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Abstract
We study a variant of the Coordinated Motion Planning problem on undirected graphs, referred
to herein as the Coordinated Sliding-Motion Planning (CSMP) problem. In this variant, we
are given an undirected graph G, k robots R1, . . . , Rk positioned on distinct vertices of G, p ≤ k

distinct destination vertices for robots R1, . . . , Rp, and ℓ ∈ N. The problem is to decide if there is a
serial schedule of at most ℓ moves (i.e., of makespan ℓ) such that at the end of the schedule each
robot with a destination reaches it, where a robot’s move is a free path (unoccupied by any robots)
from its current position to an unoccupied vertex. The problem is known to be NP-hard even on
full grids. It has been studied in several contexts, including coin movement and reconfiguration
problems, with respect to feasibility, complexity, and approximation. Geometric variants of the
problem, in which congruent geometric-shape robots (e.g., unit disk/squares) slide or translate in
the Euclidean plane, have also been studied extensively.

We investigate the parameterized complexity of CSMP with respect to two parameters: the
number k of robots and the makespan ℓ. As our first result, we present a fixed-parameter algorithm
for CSMP parameterized by k. For our second result, we present a fixed-parameter algorithm
parameterized by ℓ for the special case of CSMP in which only a single robot has a destination and
the graph is planar. A crucial new ingredient for both of our results is that the solution admits a
succinct representation as a small labeled topological minor of the input graph.
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1 Introduction

In the coordinated motion planning problem, we are given an integer ℓ ∈ N, an undirected
graph G, k robots R1, . . . , Rk positioned on distinct starting vertices of G and p ≤ k distinct
destination vertices for robots R1, . . . , Rp. In each step, one robot (or a subset of robots
in other variants of the problem in which robots may move in parallel) may move from its
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44:2 A Minor-Testing Approach for Coordinated Motion Planning with Sliding Robots

current vertex to an adjacent unoccupied vertex. The goal is to decide if there is a schedule
(i.e., a sequence of moves) of length at most ℓ, at the end of which each robot R1, . . . , Rp has
reached its destination vertex without colliding with other robots along the way. The problem
and its variants (including the common variant where p = k) have been extensively studied,
with respect to various motion types and graph classes, due to their ubiquitous applications
in artificial intelligence (planning), robotics, computational geometry and more generally
theoretical computer science [3, 6, 10, 11, 16, 17, 23, 24, 28, 31–38]. Moreover, it generalizes
several well-known puzzles, including the famous (n2 − 1)-puzzle and the Rush-Hour puzzle.
Most of these variants are NP-hard, including the aforementioned (n2 −1)-puzzle [12,29]. Due
to its numerous applications, the coordinated motion planning problem on (full rectangular)
grids was posed as the SoCG 2021 Challenge [18].

We consider a variant of the coordinated motion planning problem on undirected graphs
in which robots move serially one at a time, and a robot’s move consists of a move along a
free/unobstructed path (i.e., a path in which no other robot is located at the time of the
move) as opposed to a single edge; we refer to such a move as a sliding move, analogous to
the type of motion in geometric variants of the coordinated motion planning problem, where
robots are geometric shapes (e.g., disks or rectangles) that move by translating/sliding in the
plane. These geometric variants have been extensively studied since the 1980s [24, 28, 31–33].
The goal of this variant is to decide whether there is a schedule of makespan at most ℓ,
where here the makespan of the schedule is simply the number of moves in it. We denote our
general problem of interest as CSMP. We will also consider the special case of CSMP where
G is planar and p = 1 – that is, only a designated robot has a destination and the remaining
robots merely act as “blockers”. We refer to this special case as Planar-CSMP-1.

Contributions and Techniques. We present a fixed-parameter algorithm for CSMP param-
eterized by the number k of robots, and a fixed-parameter algorithm for Planar-CSMP-1
parameterized by the makespan ℓ. A crucial common ingredient for both results is showing
that the solution to a problem instance admits a succinct representation, whose size is a
function of the parameter, as a topological minor of the input graph. To the best of our
knowledge, this is a novel approach in the context of coordinated motion planning problems.

CSMP. Showing that the solution admits a succinct representation entails first bounding the
makespan in an optimal solution by a function of the number k of robots. Towards this end,
we preprocess the graph by shortening (to O(k)) sufficiently long paths comprising degree-2
vertices and focus on two cases. In one case, where the graph has bounded1 treedepth,
we show that the instance can be reduced iteratively without altering the solution. This
reduction process ultimately results in an instance of bounded size, implying the existence of
a solution with a bounded makespan.

In the other case, we use ideas from [10] to define a notion of havens, which are subgraphs
of bounded size with the following property: if a robot has to pass through a haven, then
with a bounded number of additional steps, we can enable it to pass through the haven
regardless of the other robots in the haven (i.e., without collision), effectively “untangling”
all the robots’ traversals within the haven. Building on this, we construct a schedule in
which each robot interacts with only a bounded number of havens, ultimately leading to a
bounded-makespan schedule.

1 In the rest of this description, we simply say bounded to refer to values bounded by a function of k.
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After bounding the makespan in an optimal solution, we show that it essentially describes
a graph H of bounded size as a topological minor in the input graph. Here, we have to
work with rooted topological minors since all robots have specified starting points and some
have specified destinations. For us, the roots are just the starting and ending vertices, as
we have boundedly-many roots. Towards our goal, we partition the vertices of the graph
induced by the edges participating in an optimal solution into two sets: important and
unimportant vertices. We show that the number of important vertices is bounded, and that
the unimportant vertices form paths whose internal vertices have degree 2. This structure
enables us to show that the graph induced by the edges in the solution (with terminals
as roots) is a realization of some rooted graph with a bounded number of vertices as a
topological minor in the input graph. We also prove the converse, namely that from any
realization of H as a topological minor in G, one can obtain an optimal solution for the
given instance. Towards proving this, we show that if a robot follows a path that is devoid of
important vertices, then it slides on that path without stopping. Finally, we leverage known
results on topological minor containment to verify the existence of the correct rooted graph.

Planar-CSMP-1. It is easy to see here that the solution admits a succinct representation
since the parameter itself is the makespan. The difficulty is that the number of robots in the
instance can be very large compared to the parameter ℓ, and we cannot find a realization
of the succinct solution which avoids the “blocker” robots that do not contribute to the
realization. To cope with this hurdle, we exploit the planarity of the graph to reduce its
diameter, thus reducing the instance to an instance on a graph with bounded treewidth. The
fixed-parameter tractability of the problem will then follow from Courcelle’s Theorem [2,8].

The heart of our reduction method is finding an “irrelevant edge” in the graph that can
be safely contracted to produce an equivalent instance of the problem. While the method
of finding an irrelevant edge and contracting it has been employed in several results in the
literature to exclude large grids, thus reducing the treewidth of the graph, in our setting the
grid approach seems unworkable. Instead, we show that a sufficiently-large component C of
free vertices (i.e., vertices with no blockers on them) must contain an irrelevant edge. We
reduce all the cases to one where C is formed by a skeleton consisting of a “long” path of
degree-2 vertices (the degree is taken in C), plus a “small” number of additional vertices. We
then show that if the instance is a YES-instance of the problem, then it admits a solution
that interacts nicely with this skeleton, in the sense that we can identify a subgraph of the
representation of the solution, i.e., a topological minor that is essentially a roadmap of the
solution, separated from the rest of the solution by a small cut. We can enumerate each
possible representation of the part of the solution that interacts with the skeleton, and for
each possible representation, test whether it exists near the skeleton; if it does, we mark
the vertices in the graph that realize this representation. Since the skeleton is long, the
total number of marked vertices on the skeleton is small, and an edge with both endpoints
unmarked – and hence can be contracted – must exist.

Related Work. The CSMP problem, with p = k, has been studied in [7] on several graph
classes, and with respect to various settings, based on whether or not the destinations of
the robots are distinguished (referred to as labeled or unlabeled). The graph classes that
were considered include trees, grids, planar graphs, and general graphs, and it was shown
that the problem is NP-hard even for (full rectangular) grids. Upper and lower bounds on
the makespan of a solution, as well as computational complexity and approximation results,
were derived for the various settings considered in [7].

SoCG 2025
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A related problem to CSMP is that of moving unit disks (or objects [16]) in the plane,
which has been studied in the context of reconfiguring/moving coins in the plane [1, 4], and
was shown to be NP-hard [1]. We also mention the related work on coordinated pebble
motion on graphs (and permutation groups), which was studied in [25] motivated by the
work on the (n2 − 1)-puzzle. The variant of coordinated motion planning in which only one
designated robot is required to reach its destination, that is p = 1, and each move is along a
single edge, was studied as Graph Motion Planning with 1 Robot in [27].

Despite the tremendous amount of work on coordinated motion planning problems, not
much work has been done from the parameterized complexity perspective. The work in [10]
studied the parameterized complexity of the non-sliding version of CSMP, that is, where
each motion step is along a single edge, parameterized by the makespan in the serial setting.
Another recent work [17] studied the parameterized complexity of the classical coordinated
motion planning problem on grids, presenting parameterized algorithms for various objective
measures (makespan, travel length). The work in [20] established the W[1]-hardness of the
classical coordinated motion planning problem parameterized by the makespan in the parallel
motion setting, and also showed the NP-hardness of this problem on trees, among other
results. Finally, the parameterized complexity of a geometric variant of the PSPACE-complete
Rush-Hour problem, which itself was shown to be PSPACE-complete [21], was studied [19];
in particular, that problem was shown to be FPT when parameterized by either the number
of robots (i.e., cars) or the number of moves.

2 Terminology and Problem Definition

We assume basic familiarity with parameterized complexity theory, including fixed-parameter
tractability, parameterized reductions, and the class W[1] [9, 15]. We also assume knowledge
of standard graph-theoretic notions such as planarity, graph diameter and vertex degree [13].
We write [n], where n ∈ N, for {1, . . . , n}.

Treewidth is a fundamental graph parameter which can be seen as a measure of how
similar a graph is to a tree; trees have treewidth 1, while the complete n-vertex graph has
treewidth n− 1. A formal definition of treewidth will not be necessary to obtain our results;
we will make use of the fact that every planar graph with diameter r has treewidth at most
3r + 1 [5, 30] and of Courcelle’s Theorem [2, 8], which in particular provides a linear-time
procedure to identify vertex subsets satisfying properties definable in Monadic Second Order
Logic (MSO) on graphs of constant treewidth. We also use the notion of treedepth [26].

Rooted graphs. A rooted graph is a graph where some vertices are labeled – formally:

▶ Definition 1 (Rooted graphs). A rooted graph is a graph G with a set ∂(G) ⊆ V (G) of
distinguished vertices called roots and a labeling λG : ∂(G) → N. The set ∂(G) is the root
set of G, and the label set of G is Λ(G) = {λG(v) | v ∈ ∂(G)}.

▶ Definition 2 (Topological minors of rooted graphs [22]). Let G and H be two rooted graphs
with labelings λH and λG for their root sets. We say that H is a topological minor of G if
there exist injective functions ϕ : V (H) → V (G) and φ : E(H) → paths(G) such that

for every e = {h, h′} ∈ E(H), the endpoints of φ(e) are ϕ(h) and ϕ(h′),
for every distinct e, e′ ∈ E(H), the paths φ(e) and φ(e′) are internally vertex-disjoint,
there does not exist a vertex v in the image of ϕ and an edge e ∈ E(H) such that v is an
internal vertex on φ(e), and
for every v ∈ ∂(H), λH(v) = λG(ϕ(v)).
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We say that (ϕ, φ) is a realization of H as a topological minor in G. Moreover, the subgraph
of G induced by the union of the edges in the paths in φ(e) for e ∈ E(H) and the vertices in
ϕ(h) for h ∈ V (H) is called a topological minor model of H.

Note that for ∂(G) = ∅ the above coincides with the usual definition of topological minors.

▶ Proposition 3. ([22]) There is an algorithm that, given two rooted graphs G and H, runs in
time f(|H|) · O(|G|3) for some computable function f and decides whether H is a topological
minor of G.

Problem Formalizations. In our problems of interest, we are given an undirected graph
G and a set R = {R1, R2, . . . , Rk} of k robots where R is partitioned into two sets M and
F . Each Ri ∈ M, has a starting vertex si and a destination vertex ti in V (G) and each
Ri ∈ F is associated only with a starting vertex si ∈ V (G). We refer to the elements in
the set {si | i ∈ [k]} ∪ {ti | Ri ∈ M} as terminals. We assume that all the si are pairwise
distinct and that all the ti are pairwise distinct. We use a discrete time frame [0, q], q ∈ N,
to reference the sequence of moves of the robots. In each time step x ∈ [0, q], exactly one
robot moves and the rest remain stationary.

In Coordinated Sliding-Motion Planning (CSMP), we are given a tuple (G,R =
(M,F), k, ℓ), where G,R and k are as described in the last paragraph and ℓ ∈ N. The goal
is to decide whether there is a sequence of q ≤ ℓ moves such that robots move serially one
at a time, where a robot’s move consists of a move along a free/unobstructed path (i.e., a
path in which no other robot is located at the time of the move), and such that each Ri ∈ R
starts in si at time step 0 and each Ri ∈ M is positioned on ti at the end of time step
q. The second problem that we consider is a restriction of CSMP to the case where G is
planar and M contains exactly one robot, referred to as the main robot. We refer to this
restriction as Planar-CSMP-1, and for simplicity represent its instances as tuples of the
form (G, s, t, ℓ,R), where s and t are the starting and destination vertices of the main robot,
respectively, and R is the set of all robots.

We next introduce some notation that will be used in our technical sections. A route for
robot Ri is a tuple Wi = (ui

0, P
i
1, u

i
1, . . . , P

i
q , u

i
q) where each ui

j is a vertex in G and each P i
j

is a simple path in G, such that (i) ui
0 = si and ui

q = ti if Ri ∈ M and (ii) ∀j ∈ [q], P i
j is a

ui
j−1-ui

j path in G (if ui
j−1 = ui

j , then P i
j is the singleton path comprising the same vertex).

Put simply, each Wi corresponds to a “walk” in G. If vertices of Wi at two consecutive
time steps j − 1 and j are identical, then j is a waiting time step for the robot Ri. Moreover,
each Ri begins at its starting vertex at time step 0, and if Ri ∈ M then Ri is at its destination
vertex at time step q. Though we work with undirected graphs and the paths described
above are undirected paths, each path P i

j has a natural starting vertex and ending vertex
designated by the time step j.

▶ Definition 4. Two routes Wi = (ui
0, P

i
1, . . . , P

i
q , u

i
q) and Wj = (uj

0, P
j
1 , . . . , P

j
q , u

j
q), where

i ̸= j ∈ [k], are non-conflicting if ∀r ∈ {0, . . . , q}, the path P i
r is disjoint from uj

r−1 and the
path P j

r is disjoint from ui
r−1. Otherwise, we say that Wi and Wj conflict.

In particular, in the above definition, for every i ̸= j ∈ [k] and ∀r ∈ {0, . . . , q}, ui
r ̸= uj

r.
A schedule S for R is a set of pairwise non-conflicting routes Wi, i ∈ [k], during a time

interval [0, q], where exactly one robot moves in each time step. The number of moves in a
route Wi = (ui

0, P
i
1, . . . , P

i
q , u

i
q) or the number of moves of its associated robot is the number

of time steps j such that ui
j ̸= ui

j+1. The total number of moves (or makespan) in a schedule
is the sum of the number of moves in its routes. A schedule of minimum total moves is called
an optimal schedule.

SoCG 2025
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A vertex v is occupied at time step i if some robot is located at v at time step i; otherwise,
v is said to be free (or unoccupied). If the time step is not specified, it is assumed to be time
step 0 (i.e., in the initial state). At each time step, a robot may either move to a different
vertex, or stay at its current vertex. Finally, we always assume that the input graph is
connected since otherwise, we can work on individual connected components.

Remarks on Feasibility and Constructiveness. When only considering feasibility, CSMP is
equivalent to the version where each move is along a single edge instead of an unobstructed
path. Hence, feasibility testing is linear-time solvable [10, 39] and we can work under the
assumption that every instance of CSMP is feasible (otherwise, we can reject the instance).

3 FPT Algorithm for CSMP Parameterized by the Number of Robots

In this section, we show that CSMP is FPT parameterized by the number k of robots in the
input. Note that we do not assume any restrictions on the input graph.

Our strategy has three high-level steps: (i) We first show that if a solution exists, then
there is an optimal schedule whose makespan is bounded2. (ii) We then show that such a
solution is essentially a realization of a rooted graph H of bounded size as a topological
minor in a rooted graph G′ obtained by assigning unique labels to the terminals in G. We
also prove the converse, that is, from any realization of H as a topological minor in G′, one
can obtain an optimal solution for the given instance. (iii) Finally, we leverage known results
on topological minor containment to verify the existence of the correct rooted graph. Let us
now give more detail on Steps (i) and (ii).
Step (i): To prove the existence of a solution with boundedly many moves, we preprocess
the graph by applying a reduction rule that shortens degree-2 paths to a bounded length.
This simplification allows us to focus on two cases for the graph (assuming it is connected):

Case (a): Bounded Treedepth. If the graph has bounded treedepth, we show that instances
with bounded treedepth and a bounded number of robots can be reduced iteratively without
altering the solution. This reduction process results in an instance of bounded size, implying
the existence of a solution with a bounded makespan.

Case (b): Long Paths. Suppose every vertex is the endpoint of a sufficiently long path.
We use ideas from [10] to define a suitable notion of havens for our setting; in particular,
havens are subgraphs of bounded size that can efficiently handle collisions. Here, by the
“efficient handling” of collisions, we mean that given any pair of “configurations” of robots in
a haven, we can move the robots from one configuration to another without any conflicts
using only boundedly many moves. Thus, with a small number of time steps, a robot can
pass through a haven without collision, regardless of other robots in the haven. Building on
this fact, we construct a schedule where each robot interacts with only a bounded number of
havens. Within each haven, the number of moves used by a robot is bounded and we show
that outside the havens, the robot only makes boundedly many moves as well. This yields a
bound on the makespan of the schedule.
Step (ii): Consider the graph induced by the edges in the solution. We partition the vertices
of this graph into two sets: important and unimportant vertices. The important vertices are
those with degree at least three, the terminals, and any vertex where a robot waits at any
time step. We show that the number of important vertices is bounded by a function of k
(say, ζ(k)). Moreover, by definition, the unimportant vertices form paths with only degree-2
vertices as internal vertices. Additionally, every robot that visits a vertex in such a path

2 We recall that by bounded, we mean “bounded by a function of the parameter” – in this case, k.
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slides without stopping on any vertex of this path. This structure enables us to show that
the graph induced by the edges in the solution (with terminals as roots) is a realization of
some rooted graph with at most ζ(k) vertices as a topological minor in the input graph.

3.1 Bounding the Makespan in an Optimal Schedule
Our first task is to apply a reduction rule to the given instance that enforces useful structural
properties on the graph without affecting the existence of a solution.

▶ Reduction Rule 1. Let I = (G,R = (M,F), k, ℓ) be an instance of CSMP. If there is a
path P in G such that every internal vertex of P is disjoint from the set of terminals and
has degree exactly two in G, then shorten P to length min{|P |, 2k + 1}.

We say that an instance I is irreducible if Reduction Rule 1 cannot be applied. In the rest
of this section, we work with such instances. Our goal now is to show that every YES-instance
has a schedule in which the makespan is bounded by a function of the number of robots.

▶ Lemma 5. Let I = (G,R = (M,F), k, ℓ) be an instance of CSMP. If I is a YES-instance,
then I has an optimal schedule with 2O(k4) moves.

The proof strategy of Lemma 5 is as follows. We show that for a YES-instance, either
the treedepth of the input graph is bounded or a certain locality property holds (roughly
speaking, every vertex is sufficiently close to a vertex of degree at least three). We then show
that in either case, there is a solution with boundedly-many moves. Specifically, when the
treedepth is bounded, we show how to reduce the graph to a bounded-size graph without
affecting the existence of a solution (thus implicitly bounding the makespan of an optimal
solution) and otherwise, we show how the aforementioned locality property can be used along
with a greedy strategy to produce a schedule with boundedly many moves (again, bounding
the makespan of an optimal solution).

3.2 Succinct Representation of a Solution
In what follows, fix an optimal schedule S = {Wi | i ∈ [k]} for an instance I = (G,R =
(M,F), k, ℓ). By Lemma 5, we may assume, without loss of generality, that S has length
2O(k4). We also assume that no robot moves in two consecutive time steps since otherwise,
the movements of such a robot could be done in a single time step while the remaining robots
wait. Moreover, we say that an edge e of G is traversed by S if there is an i ∈ [k] and a time
step j such that the path P i

j contains the edge e. That is, some robot Ri uses the edge e in
some time step j. We denote by GS, the subgraph of G induced by the edges traversed by S.
For a time step j, we denote by GS,j the subgraph of GS induced by the edges traversed by
S up to time step j. A vertex v in GS is a waiting vertex within time interval [0, j] if there
is a robot Ri and a time step j′ ≤ j such that Ri is at v at time steps j′ − 1 and j. We
say that v is a waiting vertex if it is a waiting vertex within some time interval. A vertex
v in GS is an intersection vertex within time interval [0, j] if its degree in GS,j is at least
three. We say that v is an intersection vertex if it is an intersection vertex within some
time interval. A vertex v in GS,j is an important vertex within time interval [0, j] if it is
either a terminal vertex, or within time interval [0, j] it is a waiting vertex or an intersection
vertex. Otherwise, v is unimportant within time interval [0, j]. We say that v is an important
(unimportant) vertex if it is important (resp. unimportant) within some time interval.

▶ Observation 6. The number of waiting vertices within time interval [0, j] is at most k + j.

▶ Observation 7. The unimportant vertices within any time interval [0, j] induce a disjoint
union of paths and any endpoint of any of these paths has degree 2 in GS,j.

SoCG 2025



44:8 A Minor-Testing Approach for Coordinated Motion Planning with Sliding Robots

For a time step j, we denote by PS,j , the set of all x-y paths P of non-zero length such
that x and y are distinct important vertices within time interval [0, j] and every internal
vertex of P is an unimportant vertex within time interval [0, j].

For two paths P and P ′ in G, their crossing points are those vertices that have degree at
least three in the graph induced by the edges in E(P ) ∪ E(P ′).

We say that S is a special schedule up to time step j if, for every robot Ri and j > 0 such
that Ri moves in time step j, the path P i

j has at most four crossing points with any path in
PS,j′ where j′ ≤ j − 1. Note that every schedule is trivially special at time step 1 since only
a single path has been taken at this point. Moreover, PS,1 has size at least one because a
move has been made and so, PS,j has size at least one for every j. We say that S is a special
schedule if it is a special schedule up to the final time step.

We say that two schedules are equivalent at time step j if the positions of all the robots
at the end of time j is the same in both schedules, that is, robot Ri is on vertex v after time
step j in one schedule if and only if the same happens in the other schedule. We say that
two schedules are equivalent if they are equivalent at every time step. In particular, two
equivalent schedules take the same number of time steps.

▶ Lemma 8. There is a solution S′ that is a special schedule.

Henceforth, we assume that the solution S is a special schedule.

▶ Lemma 9. The number of important vertices in GS is bounded by 22O(k4) .

3.3 Leveraging Succinct Representations and Topological Minor
Containment

In what follows, fix a schedule S = {Wi | i ∈ [k]} for an instance I = (G,R = (M,F), k, ℓ).
We define the representation of S to be the rooted graph (denoted by HS) whose vertices

are the important vertices of GS, and in which there is an edge between two vertices u and v
if and only if there is a u-v path in GS whose internal vertices have degree 2 in GS and are
unimportant. Moreover, the terminals receive unique labels (assume that the terminals are
labeled with [p] for some p ≤ 2k) and the remaining vertices receive the same label which is
distinct from those of the terminals, say p+ 1. An illustration is provided in Figure 1. From
Lemma 9, we directly obtain:

▶ Lemma 10. If S is a special schedule, then its representation has 22O(k4) vertices.

Figure 1 Left: an instance of CSMP with two robots with destinations (red and blue, with
destinations marked as squares) and two blocker robots (both marked as solid black circles). Right:
A representation of one particular optimal schedule for this instance, where we first move the two
blockers and then the remaining two robots.

For the graph G, we let G′ denote the rooted graph where the terminals get their unique
labels and the rest of the vertices get a specific label p+1, where p is the number of terminals.
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▶ Lemma 11. HS is a topological minor of G′ and moreover, any realization of HS as a
topological minor in G′ implies a schedule with length at most that of S.

▶ Theorem 12. CSMP is fixed-parameter tractable parameterized by the number of robots.

Proof. For a hypothetical optimal solution S, we guess (i.e., use brute-force branching to

determine) the representation HS. By Lemmas 8 and 10, there are at most 222O(k4)

choices
and these can be enumerated in FPT time. For each HS, we do the following:
1. Decide whether the guess is feasible by brute-forcing over it. More precisely, we guess the

configurations of the robots at each time step and verify that this guess corresponds to a
set of non-conflicting routes with at most ℓ moves in total. Reject guesses that do not
pass this check. Clearly, this step takes time f(k) for some computable function f .

2. If HS is not rejected, then invoke Proposition 3 to decide whether HS is a topological
minor of G′ and return “yes” if and only if at least one of the invocations returns “yes”.

Fixed-parameter tractability follows from the fact that Proposition 3 is used at most f(k)
times. The correctness follows from Lemma 10 and Lemma 11. ◀

4 An FPT Algorithm for Planar-CSMP-1 Parameterized by the
Makespan

We start by giving a high-level description of the result. Our aim is to prove that Planar-
CSMP-1 is fixed-parameter tractable parameterized by ℓ. The crux of our technique is
showing that a sufficiently large component of free vertices must contain an edge that can
be safely contracted. These contractions eventually result in bounding the size of each free
component in the graph, and consequently the diameter and hence the treewidth of the graph
(due to planarity). The fixed-parameter tractability of the problem will then be established
using Courcelle’s Theorem [2,8].

To show that each large component C of free vertices contains an edge that can be safely
contracted, we first show that this is the case unless C is formed by a skeleton consisting
of a sufficiently long path of degree-2 vertices (the degree is taken in C), plus a sufficiently
small number of additional vertices. We then focus on the skeleton of this component. We
show that if the instance is a YES-instance of the problem, then it admits a solution S that
interacts “nicely” with this skeleton. Recall from the previous section that a solution can
be succinctly represented as a rooted topological minor of size σ(ℓ) for some computable
function σ. This is because at most ℓ robots move in the solution. Now, we can identify a
subgraph S of the representation of the solution (i.e., a topological minor that is essentially
a roadmap of the solution), that is separated from the rest of the solution by a small cut.
The realization of this subgraph uses most of the skeleton and the remaining part of this
realization consists of small subgraphs that are close to the skeleton. Therefore, we can
assume that all edges in these parts of the subgraphs are realized by edges in the graph.

Thus, it suffices to enumerate each possible representation of the part of the solution that
interacts with the skeleton (which can be done in FPT-time), and test whether it exists near
the skeleton; if it does, we mark the vertices in the graph that realize this representation.
Since the skeleton is long, the total number of marked vertices on the skeleton is small, and
an edge with both endpoints unmarked that can be contracted must exist. We remark that
in many of the arguments that we make, we rely on the crucial fact that, except for the main
robot, the robots are “indistinguishable” from each other. We now proceed to the details.

Refer to a vertex on which a robot other than the main robot is located as a blocker
vertex. Let the blocker-distance between a vertex v and a vertex w, denoted blockd(v, w), be
the minimum integer p such that there is a v-w path in G containing p blocker vertices. The
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reason why the blocker-distance is relevant is that we show that vertices which have high
blocker-distance from s and t can be removed from the graph. Observe that, for any two
vertices v, w, blockd(v, w) can be computed in polynomial time via, e.g., Dijkstra’s algorithm.

Let I = (G, s, t, ℓ,R) be an instance and let F ⊆ V (G) be the set of free vertices in G. A
free component is a connected component of G[F ]. Free components will be central to our
proof – in particular, observe that the blocker-distance between s and t is at most ℓ− 1 and
we can safely remove all vertices from G at blocker distance at least ℓ+ 1 from s. Hence, if
there are no large free components, then the diameter of G is bounded. As G is planar, also
its treewidth is bounded and we can use Courcelle’s Theorem [2,8] to prove the following:

▶ Lemma 13. Planar-CSMP-1 can be solved in time f(ℓ, λ) · |I|, where f is a computable
function and λ is the size of the largest free component in the input instance I.

The Structure of Free Components. The following observation is straightforward:

▶ Observation 14. Let Q be a path of free vertices and let x, y be arbitrary vertices on Q

such that the subpath of Q between x and y has length at least ℓ. If there exists an x-y path
Pxy whose internal vertices are disjoint from Q such that the number of blockers on Pxy is
at most ℓ− blockd(s, x) − blockd(y, t) − 1, then the instance I is a YES-instance and we can
output a solution for I in polynomial time.

We refer to a path where the above observation does not result in solving the instance
as a resilient path. In other words, a path Q is resilient if and only if for every pair of
vertices x, y in V (Q) whose distance on Q is at least ℓ, there is no x-y path Z in G − Q

with at most ℓ − blockd(s, x) − blockd(y, t) − 1 blockers. Our goal is to show that every
“sufficiently large” free component contains a “still sufficiently long” path with certain special
properties that, intuitively, allow the path to be “cleanly separated” from a hypothetical
solution. This is formalized in the following definition and lemma, where the property of
being “still sufficiently long” is given by the function g(ℓ) = 32ℓ6 · 214ℓ2 + 1.

▶ Definition 15. Let Q be a path in a free component C with endpoints u′, v′. We say that
Q is ℓ-clean if it satisfies the following conditions:
1. every vertex in Q has degree precisely 2 in C;
2. |V (Q)| > g(ℓ);
3. if I admits a solution that intersects V (Q), then there are two vertices u, v ∈ V (Q), each

at distance at most ℓ2 + 1 from u′ and v′, respectively, and a solution S for I such that:
{u, v} is a cut in GS between {s, t} and the u-v subpath of Q; we denote by QS

uv the
connected subgraph of GS that contains u, v and all the connected components of GS−{u, v}
that do not contain s or t; and

4. Q is resilient.

▶ Lemma 16. There is a polynomial-time procedure which takes as input a free component
C in an instance I = (G, s, t, ℓ,R) such that |V (C)| ≥ (g(ℓ) + 1) · (ℓ − 1) + 3(ℓ + 2), and
either solves the instance, or outputs an instance equivalent to I obtained by contracting an
edge in C, or outputs an ℓ-clean path Q in C.

4.1 Finding Irrelevant Edges
For the following considerations, it will be useful to proceed with a fixed choice of C and an
ℓ-clean path Q. Next, we will show that we can make an even stronger assumption about
the hypothetical solutions “passing through” Q.
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▶ Lemma 17. Assume that I admits a solution that intersects V (Q). Then there exist
vertices u, v each at distance at most ℓ2 + 1 from u′ and v′, respectively, and a solution
S∗ for I satisfying properties 3-4 in Definition 15, and furthermore satisfying the following
property 5: |V (QS∗

uv ) − V (Q)| ≤ ℓ.

For the following, we will refer to a solution satisfying properties 3-5 as (Q, u, v)-canonical,
or simply Q-canonical in brief when the identities of u and v do not matter. From the
properties of canonical solutions, we can directly establish the following:

▶ Lemma 18. Let S∗ be a Q-canonical solution. Then there is a (2ℓ2)-vertex rooted graph
US∗

uv (with roots u, v and occupied), such that US∗

uv is a rooted topological minor of G (with
roots u, v and occupied) and there is a realization (ϕ, ψ) of US∗

uv that maps US∗

uv to QS∗

uv .
Moreover, waiting vertices are in ϕ(US∗

uv ) and for every edge e ∈ E(US∗

uv ) either ψ(e) is a
single edge or a subpath of Q.

Crucially, below we provide a procedure that can efficiently test for US∗

uv as defined above.

▶ Lemma 19. Let Q be an ℓ-clean u′-v′ path and let u, v be the vertices specified in property
3 of Definition 15. Let p ≤ 2ℓ and U be a connected p-vertex rooted graph with roots u, v
and “occupied” such that U contains at most ℓ − blockd(s, x) − blockd(y, t) − 1 occupied
vertices. There is a procedure which runs in time 2O(ℓ2) · |V (G)||V (Q)| and either outputs a
realization (ϕ, ψ) of U which results in a subgraph Γ ⊆ G such that:

u, v separate Γ from u′ and v′, and
for every edge e ∈ E(U) either ψ(e) is a single edge or a subpath of Q, or

correctly determines that no such (Γ, (ϕ, ψ)) exists.

Proof Sketch. As the first step, we use the ℓ-cleanness of Q to establish that if Γ exists,
then it must have a “necklace-like” structure. In particular, such a Γ must consist of the u-v
subpath of Q along with at most p connected subgraphs Γ1, . . . ,Γj , each of size p+ pℓ, each
intersecting the u-v subpath of Q but otherwise being pairwise disjoint, and having pairwise
distance at least ℓ+ 1 on G[Q]. We further may assume that Γ1, . . . ,Γj are ordered based
on their distance to u.

With this knowledge, we exhaustively branch to consider every possible choice of rooted
subgraphs Γ1, . . . ,Γj (up to isomorphism) to construct a set of signatures of a hypothetical
tuple (Γ, (ϕ, ψ)); crucially, the number of such signatures can be upper-bounded by ℓO(ℓ). We
can now show that to test whether there exists some tuple (Γ, (ϕ, ψ)), it suffices to consider
each signature individually and see if there is a “leftmost” Γ matching that signature, i.e., a
Γ where the subgraphs Γ1, . . . ,Γj are pushed as close to u as possible (while adhering to the
properties of the given signature). This then allows us to process the u-v subpath of Q from
u to v and test, at each vertex x, whether it could be the “first vertex” of Γ1. Once we find
the leftmost such x, we can jump ahead by ℓ+ 1 and proceed to Γ2, and so forth.

A key point here is that since each of the subgraphs Γ1, . . . ,Γj has bounded size, it
suffices to perform each such test on the (p + pℓ)-neighborhood of x. Since this graph is
planar and has bounded diameter (by a function of ℓ), it also has bounded treewidth [5, 30],
thus allowing us to employ well-known subgraph-isomorphism testing algorithms [14] to
determine whether each x can indeed be part of a specified subgraph Γi. We remark that
performing this test on each vertex individually is critical: the subgraph of G induced on the
neighborhood of all of Q may have arbitrarily large treewidth. ◀

We call the subgraph Γ identified above a host for the roadmap U .
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▶ Reduction Rule 2. Let Q be a given ℓ-clean u′-v′ path. There is a reduction rule which
enumerates:

the family U of all connected rooted graphs (with roots u, v and occupied) containing at
most (2ℓ2)-many vertices, and
the set Z of all vertex pairs (u, v) at distance at most ℓ2 + 1 from the respective endpoints
of Q,

and then for each choice of U ∈ U and (u, v) ∈ Z, applies Lemma 19 to determine whether
there is a host of U w.r.t. (u, v) on Q. If there is, we mark every vertex in ϕ(U) ∩ V (Q)
where (ϕ, ψ) is the computed realization.

Afterwards, if there is an edge e on Q with two unmarked endpoints, we contract e.

▶ Lemma 20. Reduction Rule 2 is safe. Moreover, for each ℓ-clean path Q, it can be executed
in time at most 2O(ℓ2) · |V (G)| · |V (Q)|, and is guaranteed to perform a contraction if Q
contains more that 32ℓ6 · 214ℓ2 + 1 many vertices.

▶ Theorem 21. Planar-CSMP-1 is fixed-parameter tractable parameterized by ℓ.

Proof. We begin by applying Lemma 16 to each free component in G of size at least(
g(ℓ) + 1) · (ℓ − 1)

)
+ 3(ℓ + 2). If this solves the instance, we are done; otherwise, it is

guaranteed to either produce an equivalent instance obtained by an edge contraction (in
which case we repeat), or identify an ℓ-clean path Q of length more than g(ℓ) = 32ℓ6 ·214ℓ2 +1.
In the third case, we apply Reduction Rule 2 to Q to produce an equivalent instance obtained
by an edge contraction in Q – as guaranteed by Lemma 20 – and restart.

The exhaustive application of the above procedure either correctly solves the input
instance, or results in an equivalent instance such that each free component in G has size at
most

(
g(ℓ)+1) ·(ℓ−1)

)
+3(ℓ+2)−1. At this point, we invoke Lemma 13 to solve the instance.

The overall running time is upper-bounded by 2O(ℓ2) · |I|O(1) + ζ(ℓ) · |I|, where the former
term is the running time of the preprocessing steps and ζ is a computable function that
results from the application of Lemma 13 (and specifically of Courcelle’s Theorem within that
lemma) on an instance with the aforementioned bound on the size of free components. ◀

5 Conclusion

In this paper, we designed FPT algorithms for two important variants of the Coordinated
Motion Planning problem on undirected graphs, CSMP and Planar CSMP-1, in which robots
move by sliding along unobstructed paths. Our results take a different perspective and
contribute new insights to the design of FPT algorithms for coordinated motion planning
problems on graphs, developing and employing new techniques that combine topological
graph theory, fixed-parameter tractability and computational logic. Our work opens up
several interesting questions pertaining to the parameterization by the makespan ℓ.

1. Is CSMP parameterized by the makespan W[1]-hard on general graphs?
2. Can Theorem 21 be generalized to solve CSMP on planar graphs?
3. What is the parameterized complexity of CSMP and CSMP-1 on grids where each

sliding-move/path is either horizontal or vertical?
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