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—— Abstract

Given two convex polygons P and @ with n and m edges, the mazimum overlap problem is to find
a translation of P that maximizes the area of its intersection with ). We give the first randomized
algorithm for this problem with linear running time. Our result improves the previous two-and-a-
half-decades-old algorithm by de Berg, Cheong, Devillers, van Kreveld, and Teillaud (1998), which
ran in O((n +m)log(n + m)) time, as well as multiple recent algorithms given for special cases of
the problem.
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1 Introduction

Problems related to convex polygons are widely studied in computational geometry, as they
are fundamental and give insights to more complex problems. We consider one of the most
basic problems in this class:

» Problem 1. Given two convex polygons P and Q in the plane, with n and m edges
respectively, find a vector t € R? that mazimizes the area of (P +t)NQ, where P+t denotes
P translated by t.

This problem for convex polygons was first explicitly posed as an open question by Mount,
Silverman, and Wu [34]. In 1998, de Berg, Cheong, Devillers, van Kreveld, and Teillaud [21]
presented the first efficient algorithm which solves the problem in O((n + m)log(n + m))
time. As many problems have nlogn complexity, this would appear to be the end of the
story for the above problem — or is it?

Motivation and Background. The computational geometry literature is replete with various
types of problems about polygons [36], e.g., polygon containment [14] (which has seen exciting
development even in the convex polygon case, with translations and rotations, as recently as
last year’s SoCG [13]). The maximum overlap problem may be viewed as an outgrowth of
polygon containment problems.

The maximum overlap problem may also be viewed as a formulation of shape matching [7],
which has numerous applications and has long been a popular topic in computational geometry.
Many notions of distance between shapes have been used in the past (e.g., Hausdorff distance,
Fréchet distance, etc.), and the overlap area is another very natural measure (the larger it
is, the closer the two shapes are) and has been considered in numerous papers for different
classes of objects (e.g., two convex polytopes in higher dimensions [3, 5, 4], two arbitrary
polygons in the plane [18, 25], two unions of balls [10], one convex polygon vs. a discrete
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point set! [9, 1], etc.) as well as different types of motions allowed (translations, rotations,
and scaling — with translations-only being the most often studied). Problem 1 is perhaps
the simplest and most basic version, but is already quite fascinating from the theoretical or
technical perspective, as we will see.

A Superlinear Barrier? Due to the concavity of (the square root of) the objective func-
tion [21], it is not difficult to obtain an O((n + m) polylog(n + m))-time algorithm for the
problem by applying the well-known parametric search technique [30, 2] (or more precisely, a
multidimensional version of parametric search [38]). De Berg, Cheong, Deviller, van Kreveld,
and Teillaud [21] took more care in eliminating extra logarithmic factors to obtain their
O((n+m)log(n+ m))-time algorithm, by avoiding parametric search and instead using more
elementary binary search and matrix search techniques [24]. But any form of binary search
would seem to generate at least one logarithmic factor, and so it is tempting to believe that
their time bound might be the best possible.

On the other hand, in the geometric optimization literature, there is another well-known
technique that can give rise to linear-time algorithms for various problems: namely, prune-
and-search (pioneered by Megiddo and Dyer [31, 22, 32]). For prune-and-search to be
applicable, one needs a way to prune a fraction of the input elements at each iteration, but
our problem is sufficiently complex that it is unclear how one could throw away any vertex
from the input polygons and preserve the answer.

Perhaps because of these reasons, no improved algorithms have been reported since de
Berg et al’s 1998 work. This is not because of lack of interest in finding faster algorithms.
For example, a (lesser known) paper by Kim, Choi, and Ahn [28] considered an unbalanced
case of Problem 1 and gave an algorithm with O(n + m? log® n) running time, which is linear

when m < y/n/ log® n. Ahn et al. [6] investigated approzimation algorithms for the problem
and obtain logarithmic running time for approximation factor arbitrarily close to 1, while
Har-Peled and Roy [25] more generally gave a linear-time algorithm to approximate the entire
objective function, which was then used to obtain a linear-time approximation algorithm for
an extension of the problem to polygons that are decomposable into O(1) convex pieces.

Our Result. We obtain a randomized (exact) algorithm for Problem 1, running in linear
(i.e., O(n 4+ m)) expected time! This is the first improvement to de Berg et al’s result [21] in
26 years, and is clearly optimal, and so fully settles the complexity of Problem 1.

A New Kind of Prune-and-Search? Besides our result itself, the way we obtain linear time
is also interesting. As mentioned, if one does not care about extra log(n + m) factors, one
can use (multidimensional) parametric search to solve the problem. Specifically, parametric
search allows us to reduce the optimization problem to the implementation of a line oracle
(determining which side of a given line the optimal point ¢* lies in), which in turn can be
reduced to a point oracle (evaluating the area of (P +¢) N @ for a given point t). A point
oracle can be implemented in linear time by computing the intersection (P +t) N Q explicitly.
(In de Berg et al’s work [21], they directly implemented the line oracle in linear time.)
Various linear-time prune-and-search algorithms (e.g., for low-dimensional linear pro-
gramming [31, 22, 32], ham-sandwich cuts [33], centerpoints [26], Euclidean 1-center [23],
rectilinear 1-median [39, 35], etc.) also exploit line or point oracles; using (in modern parlance)

! In the discrete case, we are maximizing the number of points inside the translated polygon.
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cuttings [16], such oracle calls let them refine the search space and eliminate a fraction of
the input at each iteration. Unfortunately, for our problem, we can’t technically eliminate
any part of the input polygons P and Q. Instead, our new idea is to reduce the cost of the
oracles iteratively as the search space is refined, which effectively is as good as reducing the
input complexity itself. As the algorithm progresses, oracles get cheaper and cheaper, and
we will bound the total running time by a geometric series.

To execute this strategy, one should think of oracles as data structures with sublinear
query time (i.e., sublinear in the original input size n + m). Our key idea to designing
such data structures is to divide the input polygons into blocks of a certain size based on
angles/slopes. This idea is inspired by the recent work of Chan and Hair [13] (they studied
the convex polygon containment problem with both translations and rotations, and although
our problem without rotations might seem different, their divide-and-conquer algorithms also
crucially relied on division of the input convex polygons by angles/slopes). We show that at
each iteration, as we refine the search space, we can use the current “block data structure”
to obtain a better “block data structure” with a larger block size. (The refinement process
from one block structure to another block structure shares some general similarities with the
idea of fractional cascading [17].)

We are not aware of any prior algorithms in the computational geometry literature that
work in the same way (which makes our techniques interesting). A linear-time algorithm
by Chan [12] for a matrix searching problem (reporting all elements in a Monge matrix less
than given value) has a recurrence similar to the one we obtain here, but this appears to be
a coincidence. An algorithm for computing so-called “c-approximations” in range spaces by
Matousek [29] also achieved linear time (for constant €) by iteratively increasing block sizes,
but the algorithm still operates in the realm of traditional prune-and-search (reducing actual
input size). Chazelle’s infamous linear-time algorithm for triangulating simple polygons [15]
also iteratively refines a “granularity” parameter analogous to our block size, and as one of
many steps, also requires the implementation of oracles (for ray shooting, in his case) whose
cost similarly varies as a function of the granularity (at least from a superficial reading of his
paper) — fortunately, our algorithm here will not be as complicated!

Remarks. Recently, Jung, Kang, and Ahn [27] have announced a linear-time algorithm for
a related problem: given two convex polygons P and @ in the plane, find a vector ¢ € R? that
minimizes the area of the convex hull (P +t) U Q. Although the problem may look similar
to our problem on the surface, it is in many ways different: in the minimum convex hull
problem, the optimal point ¢* is known to lie on one of O(n + m) candidate lines (formed by
an edge of one polygon and a corresponding extreme vertex of the other polygon), whereas
in the maximum overlap problem (Problem 1), t* lies on one of O((n + m)?) candidate lines
(defined by pairs of edges of the two polygons). Thus a more traditional prune-and-search
approach can be used to solve the minimum convex hull problem, but not the maximum
overlap problem. Indeed, Jung et al’s paper [27] considered the maximum overlap problem,
but they do not give an improvement over de Berg et al’s O((n + m)log(n + m)) time
algorithm for the two-dimensional case. Instead, they give some new results for the problem
in higher dimensions d, but their time bound is O(n?l9/2]), which is much larger than linear.

We observe that, in the specific case of maximum overlap for convex polytopes in
dimension d = 3, one can obtain a significantly faster O((n + m) polylog(n + m))-time
algorithm by directly using multi-dimensional parametric search [38], since a point oracle
(computing the area of the intersection of two convex polytopes in R?) can be done in
O(n+m) time by explicitly computing the intersection [15, 11], and this is parallelizable with
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O((n 4+ m) polylog(n + m)) work and O(polylog(n + m)) steps by known parallel algorithms
for intersection of halfspaces in R?, i.e., convex hull in R? in the dual (e.g., see [8]). This
observation seems to have not appeared in literature before (including [40, 27]).

2 Preliminaries

We may assume that P and @ have no (adjacent) parallel edges, as these can be merged.
Without loss of generality, P and @) both contain the origin as an interior point. Throughout,
we assume that the edges of P and @ are given in counterclockwise order. We define
N :=n+ m, and we use [z] to denote the set {1,...,z}. If z is not an interger, then we
use [z] to denote the set {1,...,[z]}, i.e., z is implicitly rounded up to the nearest integer.
“With high probability” means “with probability at least 1 —n (1) ”
refers to all points strictly inside of its bounding edges, and the interior of a line segment

The interior of a triangle
refers to all points strictly between its bounding points.
The Objective Function. We want to find a translation maximizing

Area((P+t) N Q).

De Berg, Cheong, Devillers, van Kreveld, and Teillaud showed several interesting properties
of the area as a function of ¢ [21]. For our purposes, we only need to import the following.

» Lemma 1. \/Area((P +t) N Q) is downward concave over all values of t that yield nonzero
overlap of P+t with Q.

The restriction on ¢ is important, as A(t) suddenly transitions from a convex function to
a constant function A(t) = 0 when ¢ is outside of the specified region. For our algorithm,
however, this technicality will have little impact.

Cuttings. First, we give a definition of the type of cuttings we use.

» Definition 2 (s-Cuttings). A cutting for a set X of n hyperplanes in RY, for any d > 1,
is o partition of R? into simplices such that the interior of every simplex intersects at most
€ - n hyperplanes of X.

Endowed with the ability to sample random hyperplanes, we can actually produce such
a cutting with very high probability in sublinear time, as per Clarkson and Shor [19, 20]
(roughly, we can take logarithmically many random hyperplanes, and return a canonical
triangulation of their arrangement).

» Lemma 3. Let X be a set of n hyperplanes in R, for any d > 1. Assume we can sample
a uniformly random member of X in expected time O(n%'). Let ¢ be any constant. Then in
O(n%1+°W) expected time, we can find a set of O(1) simplices that constitutes an e-cutting
of X with high probability.

Area Prefix Sums. Let vq,...,v, be the vertices of P listed in counterclockwise order, and

let v1, ..., v}, be the vertices of @ listed in counterclockwise order. Let Pv, : v,] denote the

rYm
convex hull of the set of points containing: (i) the origin, (ii) the vertices v, and v,, and (iii)
all vertices encountered when traversing the boundary of P in counterclockwise order from

v, to vy. We define Q[v], : v;] analogously.
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By a standard application of prefix sums, we can produce a data structure to report
Area(P[v; : vy]) and Area(Q[v}, : v,]) with O(N) preprocessing time and O(1) query time.
This is since (taking Area(P[v, : vy]) as an example):

Area(Plvy : vy]) = Area(P[vy : vy]) — Area(P[vy : v,]) when y > z, and
Area(P[v, : vy]) = Area(P) — (Area(P[v; : vg]) — Area(P[vy : vy])) when y < .

Throughout, we refer to the above data structure as the area prefix sums for P and Q.

The Configuration Space. Consider two convex polygons A and B, or more generally, two
polygonal chains A and B. Let e be an edge of A and let €’ be an edge of B. These two edges
define a parallelogram (e, e’) in configuration space such that, for any vector ¢t € R?, we
have that e + ¢ intersects ¢’ iff ¢ € 7(e,e’). Let dr(e,e’) denote the set of four line segments
defining 7(e, €’). We define the set of all such line segments as

(A, B) := U or(e,e). (1)

edge e of A, edge ¢’ of B

We define ﬁ(A, B) to be II(A, B) where each line segment is extended to a line.

Angles and Angle Ranges. The angle of an edge e on the boundary of an arbitrary convex
polygon A, denoted 6 4(e), is the angle (measured counterclockwise) starting from a horizontal
rightward ray and ending with a ray coincident with e that has A on its left side. We always
have that 04(e) € [0,27). For any subset X of the edges of A, let A4(X) denote the minimal
interval in [0, 27) such that 64(e) € Aa(X) for all e € X. We call A4(X) the angle range for
the subset X with respect to A.

3 Blocking Scheme

Given a parameter b € N, referred to as the block size, we define a partition? of P and Q
into blocks P, ..., Pryp) and Q1, ..., Qrnyp) as follows. First (implicitly) sort the set?

{6p(e) : e is an edge of P} U {fg(e) : e is an edge of Q}

in increasing order and then partition the resulting sequence into consecutive subsequences
S1,... 81N/ of length b each (except possibly the last one). We then define P; as the convex
hull of the origin and the set of edges? {e : e is an edge of P, and 0p(e) € S;}. We define Q;
similarly. See Figure 1 for an example.

Now, b uniquely defines the partition, so we refer to P1,..., Py and Q1, ..., Qnyp
as the blocks determined by parameter b. This scheme is useful because the angle ranges
Ap(Ep(P;)) and Ag(Eq(Q),)) are strictly disjoint whenever ¢ # j, where Ep(F;) is the set
of edges that P; shares with P, and Eg(Q;) is the set of edges that (); shares with Q). We
call Ep(FP;) the restriction of P;’s edges to P, and similarly for Eg(Q;).

2 Actually, it isn’t quite a partition because the boundaries may overlap, but these have zero area.

3 We assume that no angles are shared between the edges of P and Q, as this case can be handled easily
but requires a clumsier definition.

4 The set of edges may be empty, in which case the block is just a single point (the origin).

31:5

SoCG 2025



31:6

Maximum Overlap of Two Convex Polygons

OB O-@

Figure 1 A partition of example polygons P and @ into blocks, with b = 4. Note that the spatial
sizes of blocks may vary greatly, and the number of edges in each P; and @; may differ. In fact, for
some indices 4, one of P; or ; may contain just the origin.

3.1 A Data Structure Using Blocks

Towards producing a prune-and-search style algorithm, we want some way to reduce the time
required to compute the vector t* which maximizes Area((P + t*) N Q). Instead of reducing
the complexity of P or @ directly, we maintain and refine a specific data structure that
contains information about P and @ and allows us to rapidly search for optimal placements.

» Definition 4 ((u,b, 7)-Block Structure). A (u,b, T)-block structure is a data structure
containing the following:

1. Access to the vertices of P and @ in counterclockwise order with O(1) query time, and
access to the area prefix sums for P and Q with O(1) query time.

A block size parameter b, which implies blocks P, ..., P/ and Q1, ..., Q) -

A region T C R? that is either (i) a triangle, (i) a line segment, or (i) a point.

A partition of S := [N/b] into subsets Scood and Spaa, with the requirement |Spaa| < .

For every i € Sgood, access in time O(1) to a constant-complexity quadratic function f;
such that f;(t) = Area((P; +t) N Q;) for allt € T.

LAl ol

Throughout, we assume that Sgooq and Spaq are sorted, since we can apply radix sort in
time O(|SGood| + |SBad|).- When using the block structure, we aim to decrease the size of T
while increasing the block size b. If this is done carefully enough, we get a surprising result:
a sublinear time oracle to report Area((P +t) N Q) for any translation ¢ € T.

4 The Linear Time Algorithm

We will reduce Problem 1 to a few different subroutines/oracles. Roughly speaking, these
allow us to produce a highly refined block structure in linear time, which can be used along
with multidimensional parametric search [38] to find the translation of P maximizing its
area of intersection with @ in time O(N/log N).

» Problem 2 (MAXREGION). Given a (u,b,T)-block structure for P and Q, find

max Area((P+1t)NQ)

along with the translation t* € R? realizing this mazimum.®

5 During some calls to MAXREGION, 7 may not contain the global optimum.



T. M. Chan and |. M. Hair

» Problem 3 (CASCADE). Given a (u,b, T)-block structure, parameters ' and b’ such that b
divides V', and a triangle or line segment T' C T, either produce a (u',b', T')-block structure,
or report failure. Failure may be reported only if the interior of T' intersects more than p'/2
lines from the set

S = U U ﬁ(Pka)’+QOka)’+j) ; (2)

ke{0,....[N/VT=1} \ (5,5) e[ 5] x [2]
where Py, ..., Pinpy and Q1,...,Qnyp) are the blocks of P and Q) determined by b.

The set S may appear mysterious, but it simply corresponds to the line extensions for the
edges that could “cause trouble” for the cascading procedure. The only observation necessary
right now is that |S| = O(NV), i.e., S is near-linear in size for all o’ = N°(1).

We write the expected time complexity of the fastest algorithm for MAXREGION as
Tymax (N, b, 1), where d is the dimension of the region 7. We write the expected time
complexity of the fastest algorithm for CASCADE as Tcascape (N, b, V', ). The latter will not
depend on p’ or the dimensions of 7 and 7.

The next lemmas will be proved in Sections 5 and 6. The main idea behind proving each
is to group most of the blocks of P and @ into larger convex polygons that intersect in at
most a constant number of locations, and then to process the rest via brute force.

» Lemma 5 (Point Oracle). For all2 <b < N, for all p,

log? b
To-max(N, b, ) = O (N' i + Mb) -

» Lemma 6 (Cascading Subroutine). For all 2 < b, < N such that b divides V', for all u,

log b’ log b
Tcascaps(N, b, 0, 1) = O <N . % * sz) .

4.1 Reducing to the Point Oracle and Cascading Subroutine

We now give an algorithm for MAXREGION when the input (u, b, 7')-block structure has 7
being a triangle or line segment. The algorithm works by invoking MAXREGION on regions
with lower dimension to iteratively shrink 7.

» Lemma 7. For all 2 < bt/ < N°M) such that b divides b', for all p,p' such that
lu/ _ leo(l)}

O(log(NV' /i) - Ty-atax(N, b, p1) + O(NO-1FeM)y 4

TQ—J\IAX(N7 b7 ,U,) (
O(l) : TC'ASCADE(N7 b, b/, ,U) + TQJ\/IAX(N7 bla ,Ul)

(

(

Tianax(N, by ) = O(log(NV /1)) - Tonrax(N, b, 1) + O(N o)
O(1) - Teascape(N, b, v, ) + Tiavax(N, v, Nl)-
Proof. The algorithm for when 7 is a line segment is nearly identical to the algorithm for

when 7 is a triangle, so for brevity we only focus on the triangle case. Let Pi, ..., Pin/s
and Q1,...,Qrn/p) be the blocks of P and @ determined by block size parameter b.

31:7
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Ti

To

Figure 2 A series of triangles 7o, 71, and 72 as produced by the algorithm. The (unknown)
optimal placement t* is denoted by an asterisk. The red curves indicate contour lines of the objective
function, with darker circles indicating larger values of Area((P +t) N Q).

Define Ty := 7. We will produce a series of triangles 7o O 71 D T2 D ... such that each
triangle is guaranteed to contain the optimal translation ¢* for the original region 7, and
then take the final triangle in this sequence as 7’. Once we have 7”, we invoke CASCADE to
produce a (u/, b, T')-block structure, and then find the optimal translation within 7’ (along
with the area for this translation) by invoking MAXREGION on this new block structure.

In the subsequent analysis, we show that, with high probability, the interior of T’ produced
as per our sequence will intersect at most p’/2 lines of the set S. If this event occurs, then
CAscCADE will be forced to produce a (u', b, T')-block structure. If this event does not occur,
and CASCADE returns failure, we can re-run the randomized algorithm to produce a new 7’
and try again. The expected number of attempts is O(1), and so all of the steps (except for
producing 7”) have a time overhead of O(1) - Teascaps(IV, 0,0, i) + Tonax (N, ', 1).

Producing 7. As per the above, the expected number of times we need to make 7 is O(1),
so we only focus on the time complexity to make 7’ once. Consider producing a triangle
Tzt1 from a triangle 7, in the sequence. As a first step, we use Lemma 3 to make, with high
probability, a %—cutting for the lines of S that intersect the interior of 7.

To apply this lemma, we need an efficient sampler. We argue that naive rejection
sampling will suffice. Observe that if rejection sampling fails to find a random line of S that
intersects the interior of 7, within time O(N°'), then with high probability only N1=%(1)
lines of S intersect T,. By assumption p//2 = N'=°() so we can directly take 7' = T,. If
rejection sampling is fast enough, then we can produce the required %-cutting with high
probability in time O(|S|%1*+°(M)) = O(NO1+e(), Then, we intersect this cutting with 7,
and re-triangulate the resulting cells, which takes O(1) time in total.

The final step is to locate the cell of this triangulation that contains t*. This cell will
be Ty+1. To do this, we check all O(1) triangles by recursing in the dimension. We assume
that ¢* is strictly contained within some cell, as the case that it is on the boundary can be
detected similarly. Consider a single triangle X. Let X~ be an infinitesimally smaller copy
of X that is strictly inscribed within X.6 All O(1) bounding line segments for X and X~

5 Infinitesimal shifts are a standard trick, and all of the algorithms in this paper can handle them without
modification as long as they are implemented carefully enough.
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are contained within 7. Therefore, we can use the input (u,b, T )-block structure as a block
structure for these line segments, and find the optimal translation (along with the area of
intersection) restricted to each line segment in time O(1) - Ty yax (N, b, ). If one of the line
segments for X'~ has a translation realizing a larger area than all of the line segments for X,
then by Lemma 1 we know that t* € X. Otherwise, X does not contain ¢*.”

With high probability, the interior of 7,41 will intersect at most half as many lines of S as
T.. By construction and the fact that b divides b’ (and hence b < b'), we have |S| = O(NV).
Thus there are at most O(log f—,‘) = O(log(Nb' /")) iterations before we produce a triangle
that intersects at most p'/2 lines of & with high probability and hence can be taken
as T'. The time for all iterations is O(log(NV'/u')) - (Tiax (N, b, ) + O(NO1He))) =
O(log(NV' /1)) - Trnaax(N, b, 1) + O(NO-1FoD)), <

4.2 Putting it all Together

We now present our linear time algorithm. This amounts to solving a curious recurrence,
and we actually have significant freedom in choosing the values for b and ¥'.

» Theorem 8. There is an algorithm for Problem 1 running in expected time O(n + m).

Proof. We will always take p := 20 - N/b® and p/ := 20 - N/(V')3, so we can drop the
w and p' arguments from the time complexity of each subroutine/oracle. We begin by
reducing from Problem 1 to an instance of MAXREGION over a (20 - N/23 2, T)-block
structure, which requires no work beyond computing the area prefix sums because we can
take Spaq = [[IN/2]] and Sgood = @. Thus the total expected running time for Problem 1
will be O(N) + T Max (N, 2)

Before analyzing T5 yax (N, 2), we find a closed-form expression for T yax (N, b) when
2 < b< N°D . As per Lemmas 5, 6, and 7, we have the following for any 2 < b, b’ < N°()
such that b divides b':

log b log? b

Tiaax(N,b) = O (N b

> + Timax (N, b/)-

We can efficiently parallelize the algorithm for zero-dimensional MAXREGION given in the
proof of Lemma 5. So via a standard application of multidimensional parametric search
(see Theorem 4.4 in the full version of [38]) that uses zero-dimensional MAXREGION for the

decision problem, T} yax(N,b) = O(N/log N) when b > (log N)©* for some constant Cy. If
we take b’ = 2b (for example) and solve the recurrence, we get

O(loglog N) 3
N log®(2%)
Trmax (N = - N . == — N
1max(N,b) = O log N + § : 9a o

log® b N
. + .
b log N

a=logb

Using the above along with Lemmas 5, 6, and 7, we have the following for any 2 < b, b’ <
N°W such that b divides b':

log b’ log® b N log b’
b log N

Toniax(N,b) = O (N ) + Toax (N, b).

7 All invocations might return a maximum area of zero, but we can handle this in O(1) time by checking
whether an arbitrary translation that causes P and @ to overlap is located within X

SoCG 2025
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If we again take b’ = 2b and stop to apply multidimensional parametric search when
b = (log N)“2 for some constant Csy, we have O(loglog N) recursion depth, and log b’ never
exceeds O(loglog N). Solving the recurrence in the same way as for Ty yax (N, b) gives:

log* b log?log N
Tomax(N,b) = N - N - .
2 MAX( 5 ) 0] ( b + logN
Clearly T5(N,2) = O(N), and the theorem follows. |

5 Constructing the Point Oracle

In this section, we prove the Point Oracle Lemma, restated below:

» Lemma 5 (Point Oracle). For all2 <b < N, for all u,

log® b
To-max(N, b, ) = O (N' gb + ub) .

In other words, we need to use a given (u, b, T)-block structure (where 7 is just a single
point t*) to calculate Area((P + t*) N Q). We can decompose the area function as

Area((P+t")NQ) = ZArea((Pi +t)NQ;) + Z Area((P; +t") N Q;)
i i#]
and then solve for each individual summation rapidly. The first summation is quite easy to
compute by simply reading through the lists Sgooq and Spaq that are provided.

» Lemma 9. There is an algorithm running in time O(N/b+ ub) such that, given a (p,b,T)-
block structure, where 2 < b < N°1) and T consists of just a single point t*, it will compute

Z Area((P; +t*) N Q;),

where Py, ..., Pinp) and Q1, ..., Qnyp) are the blocks of P and Q) determined by parameter b.

Proof. By definition of the block structure, we have a partition of S = [N/b] into two subsets
SGood and Spaq such that |Spaq| < p, and for each i € Sgooa We have a constant complexity
quadratic function f;(t) = Area((P; +t)NQ;) for all t € T.

We can thus compute

Z Area((Pi + t*) N Ql)

1€SGood

in time O(N/b) by simply evaluating each f;(t*). Since |Spad| < p, we can compute

Z Area((P; +t*) N Q;)
1€ SBad
by evaluating the area for each (P; 4+ ¢*) N Q; directly. The time required is O(ub) using
known algorithms for intersecting two convex polygons whose edges are in sorted order. <«

We now turn our attention to the summation »_,,; Area((F; +1*) N Q;). Because every
term amounts to computing the intersection for two blocks with different angle ranges, we
could use binary searches to evaluate each term in O(polylog(b)) time. However, this is too
slow for our purposes, as there are a near quadratic number of terms. Instead, we take
advantage of additional structure to decompose the summation into O(N/b) intersections of
unions of blocks, such that each intersection can still be computed via binary search.

As a tool, we need a way to efficiently intersect convex chains that meet certain conditions.



T. M. Chan and |. M. Hair

» Lemma 10. Let A and B be any two convex polygons, and let X and'Y be any two polygonal
chains whose edges are a subset of the edges of A and B, respectively. If Ao(X)NAp(Y) =10,
then X and Y intersect at most twice, and we can find the intersection point(s) in time
O(log | X[log [Y]).

Proof. Because the angle ranges for X and Y are disjoint, they act as pseudo-disks, and
hence can intersect at most twice. We can find the intersection point(s), if they exist, using a
standard nested binary search in O(log|X|log|Y]) time (or a more clever binary search [37)
in O(log | X| + log |Y'|) time, though we don’t need this improvement). <

Now we can show how to compute >, ,; Area((F; +1*) N Q;).

» Lemma 11. There is an algorithm running in time O(N - @) such that, given a

(1, b, T)-block structure, where T consists of just a single point t*, it will compute

ZArea((Pi +t)NQ,),
oy

where Py, ..., Piny) and Q1, ..., Qnyp) are the blocks of P and Q) determined by parameter b.

Proof. We give a recursive algorithm for the problem. As a subroutine, we consider the
problem of computing, given two integers x,y € [N/b] with z > y,

> Area((P+t*)NQ;), with W(x,y) = {(i,j) € [N/b]x[N/b] : i # j,x < i,j < y}.
(,1)EW (z,y)

Let T'(y — x,b) be the time complexity of this subroutine. Since the original summation

Dz Area((P +17) N Q;) is equivalent to 3, e 1, n/p)) Area((P; +1) N Q;), the lemma

amounts to showing that T([N/b] — 1,b) = O(N - logbzb), or more generally, T(z,b) =
O(zlog?b).

Consider an instance of this subroutine with any parameters y > . Let m := [%1 and

z =1y —x. We can decompose the target summation as follows:

Z Area((P,+t")NQ;) =

(1,5)eW (z,y)

> Area((P;+t)NQ;) + > Area((P+t)NQ;) +

(i,j)eW(w,mfl) (i,j)EW(m,y)
Z Area((P; +t")NQ;) + Z Area((P; +t") N Q).
z<i<m<j<y z<j<m<isy

The first two summations can be evaluated in time at most 27'([45*],b) via recursion
(unless © — y = 1, in which case they are automatically zero). The last two summations
can actually be evaluated directly. We consider the case of the very last summation; the
remaining one can be evaluated via a symmetric process. First note that

Z Area((P; +t")NQ;) = Area U P+t | N U Q;

r<j<m<i<y m<i<y z<j<m

Let A = U,<icm B and B = {J,,<;<, @j- Observe that A and B are both convex
polygons, since each is the union of consecutive blocks. By construction, the edges that A
shares with P and the edges that B shares with @) form two convex polygonal chains that
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have disjoint angle ranges, i.e., Ap(Ep(A)) N Ag(Eqg(B)) = 0. These chains account for
all but two edges of A and two edges of B. Thus we can decompose A and B into O(1)
convex polygonal chains satisfying the preconditions of Lemma 10. This implies that A and
B intersect in at most a constant number of locations, and furthermore we can find the
intersection points in time O(log®(bz)).

By decomposing A and B into O(1) pieces based on the intersection locations, we can
use the area prefix sums®, along with a direct computation on the O(1) intersecting pairs
of edges, to find the area of intersection in O(1) additional time. So the recurrence is
T(2,0) = 2T([2/2],b) + O(log*(bz)) when z > 1 and T/(1,b) = O(log®b). This solves to
T(z,b) = O(zlog?b). <

6 Constructing the Cascading Subroutine

The last step is to prove the Cascading Subroutine Lemma, restated below:

» Lemma 6 (Cascading Subroutine). For all 2 < b,/ < N such that b divides V', for all p,

logb'log b N M52> .

TCASCADE(N7 b, bla ,u) =0 <N b

In other words, given a (u, b, T)-block structure, parameters u’ and b’, and a triangle
or line segment 7”, we want to either produce a valid (¢, ', 7’)-block structure, or report
that more than u'/2 lines of the set S intersect 7'. Throughout, let Py, .. > Prnyp) and
Q1,---,Qnyp be the blocks of P and () determined by block size parameter b, and let
P,.. "PFN/W and Q7,.. .,Q’(N/b,] be the blocks of P and @ determined by block size
parameter b'.

First, we show that constant-complexity quadratic functions may actually be used to
summarize the area function for certain block pairs.

» Lemma 12. Let A and B be any convex polygons, and let T' be any triangle or line
segment contained in one cell of II(A, B).° Then there exists a constant-complexity quadratic
function f such that f(t) = Area((A+t) N B) for allt € T'.

Proof. This follows from known observations by de Berg et al. [21]. <

Before describing how to perform cascading, we need a tool to help classify the new blocks
based on their relationship with 7.

» Lemma 13. Let A and B be any two convex polygons, and let X and Y be any two
polygonal chains whose edges are a subset of the edges of A and B, respectively. Let T' be
any triangle or line segment. If Ao(X)NAp(Y) =0, then we can determine if some line
segment in II(X,Y) intersects the interior of T' in time O(log|X|log|Y]).

Proof. Let the set of vertices for 77 be V(T’). For each t € V(T’), we know that, by
Lemma 10, X 4+t and Y can intersect in at most two points, and we can find the two pairs of
edges that contain these intersection(s) in time O(log | X|log |Y]).1? Let the set of all O(1)
edge pairs (ex,ey) for all vertices in V(7’) be L. We can determine if 7' C w(ex,ey) for

8 The area prefix sums for P and Q also act as ares prefix sums for A and B.

9 It is permissible for 77 to touch the boundary of one cell, as long as it doesn’t strictly intersect.

10There is an edge case where at least one of the intersections occurs at a vertex of X or a vertex of Y,
but this can be handled with slightly more work without increasing the asymptotic running time.
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all (ex,ey) € L via brute force in time O(1). If this is not the case, then some line segment
of TII(X,Y") intersects the interior of 7', and we are done. If this is the case, then because T’
is convex and each 7(ex, ey ) is convex, we have that each translation ¢ € T’ realizes a set of
intersecting pairs that is a (possibly strict) superset of L.

It remains to determine if any translations ¢ € 7" realize an intersecting pair not in L,
because this case (and only this case) would mean that a line segment in II(X,Y") intersects
the interior of 7’. Let X~ be X with its edges participating in L deleted, and let Y~ be Y
with its edges participating in L deleted. In time O(log|X|log |Y|) we can use techniques
similar to the ones given above to determine if the interior of the (implicitly generated)
Minkowski sum of 77 and X~ has any intersection with Y, and then if the interior of the
(implicitly generated) Minkowski sum of 7’ and X has any intersection with Y . <

We are now ready to prove Lemma 6. The main observation is that the new quadratic
functions stored in this data structure only need to apply when ¢ € 77, not the more general
case that ¢ € T, so many of the previously difficult blocks can now be handled. We will find
a quadratic function for almost all indices k € [N/¥/] in two steps:

1. Scan through the information provided in the input (u, b, T)-block structure, and use this
to recover part of the function Area((P; +t) N Q7).

2. Recover the missing information for Area((P] + t) N Q)) by intersecting O(%) pairs
of convex polygons with disjoint angle ranges. We evaluate these using nested binary
searches (Lemma 10 or 13) and area prefix sums.

Proof. For all k € [N/¥], note that because b divides b’, we have a set of indices Cy, = {(k —
1)-%41,...,k-%} such that P} = Uice, Piand Q@ = Ujce, Q;.M If for all (4, j) € Cp x Cy
and for all t € 7' we can summarize Area((P; +t)NQ;) with a constant-complexity quadratic
function, then we can simply add these to get a new function fi(t) = Area((P, +t) N Q%).

We first argue that each quadratic function fi(¢) can be found efficiently, if it exists.

Consider just a single value of k. We use the decomposition

) = Y Area(R+0NQy) = Y Area((BAtn@) + Y. Area((PA)NQy).
(2,7)€CL X Cy, 1€C (2,7)€CKE X C:
i#£j

For the first summation on the right hand side, we scan through the list Sgooq from the
original (u, b, T)-block structure. Each function Area((P; +t) N Q;) with i € Sgooa already
has a quadratic function, and reading these takes time O(%) for each k, or O(N/b) time
for all k. Globally, there are at most p indices 7 not in Sqeoq- For each of these, we can
check whether 77 lies in a single cell of TI(P;, Q;) via directly examining each line segment
in I1(P;, Q;) in time O(b?). If this is the case, then by Lemma 12, Area((P; +t) N Q;) can
be summarized by a quadratic function for all t € 77, and we find the function via directly
examining each parallelogram in I1(P;, Q;) in time O(b?); the total additional time is O(ub?).
(If this fails for some i € C, we will add the index k to S, 4.)

Now consider the second summation on the right hand side. We can rewrite this as

Y Ara((PA6NQ) = (Area((Pi +1) N Q) + Area((P; +t) Q;k,)) ,
(i,j)G‘ik‘Xck: i€Cl
i#j

where @7 is the union of all @;’s in the original sum with j <, and Q:’:,C is the union of all
Q;’s in the original sum with j > i. We evaluate each of the terms individually.

1 The set may be smaller for the very last value of k, but this does not impact the proof.
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Consider the case of Area((P; +t)N(Q); ), as the case of Area((F; +1) ﬂij) is symmetric.
Now, Q;k is a convex polygon, because it is the union of consecutive blocks. By construction,
Ap(Ep(P;)) NAQ(Eq(Q;)) = 0. Therefore, we can break P; +t and @, into O(1) pieces
that satisfy the preconditions of Lemma 10, showing that P; + ¢ and ng can only intersect
at a constant number of locations for any translation ¢ € R2. These same pieces allow us
to apply Lemma 13 to determine if 77 lies in a single cell of II(P;, Q;k), which takes time
O(log |P;|log |Q; ) = O(logblogd'). If this is the case, then by Lemma 12 there exists a
quadratic function equal to Area((P; +¢)N@Q; ) for all t € 7. The nonconstant components
of this quadratic function only depend on the O(1) intersecting pairs of edges, and we have
already found these via Lemma 13. Thus we can break P; and @) into O(1) pieces based
on the intersection points, and use the area prefix sums from the (u, b, T)-block structure
(which also serve as area prefix sums for P; and Q; ), to find the quadratic function equal
to Area((P; +1t) N Q; ) in O(1) additional time. (If this fails for some i € C, we will add
the index k to Sp,4.)

Adding the time across all terms for all k¥ € [N/b’] gives an overall time of O(N

Each index k for which we found a function fi(¢) is added to S§, .4, and we store its

 logblogd’ )
—==).

function. The remaining indices are added to Sf,4. The last step is to argue that | S5, 4] </,
meaning we have constructed a valid (¢, b, T’)-block structure.

By construction, note that every k € Sp,, corresponds to an intersection between
Ui jyecr o, H(Pi, Q;) and the interior of T'. Also by construction (see Equation 2), each

line £ in S has at most two indices k such <Z> is the line extension of some line segment in
Ui jyecn xo, H(Pi, @;). Therefore we can charge each k € Sg, 4 to different lines of S in such
a way that each line of S will be charged at most twice. Thus if |Sh,4] > ', this implies
that more than y'/2 lines of S intersect the interior of 7, so the algorithm can just return
failure in this case. |
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