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1 Introduction

Graphs embedded on surfaces exhibit many significant structural properties. In the planar
case, one of the most elegant characterizations is provided by Schnyder woods, a profound
combinatorial structure introduced by W. Schnyder to define a new planarity criterion [31]
and to design an efficient and elegant straight-line grid drawing algorithm [32]. Schnyder
woods lead to a global characterization of planar graphs in terms of spanning trees and
have inspired numerous generalizations and applications in various fields, including graph
drawing [17, 18, 19], graph encoding [10, 11], enumerative combinatorics [2, 20], random
sampling [29] and plane spanners [4].

The first generalizations [5, 14, 15] of Schnyder woods to non planar graphs were motivated
by applications involving graph encoding problems, aiming to preserve their global spanning
properties. Since then the study of Schnyder woods and related structures for graphs
embedded on toroidal [3, 6, 12, 16, 21, 22, 27] and higher genus [1, 14, 15, 25, 33] surfaces
have attracted a lot of attention. This is particularly true in the toroidal case, for which
some elegant generalizations lead to applications ranging from graph drawing [22] to bijective
encodings [3, 16, 21].
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Toroidal Schnyder woods
A key property of toroidal triangulations is that the number of edges is exactly three times
the number of vertices, by Euler’s formula. Gonçalves and Lévêque [22] show how to endow
a simple toroidal triangulation with an edge orientation and coloring with three colors 1

{0, 1, 2} where every vertex has outgoing degree 3 and satisfies a local Schnyder rule (as in
the plane). It turns out that the i-cycles 2 are directed, non-contractible and homotopic,
and they do not intersect each other. Moreover, any toroidal triangulation admits a crossing
Schnyder wood for which every pair of i-cycles and j-cycles (for i ̸= j) are crossing, which is
particularly relevant for graph drawing applications. Indeed, the crossing condition is crucial
for obtaining a periodic straight-line drawing [22] of toroidal maps on a grid of polynomial
resolution, which extends the face-counting approach of planar Schnyder drawings [32, 18, 19].

1.1 Contribution
Addressing two questions left open in [22, 27], we design and implement a simple algorithm for
computing (crossing) toroidal Schnyder woods: our approach is based on the vertex shelling
paradigm involving canonical orderings 3 and allows us to get mono-chromatic components
which are connected, for at least two of the three colors. Our main result is stated below:

▶ Theorem 1. Given a simple toroidal triangulation T it is possible to compute in linear
time a crossing Schnyder wood of T such that the mono-chromatic components of color 0
and of color 1 are connected.

As far as we know, our approach leads to the first implementation for computing toroidal
Schnyder woods: previous solutions [22, 27] rely on a very involved case analysis or on unpub-
lished results (requiring more than linear time) and, to our knowledge, they have not been
implemented, even in the triangulated case (see Section 1.2 for a more detailed discussion),
nor do they provide a guarantee on connectness of any mono-chromatic component.

We also conduct experiments providing an empirical answer to conjectures stated in [1, 22]
regarding the existence of Schnyder woods for higher genus surfaces.

1.2 Related works: computing crossing toroidal Schnyder woods
Via edge contractions. One can compute crossing Schnyder woods for essentially 3-
connected toroidal maps making use of the approach based on edge contractions [22]. The
main idea is to perform a sequence of edge contractions until we are left with few vertices:
the Schnyder wood can be recovered by assigning colors after the edge expansions (in reverse
order). The validity of this approach relies on a very involved case analysis [22, 27]: this
results in a polynomial time algorithm, but it is not known how to get linear time while
preserving the crossing condition, which is a non-local property.

Via three paths meeting at a vertex. For simple triangulations another way [22] to compute
toroidal Schnyder consists in cutting a toroidal triangulation T along three non-contractible
(and non-homotopic) cycles Γ0, Γ1, Γ2 whose intersection is a common single vertex v. As

1 In our pictures we use red for color 0, blue for color 1 and black for color 2.
2 An i-cycle, for i ∈ {0, 1, 2}, is a mono-chromatic cycle whose edges are of color i.
3 In the planar case there exists a linear time algorithm for computing Schnyder woods via canonical

orderings [8, 26] performing vertex shellings: the fact that such an algorithm also exists in the toroidal
case has been left as an open question in [27].
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Figure 1 A toroidal simple triangulation of size 9, endowed with three different Schnyder woods.
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Figure 2 Computing a toroidal Schnyder wood via 3 non-contractible cycles crossing at v1.

result one obtains a partition of T into two quasi-triangulations G1 and G2, which are
internally 3-connected and can be endowed with a planar Schnyder wood (refer to [18, 19]).
Then computing Schnyder woods for G1 and G2 and gluing them yields a crossing Schnyder
wood for T (see Fig. 2). The Schnyder wood satisfies the following 3-cycles property: there
are (at least) three mono-chromatic cycles, one for each color, crossing at a single vertex and
which are disjoint elsewhere. It is worth noting that the construction described in [22] does
not guarantee that the mono-chromatic components are connected (the Schnyder wood could
have several disjoint mono-chromatic i-cycles). Unfortunately, as pointed out in [27], it is not
clear how to get a linear-time algorithm: the pre-processing phase relies on an unpublished
result by Fijavz (the computation of three non-homotopic and non-contractible cycles whose
intersection is a common vertex) which involves a result on disjoint paths in [30].

Via reversal of oriented cycles. In the triangulated case, the basic approach using edge
contraction (without maintaining crossing property) leads to an algorithm for computing
balanced toroidal Schnyder woods in linear time (Thm 10 in [27]). As shown in [27] (Thm 11)
it is possible to turn a balanced Schnyder wood into a half-crossing one by performing the
reversal of oriented cycles. Then one can perform another cycle reversal phase in order to
make the Schnyder wood crossing (Thm 13 in [27]). All these phases can be executed in
linear time, but we are not aware of any existing implementation. 4

4 For a fast implementation one needs to efficiently process contractible edges and to maintain the map
data structure under local updates: this is not trivial in practice, even in the (planar) triangulated case.

SoCG 2025
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2 Preliminaries

Toroidal and cylindric triangulations

In this work we deal with toroidal triangulations which are maps on the torus with only
triangular faces (such maps are simple if they have no loops nor multiple edges). We will
denote by n the total number of vertices. In our drawings we will represent such maps in the
planar model of the flat torus. We also consider (simple) cylindric triangulations, which are
planar maps with a marked inner face of simple contour denoted Cin (the outer face contour
being denoted Cext) such that all other inner faces have degree 3. G is non-degenerate if Cin

and Cext are disjoint (not sharing any vertex). We will denote by n the number of vertices
of G \ Cin, and will also use notation ∂iG for Cin and ∂eG for Cext. We will draw cylindric
triangulations either in the annular representation or in the flat model of the cylinder.

Toroidal Schnyder woods (for triangulations)

▶ Definition 2 ([22, 27]). Let T be a toroidal triangulation. A Schnyder wood of T is an
orientation and labeling, with colors in {0, 1, 2} of the edges of T so as to satisfy the following
local Schnyder condition (for all vertices): for each vertex v, the edges incident to v in
counterclockwise ( ccw) order are: one outgoing edge colored 2, zero or more incoming edges
colored 1, one outgoing edge colored 0, zero or more incoming edges colored 2, one outgoing
edge colored 1, and zero or more incoming edges colored 0.

A Schnyder wood is half-crossing if there are two distinct colors i, j ∈ {0, 1, 2} such that
there is an i-cycle crossing a j-cycle (in which case all i-cycles cross all j-cycles). A Schnyder
wood is crossing if for each pair of distinct colors i, j ∈ {0, 1, 2} there is an i-cycle crossing a
j-cycle).

The pictures in Fig. 1 show a toroidal triangulation endowed with three Schnyder woods.
Definition 2 is particularly elegant since it preserves the symmetry of the three colors, but in
general the global spanning property of Schnyder woods is lost: the graph induced by any
given color could consist of several disjoint connected components, each component being
made of a cycle with trees attached to it (as every vertex has outdegree 1 in a given color).

Canonical orderings for cylindric triangulations

As shown in [12], it is possible to extend the notion of canonical orderings [23] to the cylindric
case as follows. A cylindric canonical ordering is an ordering π = {v1, . . . vn} of the vertices
of G \Cin such that, for every k ≥ 0, the map Gk induced by Cin ∪{v1, . . . , vk} is a cylindric
(possibly degenerate) triangulation, and such that, for every k ≥ 1, the vertex vk belongs to
the outer boundary cycle of Gk, denoted ∂eGk, and its neighbors in Gk−1 are consecutive
boundary vertices on ∂eGk−1. Such an ordering can be computed in linear time via an
incremental vertex shelling procedure, where vertices together with their incident edges and
faces are removed in reverse order from the boundary ∂eGk (n ≥ k ≥ 1). In order to be
removed, a vertex v ∈ ∂eGk \ Cin must be free: v cannot be incident to a chord of ∂eGk.
The existence of free vertices on ∂eGk relies on an inductive argument similar to the planar
case (we refer to [12] for more details).
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Figure 3 Left: coloring rule associated to the remove operator. Center: local conditions for
vertices on Cin and Cext. Right: a cylindric Schnyder wood of a cylindric triangulation.

3 From cylindric Schnyder woods to toroidal Schnyder woods

For the simple triangulated case, we show how to derive toroidal Schnyder woods from
the notion of cylindric canonical orderings [12]. We first planarize the input triangulation
T cutting along a chordless non-contractible cycle Γ, getting a non-degenerate cylindric
triangulation G (a non-contractible cycle can be computed in linear time [9]).

Algorithm 1 Computation of a toroidal Schnyder wood via a cylindric canonical ordering.

Data: a simple toroidal triangulation T , a non-contractible chordless cycle Γ
Result: a toroidal Schnyder wood S(T )
cut T along Γ: the result is a cylindric triangulation G with boundaries Cin, Cext;
k ← n ;
Gk ← G, ∂eGk ← Cext ;
while ∂eGk ̸= Cin do

v ← any free vertex on ∂eGk;
remove(v) from ∂eGk; /* Orient the edges incident to v in Gk */
k ← k − 1 ;

end
identify edges of Cin and Cext ;

Then we compute a cylindric canonical ordering of G and we proceed as in the planar
case by defining a vertex removal operation: at a given shelling step k, remove(v) updates
the outer boundary of Gk by removing vertex v while assigning colors and orientations to
edges incident to v in Gk, as illustrated in the left picture of Fig. 3: the left and right edges
(v, vleft) and (v, vright) become outgoing from v (of color 0 and 1), and all remaining edges
get oriented toward v (of color 2). This shelling procedure is described in detail in [12], the
pseudocode is provided in Algorithm 1. As a result we get a cylindric Schnyder wood S(G),
i.e., a coloring (in 0, 1 or 2) and an orientation for all edges in G \ Cin satisfying the three
conditions below (depicted in Fig. 3):

inner vertices satisfy the local Schnyder condition as in Definition 2.
local condition for Cext: each vertex v ∈ Cext has exactly two outgoing edges (of color
0 and 1). When traversing the neighbors of v ∈ Cext in ccw order around v we encounter:
a (possibly empty) set of incoming edges (of color 1), an outgoing edge of color 0, a
(possibly empty) set of incoming edges (of color 2), an outgoing edge of color 1, and the
remaining edges (if any) are incoming of color 0.

SoCG 2025
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local condition for Cin: each vertex v ∈ Cin has one outgoing incident edge e of color
2; all remaining incident edges are incoming at v, being of color 1 if they are at the left
of e, and of color 0 otherwise.
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Figure 4 Illustration of Algorithm 1. The toroidal triangulation T is cut along a non-contractible
and chordless cycle Γ. The resulting cylindric triangulation G is endowed with a cylindric canonical
ordering (vertices are labeled accordingly), yielding a cylindric Schnyder wood S(G): after gluing
Cin and Cext we get a toroidal Schnyder wood SΓ(T ).

After identification of the cycles Cext and Cin we get back the toroidal triangulation T
endowed with a toroidal Schnyder wood SΓ(T ) satisfying the additional properties expressed
in the Lemma below (the proof is provided in [13]).

▶ Lemma 3. Let T be a simple toroidal triangulation and Γ a chordless non-contractible
cycle. The Schnyder woods S(G) and SΓ(T ) computed as above satisfy (see Fig. 4):
1. in S(G) the edges of color 2 define a spanning forest of G \ Cext, whose (directed) trees

are rooted on a vertex of Cext; Similarly, the edges of color 0 (resp. 1) define a spanning
forest of G \ Cin, whose (directed) trees are rooted on a vertex of Cin;

2. in SΓ(T ) all i-cycles cross the cycle Γ and are not homotopic to Γ (for i ∈ {0, 1, 2});
3. if SΓ(T ) is half-crossing then the 0-cycles and 1-cycles are pairwise crossing.

Balanced Schnyder woods
As illustrated in Fig. 4 the Schnyder woods computed by Algoritm 1 may fail to be crossing
or half-crossing (we will remedy this in the next sections), but as we show here they satisfy
the important property of being balanced. A Schnyder wood is called balanced if every
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non-contractible (undirected) cycle C has the same number of outgoing edges on each side. It
is actually sufficient (Lemma 34 in [27]) to have the condition satisfied by two non-contractible
cycles that are not homotopic (see [13] for the proof of the statement below).

▶ Corollary 4. The Schnyder woods computed by Algorithm 1 are balanced.

Balanced Schnyder woods are very instrumental in the bijective encoding [16, 21] of
simple toroidal triangulations by decorated unicellular maps (which yields an asymptotically
optimal encoding procedure). Indeed the first step of the construction is to compute the
so-called minimal balanced Schnyder wood of the simple toroidal triangulation T to be
encoded. It turns out that this can easily be done in linear time (by an adaptation of the
planar-case arguments given in [7], see also [24, Lemma 3.2]) starting from an arbitrary
balanced Schnyder wood of T , as provided by Algorithm 1.

3.1 Constrained cylindric Schnyder woods
Assume we are given a cylindric triangulation G with two boundary cycles Cin and Cext

(with no chord at Cin) and a chordless path P = {u0, u1, . . . ut−1} originating from vertex
u0 ∈ Cin and ending at ut−1 ∈ Cext, such that P intersects the boundary cycles of G only at
u0 and ut−1. We explain here how to adapt the shelling procedure so as to obtain a cylindric
Schnyder wood of G such that P is a directed path in color 2.

▶ Definition 5. Let P = {u0, u1, . . . ut−1} be a path satisfying the conditions above. A
cylindric Schnyder wood of G is called P -constrained if every edge (ui, ui+1) ∈ P is oriented
toward ui+1 and has color 2.

We say that a boundary vertex v ∈ ∂eGk \ P (for k ≥ 1) is strongly free (with respect
to P ) if v is free and not adjacent to any vertex of Pk, where Pk = P ∩ (Gk \ ∂eGk) is the
restriction of P to the interior of Gk. The vertex u ∈ P ∩ ∂eGk is strongly free if it does
not have any incident chord at ∂eGk. We modify the shelling procedure described in the
previous section by removing at each shelling step only vertices on ∂eGk which are strongly
free, as illustrated in Fig. 5 (see [13] for the proof of the Lemma below).

▶ Lemma 6. Given a cylindric triangulation G and a path P defined as above, the adapted
shelling procedure outputs a P -constrained Schnyder wood of G, and runs in linear time.

4 Rivers

We consider here a particular type of “thin” cylindric triangulations called rivers, for which
we compute a so-called rigthmost (resp. leftmost) P -constrained Schnyder wood. Rivers,
and properties of their rightmost (resp. leftmost) Schnyder wood, are key to obtain the
half-crossing (resp. crossing) property, as presented in Section 5 (resp. Section 6).

4.1 Definition of a river
Let us define a river R as a non-degenerate simple cylindric triangulation whose outer and
inner boundary cycles, denoted ∂iR = {x0, x1, . . . , xr−1} and ∂eR = {z0, z1, z2, . . . , zs−1},
satisfy the following conditions: ∂iR and ∂eR are chordless cycles such that every vertex
z ∈ ∂eR has an incident edge (z, x̄), where x̄ ∈ ∂iR, and every vertex x ∈ ∂iR has an incident
edge (x, z̄), where z̄ ∈ ∂eR (such edges are called non-trivial chords of R).

SoCG 2025
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its boundary cycles. Right: only non-trivial chords are drawn, as dotted arcs.

4.2 Right-most (left-most) cylindric canonical ordering of a river
Let us assume that R is provided with a chordless path P = {u0, . . . , ut−1} intersecting its
boundaries only once, at u0 = x0 and ut−1 = z0 (refer to Fig. 6). Observe that the non-trivial
chords (u, y), where u is either u0 or ut−1 and y ∈ (∂iR ∪ ∂eR) \ P , can be partitioned into
two (possibly empty) sets, depending on whether (u, y) is at the right or at the left of the
path P . We classify the vertex ut−1 according to four types (see Fig. 7):
(A): ut−1 has chords both at the left and at the right of P ;
(B): ut−1 has no chords at the left nor at the right of P , so that (u0, ut−1) is the only chord

at ut−1;
(C1): ut−1 has chords at the right of P , but not at the left of P ;
(C2): ut−1 has chords at the left of P , but not at the right of P .

Let us now define the right-most traversal of R with respect to P (yielding a P -constrained
cylindric Schnyder wood) as given by Algorithm 2 below (refer also to Fig. 7 for an illustration):
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Algorithm 2 Right-most traversal of a river.

Data: a river R, a path P = {u0, u1, . . . , ut−1 = z0}
Result: a P -constrained cylindric Schnyder wood of R

if ut−1 is of type (A) then
v ← z1;

else
v ← z0;

end
xc ← extremity of the left-most chord of v ;
remove v from the outer boundary ∂eR ;
while ∂eR ̸= ∂iR do

v ← the strongly free vertex on ∂eR which is closest to xc at its right;
remove v from the outer boundary ∂eR ;

end

One crucial property is that, after computing a P -constrained Schnyder wood SP (R)
according to a right-most traversal, if ut−1 is of type (A), (B) or (C1) then every vertex z on
∂eR lies on a path of color 1 ending at P . If ut−1 is of type (C2) this property may fail, but
the right-most traversal leads to the existence of a ccw-oriented contractible cycle enclosed
in R. These properties are a consequence of the statement below (see [13] for the proof).

▶ Lemma 7. Let us consider a river R and a chordless path P as defined above. Let SP (R)
be the P -constrained cylindric Schnyder wood computed by Algorithm 2. Then we have:
1. if ut−1 is of type (A), then for every vertex zi ∈ ∂eR with 1 < i < s, the path of color 1

starting from zi passes by ut−1;
2. if ut−1 is of type (B) or (C1), then for every vertex z ∈ ∂eR, the path of color 1 starting

from z ends at u0;
3. if ut−1 is of type (C2): then all vertices zi are lying on a path of color 1 ending either at

P or at xc. Moreover, there exists at least one vertex zi lying on a ccw-oriented cycle
(enclosed in R) defined by (xc, ut−1, zs−1, . . . , zi).

Left-most traversal. One can define left-most traversals proceeding in a symmetric way
with respect to Algorithm 2: at the beginning we set v = zs−1 if ut−1 is of type (A) and
v = z0 otherwise; xc is set to be the extremity of the right-most chord of v; finally, at each
shelling step one removes the strongly free vertex which is closest at the left of xc.

Similarly to the properties stated in Lemma 7 one can show that if ut−1 is of type (A),
(B) or (C2) then each vertex z on ∂eR lies on a path of color 0 ending at P .

5 Algorithm for half-crossing toroidal Schnyder woods

We describe in this section an algorithm to compute a half-crossing toroidal Schnyder wood
for any simple toroidal triangulation, with the further property that the mono-chromatic
component in color 0 or in color 1 is connected.

5.1 Existence of a river in cylindric triangulations
A key ingredient of the algorithm is the computation of a river in the cylindric triangulation
that is obtained by cutting along a chordless non-contractible cycle.

SoCG 2025
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Figure 7 Illustration of Algorithm 2 and Lemma 7: we distinguish four cases for the right-most
traversal of a river R. Left pictures: removal of the first vertex on ∂eR. Center pictures: paths of
color 1 obtained via a right-most traversal of R. Right pictures: complete execution of Algorithm 2
on four examples (vertex labels are assigned according to the cylindric canonical ordering).

▶ Lemma 8. Given a non-degenerate cylindric triangulation G with no chord at Cin or Cext,
it is possible to compute in linear time a river R contained in G, whose inner and outer
boundaries are homotopic to ∂iG (the proof is provided in [13]).

5.2 Algorithm
Let T be a simple toroidal triangulation. We now describe the algorithm computing a
half-crossing Schnyder woods of T ; the complete pseudo-code is provided in Algorithm 3, see
also Figure 8 for an illustration on an example. After cutting T along a non-contractible
and chordless cycle Γ (as in Section 3), we obtain a non-degenerate cylindric triangulation
G, and compute a river R in G (Lemma 8). As a result, the faces of G are partitioned into
three regions: Gtop (a possibly degenerate cylindric triangulation), the river R, and Gbottom

(a possibly degenerate cylindric triangulation).
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Algorithm 3 Half-crossing Schnyder woods (with a connected mono-chromatic compon-
ent).

Data: a simple toroidal triangulation T , a non-contractible chordless cycle Γ
Result: a half-crossing Schnyder wood
// Pre-processing step
cut T along Γ: let G be the resulting cylindric triangulation ;
compute a river R and the partition G = Gtop ∪R ∪Gbottom ;
// First pass
compute a Schnyder wood S(Gtop) of Gtop ;
choose an arbitrary non trivial chord e = (x, z) of R ;
P ← {x, z} ;
if z has type (A), (B) or (C1) then

run the right-most P -constrained traversal of (R, P );
r ← 1 ;

else
run the left-most P -constrained traversal of (R, P ) ;
r ← 0 ;

end
compute a Schnyder wood S(Gbottom) of Gbottom ;
glue boundary cycles together and let S(T ) = S(Gbottom) ∪ S(R) ∪ S(Gtop) ;
if the r-cycle and 2-cycles are crossing in S(T ) then

return S(T ) ;
end
// Run a second pass on R

γ2 ← any 2-cycle of S(T ); // Remark: the r-cycle and 2-cycles are parallel
P2 ← γ2 ∩R; // restriction of γ2 to the river R

u← ∂eR ∩ P2 ;
if u has type (A), (B) or (C1) then

run the right-most P -constrained traversal of (R, P2);
r ← 1 ;

else
run the left-most P -constrained traversal of (R, P2) ;
r ← 0 ;

end
// Remark: S(Gbottom) and S(Gtop) are P2-constrained
glue boundary cycles together and let S(T ) = S(Gbottom) ∪ S(R) ∪ S(Gtop) ;
return S(T ) ;

The algorithm relies on two passes (the second one not always necessary). In the first
pass, we let P be an arbitrary non-trivial chordal edge {x, z} for the river R. If z is not
of type C2, we perform a rightmost traversal of R, otherwise a leftmost traversal. We also
compute in an independent way two (arbitrary) Schnyder woods of Gtop and Gbottom: after
boundary identifications we obtain a Schnyder wood S(T ) of T . It follows from Lemma 7
(see the proof of Proposition 9) that if z is not (resp. is) of type C2, then there is a single
monochromatic cycle C of color 1 (resp. color 0), and moreover it winds only once around Γ
(it may share edges with Γ but reaches it only once from the left). If C crosses any cycle
of color 2, then we output S(T ). Otherwise we need a second pass. Let γ2 be an arbitrary
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2-cycle. Note that γ2 winds once around Γ since it is homotopic to C. Due to edge colors and
local Schnyder conditions, it intersects γ2 at a single vertex (as opposed to C it can not share
edges with Γ). Hence, if we cut γ2 along Γ, we obtain a path P2 ⊂ G which is chordless and
meets the boundary cycles only at its extremities. We can then adjust the Schnyder wood in
R as follows: if the upper end of P2 is not of type C2, we perform a rightmost traversal of R

with respect to P2, otherwise a leftmost traversal. This updates S(T ) into a half-crossing
Schnyder wood, such that in the first (resp. second) case there is a single cycle of color 1
(resp. 0) and it the cycle γ2 of color 2 (as expressed by Proposition 9).

C
as
e
1
p
as
s

P
re
p
ro
ce
ss
in
g
st
ep

C
as
e
2
p
as
se
s

compute SP (R)
compute S(Gbot) S(T )(right-most-traversal)

1-cycles and 2-cycles are crossingz = v5 has type A

G

Γ

Γ Γ

R

Gtop

Gbot

11 10

9

8

compute S(Gtop)

R

Gtop

Gbot

11 10

9

8

P

P

z

x

z

x

R

Gtop

Gbot

11 10

9

8

7

6 5

R

Gtop

Gbot

11 10

9

8

7

6 5

4 1
2

3

R

Gtop

Gbot

11 10

9

8

7

6 5

4 1
2

3

R

Gtop

Gbot

11 10

9

8

6

5 7

compute SP (R)
(right-most-traversal)

z = v7 has type C1

R

Gtop

Gbot

11 10

9

8

6

5 7

4
321

compute S(Gbot)

R

Gtop

Gbot

11 10

9

8

6

5 7

4
321

1-cycles and 2-cycles are not crossing

0-cycles cross 2-cycles but have 2 components

Γ

P
R

Gtop

Gbot

R

Gtop

Gbot

11 10

9

8

R

Gtop

Gbot

11 10

9

8

compute SP (R)
(left-most-traversal)

v7 has type C2

7
65

R

Gtop

Gbot

11 10

9

8

7
65

4
321

S(T )

0-cycles and 2-cycles are crossing

R

Gtop

Gbot

T

Figure 8 Execution of Algorithm 3 on a small example.

▶ Proposition 9. Given a simple toroidal triangulation T , Algorithm 3 computes in linear
time a half-crossing Schnyder wood of T via vertex shellings. More precisely, there is
r ∈ {0, 1} such that the edges of color r define a single connected component, and the unique
r-cycle crosses the 2-cycles (see [13] for the proof).
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Figure 9 Illustration of the algorithm of Section 6.2 for computing crossing Schnyder woods. At
the end of the first phase the Schnyder wood is half-crossing but not crossing (the 1-cycle is parallel
to the 2-cycles). But the bottom river contains a ccw-oriented contractible cycle C (enclosing the
shaded green region): the reversal of C leads to a 1-cycle parallel to Γ and thus crossing the 2-cycles,
making the Schnyder wood crossing. The edges of color 0 and 1 define a connected component.

6 Algorithm for crossing toroidal Schnyder woods

Building on the ideas of Section 5, we give in this section a linear-time algorithm for computing
a crossing toroidal Schnyder wood, with the additional property that the mono-chromatic
components in color 0 and in color 1 are connected, as stated in Theorem 1.

6.1 Existence of two non-overlapping rivers in cylindric triangulations
Compared to the procedure for half-crossing Schnyder woods, the algorithm for crossing
Schnyder woods now requires the computation of two parallel and non-overlapping rivers Rt

and Rb in the cylindric triangulation obtained after cutting along a non-contractible and
chordless cycle. The existence of such a pair of rivers is guaranteed by the next statement.

▶ Lemma 10. Given a non-degenerate cylindric triangulation G with no chord at Cin or Cext,
nor between Cin and Cext, it is possible in linear time to compute a pair of non-overlapping
rivers Rt (top river) and Rb (bottom river) contained in G, whose inner and outer boundaries
are homotopic to ∂iG (see [13] for the proof).

6.2 Algorithm
Given a toroidal simple triangulation T , as before the first step consists in cutting T along a
chordless non-contractible cycle Γ, yielding a cylindric triangulation G. Since Γ is chordless,
the triangulation G has no chord at Cin or at Cext, nor chords from Cin to Cext (such an
edge would correspond to a chord of Γ starting at one side and ending at the other side).
Hence we can apply Lemma 10, which yields a decomposition of G into five components
(from top to bottom): a top cylindric triangulation Gtop, the river Rt, a middle cylindric
triangulation Gmiddle, the river Rb, and a bottom cylindric triangulation Gbottom. Note that
Gtop, Gmiddle and Gbottom are possibly degenerate. We then follow the pipeline used in
Algorithm 3: one river (resp. the other river) is used to guarantee that color 0 (resp. color 1)
is crossing color 2, and that the mono-chromatic component is connected.

Precisely, in a first pass, we choose a chord et in Rt that is the leftmost chord at its top
vertex, and let Pt = et be the path according to which we perform a rightmost traversal of
Rt (note that (Rt, Pt) is of type B or C1). Similarly, we choose a chord eb in Rb that is the
rightmost chord at its top vertex, and we let Pb = eb be the path according to which we
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perform a leftmost traversal of Rb (note that (Rb, Pb) is of type B or C2). We also compute
an arbitrary cylindric Schnyder wood for each of the three components Gtop, Gmiddle, and
Gbottom. Then we glue together the Schnyder woods for the five components. Identifying Cin

with Cext we obtain a toroidal Schnyder wood of T . From Lemma 7 and arguments already
used in Section 5, the mono-chromatic component of color 1 (resp. color 0) is connected,
thanks to the top-river (resp. bottom river). If the Schnyder wood is crossing we return it as
the output.

If it is not crossing we need a second pass, similarly to Section 5. By the 3rd item in
Lemma 3 we must have either color 1 parallel to color 2, or color 0 parallel to color 2. In
both cases, due to the rivers, the non-contractible cycles of color 2 must wind only once
(they cross Γ at a single vertex), so in G such a cycle γ2 gives a path P2 from Cin to Cext.
Keeping the Schnyder woods for Gtop, Gmiddle, and Gbottom unchanged, we need a second
pass to adjust those for Rt and Rb in order to obtain the crossing property. Precisely, let Pt

(resp. Pb) be the restriction of P2 to Rt (resp. Rb). If (Rt, Pt) and (Rb, Pb) are not both of
type C2 or are not both of type C1, then we can choose one of them, denote it by (R′, P ′),
not to be of type C2, and the other one, denote it by (R′′, P ′′), not to be of type C1. Then
we perform a right-most traversal for (R′, P ′), and a left-most traversal for (R′′, P ′′). After
these updates on the Schnyder woods for the two rivers, and by the arguments of Section 5,
the toroidal Schnyder wood of T now has the property that cycles of color 1 (resp. 0) cross
cycles of color 2 thanks to R′ (resp. R′′), and that the monochromatic component of color 1
(resp. 0) are still connected.

It remains to treat the case where at the second pass we have (Rt, Pt) and (Rb, Pb) both
of type C1 or both of type C2. Let us assume they are both of type C2. Then we adjust the
Schnyder woods in Rt and Rb by performing the leftmost Pt-constrained traversal of Rt, and
the rightmost Pb-constrained traversal of Rb. At this point we have the crossing of color 0
with color 2, thanks to the top river and the 2nd item in Lemma 3. In color 1 the crossing
property may however fail. But we can take advantage of the 3rd item in Lemma 7, which
guarantees the existence of a specific directed cycle C in Rb. Reversing this cycle makes
∂eRb a cycle in color 1 that is parallel to Γ.

▷ Claim 11. If in the second phase the rivers (Rt, Pt) and (Rb, Pb) are of type C2, then after
reversing the cycle C, the toroidal Schnyder wood of T is crossing, and the mono-chromatic
components of color 0 and of color 1 are connected (see [13] for the proof).

The case where (Rt, Pt) and (Rb, Pb) are both of type C1 can be handled very similarly,
by performing the rightmost Pt-constrained traversal of Rt, the leftmost Pb-constrained
traversal of Rb, and reversing the specific directed cycle in Rb that is guaranteed by the
mirror-statement of the 3rd item in Lemma 3.

This concludes the proof of our main result, as stated in Theorem 1.

▶ Remark 12. An alternative to our algorithm is given by Theorem 13 in [27], which allows to
obtain a crossing Schnyder wood from a half-crossing one (such as computed by Proposition 9),
however without guarantee of connectedness for the mono-chromatic components. It relies
on the repeated reversal of carefully chosen directed cycles. As a comparison, our algorithm
needs to reverse at most one directed cycle, and it is easy to implement in linear time (even
though the overall proof of correctness is a bit involved).
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Figure 10 (Left) runtime performances of Algorithm 1: average timings (computed over several
runs) are expressed in seconds as a function of the size (millions of vertices). (Right) examples of
genus 1 triangle meshes endowed with a toroidal Schnyder wood.

7 Experimental results

7.1 Implementation and experiments
We have written Java implementations 5 of our algorithms and performed tests on genus 1
triangle meshes of various sizes (mostly taken from Thingi10K repository). Our algorithms
for computing toroidal Schnyder woods are significantly simpler to analyze (in particular
regarding the linear time complexity) and implement than previous solutions [22]. As
confirmed by the runtime plots of Fig. 10, the approach based on vertex shelling leads to a
very fast implementation: we can process more than 1M vertices per second (our experiments
are run on a single core of a core i7-9700 cpu, allocating 8GB memory for the JVM,
running Java 1.8 under Ubuntu Linux).

7.2 Conjectures on higher genus Schnyder woods: empirical results
We have conducted experiments providing an empirical confirmation of three conjectures
involving Schnyder woods for triangulations in genus 1 and genus 2. We wrote a Java
program that exhaustively generates all possible 3-orientations (see definition below in genus
more than 1) and Schnyder woods for triangulations of genus g ≤ 2. Our generator is fast
enough to process all tiny triangulations (generated using surftri [34], see Table 1) in a
reasonable amount of time, allowing us to compute some statistics and test some conjectures.

Connectedness of the three mono-chromatic graphs in genus 1
We have checked that all toroidal simple triangulations of size at most 11 admit a Schnyder
wood for which the edges of the same color define a connected graph (having thus 3 mono-
chromatic cycles, one for each color), providing an empirical answer to an open question
stated in [22] (our algorithm of Section 6 guarantees a positive answer in two of the three
colors). We also consider a second open question asked in [22] concerning the existence of

5 Datasets, runnable programs and source code (pure Java) are made available at:
www.lix.polytechnique.fr/∼amturing/software.html.
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Table 1 Simple triangulations of genus 1 and 2 (enumerated using surftri [34]).

g=1 irreducible triang. all triangulations g=2 irreducible triang. all triangulations
n=7 1 1 n=7 - -
n=8 4 7 n=8 - -
n=9 15 112 n=9 - -
n=10 1 2109 n=10 865 865
n=11 - 37867 n=11 26276 113506

crossing Schnyder woods satisfying a stronger requirement (referred to as connected 3-cycles
property): the Schnyder wood is crossing, the three mono-chomatic components consist of a
single connected component and the intersection of the three non trivial cycles is a single
vertex 6. Our experiments provide an empirical positive answer to this question (for n ≤ 11):
we report in Figure 11 some statistics and the list of irreducible 7 triangulations of genus 1,
each endowed with a crossing Schnyder wood satisfying this stronger condition.

Existence of Schnyder woods in genus 2

For a simple triangulation of genus g ≥ 1, a 3-orientation is an orientation such that for
every vertex v the out-degree is divisible by 3 and at least 3 (no sinks). In genus g ≥ 2
some vertices must have degree more than 3, since

∑
v(deg(v)− 3) = 6g − 6 according to

the Euler relation. It is shown in [1] that any simple triangulation of genus g ≥ 2 admits
a 3-orientation. The following natural open question (asked in [27]) then arises: for every
simple triangulation of genus g ≥ 2, is it always possible to find a 3-orientation for which the
edges can be colored so as to satisfy a multiple local Schnyder condition at every vertex (as
depicted in Fig. 12)? In his PhD dissertation J. Suagee [33] shows that the answer is positive
for every simple triangulation of genus g ≥ 2 having edge-width at least 40(2g − 1). We have
checked that the answer is actually positive for every simple triangulations of genus 2 and
n ≤ 11, suggesting that the assumption on the large edge-width is maybe unnecessary.

8 Concluding remarks

We expect that the construction of Section 3 can be extended to 3-connected toroidal maps
using the notion of cylindric toroidal canonical ordering defined for the 3-connected case
in [12], leading to a fast linear-time algorithm. As in the triangulated case, the obtained
Schnyder woods should have the property of being balanced, which is instrumental in the
bijective encoding of 3-connected toroidal maps [3] (indeed it relies on the computation of
the minimal balanced Schnyder wood of the map, which can easily be obtained in linear
time starting from an arbitrary balanced Schnyder wood).

6 Observe that Thm. 9 in [22] guarantees the existence of three edge-disjoint mono-chromatic cycles
crossing at a single vertex, but each mono-chromatic graph may consist of several disjoint components.

7 A triangulation is irreducible if no edge can be contracted without producing multiple edges.
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Figure 11 List of genus 1 irreducible triangulations (the embeddings are provided in [28]). Each
triangulation is endowed with a Schnyder wood satisfying the connected 3-cycles property computed
by our generator. The bottom plots report some statistics computed by our generator.
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Figure 12 Planar layout of a genus 2 triangulation: it is endowed with two Schnyder woods
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admits 16.421.904 3-orientations and 509844 valid Schnyder woods.
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