets of at least 4 points.

Let G = (P, E) be an undirected graph. We call 8 = (P, B) an orientation of G, if for
each undirected edge {p, ¢} € E it holds either (p,q) € E or (¢q,p) € E.

2.1 Well-separated pair decomposition

In 1995, Callahan and Kosaraju [8] introduced the well-separated pair decomposition (WSPD)
as a tool to solve various distance problems on multidimensional point sets.

For a real number s > 0, two point sets A and B form an s-well-separated pair, if A and
B can each be covered by balls of the same radius, say p, such that the distance between
the balls is at least s - p. An s-well-separated pair decomposition for a set P of points is a
sequence of s-well-separated pairs {4;, B;}, such that 4; N B; = () and for any two points
p,q € P, there is a unique index i such that p € A; and q € B;, or p € B; and ¢ € A;.

The following properties are used repeatedly in this paper.

» WSPD-Property 1 (Smid [22]). Let s > 0 be a real number and let {A, B} be an s-well-
separated pair. For points a,a’ € A and b,b’ € B, it holds that

(i) |ad’| < 2/s-ab|, and

(ii) |a'b'| < (14 4/s)|abl.
Callahan and Kosaraju [8] showed a fast WSPD-construction based on a split tree.

» WSPD-Property 2 (Callahan and Kosaraju [8]). Let P be a set of n points in R, where d
is a constant, and let s > 0 be a real number. An s-well-separated pair decomposition for P
consisting of O(s%n) pairs, can be computed in O(nlogn + sin) time.

2.2 Approximate nearest neighbour queries

For approximate nearest neighbour queries, we want to preprocess a given point set P in a
metric space, such that for any query point ¢ in the metric space, we can report quickly its
approximate nearest neighbour in P. That is, if ¢* is the exact nearest neighbour of ¢ in P,
then the query algorithm returns a point ¢’ in P such that |g¢’'| < (1 +¢€) - |gg*|. Such a data
structure is offered in [3] for the case when P is a point set in the Euclidean space R%:

» Lemma 2 (Arya, Mount, Netanyahu, Silverman and Wu [3]). Let P be a set of n points in R?,
where d is a constant. In O(nlogn) time, a data structure of size O(n) can be constructed
that supports the following operations:

27:3
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Given a real number € > 0 and a query point q in R, return a (1+ ¢)-approzimate nearest
neighbour of ¢ in P in O(logn) time.
Inserting a point into P and deleting a point from P in O(logn) time.

3 Sparse oriented constant dilation spanner

This section presents the first construction for a sparse oriented (2 + €)-spanner for general

point sets in R?. Our algorithm consists of the following four steps:

1. Compute the WSPD on the given point set.

2. For two points of each well-separated pair, approximate their minimum-perimeter triangle
by our algorithm using approximate nearest neighbour queries presented in Section 3.1.

3. Construct an undirected graph whose edge set consists of edges of approximated triangles.

4. Orient the undirected graph using a greedy algorithm (see Lemma 3).

In Step 4, we modify a greedy algorithm from [5], which originally works as follows. Sort
the (g) triangles of the complete graph in ascending order by their perimeter. In this order,
orient each triangle clockwise or anti-clockwise if possible; otherwise, we skip this triangle.
At the end of the algorithm, all remaining edges are oriented arbitrarily. In [5], they show
that this greedy algorithm yields an oriented 2-spanner. Note that this graph has ( ) edges.

n
2

Our modification of the greedy algorithm is to only consider the approximate minimum-
perimeter triangles, rather than all (g) triangles. Lemma 3 states that, for any two points
whose triangles are (1 + €)-approximated in Step 2, the dilation between those points is at
most (2 + 2¢) in the resulting orientation.

» Lemma 3.* Let P be a set of n points in R, let €1 > 0 be a real number, and let L be a
list of m point triples (p,q;r), with p, q, and r being pairwise distinct points in P. Assume
that for each (p,q;r) in L,

|quv"| < (L+e1) - [A%(p,q)l-

Let G = (P, E) be the undirected graph whose edge set consists of all edges of the m triangles
Apqr defined by the triples (p, q;r) in L. In O(mlogn) time, we can compute an orientation
éﬁ of G, such that odilaz(p7 q) < 2+ 2¢; for each (p,q;r) in L.

» Remark. The above lemma only guarantees an upper bound on odilz (p, ¢) for (p,q;r)
in L. For such a triple, odilz(p,r) and odilz (g, 7) can be arbitrarily large.

In Algorithm 1, we pick up to two points of A and up to two points of B for each well-
separated pair { A, B} and approximate the minimum-perimeter triangle for every combination
of picked points, including pairs of points from the same set. The latter is necessary, to bound
the size of the minimum triangle of two points in the same set (see Proof of Theorem 4).
Considering all such combinations introduces a minor computational overhead, but improves
the readability of the proof. Now, we show that Algorithm 1 constructs a sparse oriented
(2 + ¢)-spanner for point sets in the Euclidean space R%:

» Theorem 4. Given a set P of n points in R? and a real number 0 < € < 2, an oriented
(2 + €)-spanner for P with O(n) edges can be constructed in O(nlogn) time and O(n) space.

* Due to space restrictions, proofs of results marked by * are given in the full version of this paper.
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Algorithm 1 Sparse (2 + ¢)-Spanner.

Require: Set P of n points in R?, positive reals € < 2, 1, s
Ensure: (2 + ¢)-spanner for P with O(n) edges
Compute an s-WSPD {A;, B;} for 1 <i <m = O(n)
Compute the data structure M on P to approximate nearest neighbours (see Lemma 2 [3])
L=10
for i =1 to m do
Pick min{|A4;|,2} points of A;
Pick min{|B;|,2} points of B;
K = set of all picked points
for each {p,q} € K x K with p # ¢ do
Apgr = (14 £1)-approximation of A*(p,q) computed by Algorithm 2 given M, p, ¢, &1
Add the point triple (p,q;r) to L
return oriented graph generated by the algorithm in Lemma 3, given P,eq, L

Proof. Let the constants in Algorithm 1 be equal to 1 = ¢/4 and s = 96/e. Let 8 be the
graph returned by Algorithm 1.

For any two points p, ¢ € P, we prove that [Cz(p, q)| < (2 +¢) - [A%(p, g)|. The proof is
by induction on the rank of |pg| in the sorted sequence of all (;) pairwise distances.

If p, ¢ is a closest pair (for the definition see [22]), then the pair {{p}, {q}} is in the WSPD.
Therefore, a (1 + €1)-approximation of A*(p, q) is added to the list L of triangles, that define
the edge set of G, and, due to Lemma 3 and &1 = €/4, we have odilz(p,q) < 2+2e; <2+e.

Assume that p, ¢ is not a closest pair. Let {A, B} be the well-separated pair with p € A
and g € B. We distinguish cases based on whether p and/or ¢ are picked by Algorithm 1
while processing the pair {A, B}.

Case 1. Neither p nor ¢ are picked by Algorithm 1.
This implies |A| > 3 and |B| > 3. Let a € A and b € B be picked points. We prove

1C5 (P, 9)| < |C(p,a)l +1Cg(a,b)| + |C5 (b, g)] < (2+¢) - [A%(p, g)l.
A sketch of this proof is visualized in Figure 1.

< (1+¢1)|A%(a,b)|

< (1+21)|A%(a,b)

B

< (2+¢)|A%(b,9)|

Figure 1 Visualization of Case 1: [Cg(p, q)| < [Cg(p, a)| + |Cg(a,b)| +|Cx (b, q)| in the proof
of Theorem 4. C (a,b) is either a (1 + e1)-approximation of A*(a,b) or a union of two triangles
(red), each of at most (1 +€1)[A%(a,b)|. |Cg(p,a)| and |Cg (b, q)| (blue) are bounded inductively.
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Since [pa| < |pg| and |bg| < |pg|, we apply induction to bound |Cz(p,a)| and |Cz (b, 9)l.
Since a and b are picked points, Lemma 3 applies, which gives us

1C3 (9| < (2+8)|A%(p,a)l + (24 261)|A%(a, )| + (2 + €)|A(b, ¢).

Since |A| > 3, |A*(p, a)| is at most the perimeter of any triangle with vertices p, a, and
one other point in A. Each of the three edges of such a triangle can be bounded using
WSPD-Property 1. It holds that

|A*(p,a)] <3-2/s-|pql <3/s-|A%(p,q)l, (1)

where the last inequality |A*(p, ¢)| > 2|pq| follows from the triangle inequality. Analogously,
we bound |A*(b, q)| by 3/s|A*(p,q)|. By Lemma 5, we bound |A*(a, b)| and achieve in total

ICapq)| <2(2+¢)-3/s|A%(p, @) + (2 + 2e1) (1 +8/s) |A™(p, q)|.
Since 1 = ¢/4, ¢ < 2 and s = 96/¢, we conclude that

e 28+ 10e
<(24-421°F
|08<p,q>_< +5 )

. A0 < (24547 ) I8 G0+ Gl

s

Case 2. Fither p or g is picked by Algorithm 1.
W.lLo.g., let p be picked for A and a distinct point b be picked for B.
Analogously to Case 1, we show that

1ICa P q)| < |Cz(p,b)|+1Cz(bq)] < (2+¢)|A™(p,q)|-

Case 3. Both p and ¢ are picked by Algorithm 1.
An approximation of A*(p,q) is added to L and then, due to Lemma 3 and &, =
have odilz(p,q) <2+2e1 <2 +e.

€
1’ we

The initialisation is dominated by computing a WSPD in O(nlogn) time [8]. For each of
the O(n) pairs, we pick at most four points and approximate the minimum triangle A*(p, q)
for at most six pairs {p, ¢} of picked points. Therefore, computing the list L of O(n) triples
costs O(nlogn) time (see Lemma 6) and orienting those costs O(nlogn) time (Lemma 3).
Therefore, a (2 4 ¢)-spanner can be computed in O(nlogn) time and O(n) space. <

3.1 The minimum-perimeter triangle

Let P be a set of n points in R%, and let p and ¢ be two distinct points in P. The minimum
triangle A*(p, ¢) containing p and ¢ can be computed naively in O(n) time.

The following approach can be used to answer such a query in O(n!=¢) time, for some
small constant ¢ > 0 that depends on the dimension d. Note that computing A*(p,q) is
equivalent to computing the smallest real number p > 0, such that the ellipsoid

d d

D= m)? 4| D (@ — )2 <p

i=1 =1

contains at least three points of P.

For a fixed real number p, we can count the number of points of P in the above ellipsoid:
Using linearization, see Agarwal and Matousek [1], we convert P to a point set P’ in a
Euclidean space whose dimension depends on d. The problem then becomes that of counting
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the number of points of P’ in a query simplex. Chan [9] has shown that such queries can
be answered in O(n'~¢) time, for some small constant ¢ > 0. This result, combined with
parametric search, see Megiddo [18], allows us to compute A*(p,q) in O(n!~¢) time.

For many applications, including our (2 + €)-spanner construction, an approximation of
the minimum triangle is sufficient. The following lemma shows that a WSPD with respect to
s = 2/e provides a (1 + €)-approximation.

» Lemma 5.* Let A and B be subsets of a point set P such that {A, B} is an s-well-separated
pair, and assume that |B| > 2.
1. For any point a € A and any two points b,c € B, we have |Agpe| < (1 +2/5)|A*(a,b)|.

2. Assume that |A| > 2. For any two points a,a’ € A and any two points b,b' € B, it holds
|A%(a,b)| < (1+8/s)|A%(a’, b)].

Note that this works only if at least one subset of the well-separated pair contains at least
two points. If both subsets have size one, we can use the following lemma to approximate
the minimum triangle using approximate nearest neighbour queries.

» Lemma 6. Let P be a set of n points in R? and let 0 < &1 < 2 be a real number. In
O(nlogn) time, the set P can be preprocessed into a data structure of size O(n), such that,
given any two distinct query points p and q in P, a (1 + e1)-approximation of the minimum
triangle A*(p,q) can be computed in O(logn) time.

Proof. The data structure is the approximate nearest neighbour structure of Lemma 2 [3].
The query algorithm is presented in Algorithm 2. Let the constants in this algorithm be
equal to g9 = €1/2, a = 4 /ey, and 3 = 32% -e1.

Let p and ¢ be two distinct points in P. We prove that Algorithm 2 returns a (1 + &1)-
approximation of A*(p, q).

Algorithm 2 (1 + €1)-Approximation of the Minimum-Perimeter Triangle.

Require: Query points p,q € P, positive reals €1 < 2, €9, €3, a > 2, data structure M to
approximate nearest neighbours
Ensure: Triangle A such that |A] < (1+1)|A*(p, q)]
r = (1 + e3)-approximate nearest neighbour of p (which is neither p nor q)
if |pr| > a|pq|, then return A,
else
Let B be the hypercube with sides of length 3a|pg| that is centred at p and divided into
cells with sides of length of 3—\2/5 - €1]pgq|
for each cell in B do
z. = (1 + e3)-approximate nearest neighbour of the cell centre (with x. # p, x. # q)
return the triangle Ay, with the smallest perimeter across all cells

Throughout this proof, we denote the third point of A*(p,q) by x. Let r be the (1 + &3)-
approximate nearest neighbour of p in P\ {p, ¢} that is computed by the algorithm. By the
triangle inequality, it holds

|Apgr| = |pg| + |qr| + [pr| < 2|pg| + 2|pr|. (2)

27:7
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Case 1. |pr| > alpq|.
Let p* be the exact nearest neighbour of p in the set P\ {p,q}. Since r is a (1 + &3)-
approximate nearest neighbour of p in P\ {p, ¢}, and since |A*(p, q)| > 2|pz|, we have

pr] < (1+e2)lpp*| < (14 €2)lpz| < (1+€2)|A(p, 9)|/2.

Combining this inequality with Equation (2) and the assumption that |pr| > a|pq|, we have
|Apgr| < (2+2/a)lpr| < (1 + 1/a)(1 + €2)|A%(p, q)].

Since e = £1/2, a = 4/¢7 and €1 < 2, we have

|Apgr| < (L4e1/4)(1+e1/2)|A%(p,q)| = (143e1/4+€71/8)|A*(p, q)| < (1+1)|A*(p, q).

~

AN
]
]

o

Figure 2 Visualization of Case 1 in the proof of Lemma 6. Since 7 is a (1 + 2)-approximated
nearest neighbour of p, the returned triangle Apq, is a (1 4 €1)-approximation of A*(p, q) = Apgz-

Case 2. |pr| < a|pq|.

Consider the hypercube B with sides of length 3a|pg| that is centred at p.

We first prove that the third point = of A*(p,q) is in B. Using Equation (2), the
assumption that |pr| < a|pg|, and the fact that o > 2, we have

|A*(p, @)| < [Apgr| < (2 + 20)|pg| < 3alpql.

Since |A*(p, q)| > 2|px|, it follows that |pz| < (3a/2)|pg| and, therefore, = € B.

Let C be the cell of B that contains x, let ¢ be the centre of C', let ¢* be the exact nearest
neighbour of ¢ in P\ {p, ¢}, and let z. be the (1 4 e3)-approximate nearest neighbour of ¢
that is computed by the algorithm. We first prove an upper bound on the distance |zz.|:

|xxe] < |xe| + |cxe] < |ze| + (14 e2)|ec™| < |ze| + (1 4 e2)|cx| = (2 4 e2)|cx| < 3|z

Since z and c are in the same e3|pg|-sized cube and €3 = BQW - €1, it follows that

|zz.| < 3 Vd/2es3|pq| = e1lpa| < (e1/2)|A(p, q)|.

where the last inequality |A*(p, q)| > 2|pq| follows from the triangle inequality.
Let Apge,, be the triangle that is returned by the algorithm. Then

|Apgeo | < [Apge| < [pal+lge|+|zze|+]zex|+[zp] = |A™(p, g)|+2]zz.[ < (1+e1)|A%(p, g)]-

The query algorithm performs two deletions, two insertions, and 1+ (3a/e3)? = O(1)
approximate nearest neighbour queries in the data structure of Lemma 2 [3]. Each such
operation takes O(logn) time. Therefore, the entire query algorithm takes O(logn) time. <«
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3alpq|
B 1 ‘
R ‘ e3|pq|
S
/C* /00* c’/
i o -~
P N "C

Ve
’L;\Q;
/ |bd|€3

3alpq|

Figure 3 Visualization of Case 2 in the proof of Lemma 6. The third point = of A*(p,q) lies
in the cell centred at c. Since Apgs,, is returned, it holds |Apgs,, | < [Apge. |, Where z. and z. are
(1 + £2)-approximated nearest neighbours of ¢’ and c.

3.2 NP-hardness

Our (2 + ¢)-spanner construction involves computing undirected (1 + ¢)-approximations of
minimum-perimeter triangles, which are subsequently oriented. A similar approach is used
in [5] where they prove, for convex point sets, orienting a greedy triangulation yields a plane
oriented O(1)-spanner. Both results could be improved by optimally orienting the underlying
undirected graph. The authors in [5] pose, as an open question, whether it is possible to
compute, in polynomial time, an orientation of any given undirected geometric graph, that
minimises the oriented dilation. We answer this question by showing NP-hardness.

» Theorem 7.* Let P be a finite set of points in a metric space and let G be an undirected
graph with vertex P. Given a real number t', it is NP-hard to decide if there exists an
orientation of G with oriented dilation odil(G) < t'. This is even true for point sets in
the Euclidean plane.

We give a proof idea, which is mainly described graphically, for details check the full
version of this paper.

Proof sketch. We reduce from the NP-complete problem planar 3-SAT [17]. We start with
a planar Boolean formula ¢ in conjunctive normal form with an incidence graph G, as
illustrated in Figure 4. This graph can be embedded on a polynomial-size grid whose cells
have side length one [13, 17]. Let ¢’ = 1.043. We construct a graph G based on G, such that
there is an orientation G of G with dilation odil(a) <t if and only if ¢ is satisfiable.

In the following, every point p = (z,y) on the grid is replaced by a so-called oriented
point, which is a pair of points P = {t(p),b(p)} with top t(p) = (z,y + 5) and bottom
b(p) = (x,y — 5), where € > 0 is a small constant.

27:9
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1V xzo VX3

i) \/_\563 \/1'4

Figure 4 Example: Incidence graph of a planar 3-SAT formula embedded on a square grid.

We add an edge between ¢(p) and b(p), and its orientation encodes whether this points
represent “true” or “false”. W.l.o.g. we assume that an oriented edge from b(p) to ¢(p), in
other words an upwards edge, represents “true”, whereas an oriented edge from #(p) to b(p),
in other words a downwards edge, represents “false”.

First, we add (a polynomial number of) grid points on the edges such that all edges
have length 1. Then, we replace all edges in the embedding of our formula graph G, by
wire gadgets as shown in Figure 5. Note that wires propagate the orientation of oriented
points — if two points next to each other on a wire have different orientations, their dilation
is significantly larger than ¢’ = 1.043, since the shortest oriented cycle needs to go through
an additional oriented point. If they have the same orientation, their dilation is (almost) 1.
To switch a signal (for a negated variable in a formula), we start the wire as in Figure 6.

I.><1><I><I><L::M:m”

Figure 5 A wire where oriented points are oriented upwards.

Figure 6 A wire where the orientation is switched to negate the signal.

To ensure that all clause gadgets encode the same orientation of oriented points as “true”,
we add a tree of knowledge. This is a tree with vertices on the grid shifted by (0.5,0.5)
relative to the grid of G, and with wires as edges. The tree has two leaves per clause (see
Figure 7). W.lo.g., we assume that all oriented points of the tree of knowledge are oriented
upwards (thus “true”).

T1 P) T3 T4

Figure 7 G, (blue) and its underlying grid together with a tree of knowledge (red).
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All oriented points, which are not direct neighbours of a wire, are linked by a Kj 9
(compare to Figure 8). This ensures that the dilation of those points is (almost) 1. Note that
the dilation of ¢(p) and b(p) is 1, regardless of whether p and p’ are direct neighbours or not.

| ] |

Figure 8 K> > for oriented points with same orientation (left) and different orientation (right).

Vv
N[

Vv
N[—=

3

=]

1

Figure 9 A wire (blue) can not be shortcut by Ko gadgets (green).

Adding these Ks o gadgets does not affect the functionality of a wire gadget: Since any
other point has at least distance (0.5, 0.5) to two direct neighbours, a wire can not be shortcut
by Kj 2 gadgets (compare to Figure 9).

For every clause, its two leaves in the tree of knowledge are not linked by a Kz 5 , but
rather by a clause gadget. Figure 10 shows the two leaves and G, at the clause. We can
assume that G, is embedded as shown, in particular, leaving the area directly above the
clause empty. We illustrate a clause gadget in Figure 11, and in Figure 12 with more detail.

The oriented points L (left), R (right) and B (bottom) are the ends of the variable wires
of a clause. They are placed such that they lie just inside an ellipse with the leaves {; and I
as foci, and without any other points in the ellipse (compare to Figures 10 and 11). As proven
later, the gadget as shown in Figure 12 guarantees that, in order to obtain odil(L, Lo) < ¥/,
one of {L, R, B} must lie on a shortest closed walk containing L, and Lo and the orientation
of that point must be the same as of Ly and Lo (thus, the literal is “true”).

For each of {L, R, B}, we ensure there exists a satellite point, which is an oriented point
on the variable wire, which is close but outside the ellipse. Its purpose is to ensure that the
oriented dilation of L; (and likewise Lo) with L, B and R is below ¢', even if the orientation
of that point is different as of Ly and Lo, in other words, if the corresponding literal does
not satisfy the clause.

— —

Figure 10 Embedded clause. Figure 11 Clause gadget.
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Figure 12 Detailed clause gadget. K2 2 gadgets are indicated by green parallelograms.

By setting 6 := 0.1335, ¢’ := 0.0152 and " := 0.0304, we obtain the following properties:

The dilation of Ly (and likewise Ly) with L, B and R is below ¢/, even if the orientation

of that point is different as of Ly and L.

If one of { L, B, R} is oriented upwards, the dilation of Ly and Lo is smaller than ¢’ := 1.043.

If none of {L, B, R} is oriented upwards, the dilation of L; and Ly is greater than ¢'.
Thus, formula ¢ is satisfiable if and only if there exists an orientation of our constructed
graph with dilation at most 1.043. |

Following the construction in the proof of Theorem 7, Figure 13 illustrates the graph for
the formula ¢ = (21 V 222V # 3) A (2 V —x3 V 24) (see also Figures 4 and 7).

4  Oriented dilation

Computing the dilation of a given graph is related to the all-pairs shortest paths problem.
There is a well-known cubic-time algorithm for APSP by Floyd and Warshall [11, 23]. By
using their algorithm (and computing the minimum triangles naively), the oriented dilation
of a given graph with n points can be computed in O(n?) time.

We prove APSP-hardness for computing the oriented dilation. Since the APSP-problem
is believed to need truly cubic time [20], it is unlikely that computing the oriented dilation
for a given graph is possible in subcubic time.

Our hardness proof is a subcubic reduction to MINIMUMTRIANGLE, which is the problem
of finding a minimum weight cycle in an undirected graph with weights in [7M, 9M], where
the minimum weight cycle is a triangle. For two computational problems A and B, a subcubic
reduction is a reduction from A to B where any subcubic time algorithm for B would imply a
subcubic time algorithm for A (for a more thorough definition see [24]). We use the notation
A <3 B to denote the existence of a subcubic reduction from A to B.

Vassilevska Williams and Williams [24] proved APSP-hardness for detecting if a weighted
graph has a triangle of negative edge weight. Following thier proof, we prove APSP-hardness
of the more specific problem MINIMUMTRIANGLE:
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Figure 13 Graph constructed for ¢ = (z1 V —w2 V —z3) A (22 V —x3 V 24). For visibility, oriented
points are placed diagonally instead of vertically. Only for one point, all K> >-gadgets are indicated
by green parallelograms. If the oriented point at the end of the wire from z1 (blue) is — as indicated —
oriented the same way as the tree of knowledge (red), this corresponds to setting it to true, resulting
in an oriented closed walk in the clause gadget (purple) that gives a dilation smaller than 1.043.

» Theorem 8. (APSP <3 MINIMUMTRIANGLE). Let G be an undirected graph with weights
in [TM,9M] whose minimum weight cycle is a triangle. Then, it is APSP-hard to find a
minimum weight triangle in G.

By reduction to MINIMUMTRIANGLE, we prove APSP-hardness for ODIL, which is the
problem of computing the oriented dilation of a given oriented graph in a metric space.

» Theorem 9 (APSP <; ODIL). Let 8 be an oriented metric graph. It is APSP-hard to
compute the oriented dilation of G .

Proof. Due to Theorem 8, it is sufficient to prove MINIMUMTRIANGLE <3 ODIL.

Let G = (P, E) be an undirected graph with |P| = n and weights w : E — [TM,9M] in
which the minimum weight cycle C' of G is a triangle. Note that the weights of G fulfil the
triangle inequality.

We define a metric space (P’,|-|) with P’ = P U {u,v} by the following distances:

lpq| = w(p, q) + 15M, for {p,q} € E,

lpg| = 14M + 15M = 29M, for {p,q} ¢ E, and

lup| = |vp| = |vu| = 15M + 156M = 30M for p € P.

27:13
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So, for each missing edge of a complete graph on P, we assign its weight to be 14M.
Therefore, we obtain a metric with distances in [7M, 14M]. Then, we add the points v and v
with distance 15M to each point in p € P. To preserve the metric, we increase the distance
of every tuple by 15M. This construction is visualised in Figure 14.

Figure 14 Graph construction in the proof of Theorem 8. Given an undirected graph on P (black),
we add two points u,v with a large distance to all other points and augment it to a complete graph
(red, dashed). The oriented graph [l (blue) ensures that every shortest closed walk containing p
and ¢ in P visits v and v.

Let 8 = (P, E) be an oriented graph with E ={(p,u), (v,p) |p € P} U{(u,v)}.
We prove that the weight w(C) of the minimum triangle can be computed by computing

odil(a). In particular, we show that w(C) = % —45M.

We proceed by computing the oriented dilation of 8 We first note that all edges of 8
have weight 30M.

For every tuple of v or v and a point p € P, the shortest closed walk is a triangle of
length |Cg (u,p)| = |Cz(v,p)| = [Cg(u,v)| = 3-30M = 90M. Their minimum triangle
contains two edges of length 30M. Therefore, their dilation is

|Ca(u,p)] _ 90M
dil = < =
Analogously, it holds that odil(v,p) < 1.5 for p € P.

For uw and v, it holds that odil(u,v) = 1, because every triangle in P’ containing v and v

1.5.

is an oriented closed walk in 8

For two distinct points p,q € P, the shortest closed walk containing p and ¢ visits u
and v and has length |Cz(p,q)| = 6 - 30M = 180M. For their minimum triangle holds
|A*(p,q)] < 3-29M = 87M. Since their dilation is larger than 2, a worst-case pair of 8
must be a pair in P. Therefore, the oriented dilation of the constructed graph G is

odil(G) = max Caa)l _ 180M
pa€P |A*(p, q)| ) ginepw’(p, q) +w'(q,p*) +w'(p, p*)

> 2.

Since C'is a triangle and w(C) < 27M, it holds that

min _|pq|+|gp*|+|p,p*| = min w(p,q)+w(q,p") +w(p,p*)+3-15M = w(C)+45M.
P,q,p*EP p,q,p*EP

Therefore, the oriented dilation of 8 is achieved by the minimum-length triangle C. Conse-
quently, given the oriented dilation of 8, the length of C' is w(C) = % —45M.
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The most expensive operation in our reduction is defining the metric on O(n?) points
with distances in [22M,30M]. Following the definitions in [24], all instances have size
O(n? polylog(M)) and all operations take subcubic time.

Thus, computing the oriented dilation of an oriented metric graph is at least as hard as
finding a minimum weight triangle in an undirected graph. <

To compute the oriented dilation, testing all (Z) point tuples seems to be unavoidable.

However, to approximate the oriented dilation, we show that, a linear set of tuples suffices.

» Theorem 10.* Let P be a set of n points in R?, let 8 be an oriented graph on P, and let
€ > 0 be a real number. Assume that, in T'(n) time, we can construct a data structure such
that, for any two query points p and q in P, we can return, in f(n) time, a k-approzimation
to the length of a shortest path in G between p and q. Then we can compute a value odil in
O(T(n) +n(logn + f(n))) time, such that (1 —¢) -odil(a) <odil <k- odil(a).

Our approximation algorithm (Algorithm 3) uses the WSPD to achieve a suitable selection
of O(n) point tuple that needs to be considered. The algorithm and its analysis work similar
to our (2 + ¢)-spanner construction (compare to Algorithm 1). For each selected tuple, the
algorithm approximates their oriented dilation by approximating their minimum triangle
and shortest closed walk.

The precision and runtime of this approximation depend on approximating the length
of a shortest path between two query points. The point-to-point shortest path problem
in directed graphs is an extensively studied problem (see [14] for a survey). Alternatively,
shortest path queries can be preprocessed via approximate APSP (see [10, 21, 25]). For
planar directed graphs, the authors in [2] present a data structure build in O(n?/r) time,
such that the exact length of a shortest path between two query points can be returned
in O(y/7) time. Setting 7 = n?/3 minimizes the runtime of our Algorithm 3 to O(n*/3). Tt
should be noted that even with an exact shortest path queries (k = 1) the oriented dilation
remains an approximation due to the minimum-perimeter triangle approximation.

Algorithm 3 Approximate Oriented Dilation.

Require: Oriented graph 8 = (P, ﬁ), positive reals €, €1, s, parameter k
Ensure: Value odil , such that (1 — ¢) odil(a) < odil < kodil(a)
Compute s-WSPD with the pairs {4;, B;} for 1 <i<m
Compute the data structure M on P to approximate nearest neighbours (see Lemma 2 [3])
odil =1
for : =1tomdo
A = Pick min{|4;|, 2} points of A;
B = Pick min{|B;|, 2} points of B;
for each {a,b} € A x B do
d(a,b) = k-approximation of the length of a shortest path from a to b in 8
d(b,a) = k-approximation of the length of a shortest path from b to a in 8
Agpe = (1 + &1)-approximation of A*(a,b) by Algorithm 2 given M, a, b, £,

d(a,b)+d(b,a) . odil

odil = max Aol

return odil

27:15
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5 Conclusion and outlook

We present an algorithm for constructing a sparse oriented (2 + ¢)-spanners for multidimen-
sional point sets. Our algorithm computes such a spanner efficiently in O(nlogn) time for
point sets of size n. In contrast, [5] presents a plane oriented O(1)-spanner, but only for points
in convex position. Developing algorithms for constructing plane oriented O(1)-spanners for
general two-dimensional point sets remains an open problem. Another natural open problem
is to improve upon t = 2 4 €. For this, the question arises: Does every point set admit an
oriented t-spanner with ¢ < 27 Even for complete oriented graphs this is open.

Both algorithms could be improved by optimally orienting the underlying undirected
graph, which is constructed first. We discard this idea by proving that, given an undirected
graph, it is NP-hard to find its minimum dilation orientation. In particular, is the problem
NP-hard for plane graphs or for complete graphs?

In the second part of this paper, we study the problem of computing the oriented dilation
of a given graph. We prove APSP-hardness of this problem for metric graphs. We complement
this by a subcubic approximation algorithm. This algorithm depends on approximating the
length of a shortest path between two given points. Therefore, improving the approximation
of a shortest path between two given points in directed/oriented graphs is an interesting
problem. The APSP-hardness of computing the oriented dilation of metric graphs seems to
be dominated by the computation of a minimum-perimeter triangle. However, for Euclidean
graphs, the minimum-perimeter triangle containing two given points can be computed in
o(n) time. This raises the question: is computing the oriented dilation of a Euclidean graph
easier than for general metric graphs?

Finally, as noted in [5], in many applications some bi-directed edges might be allowed.
This opens up a whole new set of questions on the trade-off between dilation and the number
of bi-directed edges. Since this is a generalisation of the oriented case, both of our hardness
results also apply to such models.
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